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Iit is a matter of great pride and honour for me to have received such an overwhelming response to 
the previous editions of this book from the readers. In a way, this has inspired me to revise this book 
thoroughly as per the changed pattern of JEE Main & Advanced. I have tried to make the contents 
more relevant as per the needs of students, many topics have been re-written, a lot of new problems 
of new types have been added in etcetc. All possible efforts are made to remove all the printing 
errors that had crept in previous editions. The book is now in such a shape that the students would 
feel at ease while going through the problems, which will in turn clear their concepts too.

A Summary of changes that have been made in Revised & Enlarged Edition

— Theory has been completely updated so as to accommodate all the changes made in JEE Syllabus & 
Pattern in recent years.  

— The most important point about this new edition is, now the whole text matter of each chapter has 
been divided into small sessions with exercise in each session. In this way the reader will be able to go 
through the whole chapter in a systematic way. 

— Just after completion of theory, Solved Examples of all JEE types have been given, providing the 
students a complete understanding of all the formats of JEE questions & the level of difficulty of 
questions generally asked in JEE.

— Along with exercises given with each session, a complete cumulative exercises have been given at the 
end of each chapter so as to give the students complete practice for JEE along with the assessment of 
knowledge that they have gained with the study of the chapter.

— Last 10 Years questions asked in JEE Main & Adv, IIT-JEE & AIEEE have been covered in all 
the chapters. 

However I have made the best efforts and put my all calculus teaching experience in revising this 
book. Still I am looking forward to get the valuable suggestions and criticism from my own 
fraternity i.e. the fraternity of JEE teachers. 

I would also like to motivate the students to send their suggestions or the changes that they want 
to be incorporated in this book. All the suggestions given by you all will be kept in prime focus at 
the time of next revision of the book. 

“YOU CAN DO ANYTHING IF YOU SET YOUR MIND TO IT, I TEACH CALCULUS 
TO JEE ASPIRANTS BUT BELIEVE THE MOST IMPORTANT FORMULA IS 

COURAGE + DREAMS = SUCCESS”

Amit M. Agarwal
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(i) Natural Numbers The set of numbers { , , , , ....... }1 2 3 4 is
called natural numbers and it is denoted by N .
i.e. N = { ....... }1, 2, 3, 4,

(ii) Whole Numbers The set of numbers {0, 1, 2, 3, 4, ......} is
called whole numbers and it is denoted byW .
i.e.W = { ....... }0, 1, 2, 3, 4,

(iii) Integers The set of numbers
{......, – , – , – , , , , , ...... }3 2 1 0 1 2 3 is called integers and it is
denoted by I or Z ,
i.e. I Z( ) {....., – , – , – , – ...... }or 1, 0, 1, 2, 3, 4,= 4 3 2

where we represent;

(a) Positive integers by I + = ={ , , , , ..... }1 2 3 4 natural

numbers.

(b) Negative integers by I– {.......,– ,– ,– ,– }= 4 3 2 1

(c) Non-negative integers { , , , , , ..... }0 1 2 3 4 = whole
numbers

(d) Non-positive integers {.......,– , – , – , }3 2 1 0

(iv) Rational Numbers All the numbers of the form
a

b
,

where a and b are integers and b ¹ 0 are called rational
numbers and their set is denoted by Q.

i.e. Q
a

b
: a, b I b a,b= Î ¹ì

í
î

ü
ý
þ

and and HCF is 10 of .

Remarks
(a) Every integer is a rational number as it can be written as

a

b
(where b = 1)

(b) All recurring decimals are rational numbers.

For example,
1

3
0 3333= . .....

(v) Irrational Numbers Those values which neither
terminate nor could be expressed as recurring decimals are

called irrational numbers, i.e. they can’t be expressed as
a

b

form and are denoted by QC (i.e. complement of Q).

e.g. 2 1 2
1

2

3

2

2

2
, , ,

–
, ,+ 3 1 3

1

3
, , , ,+ ± p K etc.

Remark
The set of rational and irrational numbers cannot be expressed in
roster form.

(vi) Prime Numbers A counting number is called a
prime number when it has exactly two factors,
1 and itself.

e.g. 2, 3, 5, 7, 11, 13, 17,K etc

Remarks
(a) 2 is the only even number which is prime.

(b) A prime is always greater than 1.

How to test a number is prime or not

Let given number be p, then

Find whole number x such that x p> .

Take all prime numbers less than or equal to x.

If none of these divides with p exactly, then p

is a prime otherwise p is non-prime.

e.g. Let p = 193; clearly, 14 > 193

Prime numbers  upto 14 are 2, 3, 5, 7, 11, 13.

No one of these divides 193 exactly.

Hence, 193 is a prime number.

(vii) Co-prime Numbers Two natural numbers are
said to be co-primes, if their HCF is 1.

e.g. (7, 9), (15, 16) are called co-prime numbers.

Remark
Co-prime numbers may or may not be prime.

(viii) Twin Prime A prime number that is either 2 less
or 2 more than another prime number, i.e. a twin
prime is a prime that has a prime gap of two.

e.g. (3, 5), (5, 7), (11,13), (17, 19), (29, 31),K are
called twin prime pairs.

(ix) Composite Numbers Composite numbers are
non-prime natural numbers. They must have atleast
one factor apart from 1 and itself.

e.g. 4, 6, 8, 9,K are called composite numbers.

Remarks
(a) Composite numbers can be both even or odd.

(b) 1 is neither prime nor composite number.

(x) Real Numbers The set which contains both
rational and irrational numbers is called the real
numbers and is denoted by R.

i.e. R Q QC= È

R x x Q x Q C= Î Î{ : }or

Session 1

Basic Definitions



\ R =
....., – , – , , , , , ....., , , , , , ,

....

2 1 0 1 2 3
5

6

3

4

7

9

1

3

1

7

1

5

., , , , ......2 3 p

ì
í
ï

îï

ü
ý
ï

þï

Remarks
(i) As from above definitions;

N Ì ÌW IÌ Q Ì R,

It could be shown that real numbers can be expressed on
number line with respect to origin as

(ii) The sum, difference, product and quotient of two rational
numbers is a rational number.

(iii) The sum, difference, product and quotient of two irrational
numbers need not be irrational.

(iv) The sum, difference, product and quotient of a non-zero
rational and an irrational number is always irrational.

n Directions (Q. Nos. 1 to 6) State whether following statements are True/False.

1. All the rational numbers are irrational also.

2. All the integers are irrational also.

3. Irrational numbers are real numbers also.

4. Zero is a natural number.

5. Sum of two natural numbers is a rational number.

6. A positive integer is a natural number also.

n Directions (Q. Nos. 7 to 10) These questions have only one option correct.

7. Sum of two rational numbers is

(a) rational (b) irrational

(c) Both (a) and (b) (d) None of these

8. Sum of two irrational numbers is

(a) rational (b) irrational

(c) real (d) None of these

9. Product of two rational numbers is

(a) always rational (b) rational or irrational

(c) always irrational (d) None of these

10. If a is an irrational number which is divisible by b, then the number b

(a) must be rational (b) must be irrational

(c) may be rational or irrational (d) None of these
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Intervals
The set of numbers between any two real numbers is
called intervals. The types of interval discussed below.

(i) Open-Open Interval If a and b are real numbers
and a b< , then the set of all real numbers x such that
a x b< < is called open-open interval. It is denoted by
( , )a b or ] , [a b .

i.e. If a x b< < Þ x a bÎ ] , [ or x a bÎ( , )

e.g. 1 2< <x

Þ x Î( , )1 2 or x Î ] , [1 2 (using above definition)

Note At ± ¥ brackets are always open.

(ii) Open-Closed Interval If a and b are real numbers
and a b< , then the set of all real numbers x such that
a x b< £ is called open-closed interval. Here, a is
excluded and b is included.

i.e. If a x b< £
Þ x a bÎ ] , ] or x a bÎ( , ]

(iii) Closed-Open Interval If a and b are real numbers
and a b< , then the set of all real ‘x ’ such that
a x b£ < is called closed-open interval.

Here, a is included and b is excluded.

i.e. If a x b£ <
Þ x a bÎ[ , [

or x a bÎ[ , )

(iv) Closed-Closed Interval If a and b are real numbers
and a b< , then the set of all real ‘x ’ such that
a x b£ £ is called closed-closed interval. Here, a and b

both are included.

i.e. If a x b£ £ Þ x a bÎ[ , ]

y Example 1 Solve 2 1 3x + > .

Sol. Here, 2 1 3x + > or 2 2x > or x > 1, i.e. x Î ¥( , )1

This solution can be graphed on a real line as;

y Example 2 Solve – –2 2 1 2< <x .

Sol. Here, – –2 2 1 2< <x

or –1 2 3< <x

or –
1

2

3

2
< <x ,     i.e. x Î æ

èç
ö
ø÷

– ,
1

2

3

2

This solution can be graphed on a real line as;

y Example 3 Solve the following inequations.

(i)
3 2

5

5 2

3

( – ) ( – )x x
³ (ii)

2 3

4
9 3

4

3

x x–
+ ³ +

Sol. (i) We have,
3 2

5

5 2

3

( – ) ( – )x x³

Þ 3 3 6 5 10 5( – ) ( – )x x³
Þ 9 18 50 25x x– –³
Þ 34 68x ³ Þ x ³2

Hence, the solution set is x Î ¥[ , )2 and graphically it
could be shown as

(ii) We have,
2 3

4
9 3

4

3

x x– + ³ +

Þ 2 3

4

4

3
3 9

x x–
– –³

– ∞ + ∞–1/2 3/2
1
2

< <x 3
2

–

– ∞ + ∞2
a b

Figure 1.4

a b

Figure 1.5

1– ∞ + ∞a b

Figure 1.2

a b

Figure 1.3
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Þ 3 2 3 16

12
6

( – ) –
–

x x ³ Þ – –
–

10 9

12
6

x ³

Þ – – –10 9 72x ³ Þ – –10 63x ³
As we know the inequality sign changes, if multiplied
by (–ve).

\ 10 63x £ or x £ 63

10

Hence, the solution set of the given inequation is

– , .¥æ
èç

ù
ûú

63

10
Graphically it could be shown as

y Example 4 Solve for x.
4

1
3

6

1
0

x x
x

+
£ £

+
>, ( )

Sol. Consider the first inequality

4

1
3

x +
£ Þ 4 3 1£ +( )x

Þ 4 3 3£ +x

Þ 4 3 3- £ x Þ 3 1x ³

Þ x ³ 1

3
...(i)

Again, 3
6

1
£

+x
Þ 3 1 6( )x + £

Þ 3 3 6x + £ Þ 3 6 3x £ -
Þ 3 3x £
Þ x £ 1 ...(ii)

Combining the results (i) and (ii), we have

1

3
1£ £x , i.e. x Î é

ëê
ù
ûú

1

3
1,

Hence, the solution set of the given in equations is
1

3
1,

é
ëê

ù
ûú
.

Graphically, it could be shown as

Modulus or Absolute
Value Function
The function defined by f x x

x x

x x
( )

,

,
= =

³
- <

ì
í
î

0

0
is called

modulus function. This always gives a positive result.

As we know modulus means numerical value,

i.e. | | |– | ,3 3 3= =

|– | ,2 2= |– . | . .....1 3291 1 3291= etc.

or it is the distance defined with respect to origin, as
| |x =1 means distance covered is one unit on right hand
side or left hand side of origin shown as:

\ | |x =1 Þ x = ± 1

Again, | |x <1 means distance covered is less than one unit
on right hand side or left hand side of origin shown as:

Similarly, | |x >1 means distance covered is more than one
unit on right hand side or left hand side of origin shown as:

Graphical Representation
of Modulus
As we define,

y x= =
³
<

ì
í
î

| |
,

– ,

x x

x x

0

0

This behaviour is due to two straight lines represented by
modulus.

For plotting the graph of the modulus function, we put

x 0 1 2 –1 –2

y 0 1 2 1 2

Now, we consider the following cases

Case I When x ³0

Equation of the straight line, passing through (0, 0)
and (1, 1) is

Chap 01 Essential Mathematical Tools 5

0 1–1

Figure 1.6

0 1–1

Figure 1.7

0– ∞ ∞11/3

0 1–1

Figure 1.8

0 1 2–2 –1

1

2

(1, 1)

(2, 2)

(–1, 1)

(–2, 2)

X

Y
y = xy = –x

Figure 1.9

– ∞ + ∞63/10



y y

x x

y y

x x

–

–

–

–

1

1

2 1

2 1

= ,  i.e.
y

x

–

–

–

–

0

0

1 0

1 0
=

Þ y x= , when x ³0

Case II When x £ 0

Equation of the straight line passing through (–1, 1) and
(–2, 2)

y y

x x

y y

x x

–

–

–

–

1

1

2 1

2 1

=

i.e.
y

x

– –

–

1

1

2 1

2 1+
=

+
Þ –y x+ = +1 1 or y x= –

when x £ 0.

Thus for every modulus function it exhibits two values,
which could be shown graphically.

Similarly, y x
x x

x x
= =

³
£

ì
í
î

| – |
( – ),

–( – ),
1

1 1

1 1

Remarks
(a) Every modulus function exhibits two values which are

represented by +ve and –ve, signs but it only gives the
positive outcomes. So, students shouldn’t get confused by
+ ve or –ve, signs as these signs are in different intervals, but
the outcomes are positive.

(b) Modulus function is never negative, thus| |x ³ 0 for any
real x and| |x /< 0.

y Example 5 Explain the following :

(i) | |x =5 (ii) | | –x = 5

(iii) | |x <5 (iv) | | –x < 5

(v) | | –x > 5 (vi) | |x >5

Sol. (i) If | |x = 5

Þ x = ± 5, which means, x is at a distance of 5 units
from 0, which is certainly 5 and – 5.

Aliter

| | .x = 5

Here, students are advised to consider two different
functions, as

y x= | | and y = 5.

Now, we plot graph of these two equations.

which intersect at two points, i.e. x = 5 and x = - 5.

\ | |x = 5 possess two solutions x = 5 and x = - 5.

(ii) If | | –x = 5

Þ x has no solution.

As | |x is always positive or zero, it can never be
negative.

\ RHS < LHS

or given relation has no solution.

Aliter

Same as in (i), plotting the graph of y x= | | and
y = - 5.

The two graphs do not intersect.

\ No solution.

(iii) | |x < 5

It means that x is the number, which is at distance less
than 5 from 0.

Hence, – 5 5< <x

Aliter | |x < 5. Plotting the graph of we have y x= | |
and y = 5.

We see that, | | ,x < 5 when - < <5 5x

(iv) | | –x < 5

which shows no solution.

As LHS is non-negative and RHS is negative or | | –x < 5
does not possess any solution.

Aliter | |x < - 5.

Plotting the graph of y x= | | and y = - 5.

We see that, | |x < - 5 is not possible as | |x > - 5, for
all x RÎ .

\ | |x < - 5 Þ No solution.
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(v) | | –x > 5 We know, here LHS ³0 and RHS <0

So, LHS > RHS

i.e. above statement is true for all real x .

(as we know that non-negative number is always
greater than negative).

Aliter

Here, | |x > - 5

Plotting the graph of y x= | | and y = - 5.

We see that, | |x > - 5, for all x Îreal number.

(vi) | |x > 5

It means that x is the number which is at distance
greater than 5 from 0. Hence, x <–5 or x > 5

Aliter

| |x > 5

Plotting the graph of y x= | | and y = 5. We have

We see that, x < - 5 or x > 5.

Generalized Results
(i) For any real number x, we have x x2 2= | |

(ii) For any real number x, we have x x2 = | |

(iii) If a < 0, then

(a) x a2 2£ Û | |x a£ Û - £ £a x a

(b) x a2 2< Û | |x a< Û - < <a x a

(c) x a2 2³ Û | |x a³ Û x a x a£ - ³or

(d) x a2 2> Û | |x a> Û x a< - or x a>

(e) a x b2 2 2£ £ Û a x b£ £| |

Û x b a a bÎ - - È[ , ] [ , ]

(f ) a x b2 2 2< < Û a x b< <| |

Û x b a a bÎ - - È( , ) ( , )

(iv) If a < 0, then

| |x a£ Þ No solution.

| |x a³ Þ All real numbers solutions.

(v) | | | | | |x y x y+ = + Û (x ³ 0 and y ³ 0) or (x £ 0 and
y £ 0) Û xy ³ 0.

(vi) | | | | | |x y x y- = - Û ( ,x y³ ³0 0 and | | | | )x y³
or ( ,x y£ £0 0 and | | | | )x y³

(vii) | | | | | |x y x y± £ + (viii) | | | | | |x y x y± ³ -

y Example 6 Solve for x, where

(i) f x x( ) | |= ³ 0 (ii) f x x( ) | |= > 0

Sol. (i) f ( ) | |x x= ³ 0

As we know modulus is non-negative quantity.

(i.e. It is always greater than equal to zero)

\ x RÎ is the required solution.

Aliter f x x( ) | | .= ³ 0

Plotting two graphs y x= | | and y = 0.

From graph | | ,x ³ 0 for all x RÎ .

(ii) f ( ) | |x x= > 0

Here equal sign is absent, so we have to exclude those
value of x for which | |x = 0.

\ x RÎ except x = 0 or x RÎ – { }0 is the required
solution.

Aliter f x x( ) | |= > 0.

Plotting two graphs y x= | | and y = 0.

From graph | |x > 0, for all x RÎ except 0.

\ x RÎ - { }0 .

y Example 7 Solve | – | .x 3 5<
Sol. | – |x 3 5<

Þ – –5 3 5< <x

Þ –5 3 5 3+ < < +x

Þ –2 8< <x or x Î ]– , [2 8 or x Î(– , )2 8
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O

Y

y = |x|

X
y = 0

0

Y

y = |x|

y = 5

X
–5 5

Y

X

y = –5

O

y = |x|

O

Y

y = |x|

X
y = 0



Aliter For | |x - <3 5.

Plotting  two graphs y x= -| |3 and y = 5

From graph, - < <2 8x ; \ x Î -( , ).2 8

y Example 8 Solve | – |x 1 2£ .

Sol. | – |x 1 2£
Þ – –2 1 2£ £x Þ –2 1 2 1+ £ £ +x

Þ –1 3£ £x or x Î[– , ]1 3

Aliter For | |x - £1 2.

Plotting two graphs y x= -| |1 and y = 2

From graph, - £ £1 3x

\ x Î -[ , ]1 3

y Example 9 Solve 1 1 3£ £| – | .x

Sol. Here, 1 1 3£ £| – |x

Þ – ( – ) –3 1 1£ £x or 1 1 3£ £( – )x

[ | | [ , ] [ , ]]Qa x b x b a b a£ £ Þ Î - - È
i.e. the distance covered between 1 unit to 3 units.

Þ –2 0£ £x or 2 4£ £x

Hence, the solution set of the given inequation is
x Î È[– , ] [ , ]2 0 2 4 .

Aliter Here, 1 1 3£ - £| |x

Plotting three graphs y = 1,y x= -| |1 and y = 3.

From graph, - £ £2 0x or 2 4£ £x .

\ x Î - È[ , ] [ , ]2 0 2 4

y Example 10 Solve | – | ,x 1 5£ | |x ³ 2.

Sol. Here, | – |x 1 5£ and | |x ³ 2

i.e. (– – )5 1 5£ £x

Þ (– )4 6£ £x …(i)

Similarly, (x £–2 or x ³ 2)

Þ (x £ – 2 or x ³ 2) ...(ii)

From Eqs. (i) and (ii) could be graphically shown as

Thus, the shaded portion, i.e. common to both Eqs. (i) and
(ii) is the required region x Î È[– , – ] [ , ]4 2 2 6 .

Aliter Here, | |x - £1 5 and | |x ³ 2.

Take ( | |, )y x y= - =1 5 and ( | |, )y x y= = 2 on graph and
take common.

From the graph, - £ £ -4 2x

or 2 6£ £x

\ x Î - - È[ , ] [ , ]4 2 2 6

y Example 11 Solve
2

4
1

x –
,> x ¹ 4 .

Sol. We have,
2

4
1

x –
,> where x ¹ 4

...(i)

Þ 2

4
1

| – |x
> Q

a

b b
= =

é

ë
ê

ù

û
ú

| |

| |
| |

a
and 2 2

Þ 2 4> | – |x

Þ | – |x 4 2<
Þ – –2 4 2< <x

Þ 2 6< <x

\ x Î( , )2 6 , but x ¹ 4 [from Eq. (i)]
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5

4

3

2

1

–1

–2

–3

–4

–5

1 2 3 4 5 6
O–1–2–3–4–5–6

X′ X

Y ′

Y

y =
|

x |

y =
|

x
–1

|

0

y =
|x – 1|

y = 1

–2 1 2 4

y = 3

1

2 6–2– 4 4

–2 2

0

y = 2

X
–1 1 3

1

2

y = |x– |1Y

0

y = 5

–2 3 8

3

5

y = |x – |3



Hence, the solution set of the given inequation is
x Î È( , ) ( , ).2 4 4 6

Aliter
2

4
1 4

x
x

-
½

½
½ ½

½
½> ¹, Þ | |x - <4 2

Plotting the graph of y x= -| |4 and y = 2

From graph, 2 6< <x , x ¹ 4

i.e. x Î -( , ) { }2 6 4

Note
Students should always remember that they have to compare
the solution set with the initial condition.

y Example 12 Solve | – | | – |x x1 2 4+ ³ .

Sol. On the LHS of the given inequation, we have two
modulus, so we should define each modulus i.e. by
equating it to zero.

i.e. | – |
( – ),

–( – ),
x

x x

x x
1

1 1

1 1
=

³
<

ì
í
î

and | – |
( – ),

–( – ),
x

x x

x x
2

2 2

2 2
=

³
<

ì
í
î

Thus, it gives three cases :

Case I When – ¥ < <x 1

i.e. | – | | – |x x1 2 4+ ³
Þ –( – ) – ( – )x x1 2 4³
Þ –2 3 4x + ³ Þ –2 1x ³

Þ x £ –
1

2
...(i)

But – ¥ < <x 1

\ Solution set is x Î ¥æ
èç

ù
ûú

– , –
1

2
.

Case II When 1 2£ £x

i.e. | – | | – |x x1 2 4+ ³
Þ ( – ) – ( – )x x1 2 4³
Þ 1 4³ , which is meaningless.

\ No solution for x Î[ , ].1 2 ...(ii)

Case III When 2 < < ¥x

i.e. | – | | – |x x1 2 4+ ³
Þ ( – ) ( – )x x1 2 4+ ³
Þ 2 3 4x – ³
Þ x ³ 7 2/

But 2 < < ¥x

\ Solution set is
7

2
, ¥é

ëê
ö
ø÷
. ...(iii)

From Eqs. (i), (ii) and (iii), we get

x Î ¥æ
èç

ù
ûú

È ¥é
ëê

ö
ø÷

– , – ,
1

2

7

2

Aliter

Plotting two graphs y x x= - + -| | | |1 2 and y = 4 shown
below.

From graph, x £ - 1

2
or x ³ 7

2

\ x Î - ¥ -æ
èç

ù
ûú

È ¥é
ëê

ö
ø÷

, ,
1

2

7

2
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4

Y

X
2 60

2

4

y = 2

n Directions (Q. Nos. 1 to 5) Solve the following inequalities for real values of x.

1. | |x - <1 2 2. | |x - >3 5

3. 0 1 3< - <| |x 4. | | | | | |x x x- + - = -1 2 3 3 4

5.
x

x

-
-

£3

4
1

2

Exercise for Session 2

2

Y

1 7/2– 1
2

1

y = x3 – 2

y = x –2 3

(1, 1) (2, 1)

y = |x – | + |x – |1 2

X

y = 4

0



Number Line Rule
It is used to solve algebraic inequalities using following steps:

(i) Factorize numerator as well as denominator.

(ii) Now, check the coefficients of x and make them
positive.

(iii) Put only odd power factors in numerator and
denominator and put them equal to zero separately
and find the value of x .

(As for polynomial function only numerator = 0,

denominator ¹0).

(iv) Plot these points on number line in increasing order.

(v) Start number line from right to left taking sign of f x( ).

(vi) Check your answer so that it should not contain a
point for which f ( )x doesn’t exist.

y Example 13 Find the interval in which f x( ) is positive

or negative: f x x x x( ) ( – )( – )( – )= 1 2 3 .
Sol. Here, f ( ) ( – )( – )( – )x x x x= 1 2 3 has all factors with odd

powers, so put them as zero.

i.e. x – 1 0= , x – 2 0= , x – 3 0= , we get x = 1 2 3, ,

[using step (iii)]

Using steps (iv) and (v), plotting on number line, we get

f ( )x > 0 when 1 2< <x and x > 3

f ( )x < 0 when x < 1 and 2 3< <x

y Example 14 Solve f x
x x

x
( )

( – )( – )

( – )
.= ³

1 2

3
0

Sol. Here, f ( )
( – )( – )

( – )
x

x x

x
= ³1 2

3
0

or f ( ) –
( – )( – )

( – )
,x

x x

x
= 1 2

3
which gives

x – 3 0¹ or x ¹3 ...(i)

Using number line rule as shown in the figure,

which shows f ( )x ³ 0 when x £ 1 or 2 3£ <x

i.e. x Î ¥ È(– , ] [ , )1 2 3 . (as x ¹ 3)

y Example 15 Find the values of x for which

f x
x x x

x
( )

( – )( – ) ( – )

( – )
= >

2 1 1 2

4
0

2 3

4
.

Sol. f ( )
( – )( – ) ( – )

( – )
x

x x x

x
= 2 1 1 2

4

2 3

4
, which gives x ¹ 4 ...(i)

As denominator ¹ 0 and x ¹ 1, as at x = 1, f ( )x has even
powers.

Putting zero to ( – )2 1x and ( – )x 2 3 as they have odd powers

and neglecting ( – )x 1 2 and ( – )x 4 4 on number line as

shown in figure.

which shows f ( )x > 0 when x < 1 2/ or x > 2 but except for 4
and 1.

\ x Î ¥ È ¥(– , ) ( , ) –{ }1 2 2 4/

y Example 16 Find the value of x for which

f x
x x x x

x
( )

( – ) ( – )( – ) ( – )

( )
=

+
£

2 1 3 4

1
0

2 3 2

.

Sol. Here, f ( )
( – ) ( – )( – ) ( – )

( )
x

x x x x

x
=

+
2 1 3 4

1

2 3 2

or f ( ) –
( – ) ( – )( – ) ( – )

( )
,x

x x x x

x
=

+
2 1 3 4

1

2 3 2

( – )x ¹ 1 ...(i)

Putting zero to ( – ), ( – ) , ( )x x x1 3 13 + as having odd

powers and neglecting ( – ) , ( – )x x2 42 2 , we get

f ( )x £ 0 when –1 1< £x or 3 £ < ¥x or f x x( ) = =0 2at

or x Î È ¥ È(– , ] [ , ) { }1 1 3 2 [using Eq. (i) as x ¹–1]

y Example 17 Solve
| | –

| |–
; ,

x

x
x R x

1

2
0 2³ Î ¹ ±

Sol. We have,
| | –

| |–

x

x

1

2
0³ Þ y

y

–

–

1

2
0³ ; where y = | |x

Þ y £ 1 or y > 2 using number line rule

Þ | |x £ 1 or | |x > 2

Þ (– )1 1£ £x or    (x < –2 or x > 2)

Session 3

Number Line Rule, Wavy Curve Method

1 2 3

1 2 3

+ +

–1/2 2

+

–

+

–1–1 3

+ +

1

–

2



Þ x Î È ¥ È ¥[– , ] (– , – ) ( , )1 1 2 2

Hence, the solution set is

x Î ¥ È È ¥(– , – ) [– , ] ( , )2 1 1 2 .

y Example 18 Solve
–

| | –

1

2x
³ 1, where x RÎ , x ¹ ± 2.

Sol. We have,
–

| |–

1

2
1

x
³

Þ –

| | –
–

1

2
1 0

x
³ Þ – –(| | – )

| | –

1 2

2
0

x

x
³

Þ 1

2
0

–| |

| | –

x

x
³ Þ –(| | – )

(| | – )

x

x

1

2
0³

Using number line rule,

Þ 1 2£ <| |x Þ x Î È(– , – ] [ , )2 1 1 2

{ | | (– , – ] [ , )}Q a x b x b a a b£ < Û Î È
Hence, the solution set is (– , – ] [ , )2 1 1 2È .

y Example 19 Solve
| |x x

x

+ +
+

>
3

2
1.

Sol. Here,
| |

–
x x

x

+ +
+

>3

2
1 0 Þ | | – –x x x

x

+ +
+

>3 2

2
0

Þ | |–x

x

+
+

>3 2

2
0 ...(i)

Now, two cases arise :

Case I When x + ³3 0, i.e. x ³ -3 ...(ii)

Þ x

x

+
+

>3 2

2
0

– Þ x

x

+
+

>1

2
0

Þ x Î ¥ È ¥(– , – ) (– , )2 1 using number line rule as shown
in the figure.

But x ³ –3 [from Eq. (ii)]

Þ x Î È ¥[– , – ) (– , )3 2 1 ...(a)

Case II When x + <3 0, i.e. x < -3 ...(iii)

Þ –( )–x

x

+
+

>3 2

2
0 Þ –( )

( )

x

x

+
+

>5

2
0

Þ x Î(– , – )5 2 using number line rule as shown in the figure.

But x < –3 [from Eq. (iii)]

\ x Î(– , – )5 3 ...(b)

Thus, from Eqs. (a) and (b), we have

x Î È ¥ È[– , – ) (– , ) (– , – )3 2 1 5 3

Þ x Î È ¥(– , – ) (– , )5 2 1

Wavy Curve Method
The method of intervals (or wavy curve) is used for
solving inequalities of the form :

f x
x a x a x a

x b x b

n n
k

n

m m

k

( )
( ) ( ) . . . ( )

( ) ( ) . .
= - - -

- -
1 2

1 2

1 2

1 2 . ( )x b p
mp-

> 0

( , )< £ ³0 0 0or

where n1 , n2 , ......, nk andm1 ,m2 , ......,mp are natural
numbers.

a1 , a2 , ......, ak ; b1 , b2 , ......, bp are any real numbers such
that a bi j¹ , where i k= 1 2 3, , , ..., and j p= 1 2 3, , , ...,

It consists of the following statements :

1. All zeros of the function f x( ) (the values of x
corresponding to numerator = 0) contained on the left
hand side of the inequality should be marked on the
number line with inked (black) circles.

2. All points of discontinuities of the function f x( ) (the
values of x corresponding to denominator = 0)
contained on the left hand side of the inequality
should be marked on the number line with uninked
(white) circles.

3. Check the value of f x( ) for any real number greater
than the rightmost marked number on the number line.

4. From right to left, beginning above the number line
(in case of value of f x( ) is positive in step (iii)
otherwise from below the number line), a wavy curve
should be drawn to pass through all the marked
points so that when it passes through a simple point,
the curve intersects the number line and when
passing through a double point, the curve remains
located on one side of the number line.

5. The appropriate intervals are chosen in accordance
with the sign of inequality (the function f x( ) is
positive whenever the curve is situated above the
number line, it is negative if the curve is found below
the number line). Their union just represents the
solution of the inequality.

Remarks
(a) Points of discontinuity will never be include in the answers.

(b) If asked to find the intervals where f x( ) is non-negative or
non-positive, then make the intervals closed, corresponding
to the roots of the numerator and let it remain open
corresponding to the roots of denominator.

y Example 20 Let f x
x x x x

x x
( )

( ) ( ) ( ) ( )

( )
=

- + - +
-

1 2 3 6

7

3 4 5

2 3
.

Solve the following inequalities :

(i) f x( ) > 0 (ii) f x( ) ³ 0

(iii) f x( ) < 0 (iv) f x( ) £ 0
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–2

–

–1
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+
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Sol. Given, f x
x x x x

x x
( )

( ) ( ) ( ) ( )

( )
= - + - +

-
1 2 3 6

7

3 4 5

2 3

Put numerator = 0

Þ ( ) ( ) ( ) ( )x x x x- + - + =1 2 3 6 03 4 5

Þ x = - -1 2 3 6, , ,

Again, put denominator = 0

Þ x x2 37 0( )- =

Þ x = 0 7,

We mark on the number line zeros of the function:
1 2 3 6, , and- - (with black circles) and the points of
discontinuities 0 and 7 (with white circles). Isolate the
double points: –2 and 0 and draw the curve of signs.

From the graph, we get

(i) if f x( ) > 0, then x Î -¥ - È È ¥( , ) ( , ) ( , )6 1 3 7

(ii) if f x( ) ³ 0, then x Î -¥ - È - È È ¥( , ] { } [ , ] ( , )6 2 1 3 7

(iii) if f x( ) < 0, then x Î - - È - È È( , ) ( , ) ( , ) ( , )6 2 2 0 0 1 3 7

(iv) if f x( ) £ 0, then x Î - È È[ , ) ( , ] [ , )6 0 0 1 3 7

y Example 21 Let

f x

x x x x

e e xx
( )

sin (ln ) ( )(tan )

( )(
=

-æ
èç

ö
ø÷

- - -

- -

1

2
1 2 3

3

2

2 ) cos2 × x

Solve the following inequalities for x Î[ , ]0 2p :

(i) f x( ) > 0 (ii) f x( ) ³ 0

(iii) f x( ) < 0 (iv) f x( ) £ 0

Sol. Clearly, x ¹ 2 3
2

3

2
, , ,

p p
and f x( ) = 0

for x e= p p p p
6 3

5

6

4

3
, , , ,

Now, sign of f x( ) will not change around x e= 2 3, , .

Then, for f x( ) > 0

sin (tan )x x-æ
èç

ö
ø÷

- >1

2
3 0

Þ x Î æ
èç

ö
ø÷

È æ
èç

ö
ø÷

È æ
èç

ö
ø÷

0
6 3 2

5

6

4

3
, , ,

p p p p p

È æ
èç

ö
ø÷

-3

2
2 3

p p, { , }e

Hence, solution of

(i) f x( ) > 0 is x Î æ
èç

ö
ø÷

È æ
èç

ö
ø÷

È æ
èç

ö
ø÷

0
6 3 2

5

6

4

3
, , ,

p p p p p

È æ
èç

ö
ø÷

-3

2
2 3

p p, { , }e

(ii) f x( ) ³ 0 is x Î æ
èç

ù
ûú

È é
ëê

ö
ø÷

È é
ëê

ù
ûú

0
6 3 2

5

6

4

3
, , ,

p p p p p

È æ
èç

ö
ø÷

-3

2
2 3

p p, { }

(iii) f x( ) < 0 is x Î æ
èç

ö
ø÷

È æ
èç

ö
ø÷

È æ
èç

ö
ø÷

-p p p p p p
6 3 2

5

6

4

3

3

2
2, , , { }

(iv) f x( ) £ 0 is x Î é
ëê

ù
ûú

È æ
èç

ù
ûú

p p p p
6 3 2

5

6
, , È é

ëê
ö
ø÷

È -4

3

3

2
2

p p
, { } { }e

y Example 22 Let

f x

x x x x

x
( )

(cos |cos | ) sin (tan )

(cos )
=

+ -æ
èç

ö
ø÷

-

-

3

2
1

2

3
5

2 (tan )x - 3 3

Find the interval of x Î
-æ

èç
ö
ø÷

p p
2 2

, for which

(i) f x( ) > 0 (ii) f x( ) < 0

Sol. For x Î -æ
èç

ö
ø÷

p p
2 2

,

cos x > 0 for all x Þ | cos | cosx x=
Þ cos |cos | cosx x x+ = 2

\ f x

x x x

x x
( )

cos sin (tan )

(cos ) (tan )
=

-æ
èç

ö
ø÷

-

- -

2
3

2
1

2 3

3
5

2 3

Critical points cos x = 0 Þ x = p
2

(not in domain)

sin x = 3

2
(not possible)

tan x = 1 Þ x = p
4

Þ cos x = 2 (not possible)

tan x = 3 Þ x = ×p
3

Then, f x( ) > 0 Þ x Î æ
èç

ö
ø÷

p p
4 3

,

and f x( ) < 0 Þ x Î æ
èç

ö
ø÷

È æ
èç

ö
ø÷

-p p p p
2 4 3 2

, ,
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n Directions (Q. Nos. 1 to 5) Solve the following inequalities.

1.
x

x

x

x

-
+

> -
-

2

2

2 3

4 1
2.

2 1

2 3
0

3 2

x

x x x

-
+ +

>

3.
4

3
1

2

x

x +
³ 4.

( )( )( )( )x x x x

x x

- + + +
+ +

>1 1 4 6

7 8 4
0

2

5.
x

x x2 5 9
1

- +
£

6. Solution of inequality | |x - <1 0 is

(a) x = 0 (b) x = 1

(c) x ¹ 1 (d) No solution

7. Solution of inequality x x x2 1 0+ + + £| | is

(a) (1, 2) (b) (0, 1)

(c) No solution (d) None of these

8. Solution of inequality | | | |x x+ > -3 2 1 is

(a) -æ
èç

ö
ø÷

2

3
4, (b) (4, ¥)

(c) -æ
èç

ö
ø÷

2

3
1, (d) None of these

9. Solution of inequality x
x

+ <1
4 is

(a) ( , ) ( , )2 3 2 3 2 3 2 3- + È - - - + (b) R - - +( , )2 3 2 3

(c) R - - - +( , )2 3 2 3 (d) None of these

10. The solution of | |x x x2 23 2 0+ + - ³ is

(a) ( ,- ¥ 1) (b) (0, 1)

(c) -¥ -æ
èç

ù
ûú

È ¥é
ëê

ö
ø÷

, ,
2

3

1

2
(d) None of these

11. The solution of | | | | ,x x- < -1 1 x RÎ is

(a) (-1, 1) (b) ( , )0 ¥
(c) ( )- ¥1, (d) None of these

12. The solution of 2 2 2 2x x+ ³| | is

(a) ( , log ( ))-¥ +2 2 1 (b) ( , )0 ¥

(c)
1

2
2 12, log ( )-æ

èç
ö
ø÷

(d) ( , log ( )] ,-¥ - È ¥é
ëê

ö
ø÷2 2 1

1

2
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Quadratic Expression
The expression ax bx c2 + + is said to be a real quadratic
expression in x , where a, b, c are real and a ¹ 0. Let

f x ax bx c( ) = + +2 , where a, b, c ÎR ( )a ¹ 0 . f x( ) can be

rewritten as

f x a x
b

a

ac b

a
a x

b

a
( ) = +æ

èç
ö
ø÷

+ -ì
í
ï

îï

ü
ý
ï

þï
= +æ

èç
ö
ø2

4

4 2

2 2

2
÷ -

é

ë
ê
ê

ù

û
ú
ú

2

24

D

a

where D b ac= -2 4 is the discriminant of the quadratic
expression.

Therefore, y f x= ( ) represents a parabola whose axis is

parallel to theY-axis, with vertex at A
b

a

D

a
- -æ

èç
ö
ø÷2 4

, .

Graph for Quadratic Expressions
That if a > 0, the parabola will be concave upwards and if

a < 0, the parabola will be concave downwards and it

depends on the sign of b ac2 4- that the parabola cuts the

X-axis at two points ( )b ac2 4 0- > , touches the X-axis

( )b ac2 4 0- = or never intersects with the X-axis

( )b ac2 4 0- < .

This gives rise to the following cases:

(i) If a > 0 and b ac2 4 0- < .

Û f x x R( ) ,> " Î0

In this case the parabola always remains concave
upwards and above the X-axis.

(ii) If a > 0 and b ac2 4 0- = .

Û f x x R( ) ,³ " Î0

In this case the parabola touches the X-axis and
remains concave upwards.

(iii) If a > 0 and b ac2 4 0- > .

Let f x( ) = 0 has two real roots a and b ( )a b< .

Then, f x x( ) , ( , ) ( , )> " Î - ¥ È ¥0 a b ,

f x x( ) , ( , )< " Î0 a b and f x( ) = 0 for x Î { , }a b .

In this case the parabola cuts the X-axis at two points
a and b and remains concave upwards.

(iv) If a < 0 and b ac2 4 0- < Û f x x R( ) ,< " Î0

In this case the parabola remains concave downwards
and always below the X-axis.

(v) If a < 0 and b ac2 4 0- = .

Û f x x R( ) ,£ " Î0

In this case the parabola touches the X-axis and
remains concave downwards.

(vi) If a < 0 and b ac2 4 0- > .

Let f x( ) = 0 have two real roots a and b ( )a b< .

Then, f x x( ) , ( , ) ( , )< " Î - ¥ È ¥0 a b ,

f x x( ) , ( , )> " Î0 a b and f x( ) = 0 for x Î { , }a b .

In this case the parabola cuts the X-axis at two points
a and b and remains concave downwards.

X′ X
– /2b a

y f(x) = ax +bx+c= 2

y f(x) = ax +bx+c= 2

X′ X
– /2b a

X′ X
– /2b a

y f(x)=

βα

X′ X
– /2b a

y f(x)=

X′ X
– /2b a

y f(x)=

X′ X
– /2b a

y f(x)=

βα

Session 4

Quadratic Expression, Non-negative Functions



Quick and Important Results for
Characteristic Expression
1. The expression ax bx c2 + + will be at same sign for all real

values of x, iff D < 0.

2. ax bx c2 + + will always be positive iff D < 0 and a > 0.

3. ax bx c2 + + will always be negative iff D < 0 and a < 0.

4. If D > 0, then sign of the expression between the roots will be
opposite to that of a.

5. If a > 0, then minima of f x( ) occurs at x
b

a
= -

2
and if a < 0,

then maxima of f x( ) occurs at x
b

a
= -

2
and maximum or

minimum value of f x( ) will be given by
-æ

èç
ö
ø÷

D

a4
.

6. If f x( ) = 0 has two distinct real roots, then a f d× <( ) 0 if and
only if d lies between the roots and a f d× >( ) 0 if and only if d

lies outside the roots.

y Example 23 Find a for which 3 3 02x ax+ + > , " Îx R.

Sol. Here, 3 3 02x ax+ + > , " Îx R

Þ D < 0 [Q if f x( ) > 0 and a > 0, then D < 0]

Þ ( ) – ( )( )a 2 4 3 3 0< Þ a2 36 0– <

Þ( – )( )a a6 6 0+ < , using number line rule as shown in figure,

which shows –6 6< <a or a Î(– , )6 6

y Example 24 Find a for which ax x2 1 0+ <– , " Îx R

?

Sol. Here, ax x2 1 0+ <– , " Îx R

Þ a < 0 and D < 0 [Qa D< <0 0, , so f x( ) ]< 0

Þ a < 0 and 1 4 0a+ <
Þ a < 0 and a – /< 1 4

\ a – , – /Î ¥( )1 4

Non-negative Functions
The sum of several non-negative terms is zero if and only
if each term is zero.

i.e. a b c2 2 2 0+ + =
if a b c= =

y Example 25 Solve ( ) ( )x x x+ + + + =1 3 2 02 2 2 .

Sol. Here, ( ) ( )x x x+ + + + =1 3 2 02 2 2 if and only if each term

is zero simultaneously,

( )x + =1 0 and ( )x x2 3 2 0+ + = Þ ( )( )x x+ + =1 2 0

i.e. x = –1 and x = – , –1 2

\ The common solution is x = –1.

Hence, solution of the above equation is x = –1.

y Example 26 Solve | | –x x+ + =1 1 0.

Sol. Here, | | –x x+ + =1 1 0, where each term is

non-negative.

\ | |x + =1 0 and x – 1 0=

should be zero simultaneously.

i.e. x = –1 and x = 1,  which is not possible.

\ There is no x for which each term is zero simultaneously.
Hence, there is no solution.

y Example 27 Solve

| – | ( – ) –x x x x2 2 21 1 3 2+ + + = 0.

Sol. Here, each of the term is non-negative, thus each term
must be zero simultaneously.

i.e. ( – )x2 1 0= , ( – )x 1 02 = and x x2 3 2 0– + =

Þ x = ± 1 , x = 1 and x = 1 2,

The common solution is x = 1.

Therefore, x = 1 is the solution of above equation.

y Example 28 Let f x x( ) = and g x x( ) | |= be two

real-valued functions, f ( )x be a function satisfying the
condition;

[ ( )– ( )] [ ( )– ( )]f + f =x f x x g x2 2 0. Then, find f ( )x .

Sol. Here, [ ( ) – ( )] [ ( ) – ( )]f + f =x x x xf g2 2 0 is only possible,

if f =( ) – ( )x xf 0 and f =( ) – ( )x xg 0

Þ f = =( ) ( ) ( )x x xf g or f = =( ) |x x x |,

which is only possible, if x is non-negative.

Therefore, f ( ) ,x = x " Î ¥x [ , )0

1. Find all values of ‘m ’ for which ( )2 3 2 4 02m x mx- + + < for all real x .

2. If ax bx2 5 0- + = does not have two distinct real roots, then find the minimum value of 5a b+ .

3. If a, b, c ÎR, a ¹ 0 and the quadratic equation, ax bx c2 0+ + = has no real root, then show that a a b c( )+ + > 0.

4. If x, y Î[ , ]0 10 , then find the number of solutions ( , )x y of the inequation 3 9 6 2 1
2 1 2sec x y y- × - + £ .
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n Directions (Q. Nos. 1 to 11) Solve each of the following

system of equations :

1. For a < 0 , determine all solutions of the equation

x a x a a2 22 3 0– | – | – = .

2. Solve | |x x x2 4 3 2 5 0+ + + + = .

3. Solve | – – | –| – |x x x2 23 4 9 1= .

4. Solve 2 2 2 1 1| – | – |x x x+ = +1| .

5. Find the set of all real ‘ ’a such that 5 3 22a a– – ,a a2 2+ –

and 2 12a a+ – are the lengths of the sides of a triangle?

6. Solve ( ) – ( – )x x+ ³3 1 2445 5 .

7. Solve | | – |– |x 2 1 3³ .

8. Solve 1
3 7 8

1
2

2

2
£ +

+
£x x

x

–
.

9. Let f x
x

x x
( ) =

+ +
2

2 5 22
and g x

x
( ) =

+
×1

1

Find the set of real values of x for which f x g x( ) ( )> .

10. For x R xÎ , | | | | is defined as follows;

| | | |
,

| – | ,
x

x x

x x
=

+ £ <
£

ì
í
î

1 0 2

4 2

Then, solve the equation, | | | | | | | |x x x x2 2+ = + .

11. Solve the inequality | | | |x x x- + - > +1 2 3 .

12. Solve the equation

x y y x2 212 12 33+ + + = , x y+ = 23.

13. Solve the equation

2 1 3 2 4 3 5 4x x x x– – – –+ = + .

14. If x y, and z are three real numbers such that

x y z+ + = 4 and x y z2 2 2 6+ + = , then show that each

of x y, and z lies in the closed interval
2

3
2, .

é
ëê

ù
ûú

15. If {( ) ( – ) ( ) ( – )}a b b a+ + +1 1 1 1 a + =( – ) ( – )a b1 1 0

and a ( ) ( ) – ( – )a b a+ +1 1 1 ( – )b 1 0=

Also, let A = + +ì
í
î

ü
ý
þ

a
a

b
b

1

1

1

1–
,

–

and B =
+ +

ì
í
î

ü
ý
þ

2

1

2

1

a
a

b
b

, . If A BÇ ¹ f , then find all the

permissible values of the parameter ‘a’.

16. Solve
x

x x
x

x

x x

–

–
| – |

( – )

| – |

1

3 2 8
1

1

3 2 8
1

2

2

2+
+ =

+
+

17. Let f x x x( ) ( | | )= -2 2 ( | | )
( | | )

| |
2 2 9

2 2

22
x

x

x x
- - -

-
×

Solve the following inequalities

(i) f x( ) > 0 (ii) f x( ) ³ 0

(iii) f x( ) < 0 (iv) f x( ) £ 0

18. Solve the inequality 1
1

1

2
-

+
½
½
½ ½

½
½³| |

| |
.

x

x
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19. If cos x y y x- - - - ³2 2 1 0, then

(a) y ³ 1 (b) x RÎ (c) y = 1 (d) x = 0

20. If (sin )a x x b2 2 2- + ³ for all real values of x £ 1 and

a p p pÎæ
èç

ö
ø÷

È æ
èç

ö
ø÷

0
2 2

, , , then the possible real values of b is/are

(a) 2 (b) 3 (c) 4 (d) 5

21. If | |ax bx c2 1+ + £ for all x is [0, 1],

then
(a) | |a £ 8

(b) | |b £ 8

(c) | |c £ 1

(d) | | | | | |a b c+ + £ 17

Subjective Questions
Essential Mathematical Tools Exercise 1 :#L

More Than One Correct Option Type Questions
Essential Mathematical Tools Exercise 2 :



Passage I

(Q. Nos. 22 to 24)

Let f x ax bx c( ) = + +2 ; a b c R, , Î

It is given | ( ) | ,f x £ 1 " £| |x 1 .

Now, answer the following questions.

22. The possible value of | |a c+ , if
8

3
22 2a b+ is maximum, is

given by
(a) 1 (b) 0 (c) 2 (d) 3

23. The possible value of | |a b+ , if
8

3
22 2a b+ is maximum, is

given by
(a) 1 (b) 0 (c) 2 (d) 3

24. The possible maximum value of
8

3
22 2a b+ is given by

(a) 32 (b)
32

3
(c)

2

3
(d)

16

3

Passage II

(Q. Nos. 25 to 27)

Consider the equation | | | |2 4 4x x x- - = + .

25. The least integer satisfying the equation, is
(a) – 4 (b) 4 (c) 5 (d) – 5

26. Total number of prime numbers less than 20 satisfying
the equation, is
(a) 3 (b) 4 (c) 5 (d) 6

27. If P = greatest composite number less than 34 satisfying

the given equation, then P 2007 has the digit on its units
place as
(a) 8 (b) 1
(c) 7 (d) 0

Passage III

(Q. Nos. 28 to 30)

Consider a number N P Q= 2 1 5 3 4.

28. The number of ordered pairs ( , )P Q so that the number

‘N ’ is divisible by 9, is
(a) 11 (b) 12
(c) 10 (d) 8

29. The number of values of Q so that the number ‘N’ is

divisible by 8, is
(a) 4 (b) 3
(c) 2 (d) 6

30. The number of ordered pairs ( , )P Q so that the number

‘N ’ is divisible by 44, is
(a) 2 (b) 3 (c) 4 (d) 5

Passage IV

(Q. Nos. 31 to 35)

Consider the nine digit number n = 7 3 4 9 6 1 0a b .

31. If p is the number of all possible distinct values of

( )a b- , then p is equal to
(a) 17 (b) 18 (c) 19 (d) 20

32. If q is the number of all possible values of b for which

the given number is divisible by 8, then q is equal to
(a) 2 (b) 3 (c) 4 (d) 5

33. The number of ordered pairs ( , )a b for which the given

number is divisible by 88, is
(a) 1 (b) 2 (c) 3 (d) 4

34. The number of possible values of ( )a b+ for which the

given number is divisible by 6, is
(a) 3 (b) 4 (c) 6 (d) 7

35. The number of possible values of b for which i N = 1

(where i = -1), is

(a) 2 (b) 3 (c) 4 (d) 5

Passage V

(Q. Nos. 36 to 38)

The set of integers can be classified into k classes, according to the

remainder obtained when they are divided by k (where k is a fixed

natural number). The classification enables is solving even some

more difficult problems of number theory e.g.

(i) even, odd classification is based on whether remainder is

0 or 1 when divided by 2.

(ii) when divided by 3, the remainder may be 0, 1, 2. Thus,

there are three classes.

36. The remainder obtained, when the square of an integer
is divided by 3, is
(a) 0, 1 (b) 1, 2 (c) 0, 2 (d) 0, 1, 2

37. n n2 1+ + is never divisible by

(a) 2 (b) 3

(c) 111 (d) None of these

38. If n is odd, n n5 - is not divisible by

(a) 16 (b) 15 (c) 240 (d) 720
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Passage Based Questions
Essential Mathematical Tools Exercise 3 :



39. The number of solutions of the equation | | | |x x- - - ³1 2 5 4

40. The number of integral solution of the equation | |x 2 7 9- £
are

41. The number of solutions of the system of equation
x y+ =2 6 and | |x y- =3 is/are

Answers
Exercise for Session 1

1. False 2. False 3. True 4. False 5. True

6. True 7. (a) 8. (c) 9. (a) 10. (b)

Exercise for Session 2

1. x Î -( , )1 3

2. x Î - ¥ - È ¥( , ) ( , )2 8

3. x Î - È( , ) ( , )2 1 1 4

4. x Î - ¥ È ¥é
ëê

ö
ø÷

( , ] ,1
3

2

5. x Î - ¥ - -æ
è
ç

ù

û
ú È - +é

ë
ê

ù

û
ú È - + ¥é

ë
ê

ö
ø
÷, , ,

1 29

2

1 5

2

1 5

2

1 29

2

Exercise for Session 3

1. x Î - ¥ - È æ
èç

ö
ø÷

È ¥( , ) , ( , )2
1

4
1 4

2. x Î - ¥ - È -æ
èç

ö
ø÷

È ¥æ
èç

ö
ø÷

( , ) , ,1
1

2
0

1

2

3. x Î[ , ]1 3

4. x Î - ¥ - È - - È[ , ) ( , ) ( , )6 4 1 1 0 5. x RÎ
6. (d) 7. (c) 8. (a) 9. (a) 10. (c) 11. (d)

12. (d)

Exercise for Session 4

1. m Îf 2. ( )-1 4. (4)

Chapter Exercises

1. {( – ) , (– ) }1 2 1 6a a+ 2. {– , – – }4 1 3

3. {– , }2 2 4. {– } [ , )2 0È ¥

5.
3 57

8

5 17

4

+ < < +æ
è
ç

ö
ø
÷a 6. (– , – ] [ , )¥ È ¥2 0

7. (– , – ] [ , )¥ È ¥2 6 8. [ , ]1 6 9. x Î È æ
èç

ö
ø÷(– , – ) – , –2 1

2

3

1

2

10. x ={ , }0 2 11. (- ¥ È ¥, ) ( , )0 6

12. ( , )13 10 and ( , )10 13 13. x = 1

14. x y z, , ,Îé
ëê

ù
ûú

2

3
2

15. a i iÎ - + -{ , , }1 1 1

16. x Î ± ±ì
í
î

ü
ý
þ

0 2
1 129

16

3 73

16
, , ,

17. (i) x Î -¥ - È - - È È ¥( , ) ( , ) ( , ) ( , )3 2 1 1 2 3

(ii) x Î -¥ - È - - È È ¥( , ] ( , ] [ , ) [ , )3 2 1 1 2 3

(iii) x Î - - È - È È( , ) ( , ) ( , ) ( , )3 2 1 0 0 1 2 3

(iv) x Î - - È - È È[ , ) [ , ) ( , ] ( , ]3 2 1 0 0 1 2 3

18. [ , ]-1 1

19. (c,d)

20. (b,c,d)

21. (a,b,c,d) 22. (a) 23. (c) 24. (b)

25. (a) 26. (d) 27. (c) 28. (a) 29. (b) 30. (c)

31. (c) 32. (a) 33. (b) 34. (d) 35. (d) 36. (a)

37. (c) 38. (d) 39. (0) 40. (9) 41. (2)
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Single Integer Answer Type Questions
Essential Mathematical Tools Exercise 4 :



1. For a < 0, | |
( ),

( ),
x a

x a x a

a x x a
- =

- ³
- £

ì
í
î

.

Case I x a³
x a x a a2 22 3 0- - - =( )

Þ x ax a2 22 0- - =
Þ x ax a a2 2 22 2- + =
Þ ( )x a a- =2 22 Þ x a a= ± +2

Þ x a a= + -( ), ( )1 2 1 2

Since, x a³ and a < 0

\ Neglecting { ( )}a 1 2+ Þ x a= -( )1 2

Case II x a£
Þ x a x a a2 22 3 0+ - - =( ) Þ x ax a2 22 5+ =

Þ ( )x a a+ =2 26 Þ x a a= - ± 6

\ x a a= - - +( ), ( )6 1 6 1

Since, x a£ and a < 0

\ Neglecting { ( )}- +a 6 1 Þ x a= -( )6 1

Hence, x a aÎ - -{ ( ), ( )}1 2 6 1 .

2. | |x x x2 4 3 2 5 0+ + + + =
Take two cases, i.e.| | ( )x x x x2 24 3 4 3+ + = ± + +

Case I x x2 4 3 0+ + ³

( )( )x x+ + ³3 1 0

Þ x Ï - -( , )3 1

or x Î - ¥ - È - ¥( , ] [ , )3 1

Þ x x x2 4 3 2 5 0+ + + + =
Þ x x2 6 8 0+ + =
Þ ( )( )x x+ + =4 2 0

Þ x = - -2 4, .

But x Ï - -( , )3 1

\ Neglecting x = -2

Þ x = - 4 …(i)

Case II x x2 4 3 0+ + £

( )( )x x+ + £3 1 0

Þ x Î - -[ , ]3 1

Þ x x x2 4 3 2 5 0+ + - - =
Þ x x2 2 2 0+ - =

Þ x = - ±1 3, as x Î - -[ , ]3 1

\ Neglecting x = - +1 3 Þ x = - -1 3 …(ii)

\ x Î - - -{ , }4 1 3 .

3. | | | |x x x2 23 4 1 9- - + - =

Þ | | {| | | | }x x x+ - + - =1 4 1 9

Case I x ³ 4

( ) { }x x x+ - + - =1 4 1 9

Þ ( )( )x x+ - =1 2 5 9

Þ 2 3 14 02x x- - =

Þ x = -7

2
2,

[neglecting both as x ³ 4]

Case II 1 4< <x

Þ ( ){ }x x x+ - + - =1 4 1 9

Þ ( )x + × =1 3 9

Þ x = Î2 1 4( , ) …(i)

Case III - < <1 1x

( ){ }x x x+ - + - =1 4 1 9

Þ ( ) ( )x x+ - =1 5 2 9

Þ 2 3 4 02x x- + = , having imaginary roots.

\ No solution.

Case IV x £ -1

- + - + - =( ){ }x x x1 4 1 9

( )( )x x+ - =1 2 5 9 Þ x = - ×2
7

2
,

As x £ -1,

\ x = -2 , neglecting x = 7

2
. …(ii)

Thus, from Eqs. (i) and (ii), we get x Î -{ ,2 2}.

4. 2 2 2 11| | | |x x x+ - = - + 1

Case I x ³ 0

2 2 2 1 11x x x+ - = - + Þ 2 2 2 2x x× = ×

i.e. true for all x ³ 0 …(i)

Case II - £ £1 0x

2 2 1 2 11+ + - = - +x x x

Þ 2 21x + =
Þ x = 0 …(ii)

Case III x £ -1

Þ 2 2 1 2 11- - - = - +x x x

Þ 2 21- - =x

Þ x = -2 …(iii)

Thus, from Eqs. (i), (ii) and (iii), we get x Î - È ¥{ } [ , )2 0 .

– – +

–1– 3

–

–1– 3

1 4–1

x + 1

x – 1

x – 4+

+

+
+ + +

Solutions



5. If 5 3 22a a- - ,a a2 2+ - , 2 12a a+ - are lengths of sides of

triangle, then sum of any two sides must be greater than third
side.

Case I ( ) ( )5 3 2 2 2 12 2 2a a a a a a- - + + - > + -

Þ 6 2 4 2 12 2a a a a- - > + -

Þ 4 3 3 02a a- - >

Þ a a- +æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

- -æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

>3 57

8

3 57

8
0

Þ a Î - ¥ -æ
è
ç

ö
ø
÷ È + ¥

æ
è
ç

ö
ø
÷, ,

3 57

8

3 57

8
…(i)

Case II ( ) ( )a a a a a a2 2 22 2 1 5 3 2+ - + + - > - -

Þ 3 2 3 5 3 22 2a a a a+ - > - -

Þ 2 5 1 02a a- + <

Þ a a- +æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

- -æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

<5 17

4

5 17

4
0

Þ a Î - +æ
è
ç

ö
ø
÷

5 17

4

5 17

4
, …(ii)

Case III ( ) ( ) ( )5 3 2 2 1 22 2 2a a a a a a- - + + - > + -

Þ 7 2 3 22 2a a a a- - > + -

Þ 6 3 1 02a a- - >

Þ a a- +æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

- -æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

>3 33

12

3 33

12
0

Þ a Î -¥ -æ
è
ç

ö
ø
÷ È + ¥

æ
è
ç

ö
ø
÷, ,

3 33

12

3 33

12
…(iii)

From Eqs. (i), (ii) and (iii), we get

a Î + +æ
è
ç

ö
ø
÷

3 57

8

5 17

4
,

6. ( ) ( )x x+ - - ³3 1 2445 5

Let y
x x= + + -( ) ( )3 1

2
Þ y x= + 1

\ ( ) ( )y y+ - - ³2 2 2445 5

Þ 2 2 2 2 2445
1

4 5
3

2 3 5
5

5{ }C y C y C× × + × × + × ³

Þ 2 10 80 32 2444 2{ }y y+ + ³

Þ 4 5 40 16 2444 2{ }y y+ + ³

Þ 5 40 16 614 2y y+ + ³

Þ y y4 28 9 0+ - ³

Þ ( )( )y y2 29 1 0+ - ³

Þ y 2 1³

i.e. y £ -1 or y ³ 1

Þ x + £ -1 1 or x + ³1 1

Þ x Î - ¥ - È ¥( , ] [ , )2 0

7. || | |x - - ³2 1 3

Þ | |x - - £ -2 1 3 or | |x - - ³2 1 3

Þ | |x - £ -2 2 or | |x - ³2 4

Þ No solution or x - £ -2 4 or x - ³2 4

Þ x £ -2 or x ³ 6

Þ x Î - ¥ - È ¥( , ] [ , )2 6

8. 1
3 7 8

1
2

2

2
£ - +

+
£x x

x

Þ 2 7 7 02x x- + ³ and x x2 7 6 0- + £

Þ x RÎ and x Î[ , ]1 6

\ x Î[ , ]1 6

9. f x g x( ) ( )> Þ 2

2 5 2

1

12

x

x x x+ +
>

+

Þ 2

2 1 2

1

1
0

x

x x x( )( ) ( )+ +
-

+
>

Þ 2 2 2 5 2

2 1 2 1
0

2 2x x x x

x x x

+ - + +
+ + +

>( )

( )( )( )

Þ - +
+ + +

>( )

( )( )( )

3 2

2 1 2 1
0

x

x x x

Þ x Î - - È - -( , ) ( / , / )2 1 2 3 1 2

10. || | | || ||x x x x2 2+ = + .

Case I When 0 2£ <x

Þ ( ) ( )x x x x+ + = + +1 12 2

Þ x x x x x2 22 1 1+ + + = + +
Þ 2 0x =
Þ x = 0 …(i)

Case II When x ³ 2

Þ ( ) | |x x x x- + = - +4 42 2

Now, if 2 4£ £x

Þ ( )x x x x x2 28 16 4- + + = - +
Þ 6 12x =
Þ x = 2 …(ii)

Again, if x ³ 4

Þ ( )x x x x- + = - +4 42 2

Þ x x x x x2 28 16 4- + + = + -
Þ 8 20x =

Þ x = 5

2
,

but x ³ 4.

\ Only two solutions x = 0 and 2.
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11. The points x = 1 and x = 2 divide the number axis into three

intervals as follows :

We solve the inequality on each intervals.

If x < 1, then x - <1 0 and 2 0- >x .

\ | | | |x x x- + - > -1 2 3

Þ 1 2 3- + - > +x x x

Þ 3 2 3- > +x x

Þ x < 0 …(i)

If 1 2£ £x , then x - ³1 0 and 2 0- ³x , we have
x x x- + - > +1 2 3

Þ 1 3> + x Þ x < -2

The system of inequalities obtained  has no solution, for
1 2£ £x . If x > 2, then x - >1 0 and 2 0- <x , we have

x x x- + - > +1 2 3

Þ 2 3 3x x- > + Þ x > 6

Combining the solutions obtained on all parts of the domain of
admissible values of the given inequality, we get the solution
set ( , ) ( , )- ¥ Î ¥0 6 .

12. Here, x x x x2 212 23 23 12 33+ + + =( – ) ( – ) ( )Q y x= -23

Þ x x x x2 212 276 34 529 33– –+ + + =

Let a x x= +2 12 276–

and b x x= +2 34 529– …(i)

Þ a b+ = 33 and a b x2 2 11 2 23– ( – )=

a b
x

–
–= 2 23

3

\ a
x= + 38

3
…(ii)

Þ x x
x2

2

12 276
38

3
– + = +æ

èç
ö
ø÷ [using Eqs. (i) and (ii)]

Þ 8 184 1040 02x x– + = Þ x = 13 10,

Þ y = 10 13,

\ (13, 10) and (10, 13) are the required solutions.

13. Here, u v p q+ = + ...(i)

Where u x= 2 1– , v x= 3 2– , p x= 4 3– ,

q x= 5 4–

\ u v x2 2 1– –=

p q x2 2 1– –= Þ u v p q2 2 2 2– –=

Þ u v p q– –= …(ii) {using Eq. (i), u v p q+ = + }

\ From Eqs. (i) and (ii), we get

2 2u p= Þ 2 1 4 3x x– –=
or x = 1, which clearly satisfies

2 1 3 2 4 3 5 4x x x x– – – –+ = +

\ x = 1 is the required solution.

14. Here, x y x y2 2 24 6+ + =( – – ) ( )Q z x y= - -4

x y x y y2 24 5 4 0+ + + =( – ) ( – )

Since, x is real.

Þ D ³ 0

Þ ( – ) – ( – )y y y4 4 4 5 02 2 + ³

Þ – –3 8 4 02y y+ ³

Þ – ( – ) ( – )3 2 2 0y y ³

Þ 2

3
2£ £y

Similarly, we can show that x, y and z Îé
ëê

ù
ûú

2

3
2, .

15. Here,
a
a

b
b

+ + + =1

1

1

1

1

– –
–

a
and

( )( )

( – )( – )

a b
a b

+ + =1 1

1 1

1

a

Now, the quadratic x
a

x
a

2 1 1
0– –

æ
èç

ö
ø÷ + = has roots

a
a

b
b

+ +æ
è
ç

ö
ø
÷

1

1

1

1– –
and

Þ ax x2 1 0+ + = …(i)

Let x =
+

2

1

a
a

Þ a = x

x2 –
Þ a

a
+ =1

1

1

1– –x

Now, replacing x by
1

1x –
in Eq. (i), we get a quadratic

whose roots are
2

1

a
a +

and
2

1

b
b +

.

a

x x( – ) ( – )1

1

1
1 0

2
+ + =

Þ x x a2 0– + = ...(ii)

Hence, Eqs. (i) and (ii) are the two quadratics whose roots are
elements of set ‘ ’A and set ‘ ’B , respectively.

\ They must have a root in common as A BÇ ¹ f
Case I Both roots are common.

Þ a

a1

1

1

1= =
–

Þ a = –1 and a2 1= Þ a = – 1

Case II For a common root,

x

a

x

a a

2

21 1

1

1+
= =

+– –( )

Þ a i= ±1

\ a i iÎ +{– , , – }1 1 1

16. Here,
x

x x
x

x

x x

–

–
| – |

( – )

| – |

1

3 2 8
1

1

3 2 8
1

2

2

2+
+ =

+
+

Let a
x

x x
=

+
–

–

1

3 2 8 2
; b x= ( – )1 ,

then | | | | | |a b ab+ = + 1

Þ | | – | | – | |ab a b + =1 0

Þ (| |– ) (| |– )a b1 1 0=
\ | |a =1 or | |b = 1
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When | |a =1

Þ x

x x

–

–

1

3 2 8
1

2+
=

x

x x

–

–

1

3 2 8
1

2+
= or

x

x x

–

–
–

1

3 2 8
1

2+
=

Þ x x x– –1 3 2 8 2= +

or x x x– – –1 3 2 8 2= +

Þ 8 4 02x x– – = or 8 3 2 02x x– – =

Þ x =
± +1 1 128

16
or x =

± +3 9 64

16

Þ x = ±1 129

16
or x = ±3 73

16
...(i)

Again, when | | ,b = 1 | – |x 1 1=
Þ x – 1 1= or x – –1 1=
Þ x = 0 or x = 2 …(ii)

From Eqs. (i) and (ii), solution set is

x Î ± ±ì
í
î

ü
ý
þ

0 2
1 129

16

3 73

16
, , ,

17. We have, f x x x x
x

x x
( ) ( | | )( | | )

( | | )

| |
= - - - × -

-
2

2
2 2 2 9

2 2

2

= - - -
-

ì
í
î

ü
ý
þ

( | | ) | |
| |

2 2 2
9

2

2
2

x x x
x x

= - - -
-

ì
í
î

ü
ý
þ

( | | )
( | | )

| |
2 2

2 9

2

2 2

2
x

x x

x x

= - - + - -
-

( | | ) ( | | )( | | )

| |

2 2 2 3 2 3

2

2 2

2

x x x x x

x x

= - - + + -
-

( | | ) {(| | ) } {(| | )(| | )}

| |

2 2 1 2 1 3

2

2

2

x x x x

x x

Taking, N r = 0 Þ | | ,x = 1 3

Þ x = ± ±1 3, and Dr = 0

Þ | |(| | )x x - =2 0

Þ 0 2, ±
We mark these roots on a number line :

From the wavy curve method, we have

(i) f x( ) > 0 Þ x Î - ¥ - È - - È È ¥( , ) ( , ) ( , ) ( , )3 2 1 1 2 3

(ii) f x( ) ³ 0 Þ x Î - ¥ - È - - È È ¥( , ] ( , ] [ , ) [ , )3 2 1 1 2 3

(iii) f x( ) < 0 Þ x Î - - È - È È( , ) ( , ) ( , ) ( , )3 2 1 0 0 1 2 3

(iv) f x( ) £ 0 Þ x Î - - È - È È[ , ) [ , ) ( , ] ( , ]3 2 1 0 0 1 2 3

18. The domain of admissible values of this inequality consists of

all the real numbers. The inequality is equivalent to the

collection of two systems :

1
1

1

2

0

-
+

½

½
½ ½

½
½ ³

³

ì
í
ï

îï

x

x

x

,
1

1

1

2

0

- -
-

½

½
½ ½

½
½ ³

£

ì
í
ï

îï

x

x

x

We solve the first system :

1
1

1

2

0

-
+

½

½
½ ½

½
½ ³

³

ì
í
ï

îï
Û

x

x

x

1

1

1

2
0

+
³

³

ì
í
ï

îï
x
x

Û
2 1

1
0

0

- -
+

³

³

ì
í
ï

îï

x

x
x

Û
1

1
0

-
+
³

ì
í
ï

îï

x

x
x

Û 0 1£ £x

Again, we solve the second system. Its first inequality is

equivalent to the inequality
1

1

1

2-
½

½
½ ½

½
½³

x
.

If x < 0, then 1 0- >x and consequently the second system is
equivalent to the system

1

1

1

2
0

-
³

£

ì
í
ï

îï
x
x

Û
2 1

1
0

0

- +
-

³

£

ì
í
ï

îï

x

x
x

Û
1

1
0

0

+
-

³

£

ì
í
ï

îï

x

x
x

Û - £ <1 0x

Thus, the set of all solutions of the original inequality consists
of the numbers belonging to the interval [ , ]-1 1 .

19. Given, cosx y y x- - - - ³2 2 1 0 ...(i)

Clearly, y x- -2 1 is defined when y x- - ³2 1 0

or y x³ +2 1. So, minimum value of y is 1.

From Eq. (i), we have cosx y y x- ³ - -2 2 1

where cosx y- £2 0 [as when cosx is maximum ( )= 1 and y 2

is minimum ( )= 1 . So, cosx y- 2 is maximum.]

Also, y x- - ³2 1 0

Hence, cosx y y x- = - - =2 2 1 0

Þ y = 1 and cosx = 1, y x= +2 1

Þ x y= =0 1,

20. Given, (sin )a x x b2 2 2- + ³
Let f x x x b( ) (sin )= - + -a 2 2 2

Abscissa of the vertex is given by x = >1
1

sina
The graph of f x x x b x( ) (sin ) ,= - + - " £a 2 2 2 1 is shown in

the figure.

Therefore, minimum of f x( ) (sin )= a x x b2 2 2- + - must be

greater than zero but minimum is at x = 1.

i.e. sina - + - ³2 2 0b ,

Þ b ³ - Î4 0sin , ( , )a a p - ì
í
î

ü
ý
þ

p
2
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21. Given, | | , [ , ]ax bx c x2 1 0 1+ + £ " Î ...(i)

Putting successively x = 0 1, and
1

2
in Eq. (i), we get

- £ £1 1c ...(ii)

- £ + + £1 1a b c ...(iii)

- £ + + £4 2 4 4a b c ...(iv)

From Eqs. (ii), (iii) and (iv), we get

| |b £ 8 and | |a £ 8

Þ | | | | | |a b c+ + £ 17

Sol. (Q. Nos. 22-24)

| ( ) ( ) |f f1 0 2- £ (Q if | |u £ 1, | |v £ 1, then | | )u v- £ 2

Þ + £
Þ + £

| |

( )

a b

a b

2

42

Q f a b c

f c

( )

( )

1

0

= + +
=

ü
ý
þ

ì
í
î and

Also, | ( ) ( )|f f- - £1 0 2

Þ | |a b- £ 2 [ ( )Q f a b c- = - +1 and f c( ) ]0 =
Þ ( )a b- £2 4

Now, 4 3 2 22 2 2 2 2a b a b a b b+ = + + - -( ) ( )

£ ´ + ´ -2 4 2 4 2b £ -16 2b £ 16

Þ Maximum value of 4 3 162 2a b+ = , when b = 0

Þ | | | | | |a b a b a+ + - = Þ =4 2

Also, | ( ) ( )| | | | |f f a c c a1 0 2- = + - = =
Þ | | | |a c c+ = = 1

\ The possible values of ( , , )a b c are ( , , )2 0 1- or ( , , )-2 0 1

Also,
8

3
2

2

3
4 3

2

3
162 2 2 2a b a b+ = + £( ) ( )

22. | |a c+ = 1, when
8

3
2

2
2a

b+ is maximum.

23. | |a b+ = 2, when
8

3
2

2
2a

b+ is maximum.

24. The maximum value of
8

3
2

2
2a

b+ is
32

3
.

Sol. (Q. Nos. 25-27)

25. Given, | | | |2 4 4x x x- - = +

Case I When, -¥ < £x 0

- - + = +2 4 4x x x

Þ - =2 8x Þ x = -4

Case II When, 0 4< <x

2 4 4x x x- - = +( )

Þ 2 8x = Þ x = 4

Case III When, 4 £ < ¥x

2 4 4x x x- + = +
Þ x x+ = +4 4 Þ x RÎ
Solution of the given equation is { } [ , )- È ¥4 4 .

\ Least integer = - 4.

26. Prime numbers less than 20 satisfying the equation are 5, 7, 11,
13, 17, 19 i.e. 6 prime number.

27. P = 33, P 2007 200733= =( ) number has 7 at its units place.

Sol. (Q. Nos. 28-30)

28. Sum of digits = + +P Q 15

N is divisible by 9, if P Q+ + =15 18 27,

Þ P Q+ = 3 …(i)

or P Q+ = 12 …(ii)

P = 0 1 2 3 4 5 6 7 8 9, , , , , , , , ,

From Eq. (i), we get

P Q

P Q

P Q

P Q

= =
= =
= =
= =

ü

ý
ïï

þ
ï
ï

0 3

1 2

2 1

3 0

,

,

,

,

Number of ordered pairs is 4.

From Eq. (ii), we get

P Q

P Q

P Q

P Q

= =
= =

= =
= =

ü

ý

ï
ïï

þ

ï
ï
ï

3 9

4 8

8 4

9 3

,

,

. . . . . . . .

,

,

Number of ordered pairs is 7.

Total number of ordered pairs is 11.

29. N is divisible by 8, if Q = 0 4 8, ,

Number of values of Q is 3.

30. S PO = + 9

S QE = + 6
S S P QO E- = - + 3

N is divisible is 11, if
P Q- + =3 0 11,

P Q- = -3 …(i)

or P Q- = 8 …(ii)

N is divisible by 4, if

Q = 0 2 4 6 8, , , ,

From Eq. (i), Q P= = -0 3, (not possible)

Q P= = -2 1, (not possible)
Q P= =4 1,

Q P= =6 1,

Q P= =8 5,

\ Number of ordered pairs is 3.

From Eq. (ii), Q P= =0 8

Q P= =2 10 (not possible)

Similarly, Q ¹ 4 6 8, ,

\ Number of ordered pairs is 1.

\ Total number of ordered pairs, so that the number N is
divisible by 44 is 4.

Sol. (Q. Nos. 31-35)

31. If a = 0, then the possible values of a b- are

{ , , , , . . . , }0 1 2 3 9- - - -
If a = 1 , then the possible values of a b- are

{ , , , , , . . . , }1 0 1 2 3 8- - - -
If a = 2 , then the possible values of a b- are

{ , , , , , , . . . , }2 1 0 1 2 3 7- - - - and so on
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If a = 9, then the possible values of a b- are

{ , , , , , , , , , }9 8 7 6 5 4 3 2 1 0

Thus, in all the values of a b- are

{ , , , , , , , , , , , , , . . . , }- - - - - - - - -9 8 7 6 5 4 3 2 1 0 1 2 3 9

\Total number of values of a b- is 19.

\ p = 19

32. Number N is divisible by 8, if 100 10+ b is divisible by 8.

\ Possible values of b are 2, 6.

\ q = 2

33. N = 7 3 a 4 9 6 1 b 0

N is divisible by 88, if N is divisible by 8 as well as 11.

N is divisible by 8, then b = 2 6,

For divisibility by 11,

SO = +17 a , SE = +13 b
S SO E- = + - + = - +( ) ( )17 13 4a b a b

a b- + 4 be the integer lying between –5 and 13.

But, a b- + 4 is divisible by 11, so a b- + =4 0 11,

Case I a b- + =4 0

when b a= = -2 2, (rejected)

when b a= =6 2,

Case II a b- + =4 11 when a b= =9 2,

when b a= =6 13, (rejected)

\ ( , )a b = (9, 2) (2, 6)

\ Number of ordered pairs are 2.

34. N is divisible by 6, if it is divisible is 2 and 3.

N = 7 3 a 4 9 6 1 b 0 is divisible by 2 for all values of a band .

30 30 48£ + + Î £( )a b I

But 30 + +a b is divisible by 3, if

30 30 33 36 39 42 45 48+ + =a b , , , , , ,

a b+ = 0 3 6 9 12 15 18, , , , , ,

Number of possible values of ( )a b+ is equal to 7.

35. i N = 1 Þ N must be divisible by 4.

Þ b = 0 2 4 6 8, , , ,

Number of possible values of b is 5.

Sol. (Q. Nos. 36-38)

36. Let n k r= + =3 4 0 1 2, , ,

n k kr r2 2 29 6= + + = +3 2m r

r 2 0 1 4= , ,

\ Remainder = 0 or 1.

37. (a) n n2 1+ + is an odd number.

(b) when n n n= + +1 12, is divisible by 3.

(c) 111 10 10 12= + + \ when n = 10

n n2 1+ + is divisible by 111.

38. n = odd

Let n k= +2 1

n n n n5 4 1- = -( ) = - + +n n n n( )( )( )1 1 12

= + + + +( )( )( )( )2 1 2 2 2 4 4 22k k k k k

= + + + +8 1 2 1 2 2 12( ) ( ) ( ) ( )k k k k k

which is divisible by 15, 16 and 240 but not divisible by 720

When n = 5 Þn n( )4 1-

= -5 5 14( ) = -5 625 1( ) = ´5 624 = 3120,

which is not divisible by 720.

39. Given, | | | |x x- - - ³1 2 5 4

Case I When, x < 1

1 5 2 4- - - ³x x( ) Þ x - ³4 4 Þ x ³ 8

but x < 1

Þ No solution

Case II 1 5 2£ £x /

x x- + - ³1 2 5 4

Þ 3 6 4x - ³ Þ 3 10x ³

Þ x ³ 10

3
but 1 5 2£ £x /

Þ No such x exist.

Case III x ³ 5 2/

Þ x x- - - ³1 2 5 4( ) Þ x x- - + ³1 2 5 4

Þ - + ³x 4 4 Þ x £ 0

Þ No such x exist.

\ Number of solution is 0.

40. Given, | |x 2 7 9- £
Þ - £ - £9 7 92x Þ - £ £2 162x

Þ 0 162£ £x Þ 0 4£ £| |x

Þ x Î -[ , ]4 4

Hence, number of integral solution 9.

41. System of equations are x y+ =2 6 and | |x y- =3

Case I When x ³ 3, x y+ =2 6 and x y- =3

Solving these equations, we get x y= =4 1,

Case II When x < 3, x y+ =2 6 and 3 - =x y

Solving these equations, we get x y= =0 3,

Hence, two solutions are ( , )0 3 and ( , )4 1 .
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Derivative is the instantaneous rate of change of a
function with respect to dependent variable. Also, the
derivative is the slope of tangent to a curve at a point.

Geometrical Meaning of
the Derivative
Let us consider a function y f x= ( ) in a rectangular
coordinate system. We also consider a point P x y( , ) on the
curve. If a point corresponding to an increased value of the
argument x x+ D is considered, its ordinate value is given
byy y f x x+ = +D D( ).

In figure, the point ( , )x x y y+ +D D is represented by A.

Here, PA is the secant to the curve.

Now, as D x ® 0, Dy ® 0 Þ PA ® 0

(i.e. the distance PA tends to zero or to a single point P)

Þ lim
D x ® 0

(slope of chord PA) ® (slope of tangent at P).

or tan lim tany q=
®D x 0

Þ lim
D

D
Dx

y

x

dy

dx®
=

0
or f x¢ ( )

which means that the value of the derivative f x¢ ( ) for
a given value of x is equal to the tangent of the angle
formed by the tangent line to the graph of the
function y f x= ( ) at the point P x y( , ) with the
positive X-axis.

Relation between dy/dx and dx/dy
Let x and y be two variables connected by a relation of the
form f x y( , ) = 0.

Let D x be a small change in x and Dy be a small change in
y, then

dy

dx

y

xx
=

®
lim

D

D
D0

and
dx

dy

x

yy
=

®
lim

D

D
D0

Now,
D
D

D
D
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x

x
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D
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D
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x
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è
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0
1

Þ lim lim
D D

D
D
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y
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x

y® ®
× =

0 0
1 [Q D x ® 0 Û Dy ® 0]

Þ dy

dx

dx

dy
× = 1

So,
dy

dx dx dy
= 1

/

Derivatives of f x( ) from
the First Principle
or ab-Initio Method or Delta

Method or By Definition
If f x( ) is differentiable function, then

lim lim
( ) ( )

D D

D
D

D
Dx x

y

x

f x x f x

x® ®
= + -

0 0
= ¢ =f x

dy

dx
( )

Simply, f x
f x h f x

hh
¢ = + -

®
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( ) ( )
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y Example 1 Differentiate the following functions w.r.t.
x using first principle.

(i) f x x( ) tan= (ii) f x e x( )= 2

(iii) e x 2

(iv) sinx

Sol. (i) Let f x x( ) tan=

Then, f x h x h( ) tan( )+ = +

\ d

dx
x

f x h f x

hh
(tan ) lim

( ) ( )= + -
®0

= + -
®

lim
tan( ) tan( )

h

x h x

h0

= + - × + × +
®

lim
tan( ) [ tan tan( )]

h

x h x x x h

h0

1

[Q tan tan tan( ) ( tan tan )]A B A B A B- = - × +1

= × +
®

lim
tan

( tan )
h

h

h
x

0

21 Q lim
tan

h

h

h®
=é

ëê
ù
ûú0

1

= sec2 x

\ d

dx
x x(tan ) sec= 2

(ii) Let f x e x( ) = 2 Þ f x h e x h( ) ( )+ = +2

\ d

dx
f x

f x h f x

hh
( ( )) lim

( ) ( )= + -
®0

Þ d

dx
e

e e

h

x

h

x h x

( ) lim
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2

0

2 2
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®

+
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®
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h

x
h

e
e
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ø
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0

1
1

\ d

dx
e ex x( )2 22=

(iii) Let f x e x( ) =
2

Þ f x h e x h( ) ( )+ = + 2

\ d

dx
f x

f x h f x

hh
( ) lim

( ) ( )= + -
® 0

= -
®

+
lim
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h

x h xe e

h0

2 2

= -
®
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lim
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x h hx xe e
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= ´e xx 2

2 = 2
2

xe x

(iv) Let f x x( ) sin=

Þ f x h x h( ) sin( )+ = +

\ d

dx
f x

f x h f x

hh
( ) lim

( ) ( )= + -
® 0

=
+ -

®
lim

sin( ) sin

h

x h x

h0

= + -
+ +®

lim
sin( ) sin

( sin( ) ) sinh

x h x

h x h x0

[rationalising the numerator]

=

æ
èç

ö
ø÷

+æ
èç

ö
ø÷

+ +®
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sin cos

( sin( sin )h

h x h

h x h x0

2
2

2

2
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ö
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é
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ù
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2
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h

h
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2

2

2

[as h ® 0 Þ h / 2 0® ]

= ×1
2
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sin

x

x
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x

x2

Differential Coefficients
of Standard Functions

(i)
d

dx
( )constant = 0 (ii)

d

dx
x nxn n( ) –= 1

(iii)
d

dx
x

x

x
(| | )

| |
= (iv)

d

dx
e ex x( ) =

(v)
d

dx
a a ax x( ) log= (vi)

d

dx
x

x
e(log | | ) = 1

(vii)
d

dx
x

x a
a

e

(log | | )
log

= 1
(viii)

d

dx
x x(sin ) cos=

(ix)
d

dx
x x(cos ) – sin= (x)

d

dx
x x(tan ) = sec2

(xi)
d

dx
x x(cot ) –= cosec2 (xii)

d

dx
x x x( ) tansec sec=

(xiii)
d

dx
x x x( ) – cotcosec cosec=

(xiv)
d

dx
x

x
(sin )

–
,–1

2

1

1
= – | |1 1 1< < <x xor

(xv)
d

dx
x

x
(cos )

–

–
,–1

2

1

1
= – | |1 1 1< < <x xor

(xvi)
d

dx
x

x
(tan ) ,–1

2

1

1
=

+
–¥ < < ¥ Îx x Ror

(xvii)
d

dx
x

x x
( )

| | –

–sec 1

2

1

1
= , | |x >1 or x RÎ –[– ]1,1

(xviii)
d

dx
x

x
(cot )

–
,–1

2

1

1
=

+
–¥ < < ¥x or x RÎ

(xix)
d

dx
x

x x
( )

–

| | –

–cosec 1

2

1

1
= , | |x > 1 or x RÎ –[– ]1,1
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Rules for Differentiation
Here, we will discuss some rules which are related to
differentiation.

Differentiation of Sum and
Difference of Functions
When a function is expressed as sum or difference of two
or more functions then, to find the derivative of function,
we need to differentiate each term seperately. i.e.

If y u x v x w x= ± ± ±( ) ( ) ( ) ... , then

dy

dx

du x

dx

dv x

dx

dw x

dx
= ± ± ±( ) ( ) ( )

. . .

is known as term-by-term differentiation.

y Example 2 If y x e x= +sin , then find
dy

dx
.

Sol. Here, y x e x= +sin

On differentiating both sides w.r.t. x , we get

dy

dx

d

dx
x e x= +(sin )

Þ dy

dx

d

dx
x

d

dx
e x= +sin

Þ dy

dx
x e x= +cos

y Example 3 If y x x xe= + +2 1sin log– ,

then find
dy

dx
.

Sol. Here, y x x xe= + +2 1sin log–

On differentiating, we get

dy

dx

d

dx
x

d

dx
x

d

dx
xe= + +( ) (sin ) (log )–2 1

Þ dy

dx
x

x x
= + +2

1

1

12 1

2
( )

–

–

\ dy

dx
x

x x
= + +2

1

1

1
2–

y Example 4 If y x xe x= + + +log log log log10 1010 10 ,

then find
dy

dx
.

Sol. Here, y x xe x= + + +log log log log10 1010 10

Þ y x e= + + +log log10 10 1 1 [ logQ a a = 1]

Þ y x e= + +log log10 10 2

On differentiating, we get

dy

dx

d

dx
x

d

dx

d

dx
e= + +(log ) (log ) ( )10 10 2

= + +1

10
0 0

x elog

= 1

10x elog

y Example 5 If y x x
x

x
/ x= + + +– log

sin

cos
,1 2

5 2

then find
dy

dx
.

Sol. Here, y x x x/ x= + + +– log tan1 2
5 2

On differentiating, we get

dy

dx

d

dx
x

d

dx
x

d

dx
x

d

dx

/ x= + + +( ) (log ) tan ( )–1 2
5 2

= + + +– ( )
log

log– –1

2

1

5
2 21 2 1 2x

x
x/

e

xsec

= + + +–
log

log–1

2

1

5
2 23 2 2x

x
x/

e

xsec

Differentiation of a Function
Multiplied with a Constant
If a function multiplied by a constant, then the derivative
of constant times a function is the constant times the
derivative of the function. i.e.

If y k f x= ( ), then on differentiating, we get

dy

dx
k

d

dx
f x= × ( )

y Example 6 If y m x= -2 1sec , then find
dy

dx
.

Sol. Here, y m x= -2 1sec

On differentiating, we get

dy

dx
m

d

dx
x= -2 1sec

= ´
-

m
x x

2

2

1

1| |

=
-

m

x x

2

2 1| |



y Example 7 If y x x kx= + +log sin –3 1 23 ,

then find
dy

dx
.

Sol. Here, y x x kx= + +log sin–3 1 23

On differentiating, we get
dy

dx

d

dx
x

d

dx
x

d

dx
kx= + +[log ] [ sin ] [ ]–3 1 23

= + +3 3 1 2d

dx
x

d

dx
x k

d

dx
x[log ] (sin ) ( )–

[Q log logx n xn = ]

= × + × +3
1

3
1

1
2

2x x
k x

–
( ) = +

-
+3 3

1
2

2x x
kx

Product Rule
If u x( ) and v x( ) are two differentiable functions, then
u x v x( ) ( )× is also differentiable.

If y u x v x= ×( ) ( ), then

dy

dx

d

dx
u x v x u x

d

dx
v x=ì

í
î

ü
ý
þ

× + × ì
í
î

ü
ý
þ

( ) ( ) ( ) ( ) .

which is known as product rule.

i.e. derivative of product of two functions

= (first function) ´ (derivative of second function)
+ (second function) ´ (derivative of first function)

y Example 8 If y e xx= sin , then find
dy

dx
.

Sol. Here, y e xx= sin

On differentiating, we get

dy

dx

d

dx
e x e

d

dx
xx x= ì

í
î

ü
ý
þ

× + ×ìí
î

ü
ý
þ

( ) sin (sin )

= × + ×e x e xx xsin cos = +e x xx (sin cos )

y Example 9 If y e x x xx
e= + ×tan log , then find

dy

dx
.

Sol. Here, y e x x xx
e= + ×tan log

On differentiating, we get

dy

dx

d

dx
e x

d

dx
x xx= +( tan ) ( log )

=ì
í
î

ü
ý
þ

× + ×ìí
î

ü
ý
þ

+ì
í
î

ü
ý
þ

×d

dx
e x e

d

dx
x

d

dx
x xx xtan tan log

+ ×ìí
î

ü
ý
þ

x
d

dx
xlog

= × + × + × + ×e x e x x x
x

x xtan logsec2 1
1

Hence,
dy

dx
e x x xx= + + +(tan ) (log )sec2 1

Differentiation of Product of
More than Two Functions

(i) If 3 functions are involved, then remember

D f x g x h x f x g x h x{ ( ) ( ) ( )} ( ) ( ) ( )× × = × × ¢
+ × ¢ ×f x g x h x( ) ( ) ( ) + ¢ × ×f x g x h x( ) ( ) ( )

(ii) The result can be generalised to product of n terms as

D f x f x f x f xn{ ( ) ( ) ( ) ( )}1 2 3 ¼
= ¢ × × ¼[ ( ) ( ) ( ) ( )]f x f x f x f xn1 2 3

+ × ¢ ¼[ ( ) ( ) ( ) ( )]f x f x f x f xn1 2 3

+ ¢ ¼ +¼[ ( ) ( ) ( ) ( )]f x f x f x f xn1 2 3

+ ¼ ¢[ ( ) ( ) ( ) ( )]f x f x f x f xn1 2 3

y Example 10 Let f g, and h be differentiable

functions. If f ( ) ,0 1= g ( ) ,0 2= h( )0 3= and the

derivative of their pairwise product at x = 0 are

( ) ( ) ;fg ¢ =0 6 ( ) ( )gh ¢ =0 4 and ( ) ( )hf ¢ =0 5, then

compute the value of ( ) ( )fgh ¢ 0 .

Sol. We know that, ( )
( ) ( ) ( )

fgh
fg h gh f hf g¢ = ¢ + ¢ + ¢

2

\ ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) (
fgh

fg h gh f

hf g
¢ =

¢ × + ¢ ×
+ ¢ ×

0

0 0 0 0

0 0)

é

ëê
ù

ûú

2

= × + × + ×( ) ( ) ( ) ( ) ( ) ( )6 3 4 1 5 2

2
= 16

y Example 11 If y x x x x n= + + + +( ) ( ) ( ) ( )1 1 1 12 4 2
K ,

then find
dy

dx
at x = 0.

Sol. Here, y x x x x n= + + + +( ) ( ) ( ) ( )1 1 1 12 4 2
K

On differentiating, we get

dy

dx
x x x n= + + +( ) ( ) ( ) ( )1 1 1 12 4 2

K

+ + + +( ) ( ) ( ) ( )1 2 1 14 2x x x x n
K

+ + + +( ) ( ) ( ) ( )1 1 4 12 3 2x x x x n
K

+¼+ + + + +( ) ( ) ( ) ( )1 1 1 12 4 8x x x x

K ( )1 22 1 2 1+ ´ ×- -x n xn n

Now,
dy

dx x

æ
èç

ö
ø÷

=
= 0

1

Quotient Rule
If u x( ) and v x( ) are two differentiable functions such that

v x( ) ¹ 0, then
u x

v x

( )

( )
is also differentiable.
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If y
u x

v x
= ( )

( )
, then

dy

dx

d

dx
u x v x

d

dx
v x u x

v x
=

ì
í
î

ü
ý
þ

× ì
í
î

ü
ý
þ

×( ) ( ) – ( ) ( )

{ ( ) } 2

is known as the quotient rule of differentiation.

Reader’s can learn the given formula in following ways

Derivative of quotient of two functions

=

´
-

(denominator) (derivative of numerator)

(numerator) derivative of denominator

(denominator) 2

´

y Example 12 If y
x

x
=

+2 1
, then find

dy

dx
×

Sol. Here, y
x

x
=

+2 1

On differentiating, we get

dy

dx

x
d

dx
x x

d

dx
x

x
=

+ - +

+

( ) ( ) ( )

( )

2 2

2 2

1 1

1

= + × - ×
+

= -
+

( ) ( )

( ) ( )

x x x

x

x

x

2

2 2

2

2 2

1 1 2

1

1

1

y Example 13 If y
x x

xe

=
sin

log
, then find

dy

dx
.

Sol. Here, y
x x

xe

= sin

log

On differentiating, we get

dy

dx

x
d

dx
x x x x

d

dx
x

x

e e

e

=
-log ( sin ) sin (log )

(log )2

=
+ - æ

èç
ö
ø÷

log ( cos sin ) sin

(log )

e

e

x x x x x x
x

x

1

2

= + -log ( cos sin ) sin

(log )

e

e

x x x x x

x 2

y Example 14 If y
a x x

a ax
=

-
-

3

3

2 3

3 2
, then find

dy

dx
.

Sol. Here, y
a x x

a ax
= -

-
3

3

2 3

3 2

On differentiating, we get

dy

dx

a ax
d

dx
a x x a x x

d

dx
a ax

=
- - - - -é

ë
( ) ( ) ( ) ( )3 2 2 3 2 3 3 23 3 3 3ê

ù
ûú

-( )a ax3 2 23

= - - - - -
-

( ) ( ) ( ) ( )

( )

a ax a x a x x ax

a ax

3 2 2 2 2 3

3 2 2

3 3 3 3 6

3

= + +
-

3 6 3

3

4 3 2 5

3 2 2

ax a x a

a ax( )

y Example 15 If y
e x

x x

x

n
=

+
– tan

cot
, then find

dy

dx
.

Sol. Here, y
e x

x x

x

n
=

+
– tan

cot

On differentiating, we get

dy

dx

x x
d

dx
e x e x

d

dx
x x

n x x

n

=

+

+

é

ë

( cot ) ( – tan ) – ( – tan )

( cot )

ê
ê
ê

ù

û

ú
ú
ú

+( cot )x xn 2

\ dy

dx

e x x x e x

nx x

x n x

n

=

+é( – )( cot ) – ( – tan )

( – )–

sec

cosec

2

1 2
ë
ê
ê

ù

û
ú
ú

+( cot )x xn 2

y Example 16 If y
x

x
e x xx= + +

log
sin log 5 ,

then find
dy

dx
.

Sol. Here, y
x

x
e x xx= + +log

sin log5

On differentiating, we get

dy

dx

d

dx

x

x

d

dx
e x

d

dx
xx= æ

èç
ö
ø÷

+ +log
( sin ) (log )5

=

ì
í
î

ü
ý
þ

× ì
í
î

ü
ý
þ

d

dx
x x x

d

dx
x

x

(log ) – log

2

+ì
í
î

ü
ý
þ

× + ×ìí
î

ü
ý
þ

+d

dx
e x e

d

dx
x

x

x x

e

sin sin
log

1

5

=
× ×

+ + × +

1
1

1

52
x

x x

x
e x e x

x

x x

e

– log
sin cos

log

Hence,
dy

dx

x

x
e x xx= æ

èç
ö
ø÷

+ +1
2

– log
(sin cos ) + 1

5x elog

Remark

While applying the quotient rule, think twice and check whether
your function could be simplified prior to differentiation.
(See Examples 17 and 18).
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y Example 17 If y
x x

x x
=

+ +
+ +

4 2

2

1

1
and

dy

dx
ax b= + , then

find a band .

Sol. Here, y
x x

x x
= + +

+ +

4 2

2

1

1

Þ y
x x x

x x
= + + -

+ +

4 2 2

2

2 1

1
= + -

+ +
( )

( )

x x

x x

2 2 2

2

1

1

\ y
x x x x

x x
= + + - +

+ +
( )( )

( )

2 2

2

1 1

1

[ ( )( )]Qa b a b a b2 2- = + -

Þ y x x= - +2 1 Þ dy

dx
x= -2 1

Þ ax b x+ = -2 1 Q

dy

dx
ax b= +é

ëê
ù
ûú

\ a b= = -2 1,

y Example 18 If y
x x

x x
=

+ -
- + +
sec tan

( sec ) tan

1

1
, then find

dy

dx

at x =
p
4

.

Sol. Here, y
x x

x x
= + -

- + +
sec

sec

tan

tan

1

1

Þ y
x x x x

x x
= + - -

- + +
( tan ) ( tan )

tan

sec sec

sec

2 2

1

( tan )Qsec2 2 1x x- =

Þ y
x x x x

x x
= + - +

- +
( tan ){ tan }

tan

sec sec

sec

1

1

Þ y x x= +sec tan Þ dy

dx
x x x= +sec sectan 2

\ dy

dx x

æ
èç

ö
ø÷

= +
=at

p
4

2 2

y Example 19 If y
x x

x x
=

-
+

- -

- -
tan cot

tan cot
,

1 1

1 1
then find

dy

dx

æ
èç

ö
ø÷

at x = -1.

Sol. Here, y
x x

x x
= -

+

- -

- -
tan cot

tan cot
,

1 1

1 1
as tan cot- -+ =1 1

2
x x

p

\ y
x x= - -- -tan ( / tan )

( )

1 12

2

p
p /

Þ y x= -é
ëê

ù
ûú

-2
2

2

1

p
p

tan Þ dy

dx x
=

+
é

ë
ê

ù

û
ú

2 2

1 2p

\ dy

dx x

æ
èç

ö
ø÷

=
= -1

2

p

n Directions (Q. Nos. 1 to 9) Differentiate the following functions w.r.t. x.

1. e e ex a a x a alog log log+ + 2.
1 2

1 2

-
+

cos

cos

x

x

3. log log tan3 3 2x x xe+ +

4. | | . . .x a x a x a x a x an n n
n n+ + + + + +- -

-0 1
1

2
2

1

5. sec sin- -+
-

æ
è
ç

ö
ø
÷ + -

+
æ
è
ç

ö
ø
÷1 11

1

1

1

x

x

x

x

6. x x en
a

xlog 7.
2x x

x

cot

8.
sin cos

sin cos

x x x

x x x

-
+

9. If y
x x x x= + + + + + ¥1
1 2 3 4

2 3 4

! ! ! !
. . . , then find the value of

dy

dx
.

10. Find the values of ‘x’ for which the rate of change of
x x

x
4 3

4 3
+ - is more than the rate of change of

x4

4
.
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Chain Rule
(Derivative of Composite Function)

If u x( ) and v x( ) are differentiable functions, then uov x( )
or u v x[ ( )] is also differentiable.

If y uov x u v x[ ( )] [ { ( )}]= , then

dy

dx

du v x

d v x

d

dx
v x= ´{ ( )}

{ ( )}
( )

is known as chain rule. Or

If y f u= ( ) and u g x= ( ), then
dy

dx

dy

du

du

dx
= ×

The chain rule can be extended as follows

If y uovow x u v w x[ ( )] [ { ( )}]= , then

dy

dx

du v w x

d v w x

d v w x

d w x

d w x

dx
= ´ ´[ { ( )}]

{ ( )}

{ ( )}

( )

( )

y Example 20 If y x= log (sin ), then find
dy

dx
.

Sol. Here, y x= log (sin )

On differentiating, we get

dy

dx

d x

d x

d

dx
x= ´[log (sin )]

(sin )
(sin ) = ´1

sin
cos

x
x

[by chain rule]
Hence,

dy

dx
x= cot

Aliter

Here, y x= log (sin )

Put sin x u= , we have, y u= log where u x= sin

On differentiating, we get

dy

dx

dy

du

du

dx
= × [by chain rule]

dy

dx

d

dx
u

d

dx
x= ×(log ) (sin )

= ´1

u
xcos

dy

dx x
x x= ´ =1

sin
cos cot [ sin ]Qu x=

y Example 21 If y e x= (tan )–1 3

, then find
dy

dx
.

Sol. Here, y e x= (tan )–1 3

On differentiating, we get

dy

dx

d e

d x

d x

d

x

= ×{ }

{(tan ) }

{(tan ) }

(tan

(tan )

–

–

–

–1 3

1 3

1 3

1 x

d x

dx)

(tan )–

×
1

[by chain rule]
= × ×

+
e x

x

x(tan ) ––

(tan )
1 3

3
1

1

1 2

2

Aliter

Here, y e x=
-(tan )1 3

Put (tan )- =1 x v and (tan )- =1 3x u

Þ u v= 3

\ y eu= , u v= 3 and v x= -tan 1

On differentiating, we get

dy

dx

dy

du

du

dv

dv

dx
= × ×

dy

dx

d

du
e

d v

dv

d

dx
xu= ´ ´ -( )

tan
3

1 = × ×
+

e v
x

u 3
1

1

2

2

= × ×
+

- -e x
x

x(tan ) ( tan )
1 3

3
1

1

1 2

2

y Example 22 If y xe= +log (tan )–1 21 , then

find
dy

dx
.

Sol. Here, y xe= +log (tan )–1 21

On differentiating, we get

dy

dx

d x

d x

d x

d

e=
+

+
×

+[ log (tan )]

(tan )

(tan )

(

–

–

–1 2

1 2

1 21

1

1

1 2+ x )

×
+

+
× +d x

d x

d x

dx

( )

( )

( )1

1

1
2

2

2

=
+

×
+ +

×
+

×
-

1

1

1

1 1

1

2 1
2

1 2 2 2 2tan ( ) ( )x x x
x

=
+ + +-

x

x x xtan ( ) ( )1 2 2 21 2 1

Aliter

Here, y xe= +-log (tan )1 21

Session 2
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Put 1 2+ =x w , 1 2+ =x v

Þ v w= and tan- + =1 21 x u

Þ u v= -tan 1

\ y u= log , u v= -tan 1

v w= and w x= +1 2

On differentiating, we get

dy

dx

dy

du

du

dv

dv

dw

dw

dx
= × × ×

= ´ × × +-d

du
u

d

dv
v

d

dw
x

d

dx
x(log ) tan ( )1 21

= ´
+

´ ´1 1

1

1

2
2

2u v w
x( )

=
+

´
+

´
+

´
-

1

1

1

2

1

2 1
2

1 2 2 2tan
( )

x x x
x

=
+

´
+

´
+-

1

1

1

2 11 2 2 2tan x x

x

x

=
+ + +

x

x x x(tan )( )–1 2 2 21 2 1

y Example 23 If y e bx cax= × +cos ( ), then find
dy

dx
.

Sol. Here, y e bx cax= × +cos ( )

On differentiating, we get

dy

dx

d

dx
e bx c e

d

dx
bx cax ax= ì

í
î

ü
ý
þ

× + + × +ì
í( ) cos ( ) {cos ( )}
î

ü
ý
þ

= × × + + × +
+

d e

d ax

d ax

dx
bx c e

d bx c

d bx

ax
ax( )

( )

( )
cos ( )

cos ( )

( c )
× +d bx c

dx

( )

= × × + + × + ×e a bx c e bx c bax axcos ( ) {–sin ( )}

= + +ae bx c be bx cax axcos ( ) – sin ( )

Remark

From now and onwards, we apply chain rule directly.

y Example 24 Differentiate the following w.r.t. x.

(i) log sin
x 2

3
1-

æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

(ii) loge

x x a

x x a

+ -

- -

æ

è
ç
ç

ö

ø
÷
÷

2 2

2 2

Sol. (i) Let y
x= -

æ

è
ç

ö

ø
÷

ì
í
ï

îï

ü
ý
ï

þï
log sin

2

3
1

On differentiating, we get

dy

dx x x
=

-
æ

è
ç

ö

ø
÷

ì
í
ï

îï

ü
ý
ï

þï

´
-

æ

è
ç

ö

ø
÷

1

2
3

1

1

3
1

2 2

log sin sin

´ -
æ

è
ç

ö

ø
÷ ´cos

x x2

3
1

2

3

=
-

æ

è
ç

ö

ø
÷

-
æ

è
ç

ö

ø
÷

ì
í
ï

îï

ü
ý
ï

þï

x
x

x

cot

log sin

2

2

3
1

3
3

1

(ii) Let y
x x a

x x a
e=

+ -

- -

æ

è
ç
ç

ö

ø
÷
÷log

2 2

2 2

Þ y x x a= + -log ( )2 2 - - -log ( )x x a2 2

Q log log log
a

b
a b= -é

ëê
ù
ûú

On differentiating, we get

dy

dx x x a

x

x a
=

+ -

æ

è
ç
ç

ö

ø
÷
÷ +

-

æ

è
ç
ç

ö

ø
÷
÷

1
1

2

22 2 2 2

-
- -

æ

è
ç
ç

ö

ø
÷
÷ -

-

æ

è
ç
ç

ö

ø
÷
÷

é

ë
ê
ê

ù

û
ú
ú

1
1

2

22 2 2 2x x a

x

x a

=
-

+
-

=
-

1 1 2
2 2 2 2 2 2x a x a x a

n Directions (Q. Nos. 1 to 19) Differentiate the following w.r.t. x.

1. (x x2 + + 1)4 2. x x2 1+ +

3. sin3 x 4.
1

2 2a x-

5. e x xsin 6. sin
cos

cos
,- +

+
æ
è
ç

ö
ø
÷ > >1 1

a b x

b a x
b a

7. eex

8. log ( )x a x+ +2 2
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9. log
sin

sin

a b x

a b x

+
-

æ
è
ç

ö
ø
÷ 10. log

sin

sin

1

1

+
-

x

x

11.
e x

x

x + log

sin 3
12. sin ( sin ), | |m x x- <1 1

13. a xx(sin ) ,| |
-

<
1 2

1 14. e x
xcos ( )

,| |
- - <

1 21
1

15.
x x

x
x x

sin
log , | |

-

-
+ - <

1

2

2

1
1 1 16. log log log log10 1010 10x xx x+ + +

17. 5 33 2 52- + -x x( ) 18.
a x a x

a x a x

2 2 2 2

2 2 2 2

+ + -

+ - -

19. 4 4 4 2+ + + x

Multiple Choice Questions

20. The differential coefficient of f xe(log ) w.r.t. x, where f x xe( ) log ,= is

(a)
x

xelog
(b)

1

x
xelog (c)

1

x xelog
(d) None of these

21. If f x x xe( ) log | |,= ¹ 0, then f x¢( ) is equal to

(a)
1

| |x
(b)

1

x
(c) - 1

x
(d) None of these

22. Let f x x g x x( ) sin , ( )= = 2 and h x x( ) log= . If F x h f g x( ) ( ( ( ))),= then F x¢( ) is

(a) 2 2x xcot (b) 2 cosec3 x (c) -2 cosec2 x (d) None of these

23. If f x x x x x x( ) cos cos cos cos cos= × × × ×2 4 8 16 , then f ¢ æ
èç

ö
ø÷

p
4

is

(a) 2 (b)
1

2
(c) 1 (d) None of these

24. If y f
x

x
= +

+
æ
è
ç

ö
ø
÷

3 4

5 6
and f x x¢ =( ) tan ,2 then

dy

dx
is equal to

(a) - +
+

æ
è
ç

ö
ø
÷ ×

+
2

3 4

5 6

1

5 6

2

2
tan

( )

x

x x
(b) f

x

x
x

3 3

5 6

2

2

2tan

tan
tan

+
+

æ

è
çç

ö

ø
÷÷

(c) 2
3 4

5 6
x

x

x
tan

+
+

æ
è
ç

ö
ø
÷ (d) tan x 2

25. If y x x= +| cos | | sin |, then
dy

dx
at x = 2

3

p
is

(a)
1

2
3 1( )+ (b) 2 3 1( )- (c)

1

2
3 1( – ) (d) None of these

26. If f x x x x¢ = + ×( ) sin sin cos ,4 then f x¢ +æ
èç

ö
ø÷2

2

2 p
is

(a) 4 2 8 22 2 2x x x x{cos ( ) sin sin }- × (b) 4 2 8 22 2 2x x x x{cos ( ) sin cos }+ ×

(c) {cos ( ) sin sin }2 8 22 2 2x x x- × (d) None of these

27. If f x x¢ = -( ) 2 12 and y f x= ( )2 , then
dy

dx
at x = 1, is

(a) 1 (b) –1 (c) –2 (d) 2



Differentiation of Implicit
Functions
In previous rules, we have studied functions in which
y was only expressed in terms of x without complication
called explicit functions.

But, if the relation between the variables x and y are given
by an equation and this equation is not immediately
solvable for y , then y is called an implicit function of x .

Implicit functions are given by f =( , )x y 0.

In this case, to find
dy

dx
, we differentiate both sides of the

given relation with respect to x and collect the terms

containing
dy

dx
to the left hand side and transpose the

other terms to the right hand side. Now, divide both sides

by coefficient of
dy

dx
.

Shortcut for Differentiation
of Implicit Functions
(Only to be Applied while Solving Objective MCQs)

For implicit function put;
d

dx
f x y

f / x

f / y
{ ( , ) }

–= ¶ ¶
¶ ¶

,

where
¶
¶

f

x
is a partial differentiation of given function

w.r.t. x (i.e. differentiating f w.r.t. x keeping y as

constant) and
¶
¶

f

y
means partial differentiation of given

function w.r.t. y (i.e. differentiating f w.r.t. y keeping x

as constant). In simple words, we write this method as
for implicit functions

Differentiation of function w.r.t. x

dy

dx
= keeping as constant

Differentiation of funct

y

ion w. r. t .
keeping x as constant

y

y Example 25 If x y xy2 2 2+ + = , then find
dy

dx
.

Sol. Here, x y xy2 2 2+ + =

Differentiating both sides, we get

d

dx
x

d

dx
y

d

dx
xy

d

dx
( ) ( ) ( ) ( )2 2 2+ + =

Þ 2 2 0x y
dy

dx

d x

dx
y x

d

dx
y+ + ì

í
î

ü
ý
þ

+ ì
í
î

ü
ý
þ

=

Þ 2 2 1 0x y
dy

dx
y x

dy

dx
+ + × + × =

Þ ( ) – ( )2 2y x
dy

dx
x y+ = +

Þ dy

dx

x y

y x
= +

+
–

( )

( )

2

2
Aliter
Put f x y xy= + +2 2 2–

Now,
dy

dx

f

x
f

y

=
–

¶
¶

¶
¶

...(i)

where,
¶
¶
f

x
x y x y= + + = +2 0 0 2–

and
¶
¶
f

y
y x= +2

Substituting in Eq. (i), we get

dy

dx

x y

y x
= +

+
–

( )

( )

2

2

y Example 26 If y x y y x= +cos cos ,

then find
dy

dx
×

Sol. Here, y x y y x= +cos cos

Differentiating both the sides, we get

dy

dx

d

dx
x y x

d

dx
y= ì

í
î

ü
ý
þ

+ ì
í
î

ü
ý
þ

( ) cos (cos )

+ ì
í
î

ü
ý
þ

+ ì
í
î

ü
ý
þ

×y
d

dx
x

d

dx
y x(cos ) ( ) cos

Þ dy

dx
y x y

dy

dx
y x

dy

dx
x= × + + +1 cos (–sin ) (–sin ) (cos )

Þ dy

dx
x y x y y x( sin –cos ) cos – sin1+ =

\ dy

dx

y y x

x y x
=

+
cos – sin

sin – cos1
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Aliter

Let f x y y x y= +cos cos – Þ ¶
¶
f

x
y y x= cos – sin

and
¶
¶
f

y
x y x= +– sin cos –1

\ dy

dx

f

x

f

y

y y x

x y
=

æ
èç

ö
ø÷

æ
èç

ö
ø÷

=
+

–
– (cos – sin )

(– sin co

¶
¶

¶
¶

s – )x 1

or
dy

dx

y y x

x y x
=

+
cos – sin

sin – cos1

y Example 27 If y x x y1 12 2– –+ = 1, when | |x < 1

and | |y < 1, then find
dy

dx
.

Sol. Here, y x x y1 1 12 2– –+ = , | |x < 1 and | |y < 1

Let x y= = fsin , sinq , then

sin – sin sin – sinf + f =1 1 12 2q q

Þ sin cos sin cosf + f =q q 1

Þ sin ( )q + f = 1

Þ q + f = sin ( )–1 1

Þ sin sin sin ( )– – –1 1 1 1x y+ =

Qsin sin

sin sin

q q

f

= Þ =

= Þ f =

é

ë
ê
ê

ù

û
ú
ú

-

-

x x

y y

1

1and

Differentiating both the sides, we get
1

1

1

1
0

2 2– –x y

dy

dx
+ × =

Hence,
dy

dx

y

x
= –

–

–

1

1

2

2

Aliter

Let f y x x y= +1 1 12 2– – –

Þ ¶
¶
f

x

xy

x
y= +–

–
–

1
1

2

2 and
¶
¶
f

y
x

xy

y
= 1

1

2

2
– –

–

\ dy

dx

f

x

f

y

=

æ
èç

ö
ø÷

æ
èç

ö
ø÷

–
¶
¶

¶
¶

= –
[ – – – ] –

[ – – – ] –

1 1 1

1 1 1

2 2 2

2 2 2

x y xy / x

x y xy / y

Þ dy

dx

y

x
= –

–

–

1

1

2

2

y Example 28 If 1 16 6 3 3 3– – ( – ),x y a x y+ = then

prove that
dy

dx

x

y

y

x
=

2

2

6

6

1

1

–

–
.

Sol. Here, 1 16 6 3 3 3– – ( – )x y a x y+ =

Let x 3 = sin q, y 3 = fsin , then we get

1 12 2 3– sin – sin (sin – sinq q+ f = f)a

Þ cos cos (sin – sin )q q+ f = fa3

Þ 2
2 2

3cos cos
–q q+ fæ

èç
ö
ø÷

× fæ
èç

ö
ø÷

=a 2
2 2

cos sin
–q q+ fæ

èç
ö
ø÷

fæ
èç

ö
ø÷

é

ëê
ù

ûú

Þ cos
–

sin
–q qfæ

èç
ö
ø÷

= fæ
èç

ö
ø÷2 2

3a Þ cot
–q fæ

èç
ö
ø÷

=
2

3a

Þ q – cot ( )–f = 2 1 3a

or sin – sin cot ( )– – –1 3 1 3 1 32x y a=

Q cos cos cos cos

sin sin

C D
C D C D

C D

+ = +æ
èç

ö
ø÷

-æ
èç

ö
ø÷

-

2
2 2

and = +æ
èç

ö
ø÷

-æ
èç

ö
ø÷

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú2

2 2
cos sin

C D C D

Differentiating both the sides, we get

1

1
3

1

1
3 0

6

2

6

2

–
–

–x
x

y
y

dy

dx
× × × =

Hence,
dy

dx

x y

y x
=

2 6

2 6

1

1

–

–

y Example 29 If y x x x= + + + ¥sin sin sin ... ,

where sin x > 0, then find
dy

dx
.

Sol. We have, y x x x= + + + ¥sin sin sin ...

Þ y x y= +(sin )

Þ y x y2 = +sin

Differentiating both the sides, we get

2y
dy

dx
x

dy

dx
= +cos

Þ ( ) cos2 1y
dy

dx
x- = Þ dy

dx

x

y
=

-
cos

2 1

Remark

In above examples, it is advised to use
dy

dx

f / x

f / y
=

æ
è
ç

ö
ø
÷–

¶ ¶
¶ ¶
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1. If log ( ) tan ,x y
y

x

2 2 12+ = æ
èç

ö
ø÷

- then show that
dy

dx

x y

x y
= +

-
.

2. If x y y x1 1 0+ + + = , then prove that
dy

dx x
= -

+
1

2(
.

1)

3. If cos tan ,- --
+

æ
è
ç

ö
ø
÷ =1

2 2

2 2

1x y

x y
a then prove that

dy

dx

y

x
= .

4. If sin sin ( ),y x a y= + then prove that
dy

dx

a y

a
= +sin ( )

sin
.

2

5. If x y t
t

2 2 1+ = - and x y t
t

4 4 2

2

1+ = + , then prove that
dy

dx x y
= 1

3
.

Multiple Choice Questions

6. If sin( ) cos( )xy xy+ = 0, then
dy

dx
is

(a)
y

x
(b) - y

x

(c) - x

y
(d)

x

y

7. If ax hxy by2 22 0+ + = , then
dy

dx
is

(a)
y

x
(b)

x

y

(c) - x

y
(d) None of these

8. If x e xyey x2 2 13 0× + + = , then
dy

dx
is

(a)
- - +

+

-

-
2 2 1

2

xe y x

x xe

y x

y x

( )

( )
(b)

2 2 1

2

xe y x

x xe

x y

y x

-

-
+ +

+
( )

( )

(c)
- + +

+

-

-
2 2 1

2

xe y x

x xe

x y

y x

( )

( )
(d) None of these

9. If log( )x y xy+ = 2 , then y ¢( )0 is

(a) 1 (b) -1 (c) 2 (d) 0

10. If x y y xe elog log+ = 5, then
dy

dx
is

(a) - +
+

æ
è
ç

ö
ø
÷y

x

x y y

x y x

log

log
(b) - +

-
æ
è
ç

ö
ø
÷x

y

x y y

x y x

log

log

(c) - -
+

æ
è
ç

ö
ø
÷y

x

x y y

x y x

log

log
(d) None of these
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Differentiation of Inverse Trigonometric Functions
Inverse trigonometric functions are continuous functions, their domain and range are shown in the table given below.

To differentiate inverse trigonometric functions, we need to
know some basic trigonometric identities and substitution,
they can help you finding the differentiation of inverse
trigonometric functions.

Useful Trigonometric Identities
(i) sin sin cos2 2x x x=

(ii) cos cos , cos sin2 2 1 2 1 22 2x x x x= - = -

(iii) sin
tan

tan
2

2

1 2
x

x

x
=

+

(iv) cos
tan

tan
2

1

1

2

2
x

x

x
= -

+

(v) tan
tan

tan
,2

2

1 2
x

x

x
=

-
where x n¹ +( )2 1

4

p

(vi) sin sin sin3 3 4 3x x x= -

= ° -4 60sin ( )A × × ° +sin sin ( )A A60

(vii) cos cos cos3 4 33x x x= -

= ° - ×4 60cos ( ) cosA A × ° +cos ( )60 A

(viii) tan
tan tan

tan
3

3

1 3

3

2
x

x x

x
= -

-
= ° -tan ( )60 A × × ° +tan tan ( )A A60

(ix) cos cos cos . . . cos
sin

sin
A A A A

A

A

n
n

n
× × =-2 2 2

2

2

2 1

Remark
If no branch of an inverse trigonometric function is mentioned,
then it means that the principal value branch of the function
have to be taken.

Substitutions for Inverse Trigonometric Functions

S.No. Expression Substitutions

1. a x2 2- x a= sinq or acos q

2. a x2 2+ x a= tanq or acot q

3. x a2 2- x a= sec q or acosec q

4. a x

a x

+
-

or
a x

a x

-
+

x a= cos q or acos2q

5. ( )( )a x x b- - or
a x

x b

-
-

or
x b

a x

-
-

x a b= -cos sin2 2q q

6. ( )( )x a x b- - or
x a

x b

-
-

or
x b

a x

-
-

x a b= +sec tan2 2q q

7. 2 2ax x- x a= -( cos )1 q

S. No. Function Domain Range Principal value branch

1. sin-1
x [–1, 1] -é

ëê
ù
ûú

p p
2 2

, - £ £p p
2 2

y , where y x= -sin 1

2. cos-1
x [–1, 1] [ , ]0 p 0 £ £y p , where y x= -cos 1

3. tan-1
x R -æ

èç
ö
ø÷

p p
2 2

, - < <p p
2 2

y , where y x= -tan 1

4. cosec-1
x ( , ] [ , )- ¥ - È ¥1 1 -é

ëê
ù
ûú

-p p
2 2

0, { } - £ £p p
2 2

y , where y x= -cosec 1 , y ¹ 0

5.
sec-1

x ( , ] [ , )- ¥ - È ¥1 1
[ , ]0

2
p p- ì

í
î

ü
ý
þ

0 £ £y p , where y x= -sec 1 , y ¹ p
2

6. cot-1
x R ( , )0 p 0 < <y p , where y x= -cot 1

Session 4

Differentiation of Inverse
Trigonometric Functions



y Example 30 If y x= +-sec ( )1 21 , when - < <1 x 1,

then find
dy

dx
.

Sol. Here, y x= +-sec ( )1 21 ,

put x = tan q

Þ y = -sec ( sec1 2 q )

= = =- -sec (sec tan1 1q q) x

\ dy

dx x
=

+
1

1 2

y Example 31 If y
x

x
=

-
+

-tan 1 1

1
, then find

dy

dx
, when

- < <1 1x .

Sol. Here, y
x

x
= -

+
-tan 1 1

1
, put x = cosq

Þ y = -
+

-tan
cos

cos

1 1

1

q
q

Þ y = -tan
sin /

cos /

1
2

2

2 2

2 2

q
q

Þ y = -tan tan /1 2q
Q- < < Þ < <

\ < <

é

ë

ê
ê

ù

û

ú
ú

1 1 0

0
2 2

cosq q p
q p

\ y = -tan (tan / )1 2q

[Q tan (tan )- =1 x x , - < <p p/ /2 2x ]

Þ y = q
2

Þ y x= -1

2

1cos

\ dy

dx x
= -

-

1

2 1 2

y Example 32 If y
x

x
=

+
tan

– cos

cos
–1 1

1
, then find

dy

dx
,

when 0
2

x< <
p

.

Sol. Here, y
x

x
=

+
tan

– cos

cos

–1 1

1

Þ y
x/

x/
x /= =tan

sin

cos
tan tan– –1

2

2

1 22 2

2 2
2

Þ y x/= tan (tan )–1 2

Þ y
x=
2

Q tan (tan ) ,- = - < <é
ëê

ù
ûú

1

2 2
x x x

p p

Hence,
dy

dx
= 1

2

y Example 33 If y
x

x
=

+æ

è
ç
ç

ö

ø
÷
÷tan

––1
21 1

, then find
dy

dx

when – 1 1£ £x .

Sol. Here, y
x

x
=

+æ

è
ç
ç

ö

ø
÷
÷tan

––1
21 1

, let x = tan q

Þ y =
+æ

è
ç
ç

ö

ø
÷
÷tan

tan –

tan

–1
21 1q
q

Þ y = æ
èç

ö
ø÷

tan
–

tan

–1 1sec q
q

Þ y = æ
èç

ö
ø÷

=

æ

è

ç
tan

– cos

sin
tan

sin

sin cos

– –1 1

2

1
2

2

2
2 2

q
q

q

q qç
ç

ö

ø

÷
÷
÷

Þ y = æ
èç

ö
ø÷

=tan tan–1

2 2

q q

Þ y x= 1

2

1tan– Þ dy

dx x
=

+
1

2 1 2( )

y Example 34 Find
dy

dx
, if y

a x b x

b x a x
=

-
+

æ
è
ç

ö
ø
÷-tan

cos sin

cos sin
1 ,

where - < <
p p
2 2

x and
a

b
xtan > - 1.

Sol. Here, y
a x b x

b x a x
= -

+
æ
èç

ö
ø÷

-tan
cos sin

cos sin

1

Þ y

a

b
x

a

b
x

=
-

+

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

-tan
tan

tan

1

1

= æ
èç

ö
ø÷

-- -tan tan (tan )1 1a

b
x = æ

èç
ö
ø÷

--tan 1 a

b
x

Þ dy

dx
= - = -0 1 1

y Example 35 Find
dy

dx
for the function

y
x x

=
+ -æ

è
ç
ç

ö

ø
÷
÷

-sin 1
25 12 1

13
.

Sol. Here, y
x x

=
+ -æ

è
ç
ç

ö

ø
÷
÷

-sin 1
25 12 1

13

Put x = sin q, 5 = r cos f and 12 = r sin f

Þ r r r= +( cos ) ( sin )f f2 2

= +( ) ( )5 122 2 = +25 144 = =169 13

f = æ
èç

ö
ø÷

-tan 1 12

5
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\ y
r r= +é

ëê
ù
ûú

-sin
cos sin sin cos1

13

f q f q

Þ y = + = +-sin (sin( ))1 q f q f

Þ y x= + æ
èç

ö
ø÷

- -sin tan1 1 12

5

Qq f= = æ
èç

ö
ø÷

é

ëê
ù

ûú
- -sin tan1 1 12

5
x and

\ dy

dx x
=

-

1

1 2

y Example 36 Find
dy

dx
, for y

a x

a x
=

-
+

-tan 1 ,

where - < <a x a.

Sol. Here, y
a x

a x
= -

+
-tan 1 , where - < <a x a

Put x a= cos q Þ q = -cos 1 x

a

\ y
a a

a a
= -

+
ì
í
î

ü
ý
þ

-tan
cos

cos

1 q
q

Þ y = -
+

ì
í
î

ü
ý
þ

-tan
cos

cos

1 1

1

q
q

Þ y =
ì
í
î

ü
ý
þ

-tan tan1 2

2

q

Þ y = -tan tan1

2

q

Also, - < <a x a Þ - < <1 1cos q

Þ q p)Î( ,0 Þ q p
2

0
2

Î æ
èç

ö
ø÷

,

\ y = = æ
èç

ö
ø÷

- -tan tan tan tan1 1

2 2

q q = q
2

Þ y
x

a
= -1

2

1cos

\ dy

dx x

a

d

dx

x

a
= - ´

-

æ
èç

ö
ø÷

1

2

1

1
2

2

= -
-

1

2 2 2a x

Graphical Approach for
Differentiation of Inverse
Trigonometric Functions
In this section, we are going to introduce, graphs of
some important inverse trigonometric functions
which are highly useful in differential calculus.

y Example 37 Sketch the graph for y x= -sin (sin )1 and

hence find
dy

dx
.

Sol. As, y x= -sin (sin )1 is periodic with period 2p.

\ To draw this graph we should draw the graph for one interval
of length 2p and repeat it for entire values of x.

As we know,

sin (sin )- =1 x

x x

x x x

,

( ),

- £ £

- - £ - < £ £æ
èç

ö
ø÷

ì

í
ï

î
ï

p p

p p p p p p
2 2

2 2 2

3

2
i.e.

or sin (sin )
,

,

- =
- £ £

- £ £

ì

í
ï

î
ï

1 2 2

2

3

2

x
x x

x x

p p

p p p

which is defined for the interval of length 2p, plotted as;

Thus, the graph for y x= -sin (sin )1 , is a straight line up and a

straight line down with slopes 1 and –1 respectively lying between

-é
ëê

ù
ûú

p p
2 2

, .

Thus,
dy

dx

n x n

n=

-æ
èç

ö
ø÷

< < +æ
èç

ö
ø÷

+æ
èç

ö
ø÷

<

1 2
1

2
2

1

2

1 2
1

2

,

– ,

p p

p x n

x n n I

< +æ
èç

ö
ø÷

= + Îì
í
î

ü
ý
þ

ì

2
3

2

2 1
2

p

p
does not exist, ( ) ;

í

ï
ï
ï

î

ï
ï
ï

Remark

Students are advised to learn the definition of sin (sin )–1 x as

y x

x x

x x

x= =

+ £ £

£ £

sin (sin )

, – –

– – , – –

, ––1

2
5

2

3

2
3

2 2

2

p p p

p p p

p £ £

£ £

£ £

ì

í

ï
ï
ï
ï

x

x x

x x

p

p p p

p p p

2

2

3

2

2
3

2

5

2

– ,

– ... and so on

ï

î

ï
ï
ï
ï
ï

X′

Y′

Y

O π

y = –π/2

y = π/2

X

Main curveRepeated curve Repeated curveπ/2

–π/2

3

2

ππ
2

π
2

y=
x

+
2π

y

x

=
–

–
π

y
x

=

y

x

=

–
π

y
x

=

–
2
π

y=
3π

–
x
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y Example 38 Sketch the graph for y x= -cos (cos )1 and

hence find
dy

dx
.

Sol. As, y = -cos 1 (cos x) is periodic with a period 2p.

\ To draw this graph, we should draw the graph for one inter-
val of length 2p and repeat it for entire values of x of length
2p.

As we know, cos (cos )
,

,

- =
£ £

- £ - £
ì
í
î

1 0

2 0 2
x

x x

x x

p
p p p

or cos (cos )
,

,

- =
£ £

- £ £
ì
í
î

1 0

2 2
x

x x

x x

p
p p p

Thus, it has been defined for 0 2< <x p that has length 2p.
So, its graph could be plotted as

Thus, the curve y x= cos (cos )–1 and hence

dy

dx

x n n I

n x n=
= Î

< < +
-

does not exist, { , }

, ( )

, (

p
p p1 2 2 1

1 2n x n+ < < +

ì
í
ï

îï 1 2 2) ( )p p

y Example 39 Sketch the graph for y x= -tan (tan )1 and

hence find
dy

dx
×

Sol. As, y x= -tan (tan )1 is periodic with period p.

\ To draw this graph we should draw the graph for one
interval of length p and repeat it for entire values of x.

As we know, tan (tan ) ,- = - < <ì
í
î

ü
ý
þ

1

2 2
x x x

p p

Thus, it has been defined for - < <p p
2 2

x that has length p. So,

its graph could be plotted as

Thus, the curve for y x= -tan (tan )1 , where y is not defined for

x nÎ +( )2 1
2

p
.

and hence
dy

dx

n x n

x

=
-æ

èç
ö
ø÷

< < +æ
èç

ö
ø÷

=

1 2
1

2
2

1

2
, p p

does not exit, ( )2 1
2

n +

ì

í
ï

î
ï p

y Example 40 Sketch the graphs for

(i) y x= -sin (sin )1 (ii) y x= -cos (cos )1

(iii) y x= -tan (tan )1 (iv) y x= -cosec cosec( )1

(v) y x= -sec (sec )1

(vi) y x= -cot (cot )1 and hence find
dy

dx
Sol. As we know, all the above mentioned six curves are

non-periodic, but have restricted domains and
ranges.

So, we shall first define each curve for its domain
and range and then sketch the curves.

(i) Sketch for the curve y x= -sin (sin )1

We know that, domain x Î -[ , ]1 1 , i.e. - £ £1 1x

and range y x= Þ y Î -[ , ]1 1 .

Hence, we should sketch y x= -sin (sin )1 only

when x Î -[ , ]1 1 and y x= . So, its graph could be
plotted as shown in the figure.

Thus, y x x x= = - £ £-sin (sin ) ,1 1 1.

Þ dy

dx
x= - < <1 1 1, .

(ii) Sketch for the curve y x= -cos (cos )1

We know that, domain x Î -[ , ]1 1 , i.e. - £ £1 1x

and range y x y= Þ Î -[ , ]1 1 .

Hence, we should sketch y x x= =-cos (cos )1

only when x Î -[ , ]1 1 . So, its graph could be
plotted as shown in the figure.

Thus, y x x x= = - £ £-cos(cos ) ,1 1 1

Þ dy

dx
x= - < <1 1 1, .

Y
y = π

0 π 2π 3π X
X′

Y′

( )π, π

4π–2π –π

x+
4π

–2

x
π
–

x+
2π –x x

2
– x

π

x – 2π

4
–

π
x

Y

Y′

X′
0

X
–π π/2 π 3 /2π 2π–3 /2π

y = –π/2

y = π/2

– /2π 5 /2π

x

XX′

Y

Y′

0 1–1

–1

1
y = 1

y = –1

x = –1 x = 1

y

x

=
sin(sin

)–1

X′

Y′

X

Y

0
1–1

–1

1
y = 1

y = –1

x = –1 x = 1

y

x

=
cos(c

os
)

–1
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(iii) Sketch for the curve y x= -tan (tan )1

We know that, domain x RÎ , i.e. - ¥ < < ¥x

and range y x y R= Þ Î .

Hence, we should sketch y x x= =-tan (tan )1 ,

" Îx R.

So, its graph could be plotted as shown in the figure.

Thus, y x= -tan (tan )1 = x , x RÎ

Þ dy

dx
x R= Î1,

(iv) Sketch for the curve y = -cosec (cosec )1x

We know that, domain Î - -R ( , )1 1

(i.e. –¥ < £ -x 1 or 1 £ < ¥x )

and range y x= Þ y RÎ - -( , )1 1 .

Hence, we should sketch

y x x= =-cosec cosec( )1 only when

x Î - ¥ - È ¥( , ] [ , ).1 1

So, its graph could be plotted as shown in the figure.

Thus, y x x x= = ³-(cosec cosec 1 1) , | |

Þ dy

dx
x= >1 1, | |

(v) Sketch for the curve y x= -sec (sec )1

We know that, domain Î - -R ( , )1 1

(i.e. - ¥ < £ - £ < ¥x x1 1or )

and range y x=
Þ y RÎ - -( , )1 1

Hence, we should sketch y x x= =-sec (sec )1 , only

when

x Î - ¥ È ¥( , – ] [ , )1 1

So, its graph could be plotted as shown in the figure.

Thus, y x x= =-sec sec( 1 ) , | |x ³ 1

Þ dy

dx
x= >1 1, | |

(vi) Sketch for the curve y x= -cot (cot )1

We know that, domain Î R (i.e. – ¥ < < ¥x )

and range y x=
Þ y R= .

Hence, we should sketch

y x x x R= = " Îcot (cot ) , .–1

So, its graph could be plotted as shown in the figure.

Thus, y x x x R= = Î-cos cot ) ,( 1

Þ dy

dx
x R= Î1, .

X
X′

Y

Y′

–1

–1

1
y

x

=
ta

n(ta
n

)
–1

1(0,0)

X′

Y′

X

Y

0 1–1

–1

1
y = 1

y = –1

x = –1 x = 1

y

x
x

=
co

se
c(

co
se

c
)=

–1

X′

Y′

X

Y

(0, 0)

y = 1

y = –1

x = –1 x = 1

y

x
x

=
se

c(
se

c
)=

–1

(1, 1)

(–1,–1)

X′

Y′

X

Y

0 1–1

1 y

x
x

=
cot (c

ot
) =

–1

–1



1. If y
x

x
= -æ

è
ç

ö
ø
÷-tan

cos

sin
,1 1
then

dy

dx
is

(a)

1

2
1

2

, { ;

, { };

x R n n I

x n n I

Î - Î

- = Î

ì

í
ï

î
ï

p}

p
(b)

1

2
, { };

{ };

x R n n I

x n n I

Î - Î

= Î

ì
í
ï

îï

p

pdoes not exist,

(c)
- Î - Î

= Î

ì
í
ï

îï

1

2
, { };

{ };

x R n n I

x n n I

p

pdoes not exist,

(d) None of these

2. If y
x x

x x
= -

+
æ
è
ç

ö
ø
÷-

-

-cos 1
1

1
, then

dy

dx
is

(a)

2

1
0

2

1
0

2

2

+
>

-
+

<

ì

í
ïï

î
ï
ï

x
x

x
x

,

,

(b)

2

1
0

0
2

1
0

2

2

+
>

=
-
+

<

ì

í

ï
ï

î

ï
ï

x
x

x

x
x

,

,

does not exist,

(c)

2

1
0

0
2

1
0

2

2

+
<

=
-
+

>

ì

í

ï
ï

î

ï
ï

x
x

x

x
x

,

,

does not exist, (d) None of these

3. If y
x x

x x
=

+ + -
+ - -

ì
í
î

ü
ý
þ

-tan
sin sin

sin sin
,1 1 1

1 1
then

dy

dx
is

(a)

1

2 2 2
1

2 2 2

, cos sin

, cos sin

{ }

x x

x x

x n

>

- <

=does not exist, p ;n Î

ì

í

ï
ïï

î

ï
ï
ï integer

(b)

- >

<

=

1

2 2 2
1

2 2 2

, cos sin

, cos sin

{ }

x x

x x

x ndoes not exist, p ;n Î

ì

í

ï
ïï

î

ï
ï
ï integer

(c)
- ³

<

ì

í
ï

î
ï

1

2 2 2
1

2 2 2

, cos sin

, cos sin

x x

x x
(d) None of these

4. If y x= -cot (cot ),1 then
dy

dx
is

(a) 1, x RÎ (b) 1, x R nÎ - { }p

(c)
1 ,

does not exist, integer

x R n

x n n

Î -
Î Î

ì
í
î

{ }

{ };

p
p

(d) None of these

5. Sketch the graph for

(i) y
x

x
=

+
æ
èç

ö
ø÷

-sin 1

2

2

1
(ii) y

x

x
= -

+

æ

è
çç

ö

ø
÷÷

-cos 1
2

2

1

1

(iii) y
x

x
=

-
æ
èç

ö
ø÷

-tan 1

2

2

1
(iv) y

x x

x
= -

-

æ

è
çç

ö

ø
÷÷

-tan 1
3

2

3

1 3

(v) y x x= --sin ( )1 33 4 (vi) y x x= --cos ( )1 34 3
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Differentiation of a Function
in Parametric Form
Until now we have differentiate the variable y w.r.t. x , but
what can we do if the variable x and y are depend on third
variable ‘t’ (say) i.e. x g t= ( ), y f t= ( ). In such case x and y

are called parametric functions and t is called parameter.

In this case to find
dy

dx
, we first obtain the relationship

between x and y by eliminating the parameter t, then we
differentiate w.r.t. x . But always, it is not possible to
eliminate t, then we use the following formula

dy

dx

dy

dt
dx

dt

f t

g t
= = ¢

¢
( )

( )

y Example 41 If x e t= – 2

and y t= +tan ( ),–1 2 1 then find
dy

dx
.

Sol. Here, x e t= – 2

On differentiating both sides, we get

dx

dt
e tt= ×– (– )

2

2 and y t= +tan ( )–1 2 1

On differentiating both sides, we get

dy

dt t
=

+ +
1

1 2 1
2

2( )
( )

\ dy

dx

dy

dt
dx

dt

t t

t

e t

= = + + +
2

1 4 4 1

2

2

2

( )

–

Hence,
dy

dx

e

t t t

t

=
+ +

–

( )

2

2 2 2 12

y Example 42 If x a= (q q– sin ) , y a= ( – cos )1 q ,

then find
dy

dx
×

Sol. Here, x a= ( – sin )q q

On differentiating both the sides, we get

dx

d
a

q
q= ( – cos )1

and y a= ( – cos )1 q
On differentiating both sides, we get

dy

d
a

q
q= (sin )

So,
dy

dx

dy

d
dx

d

a

a
= =q

q

q
q

sin

( – cos )1
= =

2
2 2

2
2

22

sin cos

sin

cot

q q

q
q

y Example 43 If x a t=
-sin 1

, y a t=
-cos 1

, a > 0

and - < <1 1t . Show that
dy

dx

y

x
= - .

Sol. Given, x a t=
-sin 1

and y a t=
-cos 1

Þ dx

dt
a

d

dt
at t=

- --1

2

1 1
1

2( ) ( )sin sin

Þ dx

dt
a t=

- -1

2

1
1

2( )sin × ´
-

-
a a

t

t
e

sin log
1 1

1 2
=

-

x a

t

elog

2 1 2

Again,
dy

dt
a

d

dt
at t=

- --1

2

1 11 2( ) ( )cos / cos

= × ´
-

æ

è
ç
ç

ö

ø
÷
÷

- --1

2

1

1

1 11 2

2
( ) logcos / cosa a a

t

t t
e = -

-

y a

t

elog

2 1 2

So,
dy

dx

dy

dt
dx

dt

y

x
= = -

Aliter

We have, xy a at t= ×
- -sin cos1 1

=
- -+a t tsin cos1 1

= ap / 2

Þ x y a2 2 2= p/
Qsin cos- -+ =é

ëê
ù
ûú

1 1

2
x x

p

On differentiating, we get

2 2 02 2xy x y
dy

dx
+ = Þ dy

dx

y

x
= -

Session 5

Differentiation of a Function in
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y Example 44 If x a t t= +æ
èç

ö
ø÷

cos log tan
1

2
2

and y a t= sin , then find
dy

dx
at t =

p
4

.

Sol. Here, x a t t= +æ
èç

ö
ø÷

cos log tan
1

2

2 and y a t= sin

On differentiating both equations w.r.t. t , we get

dx

dt
a t

t

t= - + ´

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

sin

tan

sec
1

2

2

1

2

2

Þ dx

dt
a t

t t
= - +

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

sin

sin cos

1

2
2 2

Þ dx

dt
a t

t
= - +æ

èç
ö
ø÷

sin
sin

1 = a t

t

cos

sin

2

and
dy

dt
a t= cos

So,
dy

dx

dy

dt

dx

dt
= / = =a t

a t

t

t
cos

cos

sin

tan
2

Þ dy

dx t

æ
èç

ö
ø÷

= =
= p

p

4

4
1tan

1. If x = -2 2cos cosq q and y = -2 2sin sin ,q q prove that
dy

dx
= æ

èç
ö
ø÷tan

3

2

q ×

2. If x e t= cos 2 and y e t= sin 2 , then prove that
dy

dx

y x

x y
= - ×log

log

3. If x t= cos and y t= sin , then prove that
dy

dx
= 1

3
, at t = ×2

3

p

4. If x a t
t

= +æ
èç

ö
ø÷

1
and y a t

t
= -æ

èç
ö
ø÷

1
, then prove that

dy

dx

x

y
= ×

5. If x
t

t
=

+
æ
è
ç

ö
ø
÷-sin 1

2

2

1
and y

t

t
=

-
æ
è
ç

ö
ø
÷-tan ,1

2

2

1
then prove that

dy

dx
= 1.

6. If x a= sec3 q and y a= tan3 q, then find
dy

dx
at q p=

3
.

7. Let y x x= - +3 8 7 and x f t= ( ). If
dy

dt
= 2 and x =3 at t = 0, then find the value of

dx

dt
at t = 0.
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Logarithmic Differentiation
So far, we have discussed derivatives of the functions of

the form ( ( ))f x n , nf x( ) and nn , where f x( ) is a function of

x and n is a constant. In this section, we will mainly be
discussing derivatives of the functions of the form

( ( )) ( )f x g x , where f x( ) and g x( ) are functions of x or

f x s x h x( ) ( ) ( )K or
f x f x

g x g x

1 2

1 2

( ) ( )

( ) ( )

K

K

To find the derivatives of these types of functions, we
proceed as follows

Let y f x g x= ( ( )) ( )

Taking logarithm on both sides, we have
log ( ) log { ( )}y g x f x=

Differentiating w.r.t. x, we get

1 1

y

dy

dx
g x

f x

d f x

dx
f x

d g x

dx
× = × × + ×( )

( )

( )
log { ( )}

( )

\ dy

dx
y

g x

f x

d f x

dx
f x

d g x

dx
= × + ×é

ë
ê

ù

û
ú

( )

( )

( )
log { ( )}

( )

or
dy

dx
f x

g x

f x

d f x

dx
f x

d g x

dx

g x= × + ×ì
( ( ))

( )

( )

( )
log { ( )}

( )( )
í
î

ü
ý
þ

Logarithmic Differentiation
(For Quickly Solving Objective MCQs)

If y f x x= { ( )} ( )f , then

dy

dx
= Differentiation of y taking f x( ) as constant

+ Differentiation of y taking f( )x as constant.

or when we have to differentiate the function of the form

y = (Variable) variable , take log on both sides and then

differentiate.

y Example 45 If y x x= sin , then find
dy

dx
.

Sol. y x x= sin , taking log on both sides, we get

log sin logy x x=

On differentiating both sides, we get

1 1

y

dy

dx
x

x
x x= × æ

èç
ö
ø÷

+ ×sin log (cos )

Þ dy

dx
y

x

x
x x= +é

ëê
ù
ûú

sin
(cos ) log

\ dy

dx
x

x

x
x xx= +é

ëê
ù
ûú

sin sin
(cos ) log

Aliter

Here, y x x= sin could also be differentiated by using

definition;

d

dx

d

dx
(variable) (variable)variable constant=

+ d

dx
(constant)variable

i.e.
dy

dx

d

dx
x

d

dx
xx x= +( ) ( )sin sin

variable    constant constant              variable

= + × ×sin ( ) ( ) (log ) cossin – sinx x x x xx x1

= + × ×(sin )
( )

( ) log cos
sin

sinx
x

x
x x x

x
x

= + ×ì
í
î

ü
ý
þ

x
x

x
x xxsin sin

cos log

y Example 46 If x yy x× = 1 , then find
dy

dx
.

Sol. Taking log on both the sides, y x x ylog log log+ = 1

Differentiating both the sides, we get

y
d

dx
x

d

dx
y x

d

dx
x y× + ì

í
î

ü
ý
þ

× + ì
í
î

ü
ý
þ

×(log ) log log

+ ì
í
î

ü
ý
þ

=x
d

dx
ylog 0

Þ y
x

x
dy

dx
y x

y

dy

dx
× + × + × + × × =1

1
1

0log log

Þ log – logx
x

y

dy

dx

y

x
y+é

ë
ê

ù

û
ú = +é

ëê
ù
ûú

Þ dy

dx

y x y

x y x

y

x
= +

+
×–

( log )

( log )

Session 6
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y Example 47 If y xx ycot –(tan )+ =1 1, then find
dy

dx
.

Sol. Let u y x= cot and v x y= (tan )–1 , we get

u v+ = 1 ...(i)

Taking log on both sides for u and v, we get

log cot logu x y= and log log (tan )–v y x= 1

On differentiating both sides, we get

1 1 2

u

du

dx
x

y

dy

dx
y x× = × + ×cot log (– )cosec

Þ du

dx
y

x

y

dy

dx
x yx= ×é

ë
ê

ù

û
ú

cot cot
– ( ) logcosec2 ...(ii)

Again, differentiating log log (tan )–v y x= 1 , we get

1 1 1

11 2

1

v

dv

dx
y

x x
x

dy

dx
× = × ×

+
+ ×

tan
log (tan )

–

–

Þ dv

dx
x

y

x x
x

dy

dx

y=
+

+ ×
é

ë
ê

ù

û
ú(tan )

( ) tan
log (tan )–

–

–1

2 1

1

1

...(iii)
From Eq. (i), we get

du

dx

dv

dx
+ = 0

Þ y
x

y

dy

dx
x yxcot cot

– ( ) log×ì
í
î

ü
ý
þ

cosec2

+
+

+ ×
é

ë
ê

ù

û
ú =(tan )

( ) tan
log (tan )–

–

–1

2 1

1

1
0x

y

x x
x

dy

dx

y

Þ y x

y
x x

dy

dx

x
y

cot
– –cot

(tan ) log (tan )
× + ×

ì
í
î

ü
ý
þ

1 1

= × ×
+

ì
í
î

ü
ý
þ

y x y
x y

x x

x
y

cot
–

–
( ) log –

(tan )

( ) tan
cosec2

1

2 11

Hence,
dy

dx

y x y
x y

x

x
y

=
× × ×

+

ì
í
î

ü
ý
þ

( log ) –
(tan )

(

cot
– –

cosec2
1 1

21

y x x xx ycot – – –cot ) {(tan ) log (tan )}1 1 1× + ×

Derivative of the Product of Finite
Number of Functions
y Example 48 If f x x x x x n( ) ( )( )( ) . . . ( )= + + + +1 2 3 ,

then find f ¢ ( ).0
Sol. Here f x x x x x n( ) ( )( )( ) . . . ( )= + + + +1 2 3

log ( ) log {( )( ) . . . ( )}f x x x x n= + + +1 2

Differentiating both sides w.r.t. x , we get

1 1

1

1

2

1

3

1

f x
f x

x x x x n( )
( ) . . .¢ =

+
+

+
+

+
+ +

+

\ f f
n

¢ = + + + +ì
í
î

ü
ý
þ

( ) ( ) . . .0 0 1
1

2

1

3

1

= × × × × + + + +ì
í
î

ü
ý
þ

( . . . ) . . .1 2 3 1
1

2

1

3

1
n

n

= + + + +ì
í
î

ü
ý
þ

( )! . . .n
n

1
1

2

1

3

1

y Example 49 If f x x n
n

n n( ) ( ) ( )= -
=

-P
1

100
101 , then find

f

f

( )

( )
.

101

101¢

Sol. f x x n
n

n n( ) ( ) ( )= -
=

-P
1

100
101

Þ log ( ) ( ) log ( )f x n n x n
n

= - -ì
í
î

ü
ý
þ

ì
í
î

ü
ý
þ=

101
1

100

P

{Here, P changes to S when taken log}

Þ log ( ) ( ) log ( )f x n n x n
n

= - -
=

å
1

100

101

Differentiating both sides, we get

f x

f x
n n

x nn

¢ = - ×
-=

å( )

( )
( )

1

100

101
1

\ f

f

n n

nn

¢ = -
-=

å( )

( )

( )

( )

101

101

101

1011

100

=
=

å
n

n
1

100

= 5050

Þ f

f

( )

( )

101

101

1

5050¢
=

Differentiation of Infinite Series
When the value of y is given as an infinite series, then we
use the fact that, if one term is deleted from an infinite
series, it remains unaffected, to replace all terms except
first term by y . Thus, we convert it into a finite series or
function.

y Example 50 If y x x x= + + + ¼ ¥log log log

then find
dy

dx
.

Sol. We have, y x x x= + + + ¼¥log log log

Then y x y= +log

Þ y x y2 = +log

Differentiating both sides, we get

2
1

y
dy

dx x

dy

dx
× = +

Þ dy

dx
y

x
( )2 1

1- =

Þ dy

dx x y
=

-
1

2 1( )



n Directions (Q. Nos. 1 to 10) Differentiate the following functions w.r.t. x.

1. x x 2. x x 3. x x x

4. ( )x x x 5. ( )x xx 6. (cos )x x

7. (sin )cosx x 8. ( )sin x xcos-1

9. cos ( )x x

10. log ( cos )x xx + ec2

11. If y x xx x= +(sin ) (cos )tan sec , then find
dy

dx
.

12. If x ey x y= - , then prove that
dy

dx

x

x
=

+
log

( log )1 2

13. If x yy x+ = 2, then find
dy

dx
.

14. If (cos ) (sin )x yy x= , then find
dy

dx
.

15. If x a y a a ysin ( ) sin cos ( )+ + × + = 0. Prove that
dy

dx

a y

a
= +sin ( )

sin

2

.

16. If y x x x= + + + ¥cos cos cos . . . , then prove that
dy

dx

x

y
=

-
sin

1 2
.

17. If y x x x

=
¥

(tan )(tan )(tan ). . .

, then prove that
dy

dx
= 2 at x = ×p

4

18. If y e x ex e xex ex x e

= + + , then prove that

dy

dx
e x

e

x
e x x e

x
ex e

x
x e e xex x ex x

= × × + ×
ì
í
î

ü
ý
þ

+ × × + ×log log
1

x
ì
í
î

ü
ý
þ

+ × × +-e x x e xx x ex e e 1 1{ log }.

19. If y
a x

a x

a a

a a
= -

+
æ
è
ç

ö
ø
÷ + -

+
æ
è
ç

ö
ø
÷- -tan tan1 1

1

1 2 1

1 21

a
a

+ -
+

æ
è
ç

ö
ø
÷ +-tan . . .1 3 2

2 31

a a

a a
+

-
+

æ

è
ç

ö

ø
÷ -- -

-

-tan tan ( ),1 1

1

1

1

a a

a a
a

n n

n n
n then find

dy

dx
.
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Differentiation of a Function
w.r.t. Another Function
Suppose it is required to differentiate a function f x( ) with
respect to another function g x( ). Let y f x= ( ) and
z g x= ( ). Here, both functions are different but both are in
same variable x.

Then, to find the derivative of f x( ) with respect to g x( ) or

derivative of g x( ) with respect to f x( ), i.e. to find
dy

dz
or

dz

dy
. We firstly differentiate both functions f x( ) and g x( )

with respect to x separately and then put these values in
the following formulae:

dy

dz

dy dx

dz dx
= /

/
or

dz

dy

dz dx

dy dx
= /

/

y Example 51 Differentiate sin-

+

æ

è
ç

ö

ø
÷1

2

2

1

x

x
w.r.t.

tan- 1 x, - < <1 1x .
Sol. Let u

x

x
=

+
æ
è
ç

ö
ø
÷-sin 1

2

2

1
and v x= -tan 1

Putting x = tan q Þ q = -tan 1 x

Þ u =
+

æ
è
ç

ö
ø
÷-sin

tan

tan

1

2

2

1

q
q

Þ u = -sin (sin1 2q) Qsin
tan

tan
2

2

1 2
q q

q
=

+
é

ë
ê

ù

û
ú

Þ u = 2q Þ u x= -2 1tan

Þ du

dx x
=

+
2

1 2
...(i)

Again, v x= -tan 1 Þ dv

dx x
=

+
1

1 2
...(ii)

Now,
du

dv

du dx

dv dx

x

x

= = +

+

=/

/

2

1

1

1

2
2

2

y Example 52 If x Îæ
èç

ö
ø÷

1

2
1, . Differentiate

tan- -æ

è
ç
ç

ö

ø
÷
÷

1
21 x

x
w.r.t. cos ( )- -1 22 1x x .

Sol. Let u
x

x
=

-æ

è
ç
ç

ö

ø
÷
÷

-tan 1
21

and v x x= --cos ( )1 22 1

Putting x = sin q, then x Î æ
èç

ö
ø÷

1

2
1,

Þ 1

2
1< <sin q Þ p q p

4 2
< <

Now, u
x

x
=

-æ

è
ç
ç

ö

ø
÷
÷

-tan 1
21

Þ u =
-æ

è
ç
ç

ö

ø
÷
÷

-tan
sin

sin

1
21 q

q

Þ u = æ
èç

ö
ø÷

-tan
cos

sin

1 q
q

Þ u = -tan (cot )1 q

Þ u = -æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

-tan tan1

2

p q

Q

p q p
4 2

< <é
ëê

Þ 0
2 4

< - < ù
ûú

p q p

Þ u = -p q
2

Þ u x= - -p
2

1sin

Þ du

dx x
= -

-

1

1 2
...(i)

Again, v x x= --cos ( )1 22 1

Þ v x x= - --p
2

2 11 2sin ( )

Þ v = - -p q
2

21sin (sin ), where x = sinq

Þ v = - --p p q)
2

21sin (sin ( ) Þ v = - -p p q)
2

2(

Q

p q p
2

p q p
24

0 2< < Þ < - >é
ëê

ù
ûú

Þ v = - +p q
2

2 Þ v x= - + -p
2

2 1sin

Þ dv

dx x
=

-

2

1 2
...(ii)

\ du

dv

du

dx
dv

dx

x

x

= =

-
-

-

= -

1

1

2

1

1

2

2

2
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y Example 53 Find the derivative of sec -

-

æ

è
ç

ö

ø
÷1

2

1

2 1x

w.r.t. 1 2- x at x =
1

2
.

Sol. Let u
x

=
-

æ
è
ç

ö
ø
÷-sec 1

2

1

2 1
and v x= -1 2

Put x = cos q
\ u = =-sec (sec1 2 2q) q

and v = - =1 2cos sinq q

Þ du

dq
= 2

and
dv

dq
q= cos

Þ du

dv

du d

dv d
= /

/

q
q

= =2 2

cos q x

Now,
du

dv x

æ
èç

ö
ø÷

= =
=at

1

2

2

1

2

4

y Example 54 If y f x= ( )3 , z g x= ( )5 , f x x¢ =( ) tan and

g x x¢ =( ) sec , then find the value of lim
/

x

dy dz

x® 0
.

Sol. Here, y f x= ( )3 Þ dy

dx
f x x= ¢ ×( )3 23

dy

dx
x x= 3 2 3tan [ ( ) tan ]Q f x x¢ =

and z g x= ( )5 Þ dz

dx
g x x= ¢ ×( )5 45

dz

dx
x x= ×5 4 5sec [Qg x x¢ =( ) sec ]

Now,
dy

dz

x x

x x x

x

x
= = ´3

5

3

5

2 3

4 5 2

3

5

tan

sec

tan

sec

\ lim lim
tan

secx x

dy

dz
x

x

x x® ®
= =

0 0

3

3 5

3

5

3

5

y Example 55 Find the derivative of f x(tan ) w.r.t.

g x(sec ) at x =
p
4

, where f ¢ =( )1 2 and g ¢ =( )2 4.

Sol. Let u f x= (tan ) and v g x= (sec )

Þ du

dx
f x x= ¢ ×(tan ) sec2

and
dv

dx
g x x x= ¢ × ×(sec ) sec tan

Þ du

dv

du dx

dv dx

f x x

g x x x
= = ¢

¢
/

/

(tan ) sec

(sec ) sec tan

2

Þ du

dv

f

g

f

x

æ
èç

ö
ø÷

=
¢ æ
èç

ö
ø÷

¢ æ
èç

ö
ø÷

= ¢

= p

p

p p
4

4

4 4

tan

sec sin

(1 2

2

)

( )g ¢
= =2 2

4

1

2

1. Find the derivative of tan-

-
1

2

2

1

x

x
w.r.t. sin-

+
1

2

2

1

x

x
, if

(i) x Î -( )1, 1 (ii) x Î ¥( )1,

(iii) x Î - ¥ -( , )1

2. Differentiate x xsin-1

w.r.t. sin-1 x.

3. Differentiate sin ( )- -1 2 22 1ax a x w.r.t. 1 2 2- a x .

4. Differentiate log sin x w.r.t. cos x

5. Differentiate tan- + - -

+ + -

ì
í
ï

îï

ü
ý
ï

þï
1

2 2

2 2

1 1

1 1

x x

x x
w.r.t. cos- 1 2x .

6. Differentiate x x w.r.t. x xlog .

7. Differentiate sin ( )- -1 24 1 4x x w.r.t. 1 4 2- x , if

(i) x Î -æ
èç

ö
ø÷

1

2 2

1

2 2
, (ii) x Îæ

èç
ö
ø÷

1

2 2

1

2
,

(iii) x Î - -æ
èç

ö
ø÷

1

2

1

2 2
,
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Higher Derivatives
of a Function
If y f x= ( ), then the derivative of

dy

dx
w.r.t. x is called the

second derivative of y w.r.t. x and it is denoted by
d y

dx

2

2
.

Also,
d y

dx

d

dx

dy

dx

2

2
= æ

èç
ö
ø÷

;
d y

dx

d

dx

d y

dx

3

3

2

2
=

æ

è
ç

ö

ø
÷ and so on.

The nth order derivative of y w.r.t. x is denoted by
d y

dx

n

n
. If

y f x= ( ), then other notations for
dy

dx

d y

dx

d y

dx

d y

dx

n

n
, , , ,

2

2

3

3
¼

are y y y y n1 2 3, , , ,¼ or y y y y n¢ ² ¢¢¢ ¼, , , , or

f x f x f x f xn¢ ² ¢¢¢ ¼( ), ( ), ( ) , , ( ).

Remark

If y is a function of x, given parametrically by x t= f( ) y t= y ( ),
then

d y

dx

d

dx

dy

dx

d

dx

t

t

d

dt

t2

2
= æ

èç
ö
ø÷ = ¢

¢
æ
èç

ö
ø÷

= ×
¢y

f

y( )

( )

( )

f¢
æ
èç

ö
ø÷ ´

( )t

dt

dx

y Example 56 If y x xe= 3 log , then find ¢¢y and ¢¢¢y .

Sol. Here, y x xe= 3 log Þ y x
x

x xe¢ = × + ×3 21
3 log

y x x xe¢ = + ×2 23 log

Again differentiating both sides, we get

¢¢ = + × + ×y x x x x
x

e2 6 3
12log

¢¢ = + ×y x x xe5 6 log

Differentiating again,

¢¢¢ = + × + ×y x x
x

5 6 6
1

log

¢¢¢ = +y x11 6log

y Example 57 If y x= sin(sin ), then prove that

¢¢+ ¢+ =y x y y x(tan ) cos 2 0.

Sol. Here, y x= sin(sin ) …(i)

Þ y x x¢ = ×cos(sin ) cos

Þ (sec ) cos(sin )x y x¢ = …(ii)

Again differentiating w.r.t. x, we get

(sec ) (sec tan ) sin(sin ) cosx y x x y x x¢¢ + ¢ = - ×
Þ ¢¢ + ¢ = - ×y x y x x(tan ) sin(sin ) cos2

Using Eq. (i), we get y x= sin(sin )

Þ ¢¢ + ¢ + =y x y x y(tan ) (cos )2 0

y Example 58 If ( ) /a bx e xy x+ = , show that

x y xy y3 2¢¢ = ¢ -( ) .

Sol. Here, ( ) /a bx e xy x+ = Þ e
x

a bx

y x/ =
+

Taking logarithm on both sides, we have

y

x

x

a bx
=

+
æ
èç

ö
ø÷

log …(i)

Þ y

x
x a bx= - +log log( )

Differentiating both sides, we get

xy y

x x

b

a bx

¢ - × = -
+

1 1
2

Þ xy y
ax

a bx
ae y x¢- =

+
=

( )

/ [from Eq. (i)]

Again taking logarithm on both sides, we get

log( ) log logxy y a
y

x
e¢ - = + ×

Again differentiating both sides w.r.t. x , we get

xy y y

xy y

xy y

x

¢¢ + ¢ - ¢
¢ -

= + ¢ - ×
0

1
2

( )

Þ x y xy y3 2¢¢ = ¢ -( ) .

y Example 59 If x a t t= +( sin ) and y a t= ( – cos )1 ,

then find
d y

dx

2

2
×

Sol. Here, x a t t= +( sin ) and y a t= ( – cos )1

Differentiating both sides w.r.t. t , we get
dx

dt
a t= +( cos )1 and

dy

dt
a t= (sin )

\ dy

dx

a t

a t

t t

t

t=
+

=
×

= æ
èç

ö
ø

sin

( cos )

sin cos

cos

tan
1

2
2 2

2
2

22
÷
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Again, differentiating both sides, we get

d y

dx

t dt

dx

2

2

2

2

1

2
= æ

èç
ö
ø÷

× ×sec = æ
èç

ö
ø÷

×
+

1

2 2

1

1

2sec
t

a t( cos )

= ×

æ
èç

ö
ø÷

æ
èç

ö
ø÷

1

2

2

2
2

2

2a

t

t

sec

cos

Hence,
d y

dx a

t2

2

41

4 2
= × æ

èç
ö
ø÷

sec

y Example 60 Show that the function y f x= ( ) defined

by the parametric equations x e t y e tt t= × = ×sin , cos ,

satisfies the relation y x y xy y¢¢ + = ¢( ) ( – )2 2 .

Sol. Here, x e tt= ×sin

On differentiating w.r.t. t , we get
dx

dt
e t e t e t tt t t= × + × = +cos sin (sin cos )

and y e tt= × cos

On differentiating w.r.t. t , we get
dy

dt
e t e tt t= × + ×(–sin ) (cos ) =e t tt (cos – sin )

So,
dy

dx

dy

dt
dx

dt

e t t

e t t

y x

y x

t

t
= =

+
=

+
(cos – sin )

(cos sin )

–

or
dy

dx

y x

y x
=

+
–

...(i)

On differentiating both sides w.r.t. x , we get

d y

dx

y x
dy

dx
y x

dy

dx

y x

2

2 2

1 1

=
+ ×ìí

î
ü
ý
þ

+ì
í
î

ü
ý
þ

+

( ) – –( – )

( )

or y
y x y y x y

y x
¢ ¢ = + × ¢ ¢ +

+
( ) ( – )–( – )( )

( )

1 1
2

Therefore, ( ) ( – )x y y xy y+ × ¢ ¢ = ¢2 2

1. If y x x= , then prove that
d y

dx y

dy

dx

y

x

2

2

2
1

0- æ
èç

ö
ø÷ - = .

2. If y A x B x= +cos (log ) sin (log ), then prove that x
d y

dx
x

dy

dx
y2

2

2
0+ + = .

3. If y x
x

a bx
=

+
æ
è
ç

ö
ø
÷log , then prove that x

d y

dx
x

dy

dx
y3

2

2

2

= -æ
èç

ö
ø÷ .

4. If y x x a= + +log ( ),2 2 then prove that ( )x a
d y

dx
x

dy

dx

2 2
2

2
0+ + = .

5. If y x x m= + +( ) ,2 1 then prove that ( ) .x y xy m y2
2 1

21 0+ + - =

6. If x at y at= =2 2, , then find
d y

dx

2

2
.

7. If x a= cos ,3 q y a= sin3 q, then find
d y

dx

2

2
.

8. If x
a

y= æ
èç

ö
ø÷tan log ,

1
then show that ( ) ( )1 22

2

2
+ = -x

d y

dx
a x

dy

dx
.

9. If x a b= +cos sinq q and y a b= -sin cos ,q q then prove that y
d y

dx
x

dy

dx
y2

2

2
0- + = .

10. If y
ax b

cx d
= +

+
, then prove that 2 31 3 2

2y y y= ( ) .

11. If x f t= ( ) and y t= f ( ), prove that
d y

dx

f f

f

2

2

1 2 2 1

1
3

=
f - f

, where suffixes denote differentiation w.r.t. ‘t ’.

12. If x t y Kt= =sin , sin , then show that ( ) .1 02
2 1

2- - + =x y xy K y

13. If
x b

a a ye

+ = -

2

1tan ( log ),a > 0, then prove that yy yy y y¢¢ - ¢ = ¢log ( ) .2

14. Let f x( ) be a polynomial function of degree 2 and f x( ) > 0 for all x RÎ . If g x f x f x f x( ) ( ) ( ) ( )= + ¢ + ¢ ¢ , then for

any x show that g x( ) .> 0
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Differentiation of a Function Given
in the Form of a Determinant
To find the derivative of a determinant, we differentiate
the row (or columns) keeping other rows (or columns)
unchanged, i.e.

If y

u x v x w x

p x q x r x

x x x

=
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )l m g
, then

dy

dx

u x v x w x

p x q x r x

x x x

u x v

=
¢ ¢ ¢

+
( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( )

l m g

( ) ( )

( ) ( ) ( )

( ) ( ) ( )

x w x

p x q x r x

x x x

¢ ¢ ¢
l m g

+
¢ ¢ ¢

u x v x w x

p x q x r x

x x x

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )l m g

The differentiation can also be done column-wise.

y Example 61 If f x

x x x

x x

x

( ) =

2 3

21 2 3

0 2 6

, then find

f x¢ ( ).

Sol. Here, f x

x x x

x x

x

( ) =

2 3

21 2 3

0 2 6

On differentiating, we get

f x

d

dx
x

d

dx
x

d

dx
x

x x

x

¢ =( )

( ) ( ) ( )2 3

21 2 3

0 2 6

+

x x x

d

dx

d

dx
x

d

dx
x

x

2 3

21 2 3

0 2 6

( ) ( ) ( ) +

x x x

x x

d

dx

d

dx

d

dx
x

2 3

21 2 3

0 2 6( ) ( ) ( )

or f x

x x

x x

x

x x x

x

x

x x x

x x¢ = + +( )

1 2 3

1 2 3

0 2 6

0 2 6

0 2 6

1 2 3

0 0

2

2

2 3 2 3

2

6

As we know, if any two rows or columns are equal, then
value of the determinant is zero.

\ f x¢( ) = + + =0 0 1 2 3

0 0 6

6 2

2 3

2 2 2

x x x

x x x x( – )

Therefore, f x x¢ =( ) 6 2

y Example 62 If f x

x a ab ac

ab x b bc

ac bc x c

( ) =
+

+
+

2

2

2

,

then find f x¢ ( ) .

Sol. We have, f x

x a ab ac

ab x b bc

ac bc x c

( ) =
+

+
+

2

2

2

\ f x ab x b bc

ac bc x c

x a ab ac

ac bc x c

¢ = +
+

+
+

+
( )

1 0 0

0 1 02

2

2

2

+
+

+
x a ab ac

ab x b bc

2

2

0 0 1

= + + + + +{( ) ( ) – } {( ) ( ) – }x b x c b c x a x c a c2 2 2 2 2 2 2 2

+ + +{( ) ( ) – }x a x b a b2 2 2 2

= + + +3 22 2 2 2x x a b c( )

y Example 63 Let f x

x x x

p p p

( )

sin cos

–=

3

2 3

6 1 0 , where p

is constant. Then, find
d

dx
f x

3

3
[ ( )] at x = 0.

[IIT JEE 1997]
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Sol. Given, f x

x x x

p p p

( )

sin cos

–=

3

2 3

6 1 0

On differentiating, we get

d

dx
f x

d

dx
x

d

dx
x

d

dx
x

p p p

[ ( )]

( ) (sin ) (cos )

(– )=

3

2 3
6 1 0

+ +
x x x

p p p

x x x3

2 3

3

0 0 0 6 1 0

0 0 0

sin cos sin cos

–

So,
d

dx
f x

x x x

p p p

[ ( )]

cos –sin

–=
3

6 1 0

2

2 3

Again differentiating, we get

d

dx
f x

x x x

p p p

2

2
2 3

6

6 1 0[ ( )]

–sin –cos

–= + Remaining

two determinants as zero.

Again differentiating, we get

d

dx
f x

x x

p p p

3

3
2 3

6

6 1 0[ ( )]

–cos sin

–= + Remaining two

determinants as zero

At x = 0,
d

dx
f x

p p p

3

3
2 3

6 1 0

6 1 0 0[ ( )]

–

–= =

\ d

dx
f x

x

3

3

0

0[ ( )]
æ

è
ç

ö

ø
÷ =

=at

(i.e. independent of p)

y Example 64 If y ax= cos , prove that

y y y

y y y

y y y

1 2

3 4 5

6 7 8

0= , where y
d

dx
yr

r

r
= .

Sol. Given, y ax= cos ( )

Then, y a ax a ax1
2

= = +æ
èç

ö
ø÷

– sin ( ) cos
p

y a ax a ax2
2 2 2

2
= = +æ

èç
ö
ø÷

– cos ( ) cos
p

y a ax a ax3
3 3 3

2
= + = +æ

èç
ö
ø÷

sin ( ) cos
p

..............................................................

..............................................................

y a
n

axn
n= +æ

èç
ö
ø÷

cos
p
2

\ The determinant D( )x

y y y

y y y

y y y

=
1 2

3 4 5

6 7 8

D( )

cos cos cos

cosx

ax a ax a ax

a=

+æ
èç

ö
ø÷

+æ
èç

ö
ø÷

p p

p
2

2

2

3

2

2

3 +æ
èç

ö
ø÷ +æ

èç
ö
ø÷

+æ
èç

ö
ø÷

ax a ax a ax

a

4 5

6

4

2

5

2

6

cos cos

cos

p p

p
2

7

2

8

2

7 8+æ
èç

ö
ø÷

+æ
èç

ö
ø÷

+æ
èç

ö
ø÷

ax a ax a axcos cos
p p

D( )

cos ( ) – sin ( ) – cos ( )

sin ( ) cos (x a a

ax a ax a ax

ax a ax= ´3 6

2

) – sin ( )

–cos ( ) sin( ) cos ( )

a ax

ax a ax a ax

2

2

D( ) ( )x a= ´9 0 { – }R R1 3®

Hence, D( )x = 0

y Example 65 If f x

x x

x x

x x

a b

a b

b a

( )

( ) ( )

( ) ( )

( ) ( )

,=
+ +

+ +
+ +

1 1 2 1

1 1 1 2

1 2 1 1

then find

(i) constant term (ii) coefficient of x.

Sol. Here, f x

x x

x x

x x

a b

a b

b a

( )

( ) ( )

( ) ( )

( ) ( )

=
+ +

+ +
+ +

1 1 2 1

1 1 1 2

1 2 1 1

= + + +A Bx Cx 2
K ...(i)

Putting x = 0, we get

f A B C( ) ( ) ( )0

1 1 1

1 1 1

1 1 1

0 0 2= = + + + K

Þ A = 0

Again, differentiating Eq. (i) w.r.t. x , we get

f x

a x b x

x x

x

a b

a b

b

¢ =
+ +

+ +
+

( )

( ) ( )

( ) ( )

( ) (

– –1 2 1 2 0

1 1 1 2

1 2 1

1 1

1 + x a)

+
+ +

+ +
+ +

( ) ( )

( ) ( )

( ) ( )

– –

1 1 2 1

0 1 2 1 2

1 2 1 1

1 1

x x

a x b x

x x

a b

a b

b a

+
+ +

+ +
+ +

( ) ( )

( ) ( )

( ) ( )– –

1 1 2 1

1 1 1 2

2 1 2 0 11 1

x x

x x

b x a x

a b

a b

b a

= + +B Cx2 K
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f

a b

a b

b a

B¢ = + + =( )0

2 0

1 1 1

1 1 1

1 1 1

0 2

1 1 1

1 1 1

1 1 1

2 0

Þ B = 0 ...(ii)

\Coefficient of constant term = coefficient of x = 0.

y Example 66 If a b Ni i, Î for i = 1 2 3, , , then coefficient

of x in the determinant;

( ) ( ) ( )

( ) ( ) ( )

1 1 1

1 1 1

1 1 1 2 1 3

2 1 2 2

+ + +
+ + +

x x x

x x x

a b a b a b

a b a b a b

a b a b a bx x x

2 3

3 1 3 2 3 31 1 1( ) ( ) ( )+ + +

Sol. Here,

( ) ( ) ( )

( ) ( ) ( )

1 1 1

1 1 1

1 1 1 2 1 3

2 1 2 2

+ + +
+ + +

x x x

x x x

a b a b a b

a b a b a b

a b a b a bx x x

A Bx Cx2 3

3 1 3 2 3 31 1 1

2

( ) ( ) ( )+ + +
= + + + K

Differentiating both the sides w.r.t. x , we get

a b x x x

a b x

a b a b a b

a b

1 1
1

2 1
1

1 1 1

1 1

1 1 1 2 1 3

2 1

( ) ( ) ( )

( ) (

–

–

+ + +
+ + +
+ + +

x x

a b x x x

a b a b

a b a b a b

) ( )

( ) ( ) ( )–

2 2 2 3

3 1 3 2 3 3

1

1 1 13 1
1

+
+ + +
+ +

( ) ( ) ( )

( ) (

–1 1 1

1 1

1 1 1 2 1 3

2 1

1 2
1

2 2

x a b x x

x a b

a b a b a b

a b x x

x a b x x

a b a b

a b a b a b

) ( )

( ) ( ) ( )

–

–

2 2 2 3

3 1 3 2 3 3

1

3 2
1

1

1 1 1

+
+ + +

+
+ + +
+ +

( ) ( ) ( )

( ) ( )

–1 1 1

1 1

1 1 1 2 1 3

2 1 2

1 3
1x x a b x

x x

a b a b a b

a b a b a b

a b a b a b

a b x

x x a b x

2 2 3

3 1 3 2 3 3

2 3
1

3 3
1

1

1 1 1

( )

( ) ( ) ( )

–

–

+
+ + +

= + +B Cx2 K

Putting x = 0,

B

a b

a b

a b

a b

a b

a b

a b

a= + +
1 1

2 1

3 1

1 2

2 2

3 2

1 3

2

1 1

1 1

1 1

1 1

1 1

1 1

1 1

1 1 b

a b

3

3 31 1

Þ B = 0

1. If f x g x( ), ( ) and h x( ) are three polynomials of degree 2, then prove that f = ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢ ¢

( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

x

f x g x h x

f x g x h x

f x g x h x
is a constant polynomial.

2. If f g, and h are differentiable functions of x and D = ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢ ¢

f g h

xf x g xh

x f x g x h

( ) ( ) ( )

( ) ( ) ( )2 2 2

.

Prove that D¢ = ¢ ¢ ¢
¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

f g h

f g h

x f x g x h( ) ( ) ( )3 3 3

.

3. Find
dy

dx
at x = -1, when (sin ) ( ) tan {log ( )} .

sin

y x x

x

x
e

p
2 13

2
2 2 2 0+ + + =-sec
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Derivative of an
Inverse Function
Theorem If the inverse functions f and g are defined by

y f x= ( ) and x g y= ( ) and if f x¢ ( ) exists and f x¢ ¹( ) 0,

then g y
f x

¢ =
¢

( )
( )

1
. This result can also be written as, if

dy

dx
exists and

dy

dx
¹ 0, then

dx

dy dy

dx

= 1
or

dy

dx

dx

dy
. = 1 or

dy

dx dx

dy

= 1
Q

dx

dy
¹é

ë
ê

ù

û
ú0

y Example 67 If y f x x x= = +( ) 3 5 and g is the

inverse of f , then find g ¢ ( )2 (means dx dy/ when
y = 2 ).

Sol. Here, y x x= +3 5

On differentiation, we get

dy

dx
x x= +3 52 4 Þ g y

dx

dy
¢ =( ) =

+
1

3 52 4x x

when y = 2, then 2 3 5= +x x Þ x = 1

\ g
dx

dy x
y

¢ = ù

û
ú =

+
=

=
=

( )2
1

3 5

1

81
2

Aliter y f x x g y= =( ), ( )

( )( )gof x x=
g f x f x¢ ¢ =[ ( )] ( ) 1

when f x( ) = 2, then x = 1

g f¢ × ¢ =( ) ( )2 1 1 [but f ¢ =( )1 8]

\ g ¢ =( ) /2 1 8

y Example 68 Let f x x x x( ) exp ( )= + +3 2 for any real

number x and let g be the inverse function for f . The
value of g e¢ ( )3 is

(a)
1

6
3

e

(b)
1

6
(c)

1

34
39

e

(d) 6

Sol. Let y e x x x= + +3 2

,

On differentiating,
dy

dx
e x xx x x= × + ++ +3 2

3 2 12( )

Þ g y
dx

dy e x xx x x
¢ = =

× + ++ +
( )

[ ]

1

3 2 1
3 2 2

y e= 3

Þ e e x x x3 3 2

= + +

Þ x x x3 2 3 0+ + - =
Þ ( )( )x x x- + + =1 2 3 02

Þ x = 1 [Qx x2 2 3 0+ + > ]

\ g e
e

¢ =( )3

3

1

6

Hence, (a) is the correct option.

1. The function f x e xx( ) = + , being differentiable and one to one, has a differentiable increase f x- 1( ). Find

d

dx
f x( ( ))- 1 at point f (log )2 .

2. Let g x( ) be the inverse of an invertible function f x( ) which is differentiable for all real x , then find ¢¢g f x( ( )).

3. Let g x( ) be the inverse of an invertible function f x( ) which is differentiable at x c= , then g f c¢( ( )) equals

(a) f c¢ ( ) (b)
1

f c¢ ( )
(c) f c( ) (d) None of these

4. If f x x x( ) tan= + and f is inverse of g, then g x¢( ) equals

(a)
1

1 2+ -[ ( ) ]g x x
(b)

1

2 2- -[ ( ) ]g x x
(c)

1

2 2+ -[ ( ) ]g x x
(d) None of  these
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l Ex. 1 Let f be a twice differentiable function such that

f x f x¢ ¢ =( ) – ( ) and f x g x¢ =( ) ( ). If

h x f x g x( ) { ( )} { ( )}= +2 2 , where h( )5 11= . Find h( )10 .

(a) 0 (b) 9

(c) 11 (d) None of these

Sol. (c) Given, h x f x g x( ) { ( )} { ( )}= +2 2

On differentiating both the sides w.r.t. x, we get

h x f x f x g x g x¢ = × ¢ + × ¢( ) ( ) ( ) ( ) ( )2 2 ...(i)

Now, f x g x¢ =( ) ( ).

Then, f x g x¢ ¢ = ¢( ) ( )
Þ – ( ) ( )f x g x= ¢ ...(ii)

[... ( ) – ( ),f x f x¢ ¢ = given]

From Eqs. (i) and (ii), we get
h x f x g x g x f x¢ = × + ×( ) ( ) ( ) ( ) {– ( )}2 2

[using f x g x¢ =( ) ( ) and g x f x¢ =( ) – ( )]

\ h x¢ =( ) 0

So, h x( ) must be constant. Q

d

dx
(constant) = 0

é
ëê

ù
ûú

But h( )5 11=
h x( ) = 11

So, h( )10 11=

l Ex. 2 Let f x( ) be a real valued differentiable function

not identically zero such that

f x y f x f yn n
( ) ( ) { ( )} ,+ = ++ +2 1 2 1 n NÎ and x y, are any

real numbers and f ¢ ³( )0 0. Find the values of f ( )5 and

f ¢ ( )10 .

(a) 3, 2 (b) 0, 1

(c) 1, 5 (d) 5, 1

Sol. (d) Here,f x y f x f yn n( ) ( ) { ( )}+ = ++ +2 1 2 1 ...(i)

Putting x y= =0 0, , we get

f f f n( ) ( ) { ( )}0 0 0 2 1= + + Þ f ( )0 0=

f ¢ ³( )0 0 [given]

Þ lim
( ) – ( )

–x

f x f

x®
³

0

0

0
0 Þ lim

( )

x

f x

x®
³

0
0

Now, if x >0 Þ f x( ) ³ 0 ...(ii)

Putting x = 0, y = 1 in Eq. (i), we get

f f f n( ) ( ) { ( )}1 0 1 2 1= + + or f f n( ) [ – { ( )} ]1 1 1 02 =

\ f ( )1 0= or 1 [using Eq. (ii)]

Putting y = 1 in Eq. (i), for all real x.

f x f x f n( ) ( ) { ( )}+ = + +1 1 2 1 ...(iii)

Now, two cases arise either f ( )1 0= or 1

Case I If f ( )1 0=
Þ f x f x( ) ( )+ =1 [using Eq. (iii)]

Þ f f f( ) ( ) ( ) ....1 2 3 0= = = =
\ f x( ) is identically zero. (which is not possible)

Case II If f ( )1 1=
Þ f x f x( ) ( )+ = +1 1 [using Eq. (iii)]

\ f f( ) ( )2 1 1 1 1 2= + = + =
f f( ) ( )3 2 1 2 1 3= + = + =

f f( ) ( )4 3 1 3 1 4= + = + =
f f( ) ( )5 4 1 4 1 5= + = + =

Proceeding in same way, we get

f x x( ) = and f x¢ =( ) 1 Þ f ¢ =( )10 1

So, f ( )5 5= and f ¢ =( )10 1

l Ex. 3 Let f
x y f x f y+æ

èç
ö
ø÷

= +
2 2

( ) ( )

and f a¢ =( )0 and

f b( )0 = . Find f x¢ ¢ ( ) (where y is independent of x), when

f x( ) is differentiable.

(a) 0 (b) 1

(c) a (d) None of these

Sol. (a) Here f
x y f x f y+æ

èç
ö
ø÷ = +

2 2

( ) ( )
, this holds for any real x y,

and y is independent of x. i.e.
dy

dx
= 0

On differentiating w.r.t. x, we get

f
x y dy

dx
f x f y

dy

dx
¢ +æ
èç

ö
ø÷ × +æ

èç
ö
ø÷ = ¢ + ¢ ×ì

í
î

ü
2

1

2
1

1

2
( ) ( ) ý

þ

\ 1

2 2

1

2
f

x y
f x¢ +æ

èç
ö
ø÷ = ¢( ) as

dy

dx
=é

ëê
ù
ûú

0

Þ f
x y

f x¢ +æ
èç

ö
ø÷ = ¢

2
( ) ...(i)

Taking x = 0 and y x= in Eq. (i), we get

f
x

f¢ +æ
èç

ö
ø÷ = ¢0

2
0( ) Þ f

x
a¢æèç

ö
ø÷ =

2
[ ( ) ,Q f a¢ =0 given]

which shows f
x

a
x

c
2 2

æ
èç

ö
ø÷ = æ

èç
ö
ø÷ + [using integration]

\ f x ax c( ) = +
Let x = 0

Þ f b c( )0 = =
\ f x ax b( ) = +
On differentiating,

f x a¢ =( ) and ¢¢ =f x( ) 0

Single Option Correct Type Questions
JEE Type Solved Examples :



l Ex. 4 If y
a x a x b x x b

a x x b
=

- - - - -
- + -

( ) ( )

, then find
dy

dx

whenever defined.

(a)

x a b

a x x b

- +
- -

( )

( )( )

(b)

2x a b

a x x b

+ +
- -

( )

( )

(c)

2

2

x a b

a x x b

- +
- -

( )

( )( )

(d) None of these

Sol. (c) Here, y
a x x b

a x x b
= - + -

- + -
( ) ( )

( ) ( )

/ /

/ /

3 2 3 2

1 2 1 2
, use

a b a b a ab b3 3 2 2+ = + - +( )( )

\ y

a x x b a x

a x x b x b
=

- + - -

- - - + -

é

ë
ê
ê

ù{( ) ( ) }{( )

( )( ) ( )}

/ /1 2 1 2

û
ú
ú

- + -{( ) ( ) }/ /a x x b1 2 1 2

Þ y a b ax bx ab x= - - + - -( ) ( )2

\ dy

dx

a b x

a x x b
= - + -

- -
( )

( )( )

2

2

Þ dy

dx

x a b

a x x b
= - +

- -
2

2

( )

( )( )

l Ex. 5 If x y R R2 2 2

0+ = >( ), then K
y

y
= ¢¢

+ ¢( ( ) )1
2 3

.

Find K in terms of R.

(a)

1

R
(b) - 1

R

(c) R (d)

1

2R

Sol. (b) Here, x y R2 2 2+ =
On differentiating w.r.t. x, we get

2 2 0x yy+ ¢ = Þ x yy+ ¢ = 0

Þ y
x

y
¢ = - …(i)

Again, differentiating both the sides,

1 02+ ¢¢ + ¢ =yy y( )

\ y
y

y
¢ ¢ = - + ¢( ( ) )1 2

…(ii)

Now, K
y

y

y

y y
= ¢¢

+ ¢
= - + ¢

× + ¢( ( ) )

( ( ) )

( ( ) ) /
1

1

12 3

2

2 3 2

= -
+ ¢

= -

+

1

1

1

1
2 2

2

y y
y

x

y

( )
[from Eq. (i)]

= -
+

= -1 1
2 2x y R

\ K
R

= - 1

l Ex. 6 Let f x x x( ) sin= + , suppose g denotes the inverse

function of f . Then, find the value of g ¢ +æ
èç

ö
ø÷

p
4

1

2

.

(a) 2 2+ (b) 2 2-

(c) 2 2- (d) 2 2

Sol. (c) Here, f x x x( ) sin= +

\ dy

dx
x= +1 cos Þ g y

dx

dy x
¢ = =

+
( )

cos

1

1

where, y x x= + = +p
4

1

2
sin Þ x = p

4

\ g ¢ +æ
èç

ö
ø÷ =

+

p
4

1

2

1

1
1

2

=
+

= -2

2 1
2 2

l Ex. 7 Let e xf x( )

log= . If g x( ) is the inverse of f x( ),

then find g x¢ ( ).

(a) ee x

(b) e x
(c) ee xx +

(d) None of these

Sol. (c) Let f x y( ) = Þ x f y g y= =-1( ) ( )

Þ x eey

= Þ dx

dy
e e e g ye y e yy y

= × = = ¢+ ( )

\ g x ee xx

¢ = +( )

l Ex. 8 If f x x x a x a a( ) cos sin sin= - + × ×4 6 2 3 2 6
3 2

+ -log ( )2
2a a , then

(a) f ¢ æ
èç

ö
ø÷

<1

2

0 (b) f ¢ æ
èç

ö
ø÷

£1

2

0

(c) f ¢ æ
èç

ö
ø÷

>1

2

0 (d) None of these

Sol. (c) Here, f x x x a x a a( ) cos sin sin= - + ×4 6 2 3 2 63 2

+ -log ( )2 2a a for f x( ) to exists.

log ( )2 02a a- ³ Þ ( )2 2 0a a e- ³

i.e. 2 12a a- ³ or a a2 2 1 0- + £ Þ ( )a - £1 02

which is only possible, if ( )a - =1 02 , i.e. a = 1.

\ f x x x x( ) cos sin sin= - + ×4 6 2 3 2 63 2

Þ f x x x¢ = - +( ) cos sin sin12 12 2 3 2 62

Þ f ¢ æ
èç

ö
ø÷ = - +1

2
3 6 2 3 2 6cos sin sin

= + -3 1 2 6 6 2( sin sin ) cos Þ f ¢ æ
èç

ö
ø÷ >1

2
0

Note

cos 2 0< and 1 2 6 0+ >sin sin
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l Ex. 9 Suppose, f x e eax bx
( ) ,= + where a b¹ and

¢¢ - ¢ - =f x f x f x( ) ( ) ( )2 15 0 for all x RÎ . Then, find ab.

(a) 15 (b) –15 (c) 10 (d) 16

Sol. (b) f x e eax bx( ) = +

Þ f x ae beax bx¢ = +( ) , f x a e b eax bx¢ ¢ = +( ) 2 2

\ f x f x f x¢ ¢ - ¢ - =( ) ( ) ( )2 15 0

Þ { } { }a e b e ae beax bx ax bx2 2 2+ - +
- + =15 0{ }e eax bx , for all x.

Þ ( ) ( ) ,a a e b b eax bx2 22 15 2 15 0- - + - - = for all x.

Þ a a2 2 15 0- - = and b b2 2 15 0- - =

Þ ( )( )a a- + =5 3 0

and ( )( )b b- + =5 3 0

Þ a = 5 or – 3

and b = 5 or – 3

But a b¹ , hence, a b= = -5 3,

or a = -3,b = 5 Þ ab = -15

l Ex. 10 The functions u e xx= × sin andv e xx= × cos

satisfy the equation

(a) v
du

dx
u

dv

dx
u v- = +2 2

(b) v
du

dx
u

dv

dx
u v+ = +2 2

(c)

du

dx

dv

dx
v+ = 2 (d)

du

dx

dv

dx
u+ = 2

Sol. ( , )a c We have, u e xx= sin , v e xx= cos

Differentiating both the equations w.r.t. x, we get

du

dx
e x xx= +(sin cos ) …(i)

and
dv

dx
e x xx= -(cos sin ) …(ii)

Now,
du

dx

dv

dx
e xx+ = 2 cos [using Eqs. (i) and (ii)]

Þ du

dx

dv

dx
v+ = 2

Also,
du

dx
u v= + and

dv

dx
v u= -

\ v
du

dx
uv v= + 2 and u

dv

dx
uv u= - 2

Þ v
du

dx
u

dv

dx
u v- = +2 2

l Ex. 11 If y x+ + =log ( )1 0, then which of the following

is true?

(a) e xyy = ¢ + 1 (b) y
x

¢ = -
+
1

1( )

(c) y e y¢ + = 0 (d) y e y¢ =

Sol. (a, b, c) We have, y xe+ + =log ( )1 0

Þ y x= - +log ( )1 Þ y x= + -log( )1 1

Þ e
x

y =
+
1

1
…(i)

Þ xe ey y+ = 1

On differentiating w.r.t. x, we get

xe y e e yy y y¢ + + ¢ = 0

xy y¢ + ¢ + =1 0 [Qey ¹ 0] …(ii)

Þ y
x

¢ = -
+
1

1

Þ y ey¢ = - [from Eq. (i)]

Þ y ey¢ + = 0

From Eq. (ii), we have

xy y¢ + = - ¢1 Þ xy ey¢ + =1

l Ex. 12 If x y x yp q p q× = + +
( ) , then

dy

dx
is

(a) independent of p

(b) independent of q

(c) dependent both p and q

(d)

y

x

Sol. (a, b, d ) We have, x y x yp q p q× = + +( )

On taking log both sides, we get

p x q y p q x ylog log ( ) log ( )+ = + +
On differentiating w.r.t. x, we get

p

x

q

y

dy

dx

p q

x y

dy

dx
+ = +

+
+æ

èç
ö
ø÷1

Þ dy

dx

q

y

p q

x y

p q

x y

p

x
- +

+
æ
è
ç

ö
ø
÷ = +

+
-

Þ dy

dx

y

x
=

l Ex. 13 Two functions f and g have first and second

derivatives at x = 0 and satisfy the relations f
g

( )

( )

0

2

0

= ,

f g g¢ = ¢ =( ) ( ) ( )0 2 0 4 0 , ¢¢ = ¢¢ = =g f f( ) ( ) ( )0 5 0 6 0 3 Then,
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(a) If h x
f x

g x
( )

( )

( )

= , then h ¢ =( )0

15

4

(b) If k x f x g x x( ) ( ) ( ) sin= × × , then k ¢ =( )0 2

(c) lim

( )

( )x

g x

f x®

¢
¢

=
0

1

2

(d) None of the above

Sol. (a, b, c) We have, f
g

( )
( )

0
2

0
= ,

f g g¢ = ¢ =( ) ( ) ( )0 2 0 4 0

¢¢ = ¢¢ = =g f f( ) ( ) ( )0 5 0 6 0 3

Now, on solving these equations, we get

f ( )0
1

2
= , g( )0 4= , f ¢ =( )0 16, g ¢ =( )0 8

¢¢ =f ( )0
3

5
, ¢¢ =g ( )0 3

(a) We have, h x
f x

g x
( )

( )

( )
= ,

h x
g x f x g x f x

g x
¢ = ¢ - ¢ ¢
( )

( ) ( ) ( ) ( )

[ ( )]2

\ h
g f g f

g
¢ = ¢ - ¢ ¢
( )

( ) ( ) ( ) ( )

[ ( )]
0

0 0 0 0

0 2

=
´ - ´

=
4 16 8

1

2

4

15

42( )

(b) k x f x g x x( ) ( ) ( ) sin= × ×
k x f x g x x f x x g x¢ = + × ¢( ) ( ) ( ) cos ( ) sin ( ) + ¢g x xf x( )sin ( )

k f g f g¢ = + ¢( ) ( ) ( ) cos ( )sin ( )0 0 0 0 0 0 0 + ¢g f( )sin ( )0 0 0

k ¢ = ´ ´ + + =( )0
1

2
4 1 0 0 2

(c) lim
( )

( )

( )

( )x

g x

f x

g

f®

¢
¢

= ¢
¢

=
0

0

0

1

2

l Ex. 14 If f x x x( ) | | | |= - +2

3 2 , then which of the

following is/are true?

(a) f x x¢ = -( ) 2 3 for x Î È ¥( , ) ( , )0 1 2

(b) f x x¢ = +( ) 2 3 for x Î - ¥ - È -( , ) ( , )2 1 0

(c) f x x¢ = - -( ) 2 3 for x Î - -( , )2 1

(d) None of the above

Sol. ( , , )a b c We have,

f x x x
x x x

x x x
( ) | | | |

| |,

| |,
= - + = - + ³

+ + <

ì
í
î

2
2

2
3 2

3 2 0

3 2 0

Þ f x

x x x x x

x x x x x

x
( )

, ,

, ,=

- + - + ³ ³
- + - - + < ³

2 2

2 2

2

3 2 3 2 0 0

3 2 3 2 0 0

+ + + + ³ <
- - - + + < <

ì

í
ï
ï

î
ï
ï

3 2 3 2 0 0

3 2 3 2 0 0

2

2 2

x x x x

x x x x x

, ,

, ,

Þ f x

x x x

x x x

x x
( )

, [ , ] ( , )

, ( , )

,
=

- + Î È ¥
- + + Î

+ +

2

2

2

3 2 0 1 2

3 2 1 2

3 2 x

x x x

Î - ¥ - È -
- - + Î - -

ì

í
ï
ï

î
ï
ï

( , ] [ , )

, ( , )

2 1 0

3 2 2 12

Þ f x

x x

x x

x x
¢ =

- Î È ¥
- + Î

+ Î - ¥ -
( )

, ( , ) ( , )

, ( , )

, ( ,

2 3 0 1 2

2 3 1 2

2 3 2) ( , )

, ( , )

È -
- - Î - -

ì

í
ïï

î
ï
ï

1 0

2 3 2 1x x
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n Directions (Ex. Nos. 15-17) This section is based on

Statement I and Statement II. Select the correct answer

from the codes given below.

(a) Both Statement I and Statement II are correct and

Statement II is the correct explanation of Statement I

(b) Both Statement I and Statement II are correct but

Statement II is not the correct explanation of Statement I

(c) Statement I is correct but Statement II is incorrect

(d) Statement II is correct but Statement I is incorrect

l Ex. 15 Consider f x
x

x
( ) =

-2

1

and g x f x( ) ( )= ¢¢

Statement I Graph of g x( ) is concave up for x >1 .
Statement II

d

dx
f x

n

x x

n

n

n

n n
( )

( ) !

( ) ( )

= -
+

+
-

ì
í
î

ü
ý
þ

+ +
1

2

1

1

1

1
1 1

n NÎ

Sol. (b) We have, f x
x

x
( ) =

-2 1
Þ f x

x

x x
( )

( )( )
=

+ -1 1

Þ f x
x x

( ) =
+

+
-

é

ë
ê

ù

û
ú

1

2

1

1

1

1

Þ f x
x x

¢ = -
+

-
-

é

ë
ê

ù

û
ú( )

( ) ( )

1

2

1

1

1

12 2

Þ ¢¢ = - -
+

+
-

é

ë
ê

ù

û
úf x

x x
( )

( )( )

( ) ( )

1 2

2

1

1

1

13 3

M M

Þ f x
n

x x

n
n

n n
( )

( ) !

( ) ( )
= -

+
+

-
é

ë
ê

ù

û
ú+ +

1

2

1

1

1

11 1

Now, g x f x( ) ( )= ¢¢
g x f x¢ = ¢¢¢( ) ( )

Þ ¢¢ = ¢¢¢¢g x f x( ) ( )

Statements I and II Type Questions
JEE Type Solved Examples :



Þ ¢¢ = -
+

+
-

é

ë
ê

ù

û
úg x

x x
( )

( ) !

( ) ( )

1 4

2

1

1

1

1

4

5 5

Þ ¢¢ =
+

+
-

é

ë
ê

ù

û
úg x

x x
( )

!

( ) ( )

4

2

1

1

1

15 5

\ ¢¢ >g ( )1 0

\Graph of g x( ) is concave up for x > 1.

Hence, both statements are correct but Statement II is not the
correct explanation of Statement I.

l Ex. 16 Statement I If differentiable function f x( )

satisfies the relation f x f x( ) ( )+ - =2 0, " Îx R, and if
d

dx
f x

x a

( )
æ
èç

ö
ø÷

=
=

6, then
d

dx
f x

a

( )
æ
èç

ö
ø÷

=
+ 4000

6

Statement II f x( ) is a periodic function with period 4.

Sol. (a) We have, f x f x( ) ( )+ - =2 0 …(i)

Replace x by x - 2 in Eq. (i), we have

f x f x( ) ( )- + - =2 4 0 …(ii)

From Eqs. (i) and (ii),

f x f x( ) ( )- - =4 0 …(iii)

Replace x by x + 4 in Eq. (iii), we get

f x f x( ) ( )+ - =4 0

Þ f x f x( ) ( )+ =4

Þ f x f x f x( ) ( ) ( )= + = +4 8 … f x( )+ 4000

Þ f x f x¢ = ¢ +( ) ( )4000

Hence, both the statements are true and Statement II is the
correct explanation of Statement I.

l Ex. 17 Statement I Let f x x x( ) [ ]= and[ ]× denotes

greatest integer function, when x is not an integral, then rule

for f x¢ ( ) is given by [ ]x .

Statement II f x¢ ( ) does not exist for any x ZÎ .

Sol. (a) f x x x

x x

x

x x

x x

( ) [ ]

,

,

,

,

= =

- - £ <
£ <
£ <
£ <

ì

í

ï
ï

î

ï
ï

1 0

0 0 1

1 2

2 2 3
M M

Þ f x

x

x

x

x

¢ =

- - < <
< <
< <
< <

ì

í

ï
ï

î

ï
ï

( )

,

,

,

,

1 1 0

0 0 1

1 1 2

2 2 3
M M

Þ f x x¢ =( ) [ ]

Hence, both statements are true and Statement II is the correct
explanation of Statement I.
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Passage I
(Ex. Nos. 18 to 20)

A non-zero polynomial with real coefficients has the property

that f x f x f x¢ ¢ × ¢ =( ) ( ) ( ). Then,

l Ex. 18 The leading coefficient of f x( ), is

(a) 1/6 (b) 1/9

(c) 1/12 (d) 1/18

l Ex. 19 The degree of f x( ), is

(a) 2 (b) 3

(c) 4 (d) 5

l Ex. 20 The value of ¢¢¢f x( ), is

(a) 1/18 (b) 1/3

(c) 1/9 (d) 1/6

Sol. (Ex. Nos. 18 to 20)

Let degree of f x n( ) =
\ Degree of f x n¢ = -( ) ,1 degree of f x n¢ ¢ = -( ) 2

Since, f x f x f x¢ ¢ × ¢ =( ) ( ) ( )

Þ ( ) ( )n n n- + - =1 2

Þ 2 3n n- = or n = 3

\ Degree of f x( ) = 3

Hence, f x ax bx cx d( ) = + + +3 2

Þ f x ax bx c¢ = + +( ) 3 22

Þ f x ax b¢ ¢ = +( ) 6 2

f x a¢ ¢ ¢ =( ) 6

As, f x f x f x¢ ¢ × ¢ =( ) ( ) ( )

Þ ( )( )6 2 3 22ax b ax bx c+ + + = + + +( )ax bx cx d3 2

On comparing coefficients of x 3, we get

18 2a a= Þ a = 0
1

18
,

\ a = 1

18
[Qa ¹ 0]

The leading coefficient of f x( ) = 1

18
and ¢¢¢ = =f x a( ) 6

1

3
.

18. (d) 19. (b) 20. (b)

Passage Based Questions
JEE Type Solved Examples :



Passage II
(Ex. Nos. 21 to 22)

The ends A and B of a rod of length 5 are sliding along the curve

y x= 2 2
. Let x and xA B be the x-coordinate of the ends. Then,

l Ex. 21 The moment when A is at ( , )0 0 and B is

at (1, 2). The derivative
dx

dx

B

A

, is

(a)

1

9

(b)

1

7

(c)

1

5

(d) None of these

l Ex. 22 The moment when A is at (1, 2) and B is

at (0, 0). The derivative
dx

dx

B

A

, is

(a) 16 (b) 8 (c) 9 (d) 2

Sol. (Ex. Nos. 21 to 22)

We have, y x= 2 2

( ) ( ) ( )AB x x x xB A B A
2 2 2 2 22 2 5= - + - =

Þ ( ) ( )x x x xB A B A- + - =2 2 2 24 5

Differentiating w.r.t. xA and denoting
dx

dx
DB

A

=

2 1 8 2 2( )( ) ( )x x D x xB A B A- - + - × - ={ }2 2 0x D xB A …(i)

Now, when A( , )0 0 and B( , )1 2 Þ xA = 0, xB = 1

Then,  Eq. (i) reduces to

2 1 0 1 8 1 0 2 0 0( ) ( ) ( ) { }- - + - - =D D

Þ 2 2 16 0D D- + =

Þ D = 1

9
Þ dx

dx

B

A

= 1

9

Again, when A( , )1 2 and B( , )0 0 Þ x xA B= =1 0,

Eq. (i) reduces to

2 0 1 1 8 0 1 0 2 0( )( ) ( ) { }- - + - - =D

Þ - + + =2 2 16 0D Þ D = 9

\ dx

dx

B

A

= 9

21. (a) 22. (c)

Passage III
(Ex. Nos. 23 to 24)

The figure of y P x ax bx cx dx ex f= = + + + + +( ) 5 4 3 2
is

given below

l Ex. 23 If P x¢¢ ( ) has real roots a b g, , .

Then,[ ] [ ] [ ]a b g+ + is

(a) -2 (b) -3

(c) -1 (d) 0

Sol. (b) Here, P x¢ =( ) 0 at x = -2, -1, 0,
1

2
.

Þ P x¢¢( ) will have real roots belongs to ( , ),- -2 1 ( , ), ,- æ
èç

ö
ø÷1 0 0

1

2
.

[Q between any two roots of a function, atleast
one root of its derivative exist]

\ [ ] [ ] [ ]a b g+ + = -3

l Ex. 24 The minimum number of real roots of equation

( ( )) ( ) ( )P x P x P x¢¢ + ¢ × ¢¢¢ =2

0

(a) 5

(b) 7

(c) 6

(d) 4

Sol. (c) Let f x P x P x P x( ) ( ( )) ( ) ( )= ¢¢ + ¢ × ¢¢¢2

Þ f x
d

dx
P x P x( ) ( ( ) ( ))= ¢ × ¢¢

Since, P x¢( ) has 4 real roots.

So, P x¢¢( ) has 3 real roots.

Þ f x( ) has 6 real roots.
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(–2, 2)

(0, 1)

2
X

Y

X′

Y′

11/20–1–2–3

(1/2,–1)
–1



l Ex. 25 Match the Column I with Column II and mark the

correct option from the codes given below.

Column I Column II

(i)

If f x x¢ = +( ) 3 62 and y f x= ( )3 then at

x = 1,
dy

dx
is

p. - 2

(ii) If f is a differentiable function such that

f xy f x f y( ) ( ) ( )= + : x, y RÎ , then

f e f e( ) ( / )+ 1 is

q. - 1

(iii) If f is a twice differentiable function such

that ¢¢ = -f x f x( ) ( ) and f x g x¢ =( ) ( ). If

h x f x g x( ) [ ( )] [ ( )]= +2 2 and h( )5 9= , then

h( )10 is

r. 0

(iv)

y x x= +- -tan (cot ) cot (tan )1 1 ,

p p
2

< <x , then
dy

dx
is

s. 9

Codes

i ii iii iv i ii iii iv

(a) s r s p (b) p q r s

(c) q p r r (d) s p q q

Sol. (a) (i) Q y f x= ( )3

\ dy

dx
f x x= ¢ ×( )3 23

dy

dx
f

x

æ
èç

ö
ø÷ = ¢ × =

= 1

1 3 9( )

(ii) Q f xy f x f y( ) ( ) ( )= +
Put x y= = 1,

f f f( ) ( ) ( )1 1 1= +
\ f ( )1 0=
Also, f f e f e( ) ( ) ( / )1 1= +

i.e. x e= , y
e

= 1

\ f e f e( ) ( / )+ =1 0

(iii) Q ¢¢ = -f x f x( ) ( ) and g x f x( ) ( )= ¢
\ g x f x f x¢ = ¢¢ = -( ) ( ) ( ) …(i)

Also, h x f x g x( ) [ ( )] [ ( )]= +2 2

\ h x f x f x g x g x¢ = ¢ + ¢( ) ( ) ( ) ( ) ( )2 2

= - =2 2 0f x g x g x f x( ) ( ) ( ) ( )

\ h x c( ) = , " Îx R

Here, h( )5 9= Þ h( )10 9=

(iv)Q y x x= +- -tan (cot ) cot (tan )1 1 ,
p p
2

< <x

\ dy

dx

x

x

x

x
= -

+
+ -

+
cosec2

2

2

21

1

1cot

( )sec

tan
= - - = -1 1 2

Hence, (i) ® s;    (ii) ® r;   (iii) ® s;  (iv) ® p

l Ex. 26 Match the Column I with Column II and mark the

correct option from the codes given below.

Column I Column II

(i) If y x= -cos (cos )1 , then y¢ at x = 5 is

equal to

p. - 1

(ii) For the function

f x
x

e( ) log tan= +æ
èç

ö
ø÷

p
4 2

, if

dy

dx
x p= +sec , then p is equal to

q. 0

(iii) The derivative of tan- +
-

æ
è
ç

ö
ø
÷1 1

1

x

x
at x = - 1

is

r. 1/2

(iv) The derivative of
log | |x

x
at x = - 1is

s. 1

Codes

i ii iii iv i ii iii iv

(a) p q r s (b) q p r s

(c) s r q p (d) r s p q

Sol. (a) (i) We have, y x= -cos (cos )1

y
x x

x x
=

£ £
- £ £

ì
í
î

,

,

0

2 2

p
p p p

Þ dy

dx

x

x
=

£ £
- £ £

ì
í
î

1 0

1 2

,

,

p
p p

Q 5 2Î[ , ]p p \ dy

dx x

æ
èç

ö
ø÷ = -

= 5

1

(ii) We have, f x
x

( ) log tan= +æ
èç

ö
ø÷

p
4 2

f x
x

x¢ =
+æ

èç
ö
ø÷

´ +æ
èç

ö
ø÷ ´( )

tan

sec
1

4 2

4 2

1

2

2

p
p

f x
x x

¢ =
+æ

èç
ö
ø÷ +æ

èç
ö
ø÷

( )

sin cos

1

2
4 2 4 2

p p

f x

x

¢ =
+æ

èç
ö
ø÷

( )

sin

1

2

p
= =1

cos
sec

x
x

\ p = 0

(iii) Let y
x

x
= +

-
æ
è
ç

ö
ø
÷-tan 1 1

1
Þ y x= +- -tan ( ) tan1 11

\ dy

dx x
=

+
1

1 2
Þ dy

dx x

æ
èç

ö
ø÷ =

= - 1

1

2

(iv) Let y
x

x
= log | | Þ dy

dx

x

x x
= - +log | |

2 2

1

dy

dx x

æ
èç

ö
ø÷ = - + =

= - 1

1

1

1

1
1

log

Hence, (i) ® p; (ii) ® q; (iii) ® r; (iv) ® s
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Matching Type Questions
JEE Type Solved Examples :
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l Ex. 27 If y x x x x= - + - +( sin ) ( sin ) ... ,

then
dx

dy
x =

-
p

p

2

2

2 = ……… .

Sol. (3) Here, y x x x x= - + - + ¥( sin ) ( sin ) ....

So, y x x y= - +( sin )

\ y x x y2 = - +sin

Differentiating, we get

2 1y
dy

dx
x

dy

dx
= - +cos …(i)

At x y y= - = -p p
2 2

12, Þ y y2 1

4 2

3

4
- + = -p

Þ y -æ
èç

ö
ø÷ = -1

2

2 3

4

2 p Þ ( )2 1 2 3y - = ± -p

From Eq. (i), we get ( ) cos2 1 1y
dy

dx
x- = -

\ dy

dx x=
=

-p p
2

1

2 3
Þ dx

dy
x =

- =
p

p

2

2

2 3

l Ex. 28 If f x x a x b( ) ( )( )= - - for a b R, .Î Then, the

minimum number of roots of equation

p ( ) p pf x f x f x f x¢ + ¢¢ =( ) cos ( )) sin( ( )) ( )
2

0( in ( , ),a b
where f f( ) ( ),a b= =3 is ......... (where a b< < <a b ).

Sol. (4) Let ( )g x f x f x( ) ( )sin ( )= ¢ p = +æ
èç

ö
ø÷

é
ëê

ù
ûú

2
2

x
a b

f x– sin ( ( ))p

g x f x f x f x f x¢ = ¢ + ¢¢ =( ) ( ( )) cos( ( )) sin ( ( )) ( )p p p2 0

g a g b g
a b

g g( ) ( ) ( ) ( )= = = +æ
èç

ö
ø÷ = =0

2
a b

\ g x¢( ) must have atleast one root in the intervals ( , ),a a

a
a b a b

b, , ,
+æ

èç
ö
ø÷

+æ
èç

ö
ø÷2 2

and ( )b, .b i.e. minimum 4 roots.

l Ex. 29 Let f x e tx
( )

( )= +
-ò

1

2

2

dt and g x f h x( ) ( ( ))= ,

where h x( ) is defined for all x RÎ . If g e¢ =( )2
4 and h¢ =( ) ,2 1

then absolute value of sum of all possible values of h( ),2 is

…...... .

Sol. (2) Here, f x e dttx
( ) ( )= +

-ò
1

2

2

g x e th x
( ) ( )( )

= +
-ò

1

2

2

dt

Þ ( )
g x h x e

h x¢ = ¢ × +
( ) ( )

( )1
2

[by Leibnitz Rule]

Þ ( )
g h e

h¢ = ¢ × +
( ) ( )

( )
2 2

1 2
2

Þ e e h4 1 21
2

= × +( ( )) [given g e¢ =( )2 4 and h¢ =( )2 1)]

Þ ( ( ))1 2 42+ =h Þ h( ) ,2 3 1= -

\ Absolute value of sum of all possible values of

h( )2 3 1= - + = 2.

Single Integer Answer Type Questions
JEE Type Solved Examples :

l Ex. 30 If f x x x( ) cos [ ] – ,= ì
í
î

ü
ý
þ

p
2

3

1 2< <x and[ ]x = the

greatest integer £ x, then find f ¢
æ
è
ç

ö
ø
÷

p
2

3 .

Sol. As we know, 1
2

23< <p

\ If x = p
2

3 Þ [ ]x =1, so f x x( ) cos –= ì
í
î

ü
ý
þ

p
2

3

f x x( ) sin= 3 at x =
p
2

1 23 Î
é

ë
ê

ù

û
ú( , )

Þ f x x x¢ = ×( ) cos 3 23

\ f ¢
æ
è
ç

ö
ø
÷ = æ

èç
ö
ø÷ × =p p p

2
3

2 2
03

2 3/

cos Þ f ¢
æ
è
ç

ö
ø
÷ =p

2
03

l Ex. 31 If u f x v g x f x x= = ¢ =( ), ( ), ( ) cos
3 2 and

g x x¢ =( ) sin , then find
du

dv
.

Sol. Here, u f x= ( )3

Þ du

dx
f x

d

dx
x= ¢ ×( ) ( )3 3 = ×{cos( )}x x3 23 = ×3 2 3x xcos

and v g x= ( )2

Þ dv

dx
g x

d

dx
x= ¢ ×( ) ( )2 2 = ×{sin } ( )x x2 2 = ×2 2x xsin

Subjective Type Questions



\ du

dv

du

dx
dv

dx

x x

x x
= = ×

×
3

2

2 3

2

cos

sin

Þ du

dv
x x x= × ×3

2

3 2cos cosec

l Ex. 32 Find a b c, , and d , where

f x ax b x( ) ( ) cos= + + +( ) sincx d x and f x x x¢ =( ) cos is

identity in x.

Sol. Here, f x x x¢ =( ) cos

Þa x ax b x c x cx dcos – ( ) sin sin ( )+ + + + cos cosx x xº
or ( ) cos (– – ) sin cosa cx d x ax b c x x x+ + + + º + ×0 sin x

Þ a d cx x+ + = and – –ax b c+ = 0

which is again identity in x.

Þ a d c a b c+ = = = + =0 1 0 0, , – , –

Þ a b c d= = = =0 1 1 0, , ,

l Ex. 33 If f x x x f xf f( ) ( ) ( ) ( )= + ¢ + ¢¢ + ¢¢¢3 2

1 2 3 for all

x RÎ . Then, find f x( ) independent of f f¢ ¢¢( ), ( )1 2 and

¢¢¢f ( )3 .

Sol. Here, f x x x f x f f( ) ( ) ( ) ( )= + ¢ + ¢¢ + ¢¢ ¢3 2 1 2 3

Put f a f b f c¢ = ¢ ¢ = ¢¢ ¢ =( ) , ( ) , ( )1 2 3 ...(i)

\ f x x ax bx c( ) = + + +3 2

Þ f x x ax b¢ = + +( ) 3 22 or f a b¢ = + +( )1 3 2 ...(ii)

Þ f x x a¢ ¢ = +( ) 6 2 or f a¢ ¢ = +( )2 12 2 ...(iii)

Þ f x¢ ¢ ¢ =( ) 6 or f ¢ ¢ ¢ =( )3 6 ...(iv)

From Eqs. (i) and (iv), c =6

From Eqs. (i), (ii) and (iii), we have a b= =– ,5 2

\ f x x x x( ) –= + +3 25 2 6

l Ex. 34 Let f x x xg g( ) ( ) ( )= + ¢ + ¢¢2

1 2 and

g x f x( ) ( )= ×1
2 + ¢ + ¢¢xf x f x( ) ( ), then find f x( ) and g x( ) .

Sol. Here, put g a¢ =( ) ,1 g b¢¢ =( )2 ...(i)

Then, f x x ax b( ) = + +2 , f a b( )1 1= + +

Þ f x x a¢ = +( ) ,2 f x¢¢ =( ) 2

\ g x a b x x a x( ) ( ) ( )= + + + + × +1 2 22

= + + + +x a b ax2 3 2( )

Þ g x x a b a¢ = + + +( ) ( )2 3

Hence, g a b a¢ = + + +( ) ( )1 2 3 ...(ii)

g a b¢ ¢ = + +( ) ( )2 2 3 ...(iii)

From Eqs. (i), (ii) and (iii), we have

a a b a= + + +2 3( ) and b a b= + +2 3( )

i.e. 3 0+ + =a b and b a+ + =2 6 0

Hence, b = 0 and a = –3

So, f x x x( ) –= 2 3 and g x x( ) –= +3 2

l Ex. 35 If y
x

x

x

x ...

=
+

+
+ ¥

sin

cos

sin

cos

1

1

1

, prove that

dy

dx

y x x

y x – x
= + +

+ +
( ) cos sin

cos sin

1

1 2

.

Sol. Given function is y
x

x

y

=
+

+

sin

cos
1

1

= +
+ +

( ) sin

cos

1

1

y x

y x

Þy y y x y x+ + = +2 1cos ( ) sin

On differentiating both the sides w.r.t. x, we get

dy

dx
y

dy

dx
y x x

dy

dx
+ + + ×2 (–sin ) cos

= + + ×( ) cos sin1 y x
dy

dx
x

Þ dy

dx
y x x y x y x{ cos – sin } ( ) cos sin1 2 1+ + = + +

Þ dy

dx

y x y x

y x x
= + +

+ +
( ) cos sin

( cos – sin )

1

1 2

l Ex. 36 If y
x

x
x

x
x

x x + ....3

=
+

+
+ ¥

3

3

, then find
dy

dx
.

Sol. y
x

x
x

x
x

x x ....

=
+

+
+ + ¥

3

3

3

Þ y
x

x
x

x
x

x x ....

x /

=
+

+
+ + ¥

×3

3

2 3–

Þ y
x

x y x /
=

+ × –2 3

Þ y x y x/ /{ }5 3 5 3+ =

or x y y x/ /5 3 2 5 3+ =

Differentiating both the sides w.r.t. x, we get

x
dy

dx
x y y

dy

dx
x/ / /5 3 2 3 2 35

3
2

5

3
× + × × + = ×

Þ ( ) –x y
dy

dx
x x y/ / /5 3 2 3 2 32

5

3

5

3
+ =

or
dy

dx

x y

x y

/

/
=

+

5

3
1

2

2 3

5 3

( – )

( )
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l Ex. 37 If y
x x x x

– –=
+ +

+
+ +

tan tan
1

2

1

2

1

1

1

3 3

+
+ +x x

–
tan

1

2

1

5 7

+... to n terms,  show that

dy

dx x n x
=

+ + +
1

1

1

1
2 2

( )

– .

Sol. Given, y
x x x x

=
+ +

+
+ +

tan tan– –1
2

1
2

1

1

1

3 3

+
+ +

+tan ...–1
2

1

5 7x x
nto terms

=
+ +

ì
í
î

ü
ý
þ

+
+ + +

ì
í
î

ü
ý
þ

tan
( )

tan
( )( )

– –1 11

1 1

1

1 1 2x x x x

+
+ + +

ì
í
î

ü
ý
þ

tan
( )( )

–1 1

1 2 3x x

+ +
+ + +

ì
í
î

ü
ý
þ

... tan
{ ( – )} { }

–1 1

1 1x n x n

= +
+ +

ì
í
î

ü
ý
þ

+ + +
+ +

tan
( ) –

( )
tan

( ) – ( )

(

– –1 11

1 1

2 1

1 2

x x

x x

x x

x )( )x +
ì
í
î

ü
ý
þ1

+ + +
+ + +

ì
í
î

ü
ý
þ

tan
( ) – ( )

( )( )

–1 3 2

1 3 2

x x

x x
+ + + +

+ + +
ì
í
î

ü
ý
þ

... tan
( ) – ( – )

( )( – )

–1 1

1 1

x n x n

x n x n

\ y x x x= + + +{tan ( ) – tan ( )} {tan ( )– – –1 1 11 2

– tan ( )} {tan ( )– tan ( )}– – –1 1 11 3 2x x x+ + + +
+ + + +... {tan ( ) – tan ( – )}– –1 1 1x n x n

y x n x= +tan ( ) – tan ( )– –1 1

On differentiating both the sides w.r.t. x, we get

dy

dx x n x
=

+ + +
1

1

1

12 2( )
–

l Ex. 38 If f n( ) cos cos cos ... cosq q q q q= × ×
1 2 3

, show

that {tan tan tan ... tan } –

( )

( )

q q q q q
q1 2 3

+ + + + = ¢ì
í
î

ü
ý
þ

n
f

f
,

where
d

d

q
q

1 = =d

d

q
q

2 ... = =d

d

nq
q

1 .

Sol. f n( ) cos cos cos ... cosq q q q q= × ×1 2 3

Taking log on both the sides,

log ( ) log(cos ) log(cos ) ... log(cos )f nq q q q= + + +1 2

On differentiating both the sides w.r.t. q, we get

1 1 1

1
1

2
2

f
f

( )
( )

cos
(–sin )

cos
(–sin )

q
q

q
q

q
q× ¢ = × + ×

+ + ×...
cos

(–sin )
1

q
q

n
n

Hence, (tan tan ... tan ) –
( )

( )
q q q q

q1 2+ + + = ¢ì
í
î

ü
ý
þ

n

f

f

l Ex. 39 Find the sum of the series

sin sin sin ... ( – ) sin ( – )x x x k k x+ + + +3 3 5 5 2 1 2 1

(using calculus).

Sol. Let S x x x k x= + + + +cos cos cos ...... cos( – )3 5 2 1

Here, the angles are in AP whose first term is x and common
difference is 2x.

\ S

k x

x

x k x=

×æ
èç

ö
ø÷

æ
èç

ö
ø÷

× +ì
í
î

ü
ý
þ

sin

sin

cos
( – )

2

2

2

2

1

1 2

2
= ×sin

sin
cos

kx

x
kx

or {cos cos cos ... cos( – ) }x x x k x+ + + +3 5 2 1 = sin

sin

2

2

kx

x
...(i)

On differentiating Eq. (i) w.r.t. x, we get

– {sin sin sin ...x x x+ + +3 3 5 5 + ( – ) sin ( – ) }2 1 2 1k k x

= × ×ì
í
î

ü
ý
þ

1

2

2 2 2
2

k kx x kx x

x

(cos ) sin – (sin ) cos

sin

\ [sin sin sin ... ( – ) sin ( – ) ]x x x k k x+ + + +3 3 5 5 2 1 2 1

= +é
ëê

–
sin

{sin ( ) – sin ( – ) }
1

2
2 1 2 1

2 x
k k x k x

– {sin ( ) sin ( – ) }
1

2
2 1 2 1k x k x+ + ù

ûú

= + +1

4
2 1 2 1 2 1 2 1

2sin
[( ) sin ( – ) – ( – ) sin ( ) ]

x
k k x k k x

l Ex. 40 Find the sum of series r x r

r

n
–1

1=
å , using calculus.

Sol. Let S x x x x xn= + + + + + +1 2 3 4 ...

which is a geometric progression.

\ S x x x x
x

x

n
n

= + + + + + =
+

1
1 1

1

2 3
1

K

( – )

–

On differentiating both the sides, we get

0 1 2 3 42 3 1+ + + + + +x x x nxn
K

–

= × + ×+( – ) [– ( ) ]–( – ) (– )

( – )

1 1 1 1

1

1

2

x n x x

x

n n

\ r x
x

n x n xr

r

n
n n–

( – )
{ – ( ) }1

1
2

11

1
1 1

=

+å = × + + ×

l Ex. 41 Use calculus to find the sum of

1

1

2

1

4

1

2

1

2 4
2x x x x

n

n+
+

+
+

+
+ +

+

é

ë
ê
ê

ù

û
ú
ú

K .

Sol. We know that, ( – )( ) ( – )1 1 1 2x x x+ =

( – )( )( ) ( – ) ( – )1 1 1 1 12 4 22
x x x x x+ + = =

( – )( )( )( ) ( – ) ( – )1 1 1 1 1 12 4 8 23
x x x x x x+ + + = =

( – )( )( )( ) ... ( ) ( – )1 1 1 1 1 12 4 2 2 1

x x x x x x
n n

+ + + + =
+

...(i)
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Taking log on both the sides of Eq. (i), we get

log {( – )( )( )( ) ... ( )}1 1 1 1 12 4 2x x x x x
n

+ + + + =
+

log( – )1 2 1

x
n

or log( – ) log( ) log( ) log( )1 1 1 12 4x x x x+ + + + + +

+ + +... log ( )1 2x
n

=
+

log( – )1 2 1

x
n

On differentiating the above equation, we get

1 1

1

1 1

1

1 2

1

1 4

1

1 2
2

3

4

2 1(– )

–

( ) ( ) –

x x

x

x

x

x

xn n

+ ×
+

+
+

+ ×
+

+ + × ×
K

1 2+ x
n

= × ×+ +

+
–

–

–1 2

1

1 2 1

2

1

1

n x

x

n

n

or
1

1

2

1

4

1

2

1
2

3

4

2 1

2+
+

+
+

+
+ + ×

+x

x

x

x

x

x

x

n n

n
K

–

= ×+ +

+
1

1

2

1

1 2 1

2

1

1–
–

–

–

x

x

x

n n

n

Multiplying both the sides by x,

x

x

x

x

x

x

x

x

n n

n1

2

1

4

1

2

1

2

2

4

4

2

2+
+

+
+

+
+ + ×

+

é

ë
ê
ê

ù

û
ú
ú

...

= ×+

+

+
x

x

x

x

n

n

n

1

2

1

1 2

2 1

1

–
–

–

or
( ) – ( ) – ( ) –x

x

x

x

x

x

+
+

+ +
+

+ +
+

1 1

1

2 1 2

1

4 1 4

1

2

2

4

4

+ + +

+
...

( ) –2 1 2

1

2

2

n nx

x

n

n = ×+
+

+
x

x

x

x

n

n

n1
2

1

1
2

2

1

1–
–

–

or [( ... )– ]
–

–
–

1 2 2 2
1

2

1

2
1 2

2

1

1
+ + + + = ×+ +

+
n

n

P
x

x

x

x

n

n

where, P
x x x x

n

n
=

+
+

+
+

+
+ +

+

1

1

2

1

4

1

2

1
2 4 2

...

Then, P
x

x

x

x

n n n

n
= + ×+ + +

+
2 1

2 1 1

2

1

1 1 2

2

1

1

–

–
–

– –

Þ P
x

x

x

x

n
n n

n
= + ×+

+ +

+2 1
1

2

1

1
1 2

2

1

1
– –

– –

Þ P
x

x

x

x

n

n

n
= +

é

ë
ê
ê

ù

û
ú
ú

+
é

ë
ê

ù

û
ú

+
+

+2 1
1

1
1

1
2

2

1

1

–
–

–

Þ P
x x

n
n

=
é

ë
ê
ê

ù

û
ú
ú

é

ë
ê

ù

û
ú

+
+2

1

1

1

1

1

2 1

–
–

–

Hence,
1

1

2

1

4

1

2

1
2 4 2+

+
+

+
+

+ +
+

ì
í
ï

îï

ü
ý
ï

þïx x x x

n

n
...

=
ì
í
ï

îï

ü
ý
ï

þï

ì
í
î

ü
ý
þ

+

+
2

1

1

1

1

2 1

n

x xn

–
–

–

l Ex. 42 If f x en

fn x
( )

–
( )

= 1 for all n NÎ and f x x
0
( ) = ,

then find
d

dx
f xn{ ( )}.

Sol. Here, f x en

fn x
( ) – ( )

= 1 ...(i)

Þ d

dx
f x e

d

dx
f xn

fn x

n{ ( )} { ( )}– ( )

–= ×1
1

or
d

dx
f x f x

d

dx
f xn n n{ ( )} ( ) { ( )}–= 1

[using Eq. (i)]  ...(ii)

Replacing n by n – 1 in Eq. (ii), we have
d

dx
f x f x

d

dx
f xn n n{ ( )} ( ) { ( )}– – –1 1 2= × ...(iii)

\ From Eqs. (ii) and (iii), we get

d

dx
f x f x f x

d

dx
f xn n n n{ ( )} ( ) ( ) { ( )}– –= × ×1 2 ...(iv)

Similarly,
d

dx
f x f x

d

dx
f xn n n{ ( )} ( ) { ( )}– – –2 2 3= ×

d

dx
f x f x

d

dx
f x{ ( )} ( ) { ( )}1 1 0= …(v)

From Eqs. (iv) and (v), we get

d

dx
f x f x f x f x f xn n n n{ ( )} ( ) ( ) ( ) ... ( )– –= ×1 2 2 × ì

í
î

ü
ý
þ

f x
d

dx
f x1 0( ) ( )

Þ d

dx
f x f x f x f x f x f xn n n n{ ( )} ( ) ( ) ( ) ... ( ) ( )– –= × × ×1 2 2 1 1

.
.
. ( ) { ( )}f x x

d

dx
f x0 0 1= Þ =é

ëê
ù
ûú

l Ex. 43 If y y x3

2– ,= then prove that
d y

dx

y

y

2

2 2 3

24

3 1

= –

( – )

.

Hence, show that x
d y

dx
x

dy

dx
y2

2

2

1

27

1

9

–
æ
èç

ö
ø÷

+ × = .

Sol. Given, y y x3 2– = ...(i)

On differentiating both the sides w.r.t. x, we get

( – )3 1 22y
dy

dx
= or

dy

dx y
= 2

3 12 –
...(ii)

Again, differentiating w.r.t. x,

d y

dx

y
dy

dx

y

y

y y

2

2 2 2 2 2 2

2 6

3 1

12

3 1

2

3 1
=

×
= ×

– ( )

( – )

–

( – ) ( – )
[from Eq. (ii)]

\ d y

dx

y

y

2

2 2 3

24

3 1
= –

( – )
...(iii)

Now, LHS =æ
èç

ö
ø÷ + ×x

d y

dx
x

dy

dx

2
2

2

1

27
–

=
æ
è
ç

ö
ø
÷

æ
è
ç

ö
ø
÷ + ×y y y

y

y y2 2 2

2 3

21

4

1

27

24

3 1

1

2

2( – )
–

–

( – )

( – )

( – )3 12y

[from Eqs. (i), (ii) and (iii)]
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=
æ
è
ç

ö
ø
÷ +27 1 4

108

24

3 1

1

3 1

2 2 2

2 3

2

2

y y y

y

y y

y

( – ) – –

( – )

( – )

( – )

= + +
é

ë
ê

ù

û
ú

y y y

y

y

y9

54 1 8

3 1

9 1

3 1

2 2 2

2 3

2

2

– ( – )

( – )

( – )

( – )

Let ( – )3 12y = a

Then, LHS = + + +
é

ë
ê

ù

û
ú

y

9

2 1 2 8 3 12

3

– ( ) ( – ) ( – )a a
a

a
a

= + +é

ë
ê

ù

û
ú

y

9

2 6 3 63 2 3 2

3

– –a a a a
a

= =y

9
RHS

Hence, x
d y

dx
x

dy

dx

y2
2

2

1

27 9
–

æ
èç

ö
ø÷ + × =

l Ex. 44 If 2
1 5 1 5x y y/ /= + – , then express y as an explicit

function of x and prove that ( – )x
d y

dx
x

dy

dx
y2

2

2

1 25+ × = .

Sol. We have, ( ) ( – )– –y y y y/ / / /1 5 1 5 2 1 5 1 5 2 4+ = +

Then, ( – ) ––y y x/ /1 5 1 5 2 24 4= [Q 2 1 5 1 5x y y/ /= + – ]

\ y y x/ /1 5 1 5 22 1– –– = …(i)

and y y x/ /1 5 1 5 2+ =– [given]...(ii)

Adding Eqs. (i) and (ii), we get

2 2 2 11 5 2y x x/ = + –

\ y x x/1 5 2 1= + –

or y x x= +( – )2 51 ...(iii)

On differentiating both the sides w.r.t. x, we get

dy

dx
x x

x

x
= + × + ×ì

í
ï

îï

ü
ý
ï

þï
5 1 1

1 2

2 1

2 4

2
( – )

–

Þ dy

dx

x x

x
=

+5 1

1

2 5

2

( – )

–

Þ dy

dx

y

x
= 5

12 –
[using Eq. (iii)]

Þ ( – )x
dy

dx
y2

2
21 25

æ
èç

ö
ø÷ = ...(iv)

Again, differentiating both the sides w.r.t. x, we get

2 1 2 50
2

2
2

2
x

dy

dx
x

dy

dx

d y

dx
y

dy

dx

æ
èç

ö
ø÷ + × × = ×( – )

On dividing by 2
dy

dx
on both the sides,

x
dy

dx
x

d y

dx
y× + =( – )2

2

2
1 25 Q

dy

dx
¹é

ëê
ù
ûú

0

l Ex. 45 If y
a

x a

a x

x a x a
= + +1

1

1

2

1 2
( – ) ( – ) ( – )

+ a x

x a x a x a

3

2

1 2 3
( – ) ( – ) ( – )

+ ... to ( )n +1 terms, show that

dy

dx

y

x
n

x

x a

x

x a

x

x a x a

x

n

= -é

ë
ê

ù

û
ú–

–

–

–

–

–

–

–

.

1 2 3

K

Sol. Here, y
a

x a

a x

x a x a
= + +1 1

1

2

1 2( – ) ( – ) ( – )

+ + +a x

x a x a x a
n3

2

1 2 3

1
( – ) ( – )( – )

( )K to terms

Þ y
x

x a

a x

x a x a
= +

( – ) ( – ) ( – )1

2

1 2

+ +a x

x a x a x a
n3

2

1 2 3( – ) ( – )( – )
( )Kto terms

[adding first two terms]

Þ y
x

x a x a

a x

x a x a x a
= +

2

1 2

3
2

1 2 3( – ) ( – ) ( – ) ( – )( – )

+ ... ( – )to termsn 1

[again adding first two terms]

Proceeding in the same way, we get

y
x

x a x a x a x a

n

n

=
( – ) ( – )( – ) ( – )1 2 3 K

...(i)

Taking logarithm on both the sides of Eq. (i), we have

log log – log( – )– log( – )– log ( – )y n x x a x a x a= 1 2 3

– –log ( – )K x an

On differentiating both the sides w.r.t. x, we get

1 1 1 1

1 2y

dy

dx

n

x x a x a x an

× = –
( – )

–
( – )

– ... –
( – )

or
dy

dx

y

x
n

x

x a

x

x a

x

x an

=
é

ë
ê

ù

û
ú–

( – )
–

( – )
– ... –

( – )1 2

l Ex. 46 If for all x y, the function f is defined by

f x f y f x f y( ) ( ) ( ) ( )+ + × =1 and f x( ) > 0.

Then, show f x¢ =( ) 0, when f x( ) is differentiable.

Sol. Here, f x f y f x f y( ) ( ) ( ) ( )+ + × = 1 ...(i)

Put x y= = 0, we get

2 0 0 12f f( ) { ( )}+ =

Þ { ( )} ( ) –f f0 2 0 1 02 + =

f ( )
–

– –0
2 4 4

2
1 2=

± +
= and –1 2+

As f ( )0 0> Þ f ( ) –0 2 1=

[neglecting f ( ) – –0 1 2= as f ( )0 is positive]
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Again, putting y x= in Eq. (i),

2 12f x f x( ) { ( )}+ =

On differentiating w.r.t. x, we have

2 2 0f x f x f x¢ + ¢ =( ) ( ) ( )

2 1 0f x f x¢ + =( ) { ( )}

Þ f x¢ =( ) 0

Because f x( ) >0

Therefore, f x¢ =( ) 0 when f x( ) > 0

l Ex. 47 If y f
x

x
=

+

æ

è
ç

ö

ø
÷2 1

1
2

–

and f x x¢ =( ) sin
2 , then find

dy

dx
.

Sol. Here,
dy

dx

d

dx
f

x

x
=

+
æ
è
ç

ö
ø
÷

2 1

12

–

=
+

æ
è
ç

ö
ø
÷

+
æ
è
ç

ö
ø
÷

×
+

æ
è
ç

ö
ø
÷df

x

x

d
x

x

d
x

x

dx

2 1

1

2 1

1

2 1

12

2

2

–

–

–

= ¢
+

æ
è
ç

ö
ø
÷ × + × ×

+
ì
í
î

f
x

x

x x x

x

2 1

1

1 2 2 1 2

12

2

2 2

– ( ) ( ) – ( – ) ( )

( )

ü
ý
þ

=
+

æ
è
ç

ö
ø
÷ × + +

+
sin

– { – }

( )

2 1

1

2 1 2

12

2 2 2

2 2

x

x

x x x

x

=
+

æ
è
ç

ö
ø
÷ × +

+
sin

– ( – )

( )

2 1

1

2 1

12

2 2

2 2

x

x

x x

x

Þ dy

dx

x x

x

x

x
= +

+
×

+
æ
è
ç

ö
ø
÷

2 1

1

2 1

1

2

2 2 2

2
( – )

( )
sin

–

l Ex 48 Let f x( ) be a polynomial function of second

degree. If f f( ) (– )1 1= and a a a
1 2 3
, , are in AP, then show

that f a f a f a¢ ¢ ¢( ), ( ), ( )
1 2 3

are in AP.

Sol. Let f x x x( ) = + +l m n2

Then, f x x¢ = +( ) 2l m
Also, f f( ) (– )1 1=
Þ l m n l m n+ + = +–

Þ m = 0

\ f x x¢ =( ) 2l
Þ f a a¢ =( )1 12l , f a a¢ =( )2 22l
and f a a¢ =( )3 32l
As, a a a1 2 3, , are in AP.  Therefore, f a f a f a¢ ¢ ¢( ), ( ), ( )1 2 3 are in
AP.

l Ex. 49 If 5 3

1

2f x f
x

x( ) + æ
èç

ö
ø÷

= + and y x f x= ( ), then

find
dy

dx
at x =1.

Sol. Here, 5 3
1

2f x f
x

x( ) + æ
èç

ö
ø÷ = + ...(i)

Put x
x

= 1
, we get 5

1
3

1
2f

x
f x

x

æ
èç

ö
ø÷ + = +( ) ...(ii)

Solving Eqs. (i) and (ii), we get

16 5
3

4f x x
x

( ) –= + ...(iii)

Þ y x f x= ( )

Þ y x x
x

= × +ì
í
î

ü
ý
þ

1

16
5

3
4–

Þ y x x= +1

16
5 3 42{ – }

or
dy

dx
x= +1

16
10 4{ }

Now,
dy

dx
at x = 1,

dy

dx x

æ
èç

ö
ø÷ = + = =

=at 1

10 4

16

14

16

7

8

\ dy

dx x

æ
èç

ö
ø÷ =

=at 1

7

8
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1. If y
x x

x x
= -

+
sec tan

sec tan
, then

dy

dx
equals

(a) 2sec (sec tan )x x x- (b) - -2 2sec (sec tan )x x x

(c) 2 2sec (sec tan )x x x+ (d) - +2 2sec (sec tan )x x x

2. If y
x x

x x
= + +

+ +
1

1

2 4

2
and

dy

dx
ax b= + , then

(a) a =2, b =1 (b) a =-2, b =1

(c) a =2, b =-1 (d) a =-2, b =-1

3. Which of the following could be the sketch of graph of

y
d

dx
x x= ( log )?

4. Let f x x x( ) log( )= + -3 2 and g x x x( ) log( )= + -5 1 ,

then the set of x satisfying the inequality f x g x¢ < ¢( ) ( )
is
(a) ( , / )2 7 2 (b) ( , ) ( / , )1 2 7 2È ¥
(c) ( , )2 ¥ (d) ( / , )7 2 ¥

5. If cos log- -
+

æ

è
ç

ö

ø
÷ =1

2 2

2 2

x y

x y
a, then

dy

dx
is

(a) - x

y
(b) -y

x
(c)

y

x
(d)

x

y

6. If f x x x( ) (| | )| sin |= , then f ¢ -( / )p 4 is  equal to

(a)
p

p p4

2

2

4 2 2
1 2æ

èç
ö
ø÷ × -

æ
è
ç

ö
ø
÷

/

log

(b)
p

p p4

2

2

4 2 2
1 2æ

èç
ö
ø÷ × +

æ
è
ç

ö
ø
÷

/

log

(c)
p p

p4

2

2 4

2 2
1 2æ

èç
ö
ø÷ × -

æ
è
ç

ö
ø
÷

/

log

(d)
p p

p4

2

2 4

2 2
1 2æ

èç
ö
ø÷ × +

æ
è
ç

ö
ø
÷

/

log

7. If y
x

a
x

b
x

a
x

b

=
+

+
+

+ ¼ ¥

, then
dy

dx
equals

(a)
a

ab ay+2
(b)

b

ab by+2

(c)
a

ab by+2
(d)

b

ab ay+2

8. If y x x=
2

, then
dy

dx
equals

(a) 2 2log x x×

(b) ( log )2 1
2

x x x+ ×

(c) (log )x x x+ × +1
2 1

(d) x exx 2 1 2+ ×(log( ))

9. If x y y x1 1 0+ + + = , then
dy

dx
equals

(a)
1

1 2( )+ x
(b)

-
+

1

1 2( )x

(c)
-
+

+
+

1

1

1

1 2( ) ( )x x
(d) None of these

10. If x e xyey x2 2 13 0+ + = , then
dy

dx
equals

(a)
- + -

+

-

-
2 2 1

2

xe y x

x xe

y x

y x

( )

( )
(b) - + +

+
é

ë
ê

ù

û
ú

-

-
2 2 1

2

xe y x

x xe

y x

y x

( )

( )

(c)
2 2 1

2

xe y x

x xe

x y

y x

-

-
+ -

+
( )

( )
(d) None of these

11. If x e y e y
= + +¼¥

; x > 0, then
dy

dx
equals

(a)
x

x1+
(b)

1+ x

x

(c)
1-x

x
(d)

1

x

12. Let g be the inverse function of f and f x
x

x
¢ =

+
( )

10

21
.

If g a( )2 = , then g ¢ ( )2 is equal to

(a)
5

210
(b)

1 2

10

+a

a

(c)
a

a

10

21+
(d)

1 10

2

+a

a

Single Option Correct Type Questions
Differentiation Exercise 1 :

1

Y

0
X

(a)

1

Y

0
X

(b)

Y

0
X

(c)
Y

0
X

(d)

1/e e



13. If f and g are the functions whose graphs are as shown,

let u x f g x( ) ( ( ));= w x g g x( ) ( ( ))=

Then, the value of u w¢ + ¢( ) ( )1 1 is

(a) -1

2
(b) -3

2
(c) - 5

4
(d) does not exist

14. If f x g x¢ =( ) ( ) and g x f x¢ = -( ) ( ) for all real x and

f f( ) ( )5 2 5= = ¢ , then f g2 210 10( ) ( )+ equals

(a) 2 (b) 4
(c) 8 (d) None of these

15. If f x x
x x x

n

n

( )
! ! ( )!

= + + +¼+
-

2 3

1 2 1
, then

f f f f n( ) ( ) ( ) ( )0 0 0 0+ ¢ + ¢¢ + ¼+ is equal to

(a)
n n( )+1

2
(b)

( )n2 1

2

+

(c)
n n( )+æ

èç
ö
ø÷

1

2

2

(d)
n n n( )( )+ +1 2 1

6

16. If y fofof x= ( )( ) and f ( )0 0= ,f ¢ =( )0 2 , then y ¢ ( )0 is equal
to
(a) 6 (b) 7 (c) 8 (d) 9

17. If y p x2 = ( ) is a polynomial of degree 3, then

2 3
2

2

d

dx
y

d y

dx
×

æ

è
ç

ö

ø
÷ is equal to

(a) ¢¢¢ × ¢p x p x( ) ( ) (b) ¢¢ × ¢¢¢p x p x( ) ( )
(c) p x p x( ) ( )× ¢¢¢ (d) None of these

18. If y f x= ( ) and x g y= ( ) are inverse functions of each

other, then

(a) ¢¢ =
¢

g y
f x

( )
( )

1
(b) ¢¢ = - ¢¢

¢
g y

f x

f x
( )

( )

( ( ))3

(c) ¢¢ = - ¢
¢¢

g y
f x

f x
( )

( )

( ( ))3
(d) None of these

19. If y is a function of x, then
d y

dx
y

dy

dx

2

2
0+ × = . If x is a

function of y, then the equation becomes

(a)
d x

dy
x

dx

dy

2

2
0- × = (b)

d x

dy
y

dx

dy

2

2

3

0+
æ
è
ç

ö
ø
÷ =

(c)
d x

dy
y

dx

dy

2

2

2

0-
æ
è
ç

ö
ø
÷ = (d)

d x

dy
x

dx

dy

2

2

2

0-
æ
è
ç

ö
ø
÷ =

20. Let g x f xe( ) log ( )= , where f x( ) is twice differentiable

positive function on (0, ¥) such that f x x f x( ) ( )+ =1 , for
N = 1, 2, 3, …, then

¢¢ +æ
èç

ö
ø÷

- ¢¢ æ
èç

ö
ø÷

g N g
1

2

1

2
equals

(a) - + + +¼+
-

ì
í
î

ü
ý
þ

4 1
1

9

1

25

1

2 1 2( )N

(b) 4 1
1

9

1

25

1

2 1 2
+ + +¼+

-
ì
í
î

ü
ý
þ( )N

(c) - + + +¼+
+

ì
í
î

ü
ý
þ

4 1
1

9

1

25

1

2 1 2( )N

(d) 4 1
1

9

1

25

1

2 1 2
+ + +¼+

+
ì
í
î

ü
ý
þ( )N

21. If the function f x x e x( ) /= +3 2 and g x f x( ) ( )= -1 , then

the value of g ¢ ( )1 is
(a) 1 (b) 2
(c) 3 (d) e

22. Let f ( ) sin tan
sin

cos
q q

q
=

æ

è
çç

ö

ø
÷÷

æ

è
çç

ö

ø
÷÷

-1

2
, where - < <p q p

4 4
.

Then, the value of
d

d
f

(tan )
( )

q
q× , is

(a) 1 (b) 2
(c) 3 (d) 4

23. If y xx= log (tan )sin , then
dy

dx
at x = p

4
is equal to

(a)
4

2log
(b) - 4 2log

(c)
- 4

2log
(d) None of these

24. If y
r rr

x

=
+ +

æ

è
ç

ö

ø
÷-

=
å tan ,1

2
1

1

1
then

dy

dx
is equal to

(a)
1

1 2+ x
(b)

1

1 1 2+ +( )x

(c) 0 (d) None of these

25. If y
x

x
=

-
æ
è
ç

ö
ø
÷-sin

sin sin

cos sin

1

1

a
a

, then y ¢ ( )0 is equal to

(a) 1 (b) 2 tana

(c)
1

2

æ
èç

ö
ø÷ tana (d) sin a

26. If f x
x xx x

( ) cot= -æ

è
ç

ö

ø
÷-

-
1

2
, then f ¢ ( )1 equals

(a) - 1 (b) 1

(c) loge 2 (d) - loge 2
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(2,0)

X′

Y′



27. The function f x e xx( ) = + , being differentiable and

one-one, has a differentiable inverse f x-1 ( ). The value

of
d

dx
f( )-1 at the point f (log )2 is

(a)
1

2ln
(b)

1

3

(c)
1

4
(d) None of these

28. If f x f x¢ ¢ = -( ) ( ) , g x f x( ) ( )= ¢ ,

F x f
x

g
x

( ) = æ
èç

ö
ø÷

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

æ
èç

ö
ø÷2 2

2 2

and F ( )5 5= , then F ( )10 is

equal to

(a) 5 (b) 10 (c) 0 (d) 15

29. If x y n n= - = -sec cos sec cosq q q qand , then

( )x
dy

dx

2
2

4+ æ
èç

ö
ø÷

is equal to

(a) n y2 2 4( )- (b) n y2 24( )-
(c) n y2 2 4( )+ (d) None of these

30. If x f t t f t t= - ¢( ) cos ( ) sin and

y f t t= ( ) sin + ¢f t t( ) cos , then
dx

dt

dy

dt

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

2 2

is

equal to

(a) f t f t( ) ( )- ¢¢ (b) [ ( ) ( )]f t f t- ¢¢ 2

(c) [ ( ) ( )]f t f t+ ¢¢ 2 (d) None of these

31. If y at bt c= + +2 2 and t ax bx c= + +2 2 , then
d y

dx

3

3
is

equal to

(a) 24 2a at b( )+ (b) 24 2a ax b( )+
(c) 24 2a at b( )+ (d) 24 2a ax b( )+

32. Differential coefficient of

x x x

l m

m n
n l m n

n l
l m n l

l m

+
-

- +
-

- +
-

æ

è

ç
ç

ö

ø

÷
÷ ×

æ

è

ç
ç

ö

ø

÷
÷ ×

æ

è

ç

1 1

ç

ö

ø

÷
÷

-
1

m n

w.r.t. x, is

(a) 1 (b) 0 (c) –1 (d) xlmn

33. If y A Bx e m emx x= + + - -( ) ( )1 2 , then

d y

dx
m

dy

dx
m y

2

2

22- + is equal to

(a) ex (b) emx (c) e mx- (d) e m x( )1 -

34. If f x
x

x a x a a( ) sin sin sin= - + - × -
3

2

3
2 51.5

sin ( )–1 2 8 17a a- + , then

(a) f x( ) is not defined at x = sin 8
(b) f ¢ >(sin )8 0
(c) f x¢( ) is not defined at x = sin 8
(d) f ¢ <(sin )8 0

35. If f gand are differentiable functions such that g a¢ =( ) 2
and g a b( ) = and if fog is an identity function, then f b¢ ( )
has the value equal to
(a) 2/3 (b) 1
(c) 0 (d) 1/2

36. The derivative of the function,

f x x x( ) cos ( cos sin )= -ì
í
î

ü
ý
þ

-1 1

13
2 3

+ +ì
í
î

ü
ý
þ

-sin ( cos sin )1 1

13
2 3x x

w.r.t. 1 2+ x at x = 3

4
is

(a)
3

2
(b)

5

2

(c)
10

3
(d) 0

37. If f x x x x x( ) = + - + - -2 2 4 2 2 4 , then the value

of 10 f ¢ +( )102 , is

(a) –1 (b) 0
(c) 1 (d) does not exist

38. Let y x= +ln ( cos )1 2 , then the value of
d y

dx e y

2

2 2

2+
/

equals

(a) 0 (b)
2

1 + cos x

(c)
4

1( cos )+ x
(d)

-
+

4

1 2( cos )x

39. If f x
a a x x

a x a x
( ) =

+ - +

- + -

2 2

2 2
, where a > 0 and x a< , then

f ¢ ( )0 has the value equal to

(a) a (b) a

(c)
1

a
(d)

1

a

40. Let u x( ) and v x( ) be differentiable functions such that

u x

v x

( )

( )
.= 7 If

u x

v x
p

¢
¢

=( )

( )
and

u x

v x
q

( )

( )
,

æ
è
ç

ö
ø
÷¢ = then

p q

p q

+
-

has the

value equal to
(a) 1 (b) 0
(c) 7 (d) –7

41. If f x xe( ) | log | | | ,= then f x¢ ( ) equals

(a)
1

0
| |

,
x

x ¹

(b)
1

x
for | |x > 1 and - 1

x
for | |x < 1

(c) - 1

x
for | |x > 1 and

1

x
for | |x < 1

(d)
1

x
for x > 0 and - 1

x
for x < 0
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42. If f x( ) is given by, f x x i x( ) (cos sin )= +

(cos sin ) (cos ( ) sin ( ) )3 3 2 1 2 1x i x n x i n x+ - + -K ,

then f x¢¢ ( ) is equal to

(a) n f x3 ( ) (b) -n f x4 ( )

(c) -n f x2 ( ) (d) n f x4 ( )

43. Let f x x nn( ) ,= being a non-negative integer. The value

of n for which the equality f x y¢ +( ) = ¢ + ¢f x f y( ) ( ) is
valid for all x y, > 0, is
(a) 0, 1 (b) 1, 2
(c) 2, 4 (d) None of these

44. If f x x x( ) sin [ ]= -ì
í
î

ü
ý
þ

p
3

2 for 2 3< <x and [ ]x denotes

the greatest integer less than or equal to x,

then f ¢ ( / )p 3 is equal to

(a) p /3 (b) - p /3

(c) - p (d) None of these

45. The functions u e xx= sin ,v e xx= cos satisfy the

equation

(a) v
du

dx
u

dv

dx
u v- = +2 2 (b)

d u

dx
v

2

2
2=

(c)
d v

dx
u

2

2
2= - (d) All of these

46. If f x xx( ) log {ln ( )},= then f x¢ ( ) at x e= , is

(a) e (b) - e

(c) e 2 (d) e-1

47. Let f be a differentiable function satisfying

[ ( )] ( )f x f nxn = for all x RÎ .

Then, f x f nx¢ ( ) ( ) equals

(a) f x( ) (b) 0

(c) f x f nx( ) ( )¢ (d) None of these

48. If y f x= ( ) is an odd differentiable function defined on

( , )- ¥ ¥ such that f ¢ = -( ) ,3 2 then f ¢ -( )3 equals
(a) 4 (b) 2
(c) –2 (d) 0

49. If y x y x y= + + + + ¥. . . , then
dy

dx
is equal to

(a)
y x

y x

+
-2 2

(b)
y x

y xy

3

22 2 1

-
- -

(c)
y x

y x

3

22

+
-

(d) None of these

50. If f x x x( ) cos sin= - , then f ¢ æ
èç

ö
ø÷

p
4

is equal to

(a) 2 (b) - 2

(c) 0 (d) None of these

51. Let f x x xg g( ) ( ) ( )= + ¢ + ¢ ¢2 1 2 and

g x x xf f( ) ( ) ( )= + ¢ + ¢ ¢2 2 3 . Then,

(a) f f¢ = + ¢( ) ( )1 4 2

(b) g g¢ = + ¢( ) ( )2 8 1

(c) g f¢ ¢ + ¢ ¢ =( ) ( )2 3 4

(d) All of the above

52. If f x x n( ) ,= then the value of

f
f f f f

( )
( )

!

( )

!

( )

!

( )

!
1

1

1

1

2

1

3

1

4
- ¢ + ¢¢ - ¢¢¢ + ¢¢¢ ¢

- + -
K

( ) ( )

!

1 1n nf

n
is

(a) 1 (b) 2n

(c) 2 1n - (d) 0
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53. If y x+ + =log( )1 0, which of the following is true?

(a) e xyy = ¢ - 1 (b) y
x

¢ = -
+
1

1( )

(c) y ey¢ + = 0 (d) y ey¢ =

54. If y
x

= 23 , then y ¢ equals

(a) 3 3 2x × ×log log

(b) y y× × ×(log ) log log2 3 2

(c) 2 3 63x x× × log

(d) 2 3 3 23x x× × ×log log

55. If g is the inverse of f and f x x x( ) = + -2 3 3, ( )x > 0 ,

then g ¢ ( )1 equals

(a)
1

2 1 3g( ) +
(b) - 1 (c)

1

5
(d) - ¢f

f

( )

( ( ))

1

1 2

56. If x x y x y3 2 22 5 5 0- + + - = and y( )1 1= , then

(a) y ¢ =( )1
4

3
(b) y ¢ ¢ = -( )1

1

3

(c) y ¢ ¢ = -( )1 8
22

27
(d) y ¢ =( )1

2

3

More than One Option Correct Type Questions
Differentiation Exercise 2 :



57. Let y x x x= + + +¼ ¥ , then dy dx/ equals

(a)
1

2 1y -
(b)

x

x y+ 2

(c)
1

1 4- x
(d)

y

x y2 +

58. If y x x x

= (ln )ln (ln )

, then
dy

dx
is equal to

(a)
y

x
x x xx(ln ln ln (ln ))ln - +1 2

(b)
y

x
x xx(ln ) ( ln (ln ) )ln (ln ) 2 1+

(c)
y

x x
x x x

ln
((ln ) ln (ln ))2 2+

(d)
y

x

y

x
x× +ln

ln
( ln (ln ) )2 1

59. Which of the following functions are not derivable at
x = 0 ?

(a) f x x x( ) sin= --1 22 1 (b) g x
x

x
( ) sin=

+
æ
è
ç

ö
ø
÷-

+
1

12

1 4

(c) h x
x

x
( ) sin= -

+
æ
è
ç

ö
ø
÷-1

2

2

1

1
(d) k x x( ) sin (cos )= -1

60. Let f x
x x

x
x( ) =

- -

- -
×

2 1

1 1
, then

(a) f ¢ =( )10 1 (b) f ¢ = -( / )3 2 1

(c) domain of f x( ) is x ³ 1 (d) None of these

61. If 2 2 2x y x y+ = + , then
dy

dx
is equal to

(a) - 2

2

y

x
(b)

1

1 2- x

(c) 1 2- y (d)
2 1 2

2 2 1

x y

y x

( )

( )

-
-

62. For the function y f x x bx c e x= = + +( ) ( ) ,2 which of

the following holds?

(a) If f x( ) > 0 for all real x f x/Þ ¢ >( ) 0

(b) If f x( ) > 0 for all real x Þ f x¢ >( ) 0

(c) If f x¢ >( ) 0 for all real x Þ f x( ) > 0

(d) If f x¢ >( ) 0 for all real x /Þ f x( ) > 0

63. If y x y x c+ + - = , where c ¹ 0, then
dy

dx
has the

value equal to

(a)
2

2

x

c
(b)

x

y y x+ -2 2

(c)
y y x

x

- -2 2

(d)
c

y

2

2

64. If y x x x= tan tan tan2 3 , then
dy

dx
has the value equal to

(a) 3 3 22 2sec tan tan secx x x x+ tan tan2 3x x

+ 2 2 32sec tan tanx x x

(b) 2 2 2 4 3 6y x x x( )cosec cosec cosec+ +
(c) 3 3 2 22 2 2

sec sec secx x x- -
(d) sec sec sec

2 2 22 2 3 3x x x+ +
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Statements I and II Type Questions
Differentiation Exercise 3 :

n Directions (Q. Nos. 65 to 74) This section is based on Statement I and Statement II. Select the correct answer from the

codes given below.

(a) Both Statement I and Statement II are correct and Statement II is the correct explanation of Statement I

(b) Both Statement I and Statement II are correct but Statement II is not the correct explanation of Statement I

(c) Statement I is correct but Statement II is incorrect

(d) Statement II is correct but Statement I is incorrect

65. Consider f x
x

x
( ) =

-2 1

Statement I Graph of f x( ) is concave up for x > 1.

Statement II If f x( ) is concave up, then f x¢¢ >( ) 0 .

66. If f x
x

x
( ) sin=

+

æ

è
ç

ö

ø
÷-1

2

2

1
, then

Statement I The value of f ¢ = -( )2
2

5
.

Statement II f x
x

x
( ) sin=

+

æ

è
ç

ö

ø
÷-1

2

2

1
= -

+
2

1 2x
, for x > 1.

67. Statement I If f a( )0 = , f b¢ =( )0 , g( )0 0= , ( ) ( )fog c¢ =0 ,

then g
c

b
¢ =( )0 .

Statement II ( ( ( )) ( ( )) ( ),f g x f g x g x¢ = ¢ × ¢ for all n.

68. Let f and g be real valued functions defined on interval

( , )-1 1 such that ¢¢g x( ) is continuous, g( )0 0= , g ¢ =( )0 0,
g ¢ ¢ =( )0 0 and f x g x x( ) ( ) sin= .

Statement I lim ( ( ) cot ( ) ) ( ).
x

g x x g x f
®

- = ¢¢
0

0 0cosec

Statement II f g¢ = ¢( ) ( )0 0 .



69. Statement I If y x x= --sin ( ),1 33 4 then
dy

dx x
=

-

3

1 2

only when
- £ <1

2

1

2
x .

Statement II sin ( )- -1 33 4x x

=

- - - £ £ -

- £ £

- £

-

-

-

p

p

3 1
1

2

3
1

2

1

2

3
1

2

1

1

1

sin ,

sin ,

sin ,

x x

x x

x x £

ì

í

ï
ïï

î

ï
ï
ï 1.

70. If y
x

x
= -

+

æ

è
ç

ö

ø
÷-cos 1

2

2

1

1
, then

Statement I
dy

dx x
=

+
2

1 2
for x RÎ .

Statement II cos
tan ,

tan , .

-
-

-
-
+

æ

è
ç

ö

ø
÷ = ³

- <

ì
í
î

1
2

2

1

1

1

1

2 0

2 0

x

x

x x

x x

71. If y x x= + [ ] , then

Statement I
dy

dx
= 1 for all x RÎ .

Statement II
d x

dx

x

x

([ ]) ,
= /Î

Î
ì
í
î

0 Integer

does not exist , Integer.

72. Statement I If f x( ) is a continuous function defined

from R to Q and f ( )5 3= , then differential coefficient of
f x( ) w.r.t. x will be 0.

Statement II Differentiation of constant function is
always zero.

73. Statement I Derivative of sin -

+

æ

è
ç

ö

ø
÷1

2

2

1

x

x
w.r.t.

cos - -
+

æ

è
ç

ö

ø
÷1

2

2

1

1

x

x
is 1 for 0 1< <x .

Statement II sin cos- -

+

æ

è
ç

ö

ø
÷ = -

+

æ

è
ç

ö

ø
÷1

2

1
2

2

2

1

1

1

x

x

x

x

for - £ £1 1x .

74. Consider function f x( ) satisfies the relation

f x y f x f y( ) ( ) ( )+ = +3 3 , " Îx y R, and differentiable

for all x.

Statement I If f a¢ =( )2 , then f a¢ - =( )2 .

Statement II f x( ) is an odd function.
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Passage I (Q. Nos. 75 to 77)

Let
f x y f x f y

xy
( ) ( ) ( )+ - = - +

2

1

2
, for all x y R, Î , f x( ) is

differentiable and f ¢ =( )0 1. Let g x( ) be a derivable function at

x = 0 and follows the functional rule

g
x y

k

g x g y

k
k R k

+æ
èç

ö
ø÷

= + Î ¹( ) ( )
; , ,0 2

and g g¢ - ¢ ¹( ) ( )0 0 0l .

75. Domain of log( ( ))f x , is

(a) R + (b) R - { }0

(c) R (d) R -

76. Range of y f x= log ( ( ))/3 4 is

(a) ( , ]-¥ 1 (b) [ / , )3 4 ¥
(c) ( , )-¥ ¥ (d) R

77. If the graphs of y f x= ( ) and y g x= ( ) intersect in

coincident points then l can take values
(a) -3 (b) 1
(c) -1 (d) 4

Passage II (Q. Nos. 78 to 80)

Left hand derivative and right hand derivative of a

function f x( ) at a point x a= are defined as

f a
f a f a h

hh

¢ = - --

® +
( ) lim

( ) ( )

0

= + -
® +
lim

( ) ( )

h

f a h f a

h0

and f a
f a h f a

hh

¢ = + -+

® +
( ) lim

( ) ( )

0

= - +
® +
lim

( ) ( )

h

f a f a h

h0

= -
-® +

lim
( ) ( )

h

f a f x

a x0

respectively.

Let f be a twice differentiable function. We also know

that derivative of an even function is odd function and

derivative of an odd function is even function.

Passage Based Questions
Differentiation Exercise 4 :



78. If f is odd, then which of the following is left hand
derivative of f at x a= - ?

(a) lim
( ) ( )

h

f a h f a

h® -

- -
-0

(b) lim
( ) ( )

h

f h a f a

h® -

- -
0

(c) lim
( ) ( )

h

f a f a h

h® +

+ -
-0

(d) lim
( ) ( )

h

f a f a h

h® -

- -
-0

79. If f is even function, then which of the following is right

hand derivative of f ¢ at x a= ?

(a) lim
( ) ( )

h

f a f a h

h® -

¢ + ¢ - +
0

(b) lim
( ) ( )

h

f a f a h

h® +

¢ + ¢ - -
0

(c) lim
( ) ( )

h

f a f a h

h® -

- ¢ - + ¢ - -
-0

(d) lim
( ) ( )

h

f a f a h

h® +

¢ + ¢ - +
-0

80. The statement lim
( ) ( )

h

f x f x h

h®

- - - -
0

= - -
-®

lim
( ) ( )

h

f x f x h

h0
implies that for all x RÎ ,

(a) f is odd
(b) f is even
(c) f is neither even nor odd
(d) Nothing can be concluded

Passage III
(Q. Nos. 81 to 82)

If f x x x( ) sin ( )= --1 33 4 . Then answer the following

81. The value of f ¢ ( )0 is

(a) - 3 (b) 3

(c) 2 (d) - 2

82. The value of f ¢ æ
èç

ö
ø÷

1

2
is

(a) - 3 (b) 3

(c) -3 2 (d) 3 2

Passage IV (Q. Nos. 83 to 84)

Let the derivative of f x( ) be defined as

D f x
f x h f x

hh

* ( ) lim
( ) ( )= + -

® 0

2 2

, where f x f x
2 2( ) { ( )}= .

83. If u f x= ( ), v g x= ( ), then the value of D u v* ( )× is

(a) ( ) ( )* *D u v D v u+ (b) u D v v D u2 2( ) ( )* *+
(c) D u D v* *+ (d) uv D u v*( )+

84. If u f x= ( ), v g x= ( ), then the value of D
u

v

* æ
èç

ö
ø÷

is

(a)
u D v v D u

v

2 2

4

( ) ( )* *-
(b)

u D v v D u

v

( ) ( )* *-
2

(c)
v D u u D v

v

2 2

4

( ) ( )* *-
(d)

v D u u D v

v

( ) ( )* *-
2

Passage V
(Q. Nos. 85 to 87)

A curve is represented parametrically by the equations

x e t
t= cos and y e t

t= sin , where t is a parameter. Then,

85. The relation between the parameter ‘t’ and the angle a
between the tangent to the given curve and the X -axis is
given by, ‘t’ equals

(a)
p a
2

- (b)
p a
4

+

(c) a p-
4

(d)
p a
4

-

86. The value of
d y

dx

2

2
at the point, where t = 0, is

(a) 1 (b) 2

(c) –2 (d) 3

87. If F t x y dt( ) ( )= +ò , then the value of F F
p
2

0
æ
èç

ö
ø÷

- ( ) is

(a) 1 (b) –1

(c) ep/2 (d) 0

Passage VI
(Q. Nos. 88 to 90)

Equation x
n - =1 0, n > 1, n NÎ has roots 1, a1 , a2 , …, an .

88. The value of ( ) ( ) . . . ( )1 1 11 2- - -a a an , is

(a)
n2

2
(b) n

(c) ( )-1 nn (d) None of these

89. The value of
1

21 -=
å

arr

n

, is

(a)
2 2 1

2 1

1n

n

n- - +
-

( )
(b)

2 2 1

2 1

n

n

n( )- +
-

(c)
2 1 1

2 1

1n

n

n- - -
-

( )
(d) None of these

90. The value of
1

11 -=
å

arr

n

, is

(a)
n

4
(b)

n n( )- 1

2

(c)
n - 1

2
(d) None of these
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91. Match the entries between following two columns.

Column I Column II

(A) y f x= ( ) be given by x t t t= - - +5 35 20 7

and y t t t= - - +4 3 18 33 2 , then

- ´ =5 1
dy

dx
tat

(p) 0

(B) P x( ) be a polynomial of degree 4 with

P P( ) , ( ) ,2 1 2 0= - ¢ = P¢ ¢ =( ) ,2 2

P¢ ¢ ¢ = -( )2 12 and P¢¢¢¢ =( ) ,2 24 then P¢ ¢( )3

is equal to

(q) –2

(C) y
x

= 1
, then

dy

y

dx

x

1

1

4

4

+

+

(r) 2

(D) f
x y f x f y2 3

5

2 3

5

+æ
èç

ö
ø÷ = +( ) ( )

and

f p¢ =( )0 and f q( ) ,0 = then f ¢ ¢( )0

(s) –1

92. Match the following.

Column I Column II

(A) y
x

x
=

+
æ
è
ç

ö
ø
÷-sin ,1

2

2

1
then

dy

dx x
= -

+
2

1 2

(p) for x < 0

(B) y
x

=
+

æ

è
ç
ç

ö

ø
÷
÷

-cos ,1

2

1

1
then

dy

dx x
= -

+
1

1 2

(q) for x > 1

(C) y e e
x= -| | ,| | then

dy

dx
> 0

(r) for x < -1

(D) u x= log | | ,2 v x= -| tan | ,1 then

du

dv
> 2

(s) for

- < <1 0x

93. If f x x x f xf f( ) ( ) ( ) ( )= + ¢ + ¢ ¢ + ¢ ¢ ¢3 2 1 2 3 for all x RÎ .

Then, f ( )1 is .......... .

94. Let f x
x

x x
( ) sin= +

+ +

æ

è
ç
ç

ö

ø
÷
÷

-1

2

2 2

4 8 13
,

then the value of
d f x

d x

(tan ( ))

(tan )-1
, when x = 1

2
, is ………… .

95. Let x x x x x x, , , , , ,1 2 3 4 8¼ be 9 real zeroes, of the

polynomial P x x ax bx c( ) = + + +10 2 , where a b c R, , Î . If

the value of Q x
p

q
( )1 = , where p and q are coprime to

each other. If Q x x x x x x x( ) ( ) ( ) ( )= - - ¼ -2 3 8 and

x 1
1

2
= , then the value of q p- is ................. .

96. If f x

x a x a

x b x b

x c x c

( )

( ) ( )

( ) ( )

( ) ( )

=
- -
- -
- -

4 3

4 3

4 3

1

1

1

and

f x

x a x a

x b x b

x c x c

¢ =
- -
- -
- -

( )

( ) ( )

( ) ( )

( ) ( )

l

4 2

4 2

4 2

1

1

1

, then value of l is …. .

97. Let P x( ) be a polynomial of degree 4 such that

P P P P( ) ( ) ( ) ( )1 3 5 7= = = = 0. If the real number x ¹ 1 3 5, ,

is such that P x( ) = 0 can be expressed as x
p

q
= , where p

and q are relatively prime, then ( )p q- 8 is ................ .

98. If x y t
t

2 2 1+ = - and x y t
t

4 4 2

2

1+ = + ,

then
dy

dx

æ
èç

ö
ø÷

( , )1 1

is ……… .

Single Integer Answer Type Questions
Differentiation Exercise 6 :

Matching Type Questions
Differentiation Exercise 5 :



99. If x y z xyz2 2 2 2 1+ + - = , then the value of

dx

x

dy

y

dz

z1 1 12 2 2-
+

-
+

-
is equal to ……… .

100. If y is twice differentiable function of x, then the

expression ( )1 2
2

2
- × - +x

d y

dx
x

dy

dx
y by means of the

transformation x t= sin in terms of t is
d y

dt
y

2

2
+ l .

Thus, l is ……… .

101. The derivative of f x x x( ) cos ( cos sin )= -æ
èç

ö
ø÷

-1 1

3
2 3

+ +æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

-sin ( cos sin )1 1

3
2 3x x

w.r.t. 1 2+ x at x = 1

3
is ……… .

102. Suppose f x e eax bx( ) = + , where a b¹ and

f x f x f x¢ ¢ - ¢ - =( ) ( ) ( )2 15 0 for all x. Then, the value of

a b+ is equal to ……… .

103. Suppose, A
dy

dx
= of x y2 2 4+ = at ( , ),2 2 B

dy

dx
= of

sin sin sin siny x x y+ = × at ( , )p p and C
dy

dx
= of

2 1e e e e e exy x y x y xy+ - - = + at (1, 1), then
( )A B C- - has the value equal to ……… .

104. A function is represented parametrically by the

equations x
t

t
= +1

3
; y

t t
= +3

2

2
2

, then
dy

dx
x

dy

dx
- × æ

èç
ö
ø÷

3

has the absolute value equal to ……… .

105. Suppose, the function f x f x( ) ( )- 2 has the derivative 5

at x = 1 and derivative 7 at x = 2. The derivative of the
function f x f x( ) ( )- 4 at x = 1, has the value 10 + l, then
the value of l is equal to ……… .

106. If x y e+ = 3 2 , then D x y( ) vanishes when x equals to

le 2 , then the value of l is equal to ……… .

107. Let h x( ) be differentiable for all x and let

f x kx e h xx( ) ( ) ( )= + , where k is some constant.

If h( ) ,0 5= h ¢ = -( )0 2 and f ¢ =( )0 18, then the value of k is
equal to ……… .
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Questions Asked in Previous 10 Years’ Exams
Complex Number Exercise 7 :

(i) JEE Advanced & IIT-JEE

108. For x RÎ , f x x( ) | log sin |= -2 and g x f f x( ) ( ( ))= , then
[One Correct Option, 2016 Adv.]

(a) g is not differentiable at x = 0 (b) g ¢ =( ) cos (log )0 2

(c) g ¢ = -( ) cos (log )0 2 (d) g is differentiable at x = 0 and g ¢ = -( ) sin (log )0 2

109. Let f R R g R R: , :® ® and h R R: ® be differentiable functions such that f x x x( ) ,= + +3 3 2 g f x x( ( )) = and

h g g x x( ( ( ))) = for all x RÎ . Then, [More than One Correct Option, 2016 Adv.]

(a) ¢ =g ( )2
1

15
(b) ¢ =h ( )1 666 (c) h( )0 16= (d) h g( ( ))3 36=

(ii) JEE Main & AIEEE

110. If for x Îæ
èç

ö
ø÷

0
1

4
, , the derivative of tan -

-

æ

è
ç

ö

ø
÷1

3

6

1 9

x x

x
is x g x× ( ), then g x( ) equals

[2017 JEE Main]

(a)
3

1 9 3+ x
(b)

9

1 9 3+ x
(c)

3

1 9 3

x x

x-
(d)

3

1 9 3

x

x-

111. Let g x f x( ) log ( )= , where f x( ) is a twice differentiable positive function on ( , )0 ¥ such that f x x f x( ) ( )+ =1 . Then, for

N g N g= ¢¢ +æ
èç

ö
ø÷

- ¢¢ æ
èç

ö
ø÷

1 2 3
1

2

1

2
, , , . . . , is equal to

[2008 AIEEE]

(a) - + + + +
-

ì
í
î

ü
ý
þ

4 1
1

9

1

25

1

2 1 2
...

( )N
(b) 4 1

1

9

1

25

1

2 1 2
+ + + +

-
ì
í
î

ü
ý
þ

...
( )N

(c) - + + + +
+

ì
í
î

ü
ý
þ

4 1
1

9

1

25

1

2 1 2
...

( )N
(d) 4 1

1

9

1

25

1

2 1 2
+ + + +

+
ì
í
î

ü
ý
þ

...
( )N



112.
d x

dy

2

2
equals

[2007 AIEEE]

(a)
d y

dx

2

2

1æ
è
ç

ö
ø
÷

-

(b) -
æ
è
ç

ö
ø
÷ æ

èç
ö
ø÷

- -
d y

dx

dy

dx

2

2

1 3

(c)
d y

dx

dy

dx

2

2

2æ
è
ç

ö
ø
÷ æ

èç
ö
ø÷

-

(d) -
æ
è
ç

ö
ø
÷ æ

èç
ö
ø÷

-
d y

dx

dy

dx

2

2

3

113. If ¢¢ = -f x f x( ) ( ), where f x( ) is a continuous double

differentiable function and g x f x( ) ( ).= ¢

If F x f
x

g
x

( ) = æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

+ æ
èç

ö
ø÷

ì
í
î

ü
ý
þ2 2

2 2

and F( ) ,5 5= then

F( )10 is [2006 AIEEE]

(a) 0 (b) 5 (c) 10 (d) 25

114. If y is a function of x and log ( )x y xy+ = 2 , then the

value of y ¢ ( )0 is [2004 AIEEE]

(a) 1

(b) -1

(c) 2

(d) 0

115. If x y2 2 1+ = , then [2000 AIEEE]

(a) yy y¢¢ - ¢ + =2 1 02( )

(b) yy y¢¢ + ¢ + =( )2 1 0

(c) yy y¢¢ + ¢ - =( )2 1 0

(d) yy y¢¢ + ¢ + =2 1 02( )

Answers
Exercise for Session 1

1. a a ax
x alog + - 1

2.
tan

| tan |

x

x
xsec2

3.
1

3

3
2 2

x x
x

elog
+ + sec

4.
x

x
na x n a x

n n

| |
( )+ + -- -

0
1

1
21 + - + +-

-( ) . . .n a x a
n

n2 12
3

1

5. 0

6. e x n x
a

x x
x n

a

e

a
- + +

ì
í
î

ü
ý
þ

1 1
log

log
log

7.
2

2
2

2
x

x
x x

x

x
log cot

cot- -ì
í
î

ü
ý
þ

cosec

8.
x

x x x

2

2( sin cos )+
9. y

10. x Î - ¥ - È ¥( , ) ( , )1 1

Exercise for Session 2

1. 4 1 2 12 3( ) ( )x x x+ + × +

2.
1

2 1
2 1

2
x x

x
+ +

× +( )

3. 3 2sin cosx x 4.
x

a x( ) /2 2 3 2-

5. e x x x
x xsin ( cos sin )+ 6. - -

+
b a

b a x

2 2

cos

7. e e
e x

x

× 8.
1

2 2
a x+

9.
2

2 2 2

ab x

a b x

cos

sin-
10. sec x

11.

(sin ) ( log ) cos

sin

3
1

3 3

32

x e
x

e x x

x

x x+æ
èç

ö
ø÷

- +

12.
m

x
m x

1 2

1

-
-cos ( sin )

13.
2

1

1

2

1 2log sin (sin )a x

x
a

x×

-
×

- -

14. e
x

xcos- - ×
-

1 21

2

1

1
15.

sin

( ) /

-

-

1

2 3 21

x

x

16.
1

10

10
2x x xe

e

elog

log

(log )
-

17. - × + --2 5 5 5 33 2 42

x x
x

e{ log ( ) }

18.
- +

-

ì
í
ï

îï

ü
ý
ï

þï

2
1

2

3

2

4 4

a

x

a

a x

19.
x

x x x4 4 4 4 4 4 42 2 2+ + + + + +

20. (c) 21. (b) 22. (a) 23. (a)

24. (a) 25. (c) 26. (a) 27. (d)

Exercise for Session 3

6. (b) 7. (a) 8. (a) 9. (a) 10. (a)

Exercise for Session 4

1. (b) 2. (c) 3. (b) 4. (c)
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5. (i) y
x

x
=

+
æ
èç

ö
ø÷

-sin 1

2

2

1

(ii) y
x

x
= -

+

æ

è
çç

ö

ø
÷÷

-cos 1
2

2

1

1

(iii) y
x

x
=

-
æ
èç

ö
ø÷

-tan 1

2

2

1

(iv) y
x x

x
= -

-

æ

è
çç

ö

ø
÷÷

-tan 1
3

2

3

1 3

(v) y x x= --sin ( )1 33 4

(vi) y x x= --cos ( )1 34 3

Exercise for Session 5

6.
3

2
7.

2

19

Exercise for Session 6

1. x x
x ( log )1 +

2. x
x

x x

x log

2

1+æ
èç

ö
ø÷

3. x x x x
x

x x
x

× × + × +ì
í
î

ü
ý
þ

( log ) log1
1

4. x x x
x× × +

2

2 1( log )

5. x
x

x
x

x + +æ
èç

ö
ø÷

+ì
í
î

ü
ý
þ

1

2 2 1

2
log

6. (cos ) (log cos tan )x x x x
x -

7. (sin ) sin log sin
cos

sin

cos
x x x

x

x

x - +
æ

è
çç

ö

ø
÷÷

2

8. (sin ) cos cot
log (sin )cos

x x x
x

x

x
- - -

-

æ

è
ç
ç

ö

ø
÷
÷

1 1

21

9. - × +x x x
x x(sin ) { log }1

10.
1

1 2
2

2

x x
x x x x

x

x

+
+ -

cosec
cosec{ ( log ) cot }

11. (sin ) { (log sin ) }tan
x x x

x × +sec2 1

+ × × -(cos ) { tan log (cos ) tan }x x x x x x
xsec sec sec

13. - +
+

æ

è
çç

ö

ø
÷÷

-

-
yx y y

x x xy

y x

y x

1

1

log

log

14.
log sin tan

log cos cot

y y x

x x y

+
-

19.
a

a2 2+ x

Exercise for Session 7

1. (i) 1 (ii) – 1 (iii) – 1

2. x x
x

x
x

xsin log sin
-

+ -æ

è
ç
ç

ö

ø
÷
÷

-1 1 2
1

3. - 2

ax
4. - ×2 cos cotx x xcosec

5. - 1

2
6. x

x
7. (i) - 1

x
(ii)

1

x
(iii)

1

x

X′

Y ′

Y

X

π

0

y

x

=–2 tan –1
y

x

=2 tan–1

X ′

Y ′

–1 1

Y

y

x

=
–2 tan

π
–1

y

x

=2 tan–1

y

x

=
–2 tan

π
–10

X

X ′

Y ′

Y

– 3√
–1/ 3√

√3

1/ 3√

– /2π

π/2

0
X

y x= 2 tan–1

X ′

Y ′

Y

– 3
—
2
√ √3/2

– /2π

π/2

0

1/2

–1/2–1

y=π–3sin
–

1 x y=
π–3sin –1

x

y

x

=
–

–
3

sin
π

–1

X

X ′

Y

–1

π

1/2–1/2 1

y=π

y= /2π

X

2
x–

3c
os

–1 x

y=
3cos –1

x

0

(0,
/2)

π

Y ′

X′

Y′

y

x

=
2 tan

–1

–1 1

– /2π

Y

X
0

π/2 y

x

=
–

2
tan

π
–1

y

x

=–
2 tan

π
–1



Exercise for Session 8

6. - 1

2 3
at

7.
1

3

4

a
sec q qcosec

Exercise for Session 9

3.
3

32p p -

Exercise for Session 10

1.
1

3
2. - ¢¢

¢
f x

f x

( )

( ( ))3
3. (b) 4. (c)

Chapter Exercises

1. (b) 2. (c) 3. (c) 4. (d) 5. (c)

6. (a) 7. (d) 8. (d) 9. (b)

10. (b) 11. (c) 12. (b) 13. (b) 14. (c)

15. (a) 16. (c) 17. (c) 18. (b) 19. (c)

20. (a) 21. (b) 22. (a) 23. (c) 24. (b)

25. (d) 26. (a) 27. (b) 28. (a)

29. (c) 30. (c) 31. (d) 32. (b)

33. (a) 34. (d) 35. (d) 36. (c) 37. (c)

38. (a) 39. (d) 40. (a) 41. (b) 42. (b)

43. (b) 44. (b) 45. (d) 46. (d) 47. (c)

48. (c) 49. (d) 50. (d) 51. (d) 52. (d)

53. (b, c) 54. (b, d) 55. (a, c) 56. (a, c) 57. (a, d)

58. (b, d) 59. (b, c, d) 60. (a, b) 61. (a, b, c, d)

62. (a, c) 63. (a, b) 64. (a, b, c) 65. (a)

66. (a) 67. (a) 68. (b) 69. (a)

70. (d) 71. (d) 72. (a) 73. (c)

74. (a) 75. (c) 76. (a) 77. (c)

78. (a) 79. (a) 80. (b) 81. (b)

82. (c) 83. (b) 84. (c) 85. (c)

86. (b) 87. (c) 88. (b) 89. (a)

90. (c)

91. (A) ® (q), (B) ® (r), (C) ® (s), (D) ® (p)

92. (A) ® (q, r), (B) ® (p), (C) ® (q, s), (D) ® (q, r)

93. (4) 94. (1) 95. (1) 96. (3) 97. (1) 98. (1)

99. (0) 100. (1) 101. (2) 102. (2) 103. (1) 104. (-1)

105. (9) 106. (1) 107. (3) 108. (b) 109. (b, c) 110. (c)

111. (a) 112. (d) 113. (b) 114. (a) 115. (b)

Chap 02 Differentiation 81



1. Here, y
x x

x x

x x

x x
= -

+
× -

-
sec tan

sec tan

sec tan

sec tan

\ y x x= -(sec tan )2

Þ dy

dx
x x x x x= - × -2 2(sec tan ) (sec tan sec )

= - -2 2sec (sec tan )x x x

2. Here, y
x x

x x

x x

x x
= + +

+ +
= + -

+ +
1

1

1

1

2 4

2

2 2 2

2

( )

( )

= + + - +
+ +

= - +( )( )

( )
( )

1 1

1
1

2 2

2
2x x x x

x x
x x

\ dy

dx
x ax b= - = +2 1

Þ a = 2, b = -1

3. y
d

dx
x x x

x
x= = × + ×( log ) log

1
1

Þ y xe= +1 log

\y = 0, when loge x = -1 Þ x
e

= 1

Thus, y xe= +1 log can be shown as

4. Here, f x
x

x

x
¢ = +

-
= +

-
( ) 1

3

2

1

2
and g x

x

x

x
¢ = +

-
= +

-
( ) 1

5

1

4

1

Since, f x g x¢ < ¢( ) ( )

Þ x

x

x

x

+
-

< +
-

1

2

4

1

or
x

x

x

x

+
-

- +
-

<1

2

4

1
0

Þ ( ) ( )

( )( )

x x x

x x

2 21 2 8

1 2
0

- - + -
- -

<

Þ - +
- -

<2 7

1 2
0

x

x x( )( )
Þ 2 7

1 2
0

x

x x

-
- -

>
( )( )

\ x Î È ¥( , ) ( / , )1 2 7 2 , since log( )x -2 exists, when x >2.

Þ x Î ¥æ
èç

ö
ø÷

7

2
,

5. Here, cos log- -
+

æ
è
ç

ö
ø
÷ =1

2 2

2 2

x y

x y
a

Þ cos
( / )

( / )
log- -

+
æ
è
ç

ö
ø
÷ =1

21

1

y x

y x
a

Put
y

x
= tanq

Þ cos
tan

tan
log- -

+
æ
è
ç

ö
ø
÷ =1

2

2

1

1

q
q

a

Þ cos (cos ) log- =1 2q a

Þ 2q = loge a

Þ 2 1tan log- æ
èç

ö
ø÷ =y

x
a

Þ y

x

a= æ
èç

ö
ø÷tan

log

2

On differentiating both sides, we get

x
dy

dx
y

x

- ×
=

1
0

2

Þ x
dy

dx
y- = 0

Þ dy

dx

y

x
=

6. Here, f x x
x

( ) (| | )
sin= as x ® -p

4

Þ f x x x( ) ( ) sin= - -

Taking logarithm on both sides, we get

log( ( )) ( sin ) log( )f x x x= - -
On differentiating both sides, we get

1 1

f x
f x x

x
x x

( )
( ) ( sin ) log( ) ( cos )× ¢ = - + - × -

At x = - p
4

,

f f¢ -æ
èç

ö
ø÷ = -æ

èç
ö
ø÷

-
+ æ

èç
ö
ø÷ × -æ

èç
ö
ø÷

é
p p

p
p

4 4

1

2

4

4

1

2
log

ë

ê
ê
ê

ù

û

ú
ú
ú

= æ
èç

ö
ø÷ -

é

ë
ê

ù

û
ú

p
p p4

2

2

4 2 2
1

2
log

7. Here, y
x

a
x

b y

x b y

ab ay x
=

+
+

= +
+ +
( )

Þ aby ay xy bx xy+ + = +2

Þ aby ay bx+ =2

On differentiating w.r.t. x, we get

ab
dy

dx
ay

dy

dx
b+ =2

\ dy

dx

b

a b y
=

+( )2

Solutions

Y

0
X

1/e

1 2
− ∞

− −+ +
∞

7/2



Chap 02 Differentiation 83

8. Taking logarithm on both sides, we get

log logy x x= 2

On differentiating both sides, we get

1 1
22

y

dy

dx
x

x
x x× = × + ×(log )

Þ dy

dx
x x x xx= × + ×

2

2( log )

= × ++x xx 2 1 1 2( log ) = ×+x e xx 2 1 2(log( ))

9. Here, x y y x1 1+ =- +
On squaring both sides, we get

x y y x2 21 1( ) ( )+ = +

Þ x x y y y x2 2 2 2+ = +

Þ ( )( ) ( )x y x y xy x y- + + - = 0

Þ ( )( )x y x y xy- + + = 0 Þ x y xy+ + = 0

Þ y
x

x
= -

+( )1

\ dy

dx

x x

x
=- + × - ×

+
é

ë
ê

ù

û
ú

( )

( )

1 1 1

1 2
Þ dy

dx x
= -

+
1

1 2( )

10. Here, x e xyey x2 2 13 0+ + =

On differentiating both sides, we get

x e
dy

dx
x e xe

dy

dx
ye yx ey y x x x2 2 2 0× × + × + × + + ×é

ëê
ù
ûú

=

Þ dy

dx
x xe e xe ye xyey x y x x× + + + + =( ) ( )2 2 0

Þ dy

dx

xe ye x

x xe e

y x

y x
= - + +

+
2 1

2

[ ( )]

( )

or
dy

dx

xe y x

x xe

y x

y x
=- + +

+
é

ë
ê

ù

û
ú

-

-2
1

2

( ( ))

( )

11. Here, x ey x= + . Taking log on both sides, we get

log ( ) logx y x e= +
On differentiating w.r.t. x, we get

1
1

x

dy

dx
= + Þ dy

dx x

x

x
= - = -1

1
1

12. g f x x( ( )) = , as g is the inverse of f .

Þ g f x f x¢ × ¢ =( ( )) ( ) 1

Þ g f x
x

x
g a¢ = + =( ( )) , ( )

1
2

2

10
as

Put x a=

Þ g f a
a

a
¢ = +
( ( ))

1 2

10
Þ f a( )=2

\ g
a

a
¢ = +
( )2

1 2

10

13. Here, u x f g x g x¢ = ¢ × ¢( ) ( ( )) ( )

Þ u f g g¢ = ¢ × ¢( ) ( ( )) ( )1 1 1 = ¢ × ¢f g( ) ( )3 1

= -æ
èç

ö
ø÷ × - =1

4
3

3

4
( )

and w x g g x g x¢ = ¢ × ¢( ) ( ( )) ( )

Þ w g g g¢ = ¢ × ¢( ) ( ( )) ( )1 1 1 = ¢ × ¢g g( ) ( )3 1

= × - = -3

4
3

9

4
( )

\ u w¢ + ¢ = - = - = -( ) ( )1 1
3

4

9

4

6

4

3

2

14. Let h x f x g x( ) ( ) ( )= +2 2

On differentiating both sides, we get

h x f x f x g x g x¢ = × ¢ + × ¢( ) ( ) ( ) ( ) ( )2 2

= - ¢ × ¢ + ¢ × ¢2 2g x f x f x g x( ) ( ) ( ) ( ) = 0

\ h x( ) is constant.

Thus, h f g h( ) ( ) ( ) ( )10 10 10 52 2= + =

\ f g f g2 2 2 210 10 5 5( ) ( ) ( ) ( )+ = + = + ¢f f2 25 5( ) ( ( )) = +4 4 = 8

15. Here, f ( )0 0=
f ¢ =( )0 1

¢¢ =f ( )0 2

¢¢¢ =f ( )0 3

M M

f n( )0 = n

\ f f f f f n( ) ( ) ( ) ( ) ( )0 0 0 0 0+ ¢ + ¢¢ + ¢¢¢ +¼+ = + + +¼+1 2 3 n

= +n n( )1

2

16. Here,
dy

dx
f f f x f f x f x= ¢ × ¢ × ¢( ( ( ))) ( ( )) ( )

\ y f f f f f f¢ = ¢ × ¢ × ¢( ) ( ( ( ))) ( ( )) ( )0 0 0 0

= ¢ × ¢ ×f f f( ( )) ( )0 0 2 = ¢ × ¢ ×f f( ) ( )0 0 2 = ´ ´ =2 2 2 8

17. Here, y p x2 = ( )

Differentiating both sides, we get 2y y p x× ¢= ( )

Again, differentiating both sides, we get

2 2 2yy y p x¢¢+ ¢ = ¢¢( ) ( )

On multiplying by y 2, we get

2 23 2 2y y y y y p x× ¢¢+ × ¢ = ¢¢( ) ( )

Q y y
p x× ¢= ¢( )

2
Q y y

p x× ¢= ¢é
ëê

ù
ûú

( )

2

Þ 2 2
4

3
2

2y y
p x

y p x× ¢¢+ × ¢ = ¢¢
( ( ))

( )

Þ 2
1

2

3 2 2y y p x p x y× ¢¢+ × ¢ = ¢¢ ×( ( )) ( )

Again, differentiating both sides, we get

2
1

2
2 23

2

2
2× ×

æ
è
ç

ö
ø
÷ + × ¢ × ¢¢ = ¢¢¢ +d

dx
y

d y

dx
p x p x p x y y( ) ( ) ( ) × ¢ ¢¢y p x( )

Þ 2 23
2

2
× ×

æ
è
ç

ö
ø
÷ = ¢¢¢ × + × ¢× ¢¢

d

dx
y

d y

dx
p x p x y y p x( ) ( ) ( ) - ¢ × ¢¢p x p x( ) ( )

[Q2y y p x× ¢= ¢( )]

= ¢¢¢ × + ¢ × ¢¢ - ¢ × ¢¢p x p x p x p x p x p x( ) ( ) ( ) ( ) ( ) ( )

= ¢¢¢ ×p x p x( ) ( )

18. As,
dy

dx
f x= ¢( ) and

dx

dy
g y= ¢( )

Þ g y
f x

¢ =
¢

( )
( )

1
…(i)



On differentiating w.r.t. y , we get

¢¢ =
¢

æ
è
ç

ö
ø
÷ =

¢
æ
è
ç

ö
ø
÷ ×g y

d

dy f x

d

dx f x

dx

dy
( )

( ) ( )

1 1

= - ¢¢
¢

×f x

f x

dx

dy

( )

( ( ))2

= - ¢¢
¢

×
¢

= - ¢¢
¢

f x

f x f x

f x

f x

( )

( ( )) ( )

( )

( ( ))2 3

1

\ ¢¢ = - ¢¢
¢

g y
f x

f x
( )

( )

( ( ))3

19. As discussed in Q.18,

d x

dy

d y dx

dy

dx

2

2

2 2

3
= -

æ
èç

ö
ø÷

/

Þ d y

dx

d x

dy

dy

dx

2

2

2

2

3

= - ×æèç
ö
ø÷ …(i)

Now,
d y

dx
y

dy

dx

2

2
0+ × =

Þ - ×æèç
ö
ø÷ + æ

èç
ö
ø÷ =d x

dy

dy

dx
y

dy

dx

2

2

3

0

Þ d x

dy
y

dx

dy

2

2

2

0-
æ
è
ç

ö
ø
÷ =

20. g x f x x f x( ) log( ( )) log log( ( ))+ = + = +1 1

Þ g x g x x( ) ( ) log+ - =1

On differentiating both sides, we get

g x g x
x

¢ + - ¢ =( ) ( )1
1

Again, differentiating both sides, we get

¢¢ + - ¢¢ = -g x g x
x

( ) ( )1
1

2
…(i)

\ ¢¢ +æ
èç

ö
ø÷ - ¢¢æèç

ö
ø÷ = -g g1

1

2

1

2
4

¢¢ +æ
èç

ö
ø÷ - ¢¢ +æ

èç
ö
ø÷ = -g g2

1

2
1

1

2

4

9

¢¢ +æ
èç

ö
ø÷ - ¢¢ +æ

èç
ö
ø÷ = -

g g3
1

2
2

1

2

4

25
M M M

¢¢ +æ
èç

ö
ø÷ - ¢¢ -æ

èç
ö
ø÷ = -

-
g N g N

N

1

2

1

2

4

2 1 2( )

On adding, we get

¢¢ +æ
èç

ö
ø÷ - ¢¢æèç

ö
ø÷ = - + + +¼+

-
æ
è
çg N g

N

1

2

1

2
4 1

1

9

1

25

1

2 1 2( )

ö
ø
÷

21. Here, f x x ex( ) /= +3 2 and g x f x( ) ( )= -1

Þ g f x f x¢ × ¢ =( ( )) ( ) 1

Putting f x( ) = 1 Þ x ex3 2 1+ =/ Þ x = 0

\ g f¢ × ¢ =( ) ( )1 0 1, f x x ex¢ = +( ) /3
1

2

2 2

Þ g ¢ × =( )1
1

2
1 Þ g ¢ =( )1 2

22. Let f ( ) sinq a= , where a q
q

=
æ

è
ç

ö

ø
÷-tan

sin

cos

1

2

Þ tan
sin

cos
a q

q
=

2

\ sin
sin

cos
tana q

q
q= = [Q q p pÎ -( / , / )4 4 ]

Þ f ( ) tanq q= \ d f

d

( ( ))

(tan )

q
q

= 1

23. We have, y
x

x
= log tan

logsin

Þ dy

dx

x
x

x
x x

=

æ
è
ç

ö
ø
÷ -(logsin )

sec

tan
(log tan )(cot )

(logs

2

in )x 2

\ dy

dx x

é
ëê

ù
ûú

= -

= p/ log4

4

2
[on simplification]

24. We have, y
r rr

x

=
+ +

æ
è
ç

ö
ø
÷-

=
å tan 1

2
1

1

1
= + -

+ +
é

ë
ê

ù

û
ú

-

=
å tan

( )

( )

1

1

1

1 1

r r

r rr

x

= + -- -

=
å[tan ( ) tan ]1 1

1

1r r
r

x

= - + - + +- - - -[tan tan tan tan1 1 1 12 1 3 2 K tan-1 x

- - + + -- - -tan ( ) tan ( ) tan ]1 1 11 1x x x

= + -- -[tan ( ) tan ]1 11 1x

\ dy

dx x
=

+ +
1

1 1 2( )

25. We have, y
x

x
=

-
æ
è
ç

ö
ø
÷-sin

sin sin

cos sin

1

1

a
a

Þ dy

dx x

x

=

-
-

1

1
1

2 2

2

sin sin

( cos sin )

a
a

× d

dx

x

x

sin sin

cos sin

a
a1 -

æ
è
ç

ö
ø
÷

Þ dy

dx

x

x x
= -

+ -
×( cos sin )

cos sin cos sin

sin

cos

1

1 2 22

a

a a

a
a

Þ dy

dx

d

dx x
x

= -
-

-
æ
è
ç

ö
ø
÷ -

+

1

1
1

1 2

cos sin
tan ( cos sin )

{ cos

a
a a

a asin sin cos }2 2x x-

Þ dy

dx

x

x
x

=

-
-

é

ë
ê

ù

û
ú

-

cos cos

( cos sin )
sin cos

( cos si

a
a

a

a
1

1

2

n ) [ cos sin cos sin ]x x x1 2 22+ -a a

\ dy

dx x

é
ëê

ù
ûú

=
= 0

sina Þ y ¢ =( ) sin0 a

26. We have, f x
x xx x

( ) cot= -æ
è
ç

ö
ø
÷-

-
1

2

Þ f x
x x

d

dx

x x

x x

x x

¢ = -

+ -æ
è
ç

ö
ø
÷

× -æ
è
ç

ö
ø
÷

-

-
( )

1

1
2

22
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Þ f x
x x

d

dx
x x

x x

x x¢ = -
+ -

× --
-( )

( )
( )

2

4 2

Þ f x
x x

d

dx
e e

x x

x x x x¢ = -
+

× --
-( )

( )
( )log log2

2

Þ f x
x xx x

¢ = -
+ -( )

( )

2
2

e
d

dx
x x e

d

dx
x xx x x xlog log( log ) ( log )× - × -ì

í
î

ü
ý
þ

-

Þ f x
x x

x x
x x

x¢ = -
+

+-( )
( )

{ ( log )
2

1
2

+ +-x xx( log )}1

Þ f x
x

x x
x x

x x

x x¢ = - +
+

× +-
-( )

( log )

( )
( )

2 1
2

= - +
+ -

2 1( log )x

x xx x

\ f ¢ = -
+

= -( )
( )

1
2

1 1
1

27. f g x x( ( )) = Þ f g x g x¢ ¢ =( ( )) ( ) 1

Þ ( ) ( )( )e g xg x + ¢ =1 1

Þ ( ) ( (log ))( (log ))e g fg f 2 1 2 1+ ¢ =
Þ ( ) ( (log ))loge g f2 1 2 1+ ¢ =

Þ g f¢ =( (log ))2
1

3

28. F x f
x

f
x

g
x

g
x¢ = æ

èç
ö
ø÷ × ¢æèç

ö
ø÷ + æ

èç
ö
ø÷ ¢æèç

ö
ø÷

é
ëê

ù
( )

2 2 2 2 ûú

Here, g x f x( ) ( )= ¢ and g x f x f x¢ = ¢¢ = -( ) ( ) ( )

So, F x f
x

g
x

f
x

g
x¢ = æ

èç
ö
ø÷

æ
èç

ö
ø÷ - æ

èç
ö
ø÷

æ
èç

ö
ø÷ =( )

2 2 2 2
0

\ F x( ) is a constant function. Hence, F ( )10 5=
29. We have, x = sec cosq - q and y n n= -sec cosq q

Þ dx

dq
q q q q q q= + = +sec tan sin tan (sec cos )

and
dy

d
n n n

q
q q q q= + -[sec tan cos sin ]1

= +n n ntan (sec cos )q q q

\ dy

dx

dy

d
dx

d

n n n

= = +
+

q

q

q q q
q q q

tan (sec cos )

tan (sec cos )

Þ dy

dx
n

n yn næ
èç

ö
ø÷ = × - +

- +
=

2
2

2

2

24

4

(sec cos )

(sec cos )

(q q
q q

2

2

4

4

+
+

)

( )x

Þ ( ) ( )x
dy

dx
n y2

2
2 24 4+ æ

èç
ö
ø÷ = +

30. We have, x f t t f t t= - ¢( ) cos ( )sin

and y f t t f t t= + ¢( )sin ( ) cos

Þ dx

dt
f t t f t t f t t f t t= - + ¢ - ¢ - ¢¢( )sin ( ) cos ( ) cos ( )sin

= - + ¢¢[ ( ) ( )]sinf t f t t

and
dy

dt
f t t f t t f t t f t t= + ¢ - ¢ + ¢¢( ) cos ( )sin ( )sin ( ) cos

= + ¢¢[ ( ) ( )]cosf t f t t

\ dx

dt

dy

dt
f t f t

æ
èç

ö
ø÷ + æ

èç
ö
ø÷ = + ¢¢

2 2
2[ ( ) ( )]

31. Note that in y highest degree of x is 4 and therefore
d y

dx

3

3
is a

linear function of x, which is satisfied only in (d).

32. Exponent of x
l m m n n l

l m m n n l
= - + - + -

- - -
[ ]

( )( )( )

2 2 2 2 2 2

Þ y x= =0 1 Þ y = 1 Þ y ¢ = 0

33. y A Bx e m emx x= + + - ×-( ) ( )1 2

Þy e A Bx m emx m x× = + + - ×- - -( ) ( ) ( )1 2 1

Þ e y mye B m emx mx m x- - - - -× - = - - ×1
1 11( ) ( )

Þ e y y e m m e y ye mmx mx mx mx- - - -× - × - × - ×2 1 1[ ] = - -e m x( )1

Þ e y my e m y e emx mx mx m x- - - - -× - + × =2 1
2 12 ( )

\ y my m y ex
2 1

22- + =

34. We have, f x
x

x x( ) sin sin sin= - + - ×
3

2

3
6 4 8

- - +-5 4 11 2sin (( ) )a ( )a = 4

Þf x x x¢ = - + -( ) sin sin sin2 2 6 4 8

Þ f ¢ = - + -(sin ) sin sin sin sin sin8 8 2 6 8 4 82

= - + -sin [ sin sin sin ]8 8 2 6 4

= - + -sin [sin sin sin ]8 8 4 2 6

= - -sin [ sin cos sin ]8 2 6 2 2 6

= - <2 8 6 1 2 0sin sin [ cos ]

35. f g x x( ( )) = Þ f g x g x¢ × ¢ =( ( )) ( ) ;1 f g a g a¢ × ¢ =( ( )) ( ) ;1 f b¢ × =( ) 2 1

Þ f b¢ =( )
1

2

36. Put cos ;f = 2

13
sin ;f = 3

13
tan f = 3

2
y x x= + f + - f- -cos {cos ( )} sin {cos ( )}1 1

= + f + -- -cos {cos ( )} cos1 1

2
x

p
{cos ( )}f - x

= + f + - f +x x
p
2

y x= +2
2

p
;z x= +1 2

Now,
dy

dz

dy

dx
dz

dx

x

x
= =

+2 1 2

\ dy

dz x

æ
èç

ö
ø÷ =

= 3

4

10

3

37. f x x x x x( ) = + - + - -2 2 4 2 2 4

\ f x x x( ) ( ) ( )= - + + - -2 2 2 22 2

= - + + - -| | | |x x2 2 2 2

For x - 2 to exist, x ³ 2

Also, x - + >2 2 0 [true]

But x - - ³2 2 0 only, if x ³ 4 < 0 only, if x < 4
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Now, f x( ) becomes

f x
x x x

x x x
( )

, for

, for
=

- + - - + £ <

- + + - - ³

ì
í
ï

îï

2 2 2 2 2 4

2 2 2 2 4

\ f x
x

x x
( )

, for

, for
=

£ <

- £ < ¥

ì
í
ï

îï

2 2 2 4

2 2 4

Q f is continuous in [ , ) [ , )2 4 4È ¥ .

\ f x

x

x
x

¢ =
£ <

-
£ < ¥

ì
í
ï

îï
( )

,

,

0 2 4

1

2
4

\ f ¢ =
-

=+( )102
1

102 2

1

10

\ 10 102 1f ¢ =+( )

38. Here, y x= +2 1ln ( cos ) Þ y
x

x
1

2

1
= -

+
sin

cos

y
x x x x

x
2 2

2
1

1
= - + - -

+
é

ë
ê

ù

û
ú

( cos ) cos sin ( sin )

( cos )

= - +
+

é

ë
ê

ù

û
ú = -

+
2

1

1

2

12

cos

( cos ) ( cos )

x

x x

\ 2 2
2

1

2

1

2

2

e e
x

y

x

-
- +

= × =
+

/

ln ( cos )

( cos )

\ y
ey2 2

2
0+ =

/

39. y
a x a x a x

a x a x a x
=

+ + - × +
- + - × +

( )

( )

y
a x a x a x

a x a x a x

a x

a x
=

+ + + -
- + + -

= +
-

æ
è
ç

ö
ø
÷

( ) ( )

( )

/1 2

dy

dx

a x

a x

a x a x

a x
= -

+
- + +

-
æ
è
ç

ö
ø
÷

1

2 2

( ) ( )

( )
=

-
+

´
-

1

2

2
2

a x

a x

a

a x( )

\ dy

dx ax

æ
èç

ö
ø÷ =

= 0

1

40. We have, u x v x( ) ( )= 7

Þ u x v x¢ = ¢( ) ( )7 Þ p = 7

Again,
u x

v x

( )

( )
= 7 Þ u x

v x

( )

( )

æ
èç

ö
ø÷
¢ = 0

Þ q = 0

Now,
p q

p q

+
-

= +
-

=7 0

7 0
1

41. For x > 1, we have f x x x( ) | log | || log= =

Þ f x
x

¢ =( )
1

For x < -1, we have

f x x x( ) | log | || log ( )= = -

Þ f x
x

¢ =( )
1

For 0 1< <x , we have

f x x x( ) | log | || log= = -

f x
x

¢ = -( )
1

For - < <1 0x , we have

f x x( ) log ( )= - -

f x
x

¢ = -( )
1

Hence, f x x
x

x
x

¢ =
>

- <

ì

í
ï

î
ï

( )
, | |

, | |

1
1

1
1

42. We have, f x x x n x( ) cos { . . . ( ) }= + + + -3 2 1

+ + + + + -i x x x n xsin { . . . ( ) }3 5 2 1

Þ f x n x i n x( ) cos sin= +2 2

Þ f x n n x n i n x¢ = - +( ) (sin ) ( cos )2 2 2 2

Þ f x n n x n i n x¢ ¢ = - -( ) cos sin4 2 4 2

Þ f x n n x i n x¢ ¢ = - +( ) (cos sin )4 2 2

Þ f x n f x¢ ¢ = -( ) ( )4

43. We have, f x xn( ) =

Þ f x y x y n( ) ( )+ = + Þ f x y n x y n¢ + = + -( ) ( ) 1

Also, f x nxn¢ = -( ) 1 and f y nyn¢ = -( ) 1

\ f x y f x f y¢ + = ¢ + ¢( ) ( ) ( )

Þ n x y n x n yn n n( )+ = × + ×- - -1 1 1

Þ ( )x y x yn n n+ = +- - -1 1 1 …(i)

For n - >1 1, we find that LHS of Eq. (i) is greater than the
RHS. So, we must have n - £1 1, i.e. n - =1 0 or n - =1 1.

Hence, n = 1 or n = 2

44. For 2 3< <x , we have [ ]x = 2

\ f x x( ) sin= -æ
èç

ö
ø÷

2

3

2p

Þ f x x x¢ = - -æ
èç

ö
ø÷( ) cos2

2

3

2p

Þ f ¢ = - = -( ) / cos / /p / p p p3 2 3 3 3

45. We have, u e xx= sin

Þ du

dx
e x e x u vx x= + = +sin cos

and v e xx= cos

Þ dv

dx
e x e x v ux x= + = -cos sin

\ v
du

dx
u

dv

dx
v u v u v u u v- = + - - = +( ) ( ) 2 2

d u

dx

du

dx

dv

dx
u v v u v

2

2
2= + = + + - =

and
d v

dx

dv

dx

du

dx
v u v u u

2

2
2= - = - - + = -( ) ( )
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46. We have, f x x
x

x
x( ) log {ln ( )}

ln {ln ( )}

ln ( )
= =

\ f x

x
x x

x
x

x
¢ =

× × -
( )

ln ( )
ln ( )

ln {ln ( )}

{ln ( )}

1 1 1

2
= -1

2

ln {ln ( )}

{ ln ( ) }

x

x x

Þ f e
e

e e
¢ = -
( )

ln {ln ( )}

{ln ( )}

1
2

= - =1 1 1ln ( )

e e
or e-1

47. We have, [ ( )] ( )f x f nxn = for all x

Þ n f x f x nf nxn[ ( )] ( ) ( )- ¢ = ¢1

Þ n f x f x nf x f nxn[ ( )] ( ) ( ) ( )¢ = ¢

[multiplying both sides by f x( )]

Þ nf nx f x nf x f nx( ) ( ) ( ) ( )¢ = ¢ [ [ ( )] ( )]Q f x f nxn =

Þ f nx f x f x f nx( ) ( ) ( ) ( )¢ = ¢
48. Since, f x( ) is an odd differentiable function defined on R.

Therefore, f x f x( ) ( )- = - for all x RÎ
Differentiating both the sides w.r.t. x, we get

- ¢ - = - ¢f x f x( ) ( ) for all x RÎ
Þ f x f x¢ - - ¢( ) ( ) = 0 for all x RÎ
Þ f f¢ - = ¢ = -( ) ( )3 3 2

Aliter
We know that the derivative of a differentiable odd function is
an even function. Therefore, f x¢( ) is an even function.

Hence, f f¢ - = ¢ = -( ) ( )3 3 2

49. We have, y x y x y= + + + + ¥. . .

Þ y x y x y2 = + + + + ¥. . .

Þ y x y y2 = + + Þ ( )y x y2 2 2- =

Differentiating both the sides w.r.t. x, we get

2 2 1 22( )y x y
dy

dx

dy

dx
- -æ

èç
ö
ø÷ =

Þ dy

dx

y x

y xy
= -

- -

2

32 2 1

50. We have, f x x x( ) cos sin= -

Þ f x
x x x

x

x x x

( )
cos sin ,

sin cos ,

=
- < £

- < <

ì

í
ï

î
ï

for

for

0

4 2

p

p p

Clearly, LHD at
at

x
d

dx
x x

x

=æ
èç

ö
ø÷ = -ì

í
î

ü
ý
þ =

p
p4
4

(cos sin )

= - -
=

( sin cos )x x
x

p
4

= - 2

and RHD at
at

x
d

dx
x x

x

=æ
èç

ö
ø÷ = -ì

í
î

ü
ý
þ =

p
p4
4

(sin cos )

= +
=

(cos sin )x x
x

p
4

= 2

\ LHD at RHD atx x=æ
èç

ö
ø÷ ¹ =æ

èç
ö
ø÷

p p
4 4

Thus, f ¢ æ
èç

ö
ø÷

p
4

doesn’t exist.

51. We have, f x x xg g( ) ( ) ( )= + ¢ + ¢¢2 1 2

and g x x xf f( ) ( ) ( )= + ¢ + ¢¢2 2 3

Þ f x x g¢ = + ¢( ) ( )2 1

and g x x f¢ = + ¢( ) ( )2 2 …(i)

Putting x = 1 in Eq (i), we get

f g¢ = + ¢( ) ( )1 2 1

and g f¢ = + ¢( ) ( )1 2 2

Þ f f¢ = + ¢( ) ( )1 4 2

Putting x = 2 in Eq. (i), we get

f g¢ = + ¢( ) ( )2 4 1

and g f¢ = + ¢( ) ( )2 4 2

Þ g g g¢ = + + ¢ = + ¢( ) ( ) ( )2 4 4 1 8 1

Differentiating Eq. (i) w.r.t. x, we get

f x¢ ¢ =( ) 2

and g x¢ ¢ =( ) 2 for all x

Þ f ¢ ¢ =( )3 2

and g ¢ ¢ =( )2 2

Þ g f¢ ¢ + ¢ ¢ = + =( ) ( )2 3 2 2 4

52. We have, f x xn( ) =
f x n n n n r xr n r( ) ( )( ) . . . { ( )}= - - - - -1 2 1

Þ f x
n

n r
xr n r( )

!

( )!
=

-
-

Þ f
n

n r

r( )
!

( )!
1 =

-

\ f
f f f f

n

n n

( )
( )

!

( )

!

( )

!
. . .

( ) ( )

!
1

1

1

1

2

1

3

1 1- ¢ + ¢¢ - ¢¢ ¢ + + -

= -
=
å( )

( )

!
,1

1

0

r
r

r

n f

r
where f f0 1 1( ) ( )=

= -
-

= - =
==

å( )
!

( )! !
( )1 1 0

0
0

r

r

n
r n

r

r

n n

n r r
CS

53. We have, y x+ + =log( )1 0

Þ dy

dx x
+

+
=1

1
0

( )

Þ y
x

¢ = -
+
1

1( )
…(i)

Also, log( )1 + = -x y

Þ 1 + = -x e y Þ 1 = × - ¢-e yy ( )

Þ e yy = - ¢

or y ey¢ + = 0
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54. As, y
x

= 23

Þ dy

dx

d

dx

x x= × × æ
èç

ö
ø÷2 2 33 log ( )

= × × ×2 2 3 33x xlog log

= × × ×2 3 2 33x x log log …(i)

Also, y
x

= 23 and log2 3y x=

\ Eq. (i) becomes,

dy

dx
y y= × × ×(log ) log log2 3 2

55. Here, f x x x( ) = + -2 3 3

g f x x( ( )) =
Þ g f x f x¢ × ¢ =( ( )) ( ) 1, f x x¢ = +( ) 2 3

Þ g f x
x

¢ =
+

( ( ))
1

2 3

\ g
g

¢ =
+

( )
( )

1
1

2 1 3
…(i)

and g x f x- =1( ) ( )

When f x( ) = 1,

then g x- =1 1( ) Þ x g= ( )1

Also, f x( ) = 1

Þ 1 3 32= + -x x

Þ x x2 3 4 0+ - =

Þ ( )( )x x+ - =4 1 0

Þ x = 1 [as x > 0]

\ g ¢ =
+

=( )
( )

1
1

2 1 3

1

5

56. Here, x x y x y3 2 22 5 5 0- + + - =
On differentiating, we get

3 4 4 5 02 2 2x xy x y dy dx dy dx- - + + =/ /

Þ y
x xy

x y
¢= - +

-
3 4 5

4 1

2 2

2

\ y ¢ = - +
-

=( )1
3 4 5

4 1

4

3

Also, ¢¢y x( )

= - - ¢ - - + ¢ - +[( )]( ) ( )( )]6 4 8 4 1 8 4 3 4 52 2 2 2 2x y xyy x y xy x y x xy

( )4 12 2x y -

Þ y ¢¢ =
- - ×æ

èç
ö
ø÷ × - - + ×æ

èç
ö
ø÷ × - +

( )

( ) ( )

(
1

6 4 8
4

3
4 1 8 4

4

3
3 4 5

4 -1 2)

= -8
22

27

57. Here, y x y= +

Þ y x y2 = +

On differentiating w.r.t. x, we get

2 1y
dy

dx

dy

dx
× = +

Þ dy

dx y
=

-
1

2 1

Also, y
x

y
= + 1

Þ dy

dx

y x
dy

dx

y
=

× - ×1

2

Þ ( )y x
dy

dx
y2 + =

Þ dy

dx

y

y x
=

+2
[Qy x y2 = + ]

Þ dy

dx

y

x y x
=

+ +( )
=

+
y

x y2

58. We have, y x x x

= (ln )ln (ln )

Þ ln (ln ) lnln (ln )y x xx= …(i)

Þ = × +ln (ln ) ln (ln ) ln (ln ) ln (ln )y x x x

Þ 1 1 2 1 1

ln

ln (ln )

ln lny y

dy

dx

x

x x x x
× × = × +

= +2 1ln (ln )

ln

x

x x

\ dy

dx

y

x

y

x
x= × +ln

ln
( ln (ln ) )2 1

Substituting the value of ln y from Eq. (i), we get

dy

dx

y

x
x xx= +(ln ) ( ln (ln ) )ln (ln ) 2 1

59. (a) We have, y x x= sin ––1 22 1

Þ dy

dx

x

x x
=

+

2 4

1 4 4

2

2 4

–

–

Clearly, it is not defined at x = 1

2
.

Not derivable at x = 1

2
, check with x = sin q or direct

differentiation.

(b) g x
x

x

x x x x

¢ =

- ×
+

æ
è
ç

ö
ø
÷

× + - × ×+ +
( )

( )( ) ln1

1
2 2

1 2

1 4 2 2 2 4

2

2

1 1 ln

( )

4

1 4 2+ x

= +

+ ×
´

+

+1 2

1 4 2 2

2 2 1 4

1 4

2

2 2

1

2

x

x x

x x

x
–

ln ( – )

( )

=
+

+2 2 1 4

1 2 1 4

1

2

x x

x x

ln ( – )

– ( )

Clearly, it is not defined, when 1 2 0– x =

i.e. at x = 0

Þ Not derivable at x = 0
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(c) h x
x

x

x

x
( ) sin cos= -

+
æ
è
ç

ö
ø
÷ = - -

+
æ
è
ç

ö
ø
÷- -1

2

2
1

2

2

1

1 2

1

1

p

=
- ³

+ <

ì

í
ï

î
ï

-

-

p

p
2

2 0

2
2 0

1

1

tan ,

tan ,

x x

x x

\ h x
x

x

x

x
x

¢ =

-
+

>

=

+
<

ì

í

ï
ï

î

ï
ï

( )

,

,

2

1
0

0
2

1
0

2

2

not derivable,

\ Not differentiable at x = 0.

(d) k x x( ) sin (cos )= -1 = - -p
2

1cos (cos )x

and graph for cos (cos )-1 x , is shown as

\ k x( ) is not differentiable at x = 0.

60. f x
x x

x
x( )

( )
=

- + - -
- -

×
1 1 2 1

1 1

2

=
- -
- -

× =
- Î

Î ¥
ì
í
î

| | , [ , )

, ( , )

x

x
x

x x

x x

1 1

1 1

1 2

2

if

if

Þ f x
x

x
¢ =

Î
Î ¥

ì
í
î

( )
– ,

,

[ , )

( , )

1

1

1 2

2

if

if

\ f ¢ =( )10 1 and f ¢ æ
èç

ö
ø÷ =3

2
1–

61. 2 2 2x y x y+ = +

Differentiating both sides, we get

2 2 2 2 2 2 1x y x ydy

dx

dy

dx
log log log+ = × +æ

èç
ö
ø÷

+

Þ log ( ) ( ) log2 2 2 1 2 1 2 2× - = -y x x ydy

dx

Þ dy

dx

x y

y x
= -

-
2 1 2

2 2 1

( )

( )
…(i)

Also, 2 2 2 1x y x= -( )

\ dy

dx

y= -( )1 2 …(ii)

when 2 2 2 1y x y= -( ) [from Eq. (i)]

Þ dy

dx x x
= -

-
=

-
1

2 1

1

1 2
…(iii)

As, 2 2 2 1x y x= -( ) and 2 2 2 1y x y= -( )

\ - = -
-

2

2

2 1 2

2 2 1

y

x

x y

y x

( )

( )

Substituting this in Eq. (i), we get

dy

dx

y

x
= - 2

2

62. f x x bx c ex( ) ( )= + +2

\ f x x b x b c ex¢ = + + + +( ) { ( ) ( )}2 2

f x( ) > 0 iff D b c= - <2 4 0

Now, f x¢ >( ) 0 iff D b b c¢ = + - +( ) ( )2 42

= + <D 4 0
Thus, for f x¢ >( ) 0, D + <4 0 holds.

Þ D < 0

Þ f x( ) > 0

63. We have, y x y x c+ + =–

On differentiating w.r.t. x, we get

dy

dx y x y x y x y x

1 1 1 1

+
+

-
æ

è
ç

ö

ø
÷ =

+–
–

Þ dy

dx

y x y x

y x y x
=

+
+ +

– –

( – )

dy

dx

y x y x

y x y x
= +

+ +
( ) – ( – )

( – )2
= 2

2

x

c

\ dy

dx

x

y y x
=

+ -2 2

Now,
dy

dx

y x y x

y x y x

y y x

x
=

+
+ -

=
- -( – – )

( ) ( – )

2 2 2

64. y x x x= × ×tan tan tan2 3 …(i)

Differentiating both sides, we get
dy

dx
x x x x x x= × × + × ×3 3 2 2 32 2sec tan tan sec tan tan

+ × ×2 2 32sec tan tanx x x …(ii)

Taking log on both sides of Eq. (i), we get

log log tan log tan log tany x x x= + +2 3

Differentiating both sides, we get

1
2 2 4 4 6 6

y

dy

dx
x x x× = + +cosec cosec cosec

\ dy

dx
y x x x= + +2 2 2 4 3 6( )cosec cosec cosec …(iii)

tan ( ) tan ( )
tan tan

tan tan
3 2

2

1 2
x x x

x x

x x
= + = +

-

Þ tan tan tan tan tan tan3 2 3 2x x x x x x× × = - -

Differentiating both sides, we get

dy

dx
x x x= - -3 3 2 22 2 2sec sec sec

65. Here, f x
x

x x
( )

( ) ( )
=

- +1 1
= + + -

- +
é

ë
ê

ù

û
ú

1

2

1 1

1 1

( ) ( )

( ) ( )

x x

x x

f x
x x

( ) =
-

+
+

é

ë
ê

ù

û
ú

1

2

1

1

1

1

Þ f x
x x

¢ = -
-

-
+

é

ë
ê

ù

û
ú( )

( ) ( )

1

2

1

1

1

12 2
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f x
x x

¢¢ =
-

+
+

é

ë
ê

ù

û
ú >( )

( ) ( )
,

1

2

2

1

2

1
0

3 3
for all x > 1

\ f x( ) is concave up.

66. Let x = tanq, where - < <p q p
2 2

.

Þ f x( ) sin (sin )= -1 2q

\ f x( )

,

,

,

=

- < <

- £ £

- - - < <-

ì

í

ï
ïï

î

p q p q p

q p q p

p q p q p

2
2

2

2
2

2
2

2 2
2

ï
ï
ï

=
- >

- £ £
- - < -

ì

í
ï

î
ï

-

-

-

p

p

2 1

2 1 1

2 1

1

1

1

tan ,

tan ,

tan ,

x x

x x

x x

\ f x

x
x

x
x

x
x

¢ =

-
+

>

+
- £ £

-
+

< -

ì

í

ï
ï
ï

î

ï
ï
ï

( )

,

,

,

2

1
1

2

1
1 1

2

1
1

2

2

2

Þ f ¢ = -
+

( )2
2

1 4
= - 2

5

67. As, ( ( ( )) ( ( )) ( )f g x f g x g x¢ = ¢ × ¢

( ( ( ))) ( ( )) ( )f g f g g c0 0 0¢ = ¢ × ¢ =

Þ f g c¢ × ¢ =( ) ( )0 0 Þ g
c

b
¢ =( )0

68. lim
( ) cos ( )

sinx

g x x g

x®

-
0

0 = ¢ -
®

lim
( ) cos ( ) sin

cosx

g x x g x x

x0
= 0

Now, f x g x x( ) ( ) sin=
f x g x x g x x¢ = + ¢( ) ( ) cos ( ) sin

\ f ¢ =( )0 0

On differentiating both sides, we get

f x g x x g x x g x x¢ ¢ = ¢ - + ¢¢( ) ( ) cos ( ) sin ( ) sin + ¢g x x( ) cos

= ¢¢ + ¢ -g x x g x x g x x( ) sin ( ) cos ( ) sin2

Also, f g¢ = ¢( ) ( )0 0

\Both statements are correct but Statement II is not the
correct explanation of Statement I.

69. Statement II is correct.

\ y x x= --sin ( )1 33 4 = -3 1sin x, when - £ £1

2

1

2
x

Þ dy

dx x
=

-

3

1 2
only when

- £ £1

2

1

2
x

\Both statements are true and Statement II is the correct
explanation of  Statement I.

70. Clearly, Statement I is false.

cos
tan ,

tan ,

-
-

-
-
+

æ
è
ç

ö
ø
÷ = ³

- <

ì
í
î

1
2

2

1

1

1

1

2 0

2 0

x

x

x x

x x

\Statement II is correct but Statement I is incorrect.

71. Clearly, Statement II is true.

\ dy

dx

x

x
=

/Î
Î

ì
í
î

1 , Integer

does not exist , Integer

Thus, Statement I is incorrect but Statement II is correct.

72. We have, f x( ) is a continuous function f R Q: ® .

f R: ® 0, iff f x( ) is constant function.

f ( )5 3=
f x( ) = 3

f x¢ =( ) 0

So, Statements I and II both are correct and Statement II is the
correct explanation of Statement I.

73. Let f x
x

x
( ) sin ,=

+
-1

2

2

1
g x

x

x
( ) cos= -

+
æ
è
ç

ö
ø
÷-1

2

2

1

1

f x

x x

x x

x x

( )

tan ,

tan ,

tan ,

=
- £ £

- >
- - < -

ì

í
ï

-

-

-

2 1 1

2 1

2 1

1

1

1

p
pî

ï

g x
x x

x x
( )

tan ,

tan ,
= ³

- <

ì
í
î

-

-
2 0

2 0

1

1

f x

x
x

x
x

x
x

¢ =

+
- £ £

-
+

>

-
+

< -

ì

í

ï
ï
ï

î

ï
ï
ï

( )

,

,

,

2

1
1 1

2

1
1

2

1
1

2

2

2

g x
x

x

x
x

¢ = +
³

-
+

<

ì

í
ïï

î
ï
ï

( )

,

,

2

1
0

2

1
0

2

2

f x

g x

¢
¢

=( )

( )
1, 0 1< <x

\ f x g x¢ ¹ ¢( ) ( ), - £ £1 1x

Statement I is correct and Statement II is incorrect.

74. Given, f x y f x f y( ) ( ) ( )+ = +3 3 , " Îx y R,

Put x y= = 0, we get

f f f( ) ( ) ( )0 0 0 0+ = + Þ f ( )0 0=

Now, put y x= - 1 3/ , we get

f f x f x( ) ( ) ( )0 = + -
Þ f x f x( ) ( )+ - = 0

Þ f x( ) is an odd function.

Þ f x¢( ) is an even function.

Þ ¢ = ¢ - =f f a( ) ( )2 2

Sol. (Q. Nos. 75 to 77)

Consider, f x y f x f y xy( ) ( ) ( )+ - = - +1 2

Þ f f f( ) ( ) ( )0 0 0 0 1 0+ - = - +
Þ f ( )0 1= and f ¢ =( )0 1 [given]

Also, f x
f x h f x

h

f h

h

xh

hh h
¢ = + - = - +é

ëê
ù
ûú® ®

( ) lim
( ) ( )

lim
( )

0 0

1 2

f x f x¢ = ¢ +( ) ( )0 2

\ f x x¢ = +( ) 2 1

Integrating both sides, f x x x c( ) = + +2

As, f c( )0 1 1= Þ =
\ f x x x( ) = + +2 1
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Thus, domain of log( ( )) log( )f x x x= + +2 1 is x RÎ
Range of x x2 1 3 4+ + ³ /

\ Range of log ( )/3 4
2 1 1x x+ + £

Þ Range Î -¥( , ]1

and g
g g

k
g kg( )

( ) ( )
( ) ( )0

0 0
2 0 0= + Þ =

Þ g( )0 0= [ ]Q k ¹ 2

g x

g
x h

g x

h

g x g h g x

h h
¢ =

+æ
èç

ö
ø÷ -

= + -
® ®

( ) lim

( )

lim
( ) ( ) ( )

0 0

1

h

= - = ¢ =
®

lim
( ) ( )

( )
h

g h g

h
g

0

0
0 l

\ g x x c( ) = +l
As g c( )0 0 0= Þ =
Þ g x x( ) = l
Þ l lx x x x x= + + Þ + - + =2 21 1 1 0( )

Q D = 0

\ ( )1 4 02- - =l Þ = -l 3 1,

75. (c) 76. (a) 77. (c)

Sol. (Q. Nos. 78 to 80)

LHD = - -
® -
lim

( ) ( )

h

f a h f a

h0

= - - +
® -
lim

( ) ( )

h

f a h f a

h0
= - -

-® -
lim

( ) ( )

h

f a h f a

h0

RHD = ¢ + ¢ - +
® -
lim

( ) ( )

h

f a f a h

h0
= ¢ + ¢ -

® -
lim

( ) ( )

h

f a f h a

h0

Also, lim
( ) ( )

h

f x f x h

h® -

- - - -
0

= - - - -
-® -

lim
( ) ( )

h

f x h f x

h0

= ¢ -f x( ) …(i)

and lim
( ) ( )

h

f x f x h

h®

- -
-0

= - ¢f x( ) …(ii)

From Eqs. (i) and (ii), f x¢( ) is odd function and hence f x( ) is
even function.

78. (a) 79. (a) 80. (b)

Sol. (Q. Nos. 81 to 82)

Since, f x x x( ) sin ( )= --1 33 4

=

- - - £ £ -

- £ £

- £

-

-

-

p

p

3 1
1

2

3
1

2

1

2

3
1

2

1

1

1

sin ,

sin ,

sin ,

x x

x x

x x £

ì

í

ï
ïï

î

ï
ï
ï

1

\ f x
x

x

x
x

¢ =
-

- £ £

-
-

£ £

ì

í
ïï

î
ï
ï

( )

,

, | |

3

1

1

2

1

2

3

1

1

2
1

2

2

Þ f ¢ =( )0 3 and f ¢æèç
ö
ø÷ = -1

2
3 2

81. (b) 82. (c)

Sol. (Q. Nos. 83 to 84)

D u v
f x h g x h f x g x

hh

*( ) lim
( ) ( ) ( ) ( )× = + × + - ×

® 0

2 2 2 2

=

+ × + - +

+ + -
®

lim

( ) ( ) ( ) ( )

( ) ( )

h

f x h g x h f x h g x

f x h g x f

0

2 2 2 2

2 2 2 2( ) ( )x g x

h

= + × + -æ
è
ç

ö
ø
÷

®
lim ( )

( ) ( )

h
f x h

g x h g x

h0

2
2 2

+ + -æ
è
ç

ö
ø
÷

®
g x

f x h f x

hh

2

0

2 2

( ) lim
( ) ( )

= × + ×f x D v g x D u2 2( ) ( ) ( ) ( )* *

= +u D v v D u2 2( ) ( )* *

Also, D
u

v

f x h

g x h

f x

g x

hh

* lim

( )

( )

( )

( )æ
èç

ö
ø÷ =

+
+

-

® 0

2

2

2

2

= + × - + ×
+ × ×®

lim
( ) ( ) ( ) ( )

( ) ( )h

f x h g x g x h f x

g x h g x h0

2 2 2 2

2 2

=

+ -

+ - +
®

lim

( ) ( ) ( ) ( )

( ) ( ) ( )

h

f x h g x f x g x

f x g x g x h f

0

2 2 2 2

2 2 2 2

2 2

( )

( ) ( )

x

g x h g x h

é

ë
ê
ê

ù

û
ú
ú

+ × ×

=

+ -æ
è
ç

ö
ø
÷ ×

- ×

®

®
lim

( ) ( )
( )

( ) lim
(

h

h

f x h f x

h
g x

f x
g x

0

2 2
2

2

0

2 + -æ
è
ç

ö
ø
÷

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

+ ×

h g x

h

g x h g x

) ( )

( ) ( )

2

2 2

= × - ×
×

g x D u f x D v

v v

2 2

2 2

( ) ( ) ( ) ( )* *

= × -v D u u D v

v

2 2

4

( ) ( )* *

83. (b) 84. (c)

85. y e tt= sin Þ dy

dt
e t tt= +[cos sin ]

x e tt= cos Þ dx

dt
e t tt= -[cos sin ]

\ dy

dx

t t

t t
= +

-
=cos sin

cos sin
tan a

Þ tan tan
p a
4

+æ
èç

ö
ø÷ =t

Þ p a
4

+æ
èç

ö
ø÷ =t Þ t = -a p

4

86.
d y

dx

t

e t tt

2

2

2

4=
+æ

èç
ö
ø÷

-

sec

(cos sin )

p

\ d y

dx
t

2

2

0

2
æ
è
ç

ö
ø
÷ =

=



87. F t e t t dt e t Ct t( ) (cos sin ) sin= + = +ò
F F e C e

p p p

2
0 02 2æ

èç
ö
ø÷ - = + - =( ) ( )/ /

Sol. (Q. Nos. 88 to 90)

88. Since, 1, a1, a2, ……, an are roots of xn - =1 0.

\ x x x a x a x an
n- = - - - -1 1 1 2( )( )( ) . . . ( ) …(i)

Þ x

x
x a x a x a

n

n

-
-

= - - -1

1
1 2( )( ) . . . ( )

Þ lim lim [( )( ) . . . ( )]
x

n

x
n

x

x
x a x a x a

® ®

-
-

= - - -
1 1

1 2
1

1

Þ ( )( ) . . . ( )1 1 11 2- - - =a a a nn

89. From Eq. (i), log ( ) log ( ) log ( )x x x an - = - + -1 1 1

+ + -. . . log ( )x an

Differentiating w.r.t. x, we get

nx

x x x a

n

n

-

-
=

-
+

-

1

11

1

1

1 +
-

+ +
-

1 1

2x a x an

. . . …(ii)

Putting x = 2 in Eq. (ii), we get

n

x a a a

n

n
n

2

1
1

1

2

1

2

1

2

1

1 2

-

-
= +

-
+

-
+ +

-
. . .

Þ 1

2

1

2

1

21 2-
+

-
+ +

-a a an

. . . =
-

-
-n n

n

2

2 1
1

1

= - +
-

-n n n

n

2 2 1

2 1

1

= - +
-

-2 2 1

2 1

1n

n

n( )

90. From Eq. (ii),
nx

x x x a

n

n

-

-
-

-
=

-

1

11

1

1

1 +
-

+ +
-

1 1

2x a x an

. . .

Þ nx x x x

x

n n

n

- -- + + + +
-

1 2 11 1

1

( . . . )

=
-

+
-

+ +
-

1 1 1

1 2x a x a x an

. . .

Þ lim
( . . . )

x

n n

n

nx x x x

x®

- -- + + + +
-1

1 2 11 1

1

=
-

+
-

+ +
-

æ
è
ç

ö
ø
÷

®
lim . .

x nx a x a x a1 1 2

1 1 1

Þ lim
( ) { . . . ( ) }

x

n n

n

n n x x n x

nx®

- -

-
- - + + + -

1

2 2

1

1 1 2 1

=
-

+
-

+ +
-

1

1

1

1

1

11 2a a an

. . .

[applying L’Hospital’s rule on LHS]

Þ n n n

n

( ) { . . . ( )}- - + + + -1 1 2 1

=
-

+
-

+ +
-

1

1

1

1

1

11 2a a an

. . .

Þ 1

1

1

1

1

1

1

21 2-
+

-
+ +

-
= -

a a a

n

n

. . .

91. (A)
dy

dx

dy dt

dx dt

t t

t t
= = - -

- -
/

/

12 6 18

5 15 20

2

4 2

Þ dy

dx t

é
ëê

ù
ûú

= - -
- -

=
= 1

12 6 18

5 15 20

2

5
Þ – –5 2

1

dy

dx t

é
ëê

ù
ûú

=
=

(B) Let us take

P x a x b x c x( ) ( ) ( ) ( )= - + - + -2 2 24 3 2 + - +d x e( )2

- = =1 2P e( )

0 2= ¢ =P d( )

2 2 2= ¢¢ =P c( )

Þ c = 1

- = ¢¢ ¢ =12 2 6P b( )

Þ b = -2

P aiv( )2 24 24= = Þ =a 1

Thus, P x x x¢ ¢ = - - - +( ) ( ) ( )12 2 12 2 22

Þ P ¢ ¢ = - + =( ) ( )3 12 12 1 2 2

(C) Here, ( )1 1
1 14
4

4

2
+ = +æ

èç
ö
ø÷ =

+
y

x

x

x
Q y

x
=é

ëê
ù
ûú

1

Þ
1

1

1
4

4 2

+

+
=

y

x x
…(i)

But y
x

= 1

\ dy

dx x
= - 1

2
…(ii)

From Eqs. (i) and (ii), we get

1

1

4

4

+

+
= -

y

x

dy

dx
Þ dy

y

dx

x( ) ( )1 1
0

4 4+
+

+
=

Þ

dy

y

dx

x

1

1

1
4

4

+

+

= –

(D) Obviously, f x( ) is a linear function.

Also, from f p¢ =( )0 and f q( ) ,0 =
f x px q( ) = + Þ f ¢ ¢ =( )0 0

92. (A) We know that,

2

2

1
1 1

2

1

1

1
2

1
2

tan

sin ,

sin-

-

-=

+
æ
è
ç

ö
ø
÷ - £ £

-
+

æ
è
çx

x

x
x

x

x

if

p
ö
ø
÷ >

- -
+

æ
è
ç

ö
ø
÷ < -

ì

í

ï
ï
ïï

î

ï
ï
ï
ï

-

,

sin ,

if

if

x

x

x
x

1

2

1
11

2
p

Þ dy

dx x
= -

+
2

1 2
, if x < -1 or x > 1

(B) cos
tan ,

tan ,

-
-

-+

æ

è
ç
ç

ö

ø
÷
÷ = ³

- <

ì
í
î

1

2

1

1

1

1

0

0x

x x

x x

Þ dy

dx x
= -

+
1

1 2
, if x < 0

92 Textbook of Differential Calculus



(C) y e e
e e x

e e x

x
x

x
= - = - ³

- <

ì
í
î

-| |
| | ,

| | ,

| | 0

0

=

-
-
-

-

³
£ <

- £ <
< -

ì

í
ï
ï

î
ï
ï

-

-

e e

e e

e e

e e

x

x

x

x

x

x

x

x

,

,

,

,

1

0 1

1 0

1

Þ dy

dx
> 0, if x > 1 or - < <1 0x

(D)
du

dx x
= 1

and
dv

dx

x
x

x
x

= +
>

-
+

<

ì

í
ïï

î
ï
ï

1

1
0

1

1
0

2

2

,

,

Þ du

dv

x

x
x

x

x
x

=

+ >

- + <

ì

í
ïï

î
ï
ï

1
0

1
0

2

2

,

,

Now, we know that
1 1

2
2+ = + >x

x
x

x
, if x > 1 and

< -2, if x < -1 Þ du

dv
> 2, if x < -1 or x > 1

93. Here, f x x x f xf f( ) ( ) ( ) ( )= + ¢ + ¢¢ + ¢¢ ¢3 2 1 2 3

Put f a¢ =( )1 , f b¢ ¢ =( )2 , f c¢ ¢ ¢ =( )3

Þ f x x ax bx c( ) = + + +3 2

f x x ax b¢ = + +( ) 3 22

Þ f a b¢ = + +( )1 3 2 or a a b= + +3 2

Þ a b+ = - 3 …(i)

f x a¢ ¢ = +6 2 Þ f a¢ ¢ = +( )2 12 2

\ b a= +12 2 Þ 2 12a b- = - …(ii)

f x¢ ¢ ¢ =( ) 6 Þ c = 6 …(iii)

From Eqs. (i) and (ii), we get
a b= - =5 2,

\ f a b c( )1 1= + + +
= - + + =1 5 2 6 4

94. Let y
x

x x
= +

+ +

æ

è
ç
ç

ö

ø
÷
÷

æ

è
ç
ç

ö

ø
÷
÷

-tan sin 1

2

2 2

4 8 13
and z x= -tan 1 .

Þ y
x

x
= +

+ +

æ

è
ç
ç

ö

ø
÷
÷

æ

è
ç
ç

ö

ø
÷
÷

-tan sin
( )

1

2

2 2

2 2 9

= +æ
èç

ö
ø÷

æ
èç

ö
ø÷

-tan tan 1 2 3

3

x = +2 3

3

x

Þ dy

dx
= 2

3
and

dz

dx x
=

+
1

1 2

\ dy

dx

dy

dx
dz

dx

= = +2

3
1 2( )x

Þ dy

dz x

æ
èç

ö
ø÷ = +æ

èç
ö
ø÷= 1

2

2

3
1

1

2
= ´ =2

3

3

2
1

95. P x x x x x x x x x( ) ( ) ( ) ( ) ( )= - - - ¼ -1
3

2 3 8

Þ P x x x Q x( ) ( ) ( )= - ×1
3

\ Q x
P x

x x
( )

( )

( )
=

- 1
3

As, Q x( ) is polynomial.

\ Q x( ) must be continuous at x x= 1.

\ Q x Q x
x x

( ) lim ( )1
1

=
®

= + + +
-®

lim
( )x x

x ax bx c

x x1

10 2

1
3

By L’ Hospital’s rule, we have

Q x
x

( )1
1
710 9 8

3 2 1
= ´ ´ ´

´ ´

\ Q
1

2

10 9 8
1

2

3 2 1

7

æ
èç

ö
ø÷ =

´ ´ ´ æ
èç

ö
ø÷

´ ´
= =15

16

p

q

Þ q p- = 1

96. Here, f x

x a x a

x b x b

x c x c

¢ =
- -
- -
- -

( )

( ) ( )

( ) ( )

( ) ( )

4 1

4 1

4 1

3 3

3 3

3 3

+
- -
- -
- -

( ) ( )

( ) ( )

( ) ( )

x a x a

x b x b

x c x c

4 2

4 2

4 2

3 1

3 1

3 1

+

( ) ( )

( ) ( )

( ) ( )

x a x a

x b x b

x c x c

- -
- -
- -

4 3

4 3

4 3

0

0

0

= +
- -
- -
- -

+0 3

1

1

1

0

4 2

4 2

4 2

( ) ( )

( ) ( )

( ) ( )

x a x a

x b x b

x c x c

Þ l = 3

97. Let P x a x x x x( ) ( )( )( )( )= - - - -1 3 5 l
Þ log ( ) log log( ) log( )P x a x x= + - + -1 3

+ - + -log( ) log( )x x5 7

Differentiating both sides, we get

1 1

1

1

3

1

5

1

P x
P x

x x x x( )
( )× ¢ =

-
+

-
+

-
+

- l

As, P ¢ =( )7 0 [Q P x( ) = 0 Þ P x¢ =( ) 0 Þ P ¢ =( )7 0]

Þ 0
1

6

1

4

1

2

1

7
= + + +

- l

Þ l = =89

11

p

q

\ p q- =8 1

98. We have, x y t
t

2 2 1+ = -

Þ ( )x y t
t

t
t

2 2 2
2

2
2

1 1
2+ = -æ

èç
ö
ø÷ = + -

Þ x y x y x y4 4 2 2 4 42 2+ + = + -

Þ 2 22 2x y = -

Þ y x2 2= - -
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Differentiating w.r.t. x, we get

2 2 3y
dy

dx
x× = + -

\ dy

dx x y
= + 1

3

Þ dy

dx

æ
èç

ö
ø÷ =

( , )1 1

1

99. We have, x y z xyz2 2 2 2 1+ + - = …(i)

Þ d x y z xyz( )2 2 2 2 0+ + - =

Þ 2 2 2 2 0x dx y dy z dz xy dz yz dx zx dy+ + - + + =( )

Þ ( ) ( ) ( )x yz dx y zx dy z xy dz- + - + - = 0

Þ dx

y zx z xy

dy

x yz z xy( ) ( ) ( ) ( )- -
+

- -
+

- -
=dz

x yz y zx( ) ( )
0

Now, ( ) ( ) ( )y zx z xy y xyz z x- - = - +2 2 2 2 22

( )z xyz x y2 2 22- +

= - - + - - +( ) ( )1 12 2 2 2 2 2 2 2x z z x x y x y [using Eq. (i)]

= - - - -( ) ( ) ( ) ( )1 1 1 12 2 2 2x z x y

= - - -( ) ( ) ( )1 1 12 2 2 2x y z

\ ( ) ( )y zx z xy- - = - × - -( ) ( ) ( )1 1 12 2 2x y z

Similarly, ( )( ) ( ) ( ) ( )x yz z xy y x z- - = - × - -1 1 12 2 2

and ( ) ( ) ( ) ( ( ( )x yz y zx z x y- - = - × - -1 1 12 2 2

Substituting these values in Eq. (i), we get

dx

x

dy

y

dz

z1 1 1
0

2 2 2-
+

-
+

-
=

100. We have, x t= sin or t x= -sin 1

Now,
dy

dx

dy

dt

dt

dx
= × = ×

-

dy

dt x

1

1 2

Þ 1 2- =x
dy

dx

dy

dt

Differentiating w.r.t. x, we get

1
1 2

2 1

2
2

2 2
- × + -

-
×x

d y

dx

x

x

dy

dx

( ) = æ
èç

ö
ø÷

d

dx

dy

dt

Þ 1
1

2
2

2 2

2

2
- × -

-
= ×x

d y

dx

x

x

dy

dx

d y

dt

dt

dx

Þ ( )
`

1 1
1

1

2
2

2
2

2

2 2
- - = - × ×

-
x

d y

dx
x

dy

dx
x

d y

dt x

\ ( )1 2
2

2

2

2
- - =x

d y

dx
x

dy

dx

d y

dt

Adding y on both sides, we get

( )1 2
2

2

2

2
- - + = +x

d y

dx
x

dx

dy
y

d y

dx
y

\ l = 1

101. Put cosf = 2

13

and sinf = 3

13

Þ y x x= + + -- -cos {cos( )} sin {cos( )}1 1f f

= + + - +x xf p f
2

y x= +2
2

p

and z x= +1 2

\ dy

dz

x

x
=

+2 1 2

=
+æ

è
ç
ç

ö

ø
÷
÷ =

+
=

=

2 1
2 1

1

3
1

3

4
2

1

3

x

x
x

102. Here, f x f x f x¢ ¢ - ¢ - =( ) ( ) ( )2 15 0

Þ ( ) ( )a a e b b eax bx2 22 15 2 15 0- - + - - =

Þ a a2 2 15 0- - = and b b2 2 15 0- - =

Þ a = (5 or - 3) and (b = 5 or - 3)

Since, a b¹
\ a b+ = 2 or - 2

Þ | |a b+ = 2

103. A : 2 2 0x yy+ ¢ = Þ y
x

y
¢ = -

\ y ¢ = -( )2 1

B : cos cos sin cosy y x x y y× ¢ + = × × ¢ + ×sin cosy x

when x y= = p

Þ - ¢ - = +y 1 0 0

Þ y ¢ = -( )p 1

C : 2e xy y e e y e e e e yxy x y y x x y( )¢ + + ¢ + - - ¢

= × ¢ +e e xy yxy ( )

At x y= =1 1,

2 1 12 2 2e y e y e e ey e y( ) ( )¢ + + ¢ + - - ¢ = ¢ +

Þ ey e¢ + = 0 Þ y ¢ = -1

Hence, A B C- - = 1

104.
dx

dt t t

t

t
= - - = - +æ

èç
ö
ø÷

3 2 3 2
4 3 4

dy

dt t t

t

t
= - +æ

èç
ö
ø÷ = - +æ

èç
ö
ø÷

3 2 3 2
3 2 3

\ dy

dx

dy dt

dx dt
t= =/

/

= - +æ
èç

ö
ø÷ × = -t

t

t
t

1
1

3
3

Now,
du

dx
x

dy

dx
- × æ

èç
ö
ø÷

3



105. We have, y f x f x= -( ) ( )2

Þ y f x f x¢ = ¢ - ¢( ) ( )2 2

y f f¢ = ¢ - ¢ =( ) ( ) ( )1 1 2 2 5 …(i)

and y f f¢ = ¢ - ¢ =( ) ( ) ( )2 2 2 4 7 …(ii)

Now, let y f x f x= -( ) ( )4

Þ y f x f x¢ = ¢ - ¢( ) ( )4 4

Þ y f f¢ = ¢ - ¢( ) ( ) ( )1 1 4 4 …(iii)

Substituting the value of f f¢ = + ¢( ) ( )2 7 2 4 in Eq. (i),

f f¢ - + ¢ =( ) [ ( )]1 2 7 2 4 5

Þ f f¢ - ¢ =( ) ( )1 4 4 19

Hence, 19 10= + l
Þ l = 9

106. y e x= -3 2

Let x xy e x= -3 2

Þ f x x e x( ) = -3 2

Þ ln ( ( )) ( ) lnf x e x x= -3 2

Þ 1 3 2

f x
f x

e x

x
x

( )
( ) ln× ¢ = - -

\ f x¢ =( ) 0

Þ 3 2e x x x- = ln

Þ 3 12e x x= +( ln )

Þ x e= 2 [by verification]

Hence, l = 1

107. f x kx e h x h x k ex x¢ = + ¢ + +( ) ( ) ( ) ( )( )

\ f h h k¢ = ¢ + +( ) ( ) ( )( )0 0 0 1

Þ 18 2 5 1= - + +( )k

Þ k = 3

108. We have, f x x( ) log sin= -2

and g x f f x( ) ( ( ))= , x RÎ
Note that, for x ® 0, log sin2 > x

\ f x x( ) log sin= -2

Þ g x f x( ) log sin ( ( ))= -2

= - -log sin (log sin )2 2 x

Clearly, g x( ) is differentiable at x = 0 as sinx is differentiable.

Now, g x x x¢ = - - -( ) cos (log sin ) ( cos )2

= × -cos cos (log sin )x x2

\ g ¢ = ×( ) cos (log0 1 2)

109. As, g f x x( ( )) =

Thus, g x( ) is inverse of f x( ).

Þ g f x x( ( )) =
Þ g f x f x¢ × ¢ =( ( )) ( ) 1

\ g f x
f x

¢ =
¢

( ( ))
( )

1
[where, f x x¢ = +( ) 3 32 ] …(i)

When f x( ) ,= 2 then

x x3 3 2 2+ + =

Þ x = 0

i.e. when x = 0, then f x( ) = 2

\ g f x
x

¢ =
+

( ( ))
1

3 32
at (0, 2)

Þ g ¢ =( )2
1

3

\ Option (a) is incorrect.

Now, h g g x x( ( ( ))) =
Þ h g g f x f x( ( ( ( ))) ( )=
Þ h g x f x( ( )) ( )= …(ii)

As g f x x( ( )) =
\ h g f( ( )) ( )3 3=

= + + =3 3 3 2 383 ( )

\ Option (d) is incorrect.

From Eq. (ii),

h g x f x( ( )) ( )=
Þ h g f x f f x( ( ( ))) ( ( ))=
Þ h x f f x( ) ( ( ))= …(iii)

[using g f x x( ( )) = ]

Þ h x f f x f x¢ = ¢ × ¢( ) ( ( )) ( ) …(iv)

Putting x = 1, we get

h f f f¢ = ¢ × ¢( ) ( ( )) ( )1 1 1

= ´ + ´( ) ( )3 36 3 6 = ´ =111 6 666

\ Option (b) is correct.

Putting x = 0 in Eq. (iii), we get

h f f( ) ( ( ))0 0=
= = + + =f ( )2 8 6 2 16

\ Option (c) is correct.

110. Let y
x x

x
=

-
æ
è
ç

ö
ø
÷-tan ,1

3

6

1 9
where x Îæ

èç
ö
ø÷0

1

4
,

=
-

æ
è
ç

ö
ø
÷ =- -tan

. ( )

( )
tan ( )

/

/
/1

3 2

3 2 2
1 3 22 3

1 3
2 3

x

x
x

As 3 0
3

8

3 2x / ,Îæ
èç

ö
ø÷

\ dy

dx x
x= ´

+
´ ´ ´2

1

1 9
3

3

23
1 2/

=
+

9

1 9 3x
x

\ g x
x

( ) =
+

9

1 9 3

111. Since, f x e g x( ) ( )=

Þ e f xg x( ) ( )+ = +1 1 = =xf x xe g x( ) ( )

and g x x g x( ) log ( )+ = +1

i.e. g x g x x( ) ( ) log+ - =1 ...(i)
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Replacing x by x - 1

2
, we get

g x g x x+æ
èç

ö
ø÷ - -æ

èç
ö
ø÷ = -æ

èç
ö
ø÷

1

2

1

2

1

2
log

= - -log( ) log2 1 2x

\ g x g x
x

¢¢ +æ
èç

ö
ø÷ - ¢¢ -æ

èç
ö
ø÷ = -

-
1

2

1

2

4

2 1 2( )
...(ii)

On substituting x N= 1 2 3, , ,..., in Eq. (ii) and adding, we get

¢¢ +æ
èç

ö
ø÷ - ¢¢æèç

ö
ø÷ = - + + + +

-
ì

g N g
N

1

2

1

2
4 1

1

9

1

25

1

2 1 2
...

( )
í
î

ü
ý
þ

.

112. Since,
dx

dy dy dx

dy

dx
= = æ

èç
ö
ø÷

-
1

1

/

⇒ d

dy

dx

dy

d

dx

dy

dx

dx

dy

æ
è
ç

ö
ø
÷ = æ

èç
ö
ø÷

-1

⇒ d x

dy

d y

dx

dy

dx

dx

dy

2

2

2

2

2

= -
æ
è
ç

ö
ø
÷ æ

èç
ö
ø÷

æ
è
ç

ö
ø
÷

-

= -
æ
è
ç

ö
ø
÷ æ

èç
ö
ø÷

-
d y

dx

dy

dx

2

2

3

113. Since, f x f x¢¢ = -( ) ( )

Þ d

dx
f x f x{ ( )} ( )¢ = -

Þ ¢ = -g x f x( ) ( ) [ ( ) ( )Q g x f x= ¢ , given] …(i)

Also, F x f
x

g
x

( ) = æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

+ æ
èç

ö
ø÷

ì
í
î

ü
ý
þ2 2

2 2

Þ ¢ = æ
èç

ö
ø÷

æ
èç

ö
ø÷

× ¢ æ
èç

ö
ø÷ ×F x f

x
f

x
( ) 2

2 2

1

2

+ æ
èç

ö
ø÷

æ
èç

ö
ø÷

× ¢ æ
èç

ö
ø÷ ×2

2 2

1

2
g

x
g

x = 0 [from Eq.(i)]

\ F x( ) is constant Þ F F( ) ( )10 5 5= =
114. Given that, log ( )x y xy+ = 2 …(i)

\ At x = 0

Þ log ( )y = 0

Þ y = 1

\ To find
dy

dx
at ( , )0 1

On differentiating Eq. (i) w.r.t. x, we get

1
1 2 2 1

x y

dy

dx
x

dy

dx
y

+
+æ

èç
ö
ø÷ = + ×

Þ dy

dx

y x y

x y x
= + -

- +
2 1

1 2

( )

( )

Þ dy

dx

æ
èç

ö
ø÷ =

( , )0 1

1

115. Given, x y2 2 1+ =
On differentiating w.r.t. x, we get

2 2 0x yy+ ¢ =
Þ x yy+ ¢ = 0

Again, differentiating w.r.t. x, we get

1 0+ ¢ ¢ + ¢¢=y y yy

\ 1 02+ ¢ + ¢¢ =( )y yy
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Function
Let A and B be two non-empty sets and f be a relation
which associates each element of set A with unique
element of set B, f is called a function from A to B.

Or

If for each element in a set A there is assigned a unique
element of set B, we call such an assignment a function
f A B: ® . “f is a function from A to B”.

If a AÎ , the element in B which is assigned to ‘a’ is called
the image of ‘a’ and denoted by f (a).

Here, set A is called the domain of f and B is called the
codomain of f . The set of elements of B, which are the
images of the elements of set A is called the range of f .

e.g.   Let A a b c d= { , , , }, B = { , , , , }1 2 3 4 5 . Here, f a( ) ,= 2
f b( ) ,= 3 f c( ) ,= 5 f d( ) = 1 given by

i.e. A ® Domain of f a b c d= { , , , }

B ® Codomain of f = { , , , , }1 2 3 4 5

Range of f = { , , , }1 2 3 5

An element of A (i.e. Domain) cannot associate with more
than one element in B.

y Example 1 In the given figure, find the domain,
codomain and range.

Sol. From the given figure, we conclude that

A ® Domain of f = { }p, q, r, s

B ® Codomain of f = {1, 2, 3, 4, 5}

Range of f = {1, 2, 3, 4}

Remark
We should always remember that “the range is a subset of
codomain”.

Number of Functions
(or Mapping) from A to B
Let A x x x x m, , , ... ,= { }1 2 3 [i.e.m elements]

and B y y y y n= { , , ,..., }1 2 3 [i.e. n elements]

Then, each element x i 's ( , , , )i m= 1 2 K of domain
corresponds n images.

i.e. x 1 can take n images.

x 2 can take n images.

......................................

......................................

x m can take n images.

Thus, total number of functions from A to B

= ´ ´ =n n m nm. . . times

i.e. (Number of elements in codomain) number of elements in domain .

y Example 2 The number of functions f n: ..., }{1, 2, 3,

® {2016, 2017}, where n NÎ , which satisfy the

condition f f f n( ) ( ) ... ( )1 2+ + + is an odd number are

(a) 2n (b) n n× -2 1

(c) 2 1n - (d) n !

p

q

r

s

1

2

3

4

5

A Bf

x

x

...

...

x

1

2

m

y

y

...

...

y

1

2

n

f : A B

Figure 3.2

a

b

c

d

1

2

3

4

5

Af : B

Figure 3.1
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Sol.

We can send 1, 2, 3, ..., ( )n - 1 any where in 2 1n - ways, the

value f n( ) can uniquely determined according to sum of
f f f n( ) ( ) ... ( )1 2 1+ + + - is even or odd.

i.e. if { ( ) ( ) ... ( )}f f f n1 2 1+ + + - Îeven, f n( ) = 2017

and if { ( ) ( ) ... ( )}f f f n1 2 1+ + + - Îodd, f n( ) = 2016

\ Number of functions = -2 1n

Graphical Representation of Functions

The graph of y f x= ( ), where f is a function, consists of
points whose coordinates (x y, ) satisfy y f x= ( ). Also, it is
such that lines drawn parallel to theY-axis do not
intersect the curve at more than one point.

Vertical line test for f to be a function If graph of a
function is cut a line parallel toY-axis at more than one
point, then it does not form a function.

y Example 3 Find whether f x x( )= 3 forms a mapping

or not.

Sol. We have, y f x x x R= = " Î( ) , .3

Here, all the straight lines drawn parallel to Y -axis cut

y x= 3 only at one point. Thus, y f x= ( ) forms a mapping.

y Example 4 Find whether
x

a

y

b

2

2

2

2
1+ = , a b> , forms a

mapping or not.

Sol. We have,
x

a

y

b

2

2

2

2
1+ = , i.e. y

b

a
a x= ± 2 2– , which

represents a horizontal ellipse.

Here, straight lines drawn parallel to Y-axis meet the curve

at more than one points. Thus, f x
b

a
a x( ) –= ± 2 2 does not

form a mapping.

1. Which of the following graphs are graphs of a function?
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X
O

Y

X ′

Y ′

Y

X
x=–1 O x=1

Y ′

X ′

–1

1
1
2
3
-
-
-
n

2016

2017

f : A B

O

Y

X
O

Y

X(i) (ii) (iii)
O

Y

X

O

Y

X(iv)

Y

XO

O

Y

X(v) (vi)
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2. For which of the following, y can be a function of x, ( , )x R y RÎ Î ?

(i) ( ) ( )x h y k r- + - =2 2 2 (ii) y ax2 4=

(iii) x y4 2= (iv) x y6 3=

(v) 3 2y x= (log )

3. Let g x( ) be a function defined on [ , ]- 1 1 . If the area of equilateral triangle with two of its vertices at ( , )0 0 and

( , ( ))x g x , is
3

4
sq unit, the function g x( ) may be

(a) g x x( ) = ± -1 2 (b) g x x( ) = -1 2

(c) g x x( ) = - -1 2 (d) g x x( ) = +1 2

4. Represent diagramatically all possible functions from { , }a b to { , }1 2 .

5. The number of functions from f a a a b b b: { , , , } { , , , }1 2 10 1 2 5¼ ® ¼ is

(a) 105 (b) 510

(c)
10

5

!

!
(d) 5!

(ix)
O

Y

X
O

X(x)

(vii) (viii)

Y

X

Y

XO
O

Y



Domain
The domain of y f x= ( ) is the set of all real x for which
f x( ) is defined (real).

Rules for Finding Domain

(i) If domain of y f x= ( ) and y g x= ( ) are D1 and D2

respectively, then the domain of f x g x( ) ( )± or
f x g x( ) ( )× is D D1 2Ç .

(ii) Domain of
f x

g x

( )

( )
is D D x g x1 2 0Ç =– { : ( ) }.

y Example 5 Find the domain of the following
functions.

(i) y x= -5 3 (ii) y x= -5 33

(iii) y
x x

=
- -

1

( (1) 2)
(iv) y

x
=

-
1

3 ( 1)

Sol. (i) Here, y x= -5 3 is defined, if

5 3 0x - ³

Þ x ³ 3

5
Þ x Î ¥ö

ø÷
é

ëê
3

5
, .

Thus, domain is
3

5
, ¥ö

ø÷
é

ëê
.

(ii) Here, y x= -5 33 is defined, if

5 3x R- Î Þ x RÎ
Thus, domain is R .

(iii) Here, y
x x

=
- -

1

1 2( )( )
is defined, if

( )( )x x- - ¹1 2 0

i.e. if x ¹ 1 2,

Thus, domain is R - { , }1 2 .

(iv) Here, y
x

=
-

1

13
is defined, if

x - ¹1 0 Þ x ¹ 1

Thus, domain is R - { }1 .

y Example 6 Find the domain of f x
x

x
( ) =

-
--

1 5

7 7
.

Sol. For f x( ) to be defined,
1 5

7 7
0

-
-

³-

x

x
and 7 7 0- - ¹x

Þ 5 1

7 7
0

x

x

-
-

£- and 7 7 0- - ¹x

Now, 5 1 0 0x x- = Þ = and 7 7 0 1- - = Þ = -x x

The sign of
5 1

7 7

x

x

-
--

Hence, from the sign scheme x Î -¥ - È ¥( , ) [ , )1 0 .

\ Domain of f x( ) ( , ) [ , )is -¥ - È ¥1 0 .

Classification of Functions
Functions are classified by the type of mathematical equation
which represent their relationship.

Algebraic Functions
A function f is called an algebraic function, if it can be
constructed using algebraic operations such as addition,
subtraction, multiplication, division and taking roots, starting
with polynomials.

e.g. f x x( ) = +1 ,

g x
x x

x x
x x( ) ( )= -

+
+ - -

3

3
16

2 1

Different types of algebraic functions are described below

(i) Monomial Function

A function of the form y ax n= , where a is constant and n is a

non-negative integer, called monomial function.

e.g. y x y x y x= = = -2 2, , , ……… .

Monomial

Polynomial

Rational

Irrational

1. Algebraic

Exponential

Logarithmic

Trigonometric

Inverse
trigonometric

2. Transcendental

Signum

Modulus

Greatest integer

Fractional part

Least integer

3. Piecewise

Functions

Constant
Identity

Session 2
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+
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(ii) Polynomial Function

A function y f x a x a x an n
n= = + + +( ) ,–

0 1
1

K where

a a a an0 1 2, , , ..., are real constants and n is a non-negative
integer, then f x( ) is called a polynomial function. If
a 0 0¹ , then n is the degree of polynomial function. e.g.

Expression Degree

f x x x x( ) = + +1920 19195 6 polynomial of degree 1920

g x x x( ) = + +2 3 3 polynomial of degree 2

h x x( ) = =7 7 0 polynomial of degree 0

A polynomial of degree one with no constant term is
called an odd linear function, i.e. f x ax a( ) ,= ¹ 0

In case f x( ) = 0, it is constant function for which degree is
not defined. A polynomial of odd degree has its range
( , )- ¥ ¥ but a polynomial of even degree has a range
which is always subset of R.

Note: All polynomial functions are algebraic functions but
not the converse.

y Example 7 Draw the graph of polynomial functions
and find their domain and range.

(i) y x= + 1 (ii) y x= 2

(iii) y x= +3 1 (iv) y x= (x - 1)(x - 2)

Sol. (i) Graph of y x= +( )1 is shown as

From graph domain is x RÎ and range is y RÎ .

(ii) Graph of y x= 2 is shown as

From graph domain is x RÎ and range is y Î ¥[ , )0 .

(iii) Graph of y x= +3 1 is shown as

\ Domain; x RÎ and Range; y RÎ .

(iv) Graph of y x x x= - -( ) ( )1 2 is shown as

\ Domain; x RÎ and Range; y RÎ .

Constant Function
If the range of a function f consists of only one number,
then f is called a constant function. The graph of a
constant function is as shown below.

Thus, domain is R and range is { }c .

Identity Function
The function y f x x= =( ) for all x RÎ is called an identity
function on R.

Here, domain of identity function is the set of real
number. (As here for all values of x f x, ( ) exists.)

Thus, domain is R and range is R.

(iii) Rational Function

It is defined as the ratio of two polynomials.

Let P x a x a x an n
n( ) –= + + +0 1

1
K

and Q x b x b x bm m
m( ) .–= + + +0 1

1
K

Then, f x
P x

Q x
( )

( )

( )
= is a rational function provided

Q x( ) ¹ 0.
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Y

f x = c( )

XX′

Y′

O

Figure 3.3

Y

X
O

y x x x= ( –1)( –2)

1 2

Y y x= +1

X
O

X ′

Y ′

Y

X
O

Y ′

X ′

Y

XX′

Y′

y = x

O

Figure 3.4

Y

X
O

1

–1

y x= +13

X ′

Y ′



Here, we can say that domain of f x( ) is all real numbers
except the numbers where denominator is zero
[i.e. Domain (f ) = R x Q x- ={ : ( ) }].0

e.g. f x
x x

x x
( )

–

( – )( – )
;= +2 3 5

1 2
Domain is R – { , }1 2

e.g. f x
x

( )
– cos

;= 1

2 3
As 2 3 0– cos .x ¹ [Q– cos1 3£ £x 1]

\ Domain of f x( ) is R.

(iv) Irrational Function

An algebraic function having non-integral rational
exponent is called irrational function.

e.g. f x x( ) /= 1 2 ,

e.g. f x
x x

x
( ) = +

+

2

21 3
, etc.

An Important Result
There are two polynomial functions, satisfying the relation;

f x f
x

f x f
x

( ) ( )× æ
èç

ö
ø÷

= + æ
èç

ö
ø÷

1 1
.

They are

(i) f x x n( ) = +1 and (ii) f x x n( ) ,= -1

where n is a positive integer.

For proof, refer Example 38 in Jee Type Solved Examples.

n Directions (Q. Nos. 1 to 6) Find the domain of the following.

1. f x x x( ) = - +2 5 6

2. f x
x

x x x
( ) = +

- +
2 1

3 23 2

3. f x x( ) = - - -1 1 1 2

4. f x x x x x( ) = - + - +12 9 4 1

5. f x C Px
x

x
x( ) –= +-

-
-16

2 1
20 3

4 5

6. f x Cx x

x
( ) = +

+
2

2
4

2 3
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Transcendental Functions
The functions which are not algebraic are called
transcendental functions. Exponential, logarithmic,
trigonometric and inverse trigonometric functions are
transcendental functions.

(i) Exponential Functions
The function f x a x( ) ,= a > 0,a ¹ 1,a Îconstant is said to

be an exponential function.

If 0 1< <a If a > 1

In the given graphs, none of them intersect the X-axis.

Thus, we can say that they exist for all x ÎR and their
corresponding values of y are greater than zero.

Thus, domain is R and range is ] 0, ¥[.

(ii) Logarithmic Functions
The function f x xa( ) log ;= ( , )x a > 0 and a ¹ 1 is a
logarithmic function. Thus, domain of a logarithmic
function is the set of all positive numbers and their range
is the set R of real numbers.

If 0 1< <a If a > 1

Properties of Logarithmic Functions

1. log ( ) log loge e eab a b= + [ , ]a b > 0

2. log log – loge e e
a

b
a b

æ
èç

ö
ø÷

= [ , ]a b > 0

3. log loge
m

ea m a= [ , ]a m R> Î0

4. loga a = 1 [ , ]a a> ¹0 1

5. log log
b bm a

m
a= 1

[a b b, ,> ¹0 1 andm RÎ – { }0 ]

6. log
log

b
a

a
b

= 1
[ ,a b > 0 and a b, ¹1

7. log
log

log
b

m

m

a
a

b
= [a b m b m, , ,> ¹0 1and ]

8. a ma mlog = [a m a, > ¹0 1and ]

9. a bc cb alog log= [a b c, , > 0 and c ¹ 1]

10. If log log
,

,
m mx y

x y m

x y m
> Þ

> >
< < <

ì
í
î

if

if

1

0 1

[m x y, , > 0,m ¹ 1]

11. logm
ba b a m= Þ =

[m a, > 0,m ¹ 1, b ÎR]

12. log
,

,
m

b

b
a b

a m

a m
> Þ >

<

ì
í
î

if

if

m

m

>
< <

1

0 1

13. log
,

,
m

b

b
a b

a m

a m
< Þ

<

>

ì
í
ï

îï
if

if

m

m

>
< <

1

0 1

y Example 8 Find the domain of a single-valued
function y f x= ( ) given by the equation 10 10x y+ = 10.

Sol. Given, 10 10 10x y+ =

Þ 10 10 10y x= –

Þ y x= log ( – )10 10 10 [as a bm = Þ m ba= log ]

Now, 10 10 01 – x >

Þ 10 101 > x Þ 1 > x

Therefore, domain of the single-valued function

y f x= ( ) is x < 1 or x Î - ¥( , )1

Y

XX′

Y′

O

1

Y

XX′

Y′

O

1

Figure 3.5 Figure 3.6

Y

X

Y′

O 1
X′

Y

X

Y′

X′
O 1

Figure 3.7 Figure 3.8
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y Example 9 Find the domain of

f x
x x

( )
log ( )/

=
- +

×
1

7 131 2
2

Sol. f x
x x

( )
log ( )/

=
- +

1

7 131 2
2

exists, if

log ( )/1 2
2 7 13 0x x- + >

Þ ( – )x x2 7 13 1+ < ...(i)

and x x2 7 13 0– + > ...(ii)

Considering Eq. (ii), x x2 7 13– + > 0, we get

x x2 7
49

4
13

49

4
0– –+æ

èç
ö
ø÷

+ >

Þ x –
7

2

3

4
0

2
æ
èç

ö
ø÷

+ >

which is true for all x RÎ . [As x –
7

2
0

2
æ
èç

ö
ø÷

³ for all x .] ...(iii)

Now, considering Eq. (i), we get

x x2 7 12 0– + <

Þ ( – ) ( – )x x3 4 0<
Þ 3 4< <x ...(iv)

Combining Eqs. (iii) and (iv), we get

Domain of f x( ) is ] 3, 4 [.

y Example 10 Find the domain of function

f x
x

x( )
log ( – )

( )= + +
1

1
2

10

.

Sol. f x
x

x( )
log ( – )

= + +1

1
2

10

(As we know, loga x is defined when x ,a > 0 and a ¹ 1,

also loga 1 0= )

Thus, log ( – )10 1 x exists when

1 0– x > ...(i)

Also,
1

110log ( – )x
exists when

1 0– x > and 1 1- ¹x …(ii)

Þ x < 1 and x ¹ 0 ...(iii)

Now, we have x + 2, which exists when x + ³2 0

or x ³ –2 ...(iv)

Thus, f x
x

x( )
log ( – )

= + +1

1
2

10

exists when Eqs. (iii) and

(iv) both hold true.

Þ –2 1£ <x and x ¹ 0

Þ x Î È[– , ) ( , )2 0 0 1

Thus, domain of f x( ) is [ , ) ( , )- È2 0 0 1 .

y Example 11 Find the domain of f x x( ) log ( )= +10
31 .

Sol. f x x( ) log ( )= +10
31 exists,

if 1 03+ >x

Þ ( )( – )1 1 02+ + >x x x

[where ( )1 2- +x x is always positive as D <0 and a >0]

So, 1 0+ >x or x >–1 or x Î ¥]– [1,

Thus, domain of above function f x( ) ]– , [is 1 ¥ .

y Example 12 Find the domain of
f x x( ) log log ( )= +10 10

31 .

Sol. f x x( ) log log ( )= +10 10
31 exists,

if log ( )10
31 0+ >x and 1 03+ >x

Þ 1 103 0+ >x and 1 03+ >x

Þ 1 13+ >x and 1 03+ >x

Þ 1 13+ >x Þ x 3 0>

Þ x Î ¥( , )0

Thus, domain of above function f x( ) is ( , ).0 ¥

y Example 13 Find the domain of
f x x( ) log {log log log }= 10 10 10 10 .

Sol. f x( ) exists, if {log log log }10 10 10 0x > and x > 0

Þ log log10 10
010x > and x > 0

Þ log log10 10 1x > and x > 0

Þ log10
110x > and x >0

Þ x > 1010 and x > 0

Thus, f x( ) exists, if x Î ¥( , )1010 .

Hence, domain of above function f x( ) ( , )is 1010 ¥ .

y Example 14 Find the domain for

f x
x

x
( ) log

–
..=

+
æ
è
ç

ö
ø
÷0 4

1

5

Sol. f x
x

x
( ) log

–
.=

+
æ
è
ç

ö
ø
÷0 4

1

5
exists, if

log
–

.0 4
1

5
0

x

x +
æ
è
ç

ö
ø
÷ ³ and

x

x

–1

5
0

+
æ
è
ç

ö
ø
÷ >

Þ x

x

–
( . )

1

5
0 4 0

+
£ and

x

x

–1

5
0

+
>

Þ x

x

–1

5
1

+
£ and

x

x

–1

5
0

+
>

Þ x

x

–
–

1

5
1 0

+
£ and

x

x

–1

5
0

+
>

Þ –6

5
0

x +
£ and

x

x

–1

5
0

+
>
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Þ x + >5 0 and
x

x

–1

5
0

+
>

Þ x >–5 and x –1 0> [as x + >5 0]

Þ x >–5 and x >1

Thus, domain f x( ) ( , )is 1 ¥ .

y Example 15 Find the domain of

f x
x

x
x( ) log

log

–
=

+æ
èç

ö
ø÷100

102 1

Sol. f x( ) exists, if 100 0x > ...(i)

100 1x ¹ ...(ii)

2 1
010log

–

x

x

+ > ...(iii)

2 1 010log x + < [as x > 0 from Eq. (i)]

log –10
1

2
x <

x < ( )– /10 1 2 ...(iv)

Now, from Eqs. (i), (ii) and (iv), we get

x , ,– – – /Î È( ) ( )0 10 10 102 2 1 2 .

Thus, domain of f x( ) is ( , ) ( , )½0 10 10 102 2- - -È .

y Example 16 Find the domain of definition of

f x
x

x x
( )

log ( )
=

+
+ +

×2

2

3

3 2 [IIT JEE 2001]

Sol. Here, f x
x

x x

x

x x
( )

log ( ) log ( )

( )( )
= +

+ +
= +

+ +
2

2

23

3 2

3

1 2
exists, if

Numerator x + >3 0 Þ x >–3 ...(i)

and denominator ( )( )x x+ + ¹1 2 0

Þ x ¹– ,–1 2 ...(ii)

Thus, from Eqs. (i) and (ii), we get domain of f x( ) is
(– , ) {– ,–3 1 2¥ - }.

(iii) Trigonometric Functions

Sine Function f x x( ) sin=

Here, domain is R and  range is [–1, 1].

Cosine Function f x x( ) cos=

Here, domain is R and range is [– , ].1 1

Tangent Function f x x( ) tan=

Here, domain is R
n

n Z–
( )

,
2 1

2

+ Îì
í
î

ü
ý
þ

p
and range is R.

Cosecant Function f x x( ) cosec=

Here, domain is R n n Z– { }p, Î and range is R – (– , )1 1 .

Secant Function f x x( ) sec=

Here, domain is R n n Z– {( ) , }2 1
2

+ Îp
and range is

R – (– , )1 1 .

Y

O π–π
X

3

2

π, 1–( (

π
2

3
2
π

, 1 , 1– – –( (( (

, 1( (π
2

X ′

Y ′

y = 1

y = –1

Figure 3.9

Y

X

(0, 1)

O

(–π, –1) ( ,π –1)

π
2

–
π
2

Y ′

X ′

y = 1

y = –1

Figure 3.10

Y

O

– π π
X

3π
2

– 3
2
ππ

2
–

π
2

Y ′

X ′

Figure 3.11

Y

O

y = 1

y = –1

x = πx = –2π x = 2πx = – π

X

3

2

π,1–( (

3

2

π,–1( (

π
2

,1( (

π
2

,–1( (–

X ′

Y ′

Figure 3.12

Y

O

(0,1)
y = 1

y = –1

X

x =
π
2

x =
3π
2

x = 3
2
π x = π

2

(– –1)π,

(–2 1)π, (2 1)π,

(π,–1)

Y ′

X ′

Figure 3.13
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Cotangent Function f x x( ) cot=

Here, domain is R n n– { , }p Î Z and range is R.

y Example 17 Find domain for
f x x( ) cos (sin )= .

Sol. f x x( ) cos(sin )= is defined, if

cos(sin )x ³0 ...(i)

As, we know – sin1 1£ £x for all x

\ cos(sin )x ³0, for all x (using graph of y x= cos )

i.e. x RÎ
Thus, domain f x R( ) is .

y Example 18 The function f x( ) is defined in [0, 1]. Find

the domain of f x(tan ).
Sol. Here, f x( ) is defined in [ ,0 1].

Þ x Î[ , ]0 1 ,  i.e. we can substitute only those values of x ,
which  lie in [ , ].0 1

For f x(tan ) to be defined, we must have

0 1£ £tan x [as x is replaced  by tan x]

i.e. n x np p p£ £ +
4

[in general]

or 0
4

£ £x
p

[in particular]

Thus, domain for f x n n(tan ) ,is p p p+é
ëê

ù
ûú4
.

Inverse Trigonometric Functions
We know that trigonometric functions are many-one in
their actual domain. Hence, for inverse functions to get
defined, the actual domain of trigonometric functions
must be restricted to make the function one-one.

y x= sin
–1

Since, y x= sin is not
one-one. Therefore, it is
not invertible. Let us
consider the function

y x x= Î -é
ëê

ù
ûú

sin , ,
p p

2 2

and y Î -[ , ]1 1 whose
graph is the portion of
the sin x curve in the

interval
-é

ëê
ù
ûú

p p
2 2

, , which is strictly increasing. Hence,

one-one and its inverse is y x= -sin 1 .

Here, domain is [– , ]1 1 ; range is – ,
p p
2 2

é
ëê

ù
ûú
.

y x= cos
–1

Here, domain is[– , ]1 1 ; range is [ , ]0 p .

y x= tan
–1

Here, domain is R; range is – ,
p p
2 2

æ
èç

ö
ø÷
.

Y

X

Y ′

X ′
O

x=2x=x=–x=–2

3
2

0 0
2

0
2

3 0

Figure 3.14

Y

X

y = xcos

y = xcos–1

1 π

π

–1–π O

π/2
1

–1

y = x

Y ′

X ′

π

Figure 3.16

y = xcos

O π
2

1–1

1

π
2

–

Y

X

y = xsin–1

y = x

y = xsin

O
X ′

Y ′

π

–1

2

–π
2

π
2–π

2 –1 1

1

Figure 3.15

X ′

Y ′

X

Y

π
2

π
2

y x=tan–1

y x=tan

π
2

π
2

O

y x=

Figure 3.17



y x= cot
–1

Here, domain is R ; range is ( , )0 p .

y x= sec
–1

Here, domain is R – (– , )1 1 ; range is [ , ]– { }0 2p p / .

y x= cosec
–1

Here, domain is R – (– , )1 1 ; range is – , – { }
p p
2 2

0
é
ëê

ù
ûú

.

y Example 19 Find the domain for f x
x

( ) sin –=
æ

è
ç

ö

ø
÷1

2

2
.

Sol. f x
x

( ) sin–=
æ

è
ç

ö

ø
÷1

2

2
is defined, if

–1
2

1
2

£ £x
or –2 22£ £x

Þ 0 22£ £x [as x 2 cannot be negative]

Þ – 2 2£ £x

Therefore, domain of f x( ) [ , ]is - 2 2 .

y Example 20 Find the domain for

y
x

=
æ

è
ç

ö

ø
÷

æ

è
çç

ö

ø
÷÷sin log–1

2

2

2
.

Sol. For y to be defined,
x 2

2
0>

...(i)

and – log1
2

12

2

£
æ

è
ç

ö

ø
÷ £x

...(ii)

From Eq. (i), we have x RÎ – { }0 ...(iii)

From Eq. (ii), we have

2
2

21
2

1– £ £x Þ 1 42£ £x

Þ – –2 1£ £x or 1 2£ £x ...(iv)

Thus, from Eqs. (iii) and (iv), we get

x Î È[– 2, – 1] [1, 2]

y Example 21 Find the domain for f x
x

x
( ) sin .–=

+æ

è
çç

ö

ø
÷÷

1
21

2

Sol. f x
x

x
( ) sin–= +æ

è
ç

ö

ø
÷1

21

2
is defined, if

–1
1

2
1

2

£ + £x

x
or

1

2
1

2+ £x

x

Þ | | | |1 22+ £x x

Þ 1 22+ £x x| | [as 1 02+ >x ]

Þ x x2 2 1 0- + £| |

Þ | | | |x x2 2 1 0- + £ [as x x2 2= | | ]

Þ (| |– )x 1 02 £

But ( | |– )x 1 2 is either always positive or zero.

Thus, (| |– )x 1 02 =

Þ | |x =1 Þ x = ±1

Thus, domain for f x( ) is {– 1, 1}.
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Y

X

1

x =1

y=π

y=π
2

O
X ′

Y ′

y = xsec–1

–1

x=π
2

y= x

π–1 1

Figure 3.19

–1

O 1

π
2

1

Y

X

Y ′

X ′
π
2

y = xcosec–1

π
2

π
2

y = xcosec

–1

y=
x

Figure 3.20

Y

X
O

Y ′

X ′
π
2

π
2

y = xcot–1

y = xcot

y = x

π

Figure 3.18



y Example 22 Find the domain for y x= sin (log )–1
2 .

Sol. y is defined, if x > 0, ...(i)

– log1 12£ £x

Þ 2 21– £ £x

Þ 1

2
2£ £x ...(ii)

and sin (log )–1
2 0x ³ ...(iii)

Þ log2 0x ³
Þ x ³ 20

Þ x ³ 1 ...(iv)

From Eqs. (i), (ii) and (iv), we get

1 2£ £x

Hence, domain is 1 2£ £x or x Î[ , ]1 2 .

y Example 23 Find the domain of the function,

f x x x
x

x( ) log log ( – )–
log |sin |

.|sin |= +
ì
í
î

ü
ý
þ

2

2

8 23
3

Sol. Here, f x( ) is defined, if

log ( – )–
log |sin |

| sin |x x x
x

2

2

8 23
3

0+ >

Þ log ( – )– log| sin | | sin |x xx x2 8 23 3 2 0+ >

Þ log
–

| sin |x
x x2 8 23

8
0

+æ

è
ç

ö

ø
÷ >

Þ x x
x

2
08 23

8

–
|sin |

+ <

and |sin | ,x ¹ 0 1

Þ x x2 8 23 8– + < and |sin | ,x ¹ 0 1

Þ x x2 8 15 0– + < and sin ,x ¹ ±0 1

Þ ( – ) ( – )x x3 5 0< and x n n¹ +p p
, ( )2 1

2

Þ x Î( , )3 5 and x ¹ p p
,
3

2
[using number line rule]

Þ x Î È æ
èç

ö
ø÷

È æ
èç

ö
ø÷

( , ) , ,3
3

2

3

2
5p p p p

Thus, domain of f x( ) ( , ) , ,is 3
3

2

3

2
5p p p pÈ æ

èç
ö
ø÷

È æ
èç

ö
ø÷
.

n Directions (Q. Nos. 1 to 10) Find the domain of the following.

1. f x x x( ) log ( )= - + -10 4 6

2. f x
x x

( ) log /= -æ
è
ç

ö
ø
÷1 2

25

4

3. f x
x x

x
.( ) log= -

-
æ
è
ç

ö
ø
÷0 3

23

1

4. f x
x

x x

.( )
log ( )= -

- -
0 3

2

1

2 8

5. f x x x( ) log ( log ( ))= - - +10 10
21 5 16

6. f x x x x( ) sin | | sin (tan ) sin (sin )= + +- -1 1

7. f x e x( ) cos (log )=
-1

4
2

8. f x
x

x( ) sin= -æ
èç

ö
ø÷ + --1 3 2

5
3

9. f x
x

x( )
log

cos ( )
=

--
2

1

3

2 1

10. f x x( ) log log log (tan )/
= - -

10 2 2
1 1

p
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Piecewise Functions

(i) Absolute Value Function
(or Modulus Function)

The modulus function is defined as

y x
x x

x x
= =

³
<

ì
í
î

| |
,

– ,

0

0
.

It is the numerical value of x .

Geometrical Interpretation of
Modulus of a Function
Geometrically, | |x represents the distance of the point
P x( , )0 or Q x( , )- 0 from origin.

i.e. d O P x x x( , ) ( ) ( ) | |= - + - = =0 0 02 2 2

d O Q x x x( , ) ( ) ( ) | |= - - + - = =0 0 02 2 2

Properties of Modulus

(i) | |x x2 2= (ii) x x2 = | |

(iii) | | | | | | | |x x x= - = (iv) | | max { , }x x x= -

(v) - = -| | min { , }x x x (vi) max ( , )a b
a b a b= + + -½

½
½ ½

½
½

2 2

(vii) min ( , )a b
a b a b= + - -½

½
½ ½

½
½

2 2

(viii) | | | | | |x y x y+ £ +
(ix) | | | | | | ,x y x y+ = + iff xy ³ 0

(x) | | | | | | ,x y x y- = + iff xy £ 0

(xi) | | ,x a£ (a is +ve) Þ - £ £a x a or x a aÎ -[ , ]

(xii) | | ,x a³ (a is +ve) Þ x a£ - or x a³
or x a aÎ - ¥ - È ¥( , ] [ , )

(xiii) | | ,x a£ (a is –ve) Þ No solution or x Î f
(xiv) | | ,x a³ (a is –ve) Þ x Î Real number  or x Î - ¥ ¥( , )

(xv) a x b£ £| | , where a band are +ve.

Þ - £ £ -b x a or a x b£ £ or x b a a bÎ - - È[ , ] [ , ]

y Example 24 Solve for x.

(i) (| | )( | | )x x- - £1 2 0 (ii)
| |

| |

x

x

-
-

³
1

2
0

(iii) | | | |x x- + - =3 4 1 (iv) | | | |x x+ + =4 4

Sol. (i) ( | | ) ( | | )x x- - £1 2 0

Using number line rule for | |x , we get

Þ 1 2£ £| |x

i.e. x Î - - È[ , ] [ , ]2 1 1 2

(ii)
| |

| |

x

x

-
-

³1

2
0. Using number line rule for | |x , we get

Þ | |x £ 1 or | |x > 2

i.e. x Î - È - ¥ - È ¥[ , ] ( , ) ( , )1 1 2 2

(iii) | | | |x x- + - =3 4 1

As we know, | | | | | |x y x y+ = + , iff xy ³ 0

\ ( )( )x x- - ³3 4 0 or - - - ³( )( )x x3 4 0

Using number line rule, we get

Þ x Î[ , ]3 4

(iv) | | | |x x+ + =4 4

As we know, | | | | | |x y x y+ = - , iff xy £ 0

\ x x( )+ £4 0

Using number line rule, we get

Þ x Î -[ , ]4 0
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X ′

Y ′

Y

X

y = –x
y = x

O

45°

135°

Figure 3.21

| |x | |x

Q x(– ,0) O (0,0) P x( ,0)
XX′

Figure 3.22

1 2

+ +–

1 2

++ –

3 4

– –+

– 4 0

+ +–



y Example 25 Solve | sin | | | | sin |,x x x x2 21 1- + = - +
where x Î -[ , ]2 2p p .

Sol. Let f x x( ) = -2 1 and g x x( ) sin=

We know, | ( ) ( ) | | ( ) | | ( ) |f x g x f x g x+ = + iff
f x g x( ) ( ) .× ³ 0

\ ( ) sinx x2 1 0- × ³ on [ , ]-2 2p p .

Using number line rule, we get

Þ x Î - - È - È[ , ] [ , ] [ , ]2 1 0 1p p p

y Example 26 Solve
x

x
x

x

x-
½
½
½ ½

½
½+ =

-
×

1 1

2

| |
| |

Sol. Let f x
x

x
( ) =

- 1
and g x x( ) =

Then, f x g x
x

x
x

x

x
( ) ( )+ =

-
+ =

-1 1

2

We know, | ( ) | | ( ) | | ( ) ( ) |f x g x f x g x+ = + ,

iff f x g x( ) ( )× ³ 0

\ x

x
x

-
× ³

1
0 Þ x

x

2

1
0

-
³

Þ x Î È ¥{ } )0 (1,

y Example 27 Find domain for y
x x

=
1

| | –
.

Sol. y is defined, if ( | | – )x x > 0 Þ | | ,x x> which is true for

negative x only.

Hence, domain Î ¥(– , 0).

y Example 28 Find domain for

y
x

xx= æ
èç

ö
ø÷

+cos
– | |

log–
| – |

1
1

1 2

3
.

Sol. Here, cos
– | |–1 1 2

3

xæ
èç

ö
ø÷

exists, if –
– | |

1
1 2

3
1£ £x

Þ – – | |3 1 2 3£ £x Þ – – | |4 2 2£ £x

Þ 2 1³ ³| | –x Þ – 2 2£ £x ...(i)

Also, log| – |x x1 exists, if

x > 0, | – |x 1 0> and | |x - ¹1 1

x > 0, x RÎ – { }1 and x ¹ 0 2, ...(ii)

Hence, from Eqs. (i) and (ii), we get

x Î È(0, 1) ( , )1 2

y Example 29 Domain of the function

f x
x x x

( )
| |

=
- - +

1

4 10 92
is

(a) ( , )7 40 7 40- + (b) ( , )0 7 40+

(c) ( , )7 40- ¥ (d) None of these

Sol. Here, f x
x x x

( )
| |

=
- - +

1

4 10 92
would exists, if

4 10 9 02x x x- - + >| |

i.e. | |x x x2 10 9 4- + < ,

where

| |
,

( ),
x x

x x x x

x x x

2
2

2
10 9

10 9 1 9

10 9 1 9
- + = - + £ ³

- - + < <

ì
í
î

ü
ý

or

þ
Þ Two cases

Case I When x x£ ³1 9or

\ x x x2 10 9 4- + <

Þ x x2 14 9 0- + < Þ ( )x - <7 402

Þ x Î - +( , )7 40 7 40 [but x £ 1 or x ³ 9]

Þ x Î - È +( , ] [ , )7 40 1 9 7 40 …(i)

Case II When 1 9< <x

- + - <x x x2 10 9 4 Þ x x2 6 9 0- + >

Þ ( )x - >3 02 , which is always true except at x = 3

\ x Î -( , ) { }1 9 3 …(ii)

From Eqs. (i) and (ii), domain of f x( ) is

( , ) { }7 40 7 40 3- + -

Hence, (d) is the correct answer.

y Example 30 The domain of the function

f x x x( ) |sin (sin )| cos (cos )= -- -1 1 in [ , ]0 2p is

(a) 0
2

3

2
2, ,

p p pé
ëê

ù
ûú

È é
ëê

ù
ûú

(b) [ , ]p p2

(c) [ , ]0
2

p p- ì
í
î

ü
ý
þ

(d) [ , ] ,0 2
2

3

2
p p p- ì

í
î

ü
ý
þ

Sol. As, | sin (sin )|-1 x could be sketched, as
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–2π –π –1 0 1 π 2π

+ +
– –

+
–

0 1

+

x

Y

O

π
2

π
2

3π
2

π 2π
X

π–x
x–

π 2
–x

π
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and cos (cos )-1 x could be sketched as

\ | sin (sin )| cos (cos )- ->1 1x x is not possible.

Only equality holds as

Thus, | sin (sin )| cos (cos )- -=1 1x x

When x Î é
ëê

ù
ûú

È é
ëê

ù
ûú

0
2

3

2
2, ,

p p p

So, domain for f x( ) , ,is 0
2

3

2
2

p p pé
ëê

ù
ûú

È é
ëê

ù
ûú
.

Hence, (a) is the correct answer.

(ii) Signum Function
Signum function is denoted by sgn (x ) and it is defined by

y x

x

x

x

x
x

x

= = ¹

=

ì
í
ï

îï
sgn

or if

if

( )

| |

| |
,

,

0

0 0

=
>
<
=

ì

í
ï

îï

1 0

1 0

0 0

,

– ,

,

if

if

if

x

x

x

y Example 31 Sketch the graph of

(i) f x x( ) ( )= +sgn 2 1 . (ii) f x xe( ) (log )= sgn .

(iii) f x x( ) (sin )= sgn . (iv) f x x( ) (cos )= sgn .

Sol. (i) f x x( ) ( )= +sgn 2 1 =
-ì

í
ï

îï

+ <
+ =
+ >

1

0

1

1 0

1 0

1 0

2

2

2

,

,

,

if

if

if

x

x

x

f x x R( ) ,= Î1

(ii) f x xe( ) (log )= sgn

= -
ì
í
ï

îï

>
<
=

1

1

0

0

0

0

,

,

,

log

log

log

e

e

e

x

x

x

\ f x

x

x

x

( )

,

,

,

= -
ì
í
ï

îï

>
< <

=

1

1

0

1

0 1

1

Graph for, f x xe( ) (log )= sgn is

(iii) f x x( ) (sin )= sgn

f x

x

x

x

( )

,

,

,

sin

sin

sin

= -
ì
í
ï

îï

>
<
=

1

1

0

0

0

0

= -
ì
í
ï

îï

< < +
+ < < +

=

1

1

0

2 2 1

2 1 2 2

,

,

,

( )

( ) ( )

n x n

n x n

x n

p p
p p

p

(iv) f x x( ) (cos )= sgn

f x

x

x

x

( )

,

,

,

cos

cos

cos

= -
ì
í
ï

îï

>
<
=

1

1

0

0

0

0

= -
ì
í
ï

îï

- < < +
+ < < +

=

1

1

0

2 2 2 2

2 2 2 3 2

,

,

,

/ /

/ /

n x n

n x n

x

p p p p
p p p p

( ) /2 1 2n + p

Y

O π
X

2
–x

πx

2π

Y

O π
X

π
2

3π
2

2 π

co
s

(c
os

x)

–1

Y

X

y = , x>1 0

y = , x<–1 0

O

Figure 3.23

O

Y

(0, 1)

X

f x = x +( ) sgn ( 1)2

X ′

Y ′

O

Y

X
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O

Y

X
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O

Y
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–5π

1

2
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7π
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(iii) Greatest Integer Function
or Step Function

[ ]x indicates the integral part of x , which is nearest and
smaller to x . It is also known as floor of x.

Thus, [ . ] , [ . ] , [ ] ,2 3202 2 0 23 0 5 5= = =
[– . ] – , [– . ] –8 0725 9 0 6 1= =

In general, n x n£ < + 1 [nÎ Integer]

Þ [ ]x n=
Here, f x x( ) [ ]= could be expressed graphically as

x [ ]x

0 1£ <x 0

1 2£ <x 1

2 3£ <x 2

–1 0£ <x –1

– –2 1£ <x –2

( )· darkened circle represents value is taken, ( )o

represents value is neglected.

Properties of the Greatest
Integer Functions

(i) [ ] [ ]x x x£ < + 1

(ii) x x x- < <1 [ ]

(iii) I x I£ < + 1 Þ [ ] ,x I= where I Î Integer

(iv) [[ ]] [ ]x x=

(v) [ ] [ ]x x
x

x
+ - =

Î
- Ï

ì
í
î

0, if Integer

1, if Integer

i.e. [ ]
,

[ ],
- =

- Î
- - Ï

ì
í
î

x
x x

x x

if Integer

if Integer1

(vi) [ ] [ ]
,

[ ] ,
x x

x x

x x
- - =

Î
+ Ï

ì
í
î

2

2 1

if Integer

if Integer

(vii) [ ] [ ] ,x n x n± = ± n Î Integer

(viii)[ ]x n³ Û x n³ ,n Î Integer

(ix) [ ]x n> Û x n³ + 1,n Î Integer

(x) [ ]x n£ Û x n< + 1,n Î Integer

(xi) [ ]x n< Û x n< , n Î Integer

(xii) [ ]x
x x= é

ëê
ù
ûú

+ +é
ëê

ù
ûú2

1

2

(xiii)
n n n

n
+é

ëê
ù
ûú

+ +é
ëê

ù
ûú

+ +é
ëê

ù
ûú

+ =1

2

2

4

4

8
. . . ,

n Î Natural number

(xiv)[ ] [ ] [ ] [ ] [ ]x y x y x y+ £ + £ + + 1

(xv) [ ]x x
n

x
n

+ +é
ëê

ù
ûú

+ +é
ëê

ù
ûú

+1 2

. . . [ ]+ + -é
ëê

ù
ûú

=x
n

n
nx

1
, n NÎ

y Example 32 Find domain for, f x x( ) cos [ ]= -1 .

Sol. As, y x= -cos 1 exists, when - £ £1 1x .

\ f x x( ) cos [ ]= -1 exists, when - £ £1 1[ ]x Þ - £ <1 2x

or x Î -[ , )1 2

y Example 33 Find the value of

3

4

3

4

1

100

3

4

2

100

3

4

99

100

é
ëê

ù
ûú

+ +é
ëê

ù
ûú

+ +é
ëê

ù
ûú

+ + +é
ëê

K
ù
ûú

.

Sol.
3

4

3

4

1

100

3

4

24

100

3

4

25

100

é
ëê

ù
ûú

+ +é
ëê

ù
ûú

+ + +é
ëê

ù
ûú

+ +é
ë

K ê
ù
ûú

+ + +é
ëê

ù
ûú

...
3

4

99

100

Þ [ . ] ... [ . ]075 099

25

+ +
terms are each

equal to zero

1 244 344
+ + +[ . ] ... [ . ]10 174

75terms are each
equal to 1

1 244 344
Þ 75

Aliter Apply property (xv)

Here, x = 3

4
and n = 100

\ 3

4

3

4

1

100

3

4

99

100

3

4
100

é
ëê

ù
ûú

+ +é
ëê

ù
ûú

+ + +é
ëê

ù
ûú

= ´é
ë

. . . ê
ù
ûú

= 75

y Example 34 Given y x= +2 3[ ] and y x= +3 2 5[ – ] ,

find the value of [ ]x y+ .

Sol. We have, 2 3 3 2 5[ ] [ – ]x x+ = +

Þ 2 3 3 6 5[ ] [ ]–x x+ = +
Þ [ ]x = 4 Þ 4 5£ <x

or x f= +4 [f ® fraction]

and y x= + =2 3 11[ ]

Hence, [ ] [ ] [ ]x y f f+ = + + = + =4 11 15 15

n
x

[ ] =x n

n + 1

Figure 3.24

Y

X
0 1–1
–1

–2

–3

1

2

3

–2 2 3
X′

Y′
Figure 3.25
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y Example 35 Find domain for

f x x
x

( ) [sin ] cos
[ – ]

.=
æ
è
ç

ö
ø
÷

p
1

Sol. [sin ]x is always defined. cos
[ – ]

p
x 1

æ
èç

ö
ø÷

is also defined

except when [ – ]x 1 0= Þ 0 1 1£ <x –

Þ 1 2£ <x

Hence, domain of f x( ) is R ,– [ )1 2 .

y Example 36 The domain of the function

f x
x x

x x
( )

log ( [ ] [ ] )
=

- - -
+ -

4
2

2

5 1

2
is

(where [ ]x denotes greatest integer function)

Sol. For domain of f x( ),

5 1 02- - - >[ ] [ ]x x

and x x2 2 0+ - ¹
Þ ( )( )x x+ - ¹2 1 0

Þ x ¹ -1 2,

Now, 5 1 02- + - >[ ] [ ]x x

Þ [ ] [ ]x x2 6 0+ - <

Þ ([ ] )([ ] )x x+ - <3 2 0

Þ - < <3 2[ ]x

Þ - £ <2 2x

Q x ¹ -1 2,

\ Domain Î - È( , ) ( , )2 1 1 2

y Example 37 Let [ ] [ ]n n2 21+ = + l , where

n N, l Î . Show that l can have 2n different values.

Sol. We have, n n n n2 2 21 1 2 1+ = + < +( ) – ( ) ; n NÎ

i.e. n n2 1 1+ < +

Þ n n n< + < +2 1 1

Þ [ ]n n2 1+ =

\ [ ]n n2 + =l

Þ n n n< + < +2 1l

or n n n2 2 21< + < +( ) ( )l

Þ 0 2 1< < +l n

Thus, l can take 2n different values.

y Example 38 f x
x x

( )
[ ]–

=
1

, where [ × ] denotes the

greatest integer function less than or equals to x.
Then, find the domain of f x( ).

Sol. f x
x x

( )
[ ]–

= 1
exists, if

[ ]–x x > 0

i.e. [ ]x x>
But from definition of greatest integral function, we know

[ ]x x£ [as x x x= +[ ] { }]

Thus, it is not possible that [ ]x x> .

Hence, domain f x( ) = f

y Example 39 If domain for y f x= ( ) is [– , ]3 2 , find

the domain of g x f x( ) |[ ]|= { }.

Sol. Here, f x( ) is defined in [– , ]3 2 .

Þ x Î[– , ].3 2

(i.e. we can substitute only those values of x , which lie
between [– , ]3 2 ).

For g x f x( ) |[ ]|= { }to be defined, we must have

– | [ ]|3 2£ £x

Þ 0 2£ £| [ ]|x [as | |x ³ 0 for all x ]

Þ – [ ]2 2£ £x [as | |x a£ Þ – a x a£ £ ]

Þ – 2 3£ <x

[by definition of greatest integral function]

Hence, domain of g x( ) [– , [is 2 3 or [– , ).2 3

y Example 40 Find the domain of function

f x
x x

( )
[ | | ] [ | | ]

=
- + - -

1

1 7 6
, where [ × ] denotes the

greatest integer function.
Sol. f x( ) is defined when

[| | ] [ | | ]x x- + - - ¹1 7 6 0

Þ
[ ] [ ] ,

[ – ] [ ] ,

1 7 6 1

1 7 6 1

- + - ¹ £
+ - ¹ £

x x x

x x x

when ...(i)

when £
+ - ¹ ³

ì
í
ï

îï
7

1 7 6 7

...(ii)

when ...(iii)[ – ] [ ] ,x x x

[ ] [ ]1 7 6- + - ¹x x

1 7 6+ - + + - ¹[ ] [ ]x x Þ 2 2[ ] –- ¹x

Þ [ ] –- ¹x 1

Þ x Ï( , ]0 1 ...(a)

From Eq. (ii), we have

[ ] [ ]x x- + - ¹1 7 6

Þ [ ] [ ]x x- + + - ¹1 7 6

Þ [ ] [ ]x x+ - ¹ 0

Þ x Ï Integer

Þ x Ï {1, 2, 3, 4, 5, 6, 7} ...(b)

From Eq. (iii), we have

[ ] [ ]x x- + - ¹1 7 6

Þ [ ] [ ]x x- + - ¹1 7 6

Þ 2 14[ ]x ¹ Þ [ ]x ¹7

Þ x Ï[ , )7 8 ...(c)



Hence, froms (a), (b) and (c), we get

Domain f x R( ) – {( , ) { , , , , , , } ( , )}is 0 1 1 2 3 4 5 6 7 7 8È È .

y Example 41 If the function f x . b x( ) sin= +[ ]3 5

(where [ × ] denotes the greatest
integer function) is an even function, the complete set
of values of b is

(a) (- 0.5, 0.5) (b) [- 0.5, 0.5]

(c) (0, 1 ) (d) [ 1, 1]-

Sol. We have f x . b x( ) sin ]= +[35 For f x( ) to be an even

funcion.

3 35 4< + <. b xsin , " Îx R

Þ - < <05 05. b . Þ b . .Î -( , )05 05

Hence, (a) is the correct answer.

y Example 42 The domain of the function

f x x x
x

/( ) log log ( )
[ ]

= + + +
+3 1 3

2 10 25
1

5

(where [ × ] denotes the greatest integer function) is

(a) ( ,- -4 3) (b) ( ,- -6 5)

(c) ( ,- -6 4) (d) None of these

Sol. Here, log log ( )/3 1 3
2 10 25x x+ + is defined, when

I. x x2 10 25 0+ + > ,   i.e. ( )x + >5 02 Þ x ¹ - 5 …(i)

II. log ( )/1 3
2 10 25 0x x+ + >

Þ x x2 10 25 1+ + <

or x x2 10 24 0+ + <

or ( )( )x x+ + <6 4 0

Þ x Î - -( , )6 4 …(ii)

From Eqs. (i) and (ii), we get

x Î - - È - -( , ) ( , )6 5 5 4 …(iii)

III. [ ]x + ¹5 0

Þ [ ]x ¹ - 5

Þ x Ï - -[ , )5 4 …(iv)

From Eqs. (iii) and (iv), we get

Domain of f x( ) ( , )is - -6 5 .

Hence, (b) is the correct answer.

y Example 43 Let [ ]x be the greatest integer less than

or equal to x.
Then, the equation sin [ sin ] [ cos ]x x x= + + -1 1 has

(a) one solution in -é
ëê

ù
ûú

p p
2 2

, (b) one solution in
p p
2

,
é
ëê

ù
ûú

(c) one solution in R (d) no solution in R

Sol. Given that, [ sin ] [ cos ] sin1 1+ + - =x x x

Þ 1 1+ + + - =[sin ] [ cos ] sinx x x

Þ 2 + + - =[sin ] [ cos ] sinx x x

Þ 2 + - =[ cos ] {sin }x x

Here, LHS is 1, 2 or 3, but RHS Î[ , )0 1

\ No solution. Hence, (d) is the correct answer.

(iv) Fractional Part Function
y x= { }, { }x indicates fractional part of x .

Let x I f= + , where I x=[ ]

and f x= { }

Then, y x= { }

= x x–[ ]

Here, y x= { } could be expressed graphically, as

x { }x

0 1£ <x x

1 2£ <x x – 1

2 3£ <x x – 2

– 1 0£ <x x + 1

– –2 1£ <x x + 2

Properties of Fractional Part of x

(i) { }x x= , if 0 1£ <x .

(ii) { }x = 0, if x Îinteger.

(iii) {– } – { }x x= 1 , if x Ïinteger.

(iv) { { }x x± =integer } .

y Example 44 If { }x and [ ]x represent fractional

and integral parts of x respectively, then find the

value of [ ]x
x r

r

+
+

=
å { }

20001

2000

.

Sol. Clearly, [ ]x
x r

r

+ +

=
å { }

20001

2000

= [ ]x
x

r

+
=
å { }

20001

2000

[Q we know that { } { }x r x+ = , if r Î Integer]

= [ ]
{ } { }

...x
x x+ + + +é

ëê
ù
ûú2000 2000

upto 2000 times

= [ ]
{

x
x+ 2000

2000

}

= +[ ] { }x x

= x

Thus, [ ]
{ }

x
x r

x
r

+ + =
=
å

20001

2000
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– 6 – 4

++

Y

X
O1

1

–1–2 2 3
X ′

Y ′

Figure 3.26
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y Example 45 Solve 4{ } [ ].x x x= +
Sol. We know, x x x= +[ ] { }

\ 4 { } [ ] { } [ ]x x x x= + + Þ { }
[ ]

x
x= 2

3
...(i)

But 0 1£ <{ }x

So, 0
2

3
1£ <[ ]x

Þ 0
3

2
£ <[ ]x ,  therefore [ ]x = 0 or 1

If [ ] ,x = 1 then { }x = 2

3
[from Eq. (i)]

Thus, x = 5

3

If [ ] ,x = 0 { }x = 0 so, x = 0

Thus, solutions of 4 { } [ ]x x x= + are x Îì
í
î

ü
ý
þ

×0
5

3
,

y Example 46 Prove that [ ] [ ] [ ]x y x y+ £ + , where

x x x= +[ ] { } and y y y= +[ ] { }, [ ]× represents greatest
integer function and { }× represents fractional part
function.

Sol. Here, x y x y x y+ = + + +[ ] [ ] { } { }

\ [ ] [[ ] [ ] { } { }]x y x y x y+ = + + +

= + + +[ ] [ ] [{ } { }]x y x y

[using [ ] [ ] ,x I x I+ = + I Î Integer]

Þ [ ] [ ] [ ]x y x y+ ³ +

Remark
This could be generalised for n terms as

[ ] [ ] ... [ ] [ ... ]x x x x x xn n1 2 1 2+ + + £ + + + .

y Example 47 Find the number of solutions of
|[ ] – | ,x x2 4= where [ ]x is the greatest integer £ x.

Sol. Let x I f= + , I Î integer, f Î fractional part

[i.e. 0 1£ <f ]

Then, |[ ]– |x x2 4=
Þ |[ ]– ( )|I f I f+ + =2 4

Þ | – – |I I f2 2 4= Þ | | ,I f+ =2 4

which is possible, only if f =æ
èç

ö
ø÷

1

2
0or

If f = 1

2
,

| |I + =1 4 Þ I + = ±1 4

So, I = 3 5, – and f = 1

2

If f = 0, | |I = 4

So, I = ± 4 and f = 0

Thus, number of solutions are x = ±ì
í
î

ü
ý
þ

4
7

2

9

2
, , – ,

i.e. 4 solutions.

(v) Least Integer Function
y x x x= =( ) [ ],[ ]or ( )x indicates the integral part of x

which is the nearest and greater to x .

It is known as ceiling of x.

Thus, [ . ] ,2 3203 3= ( . )0 23 1= , (– . ) – ,8 0725 8= (– . )06 0=
In general, n x n< £ + 1 (n Î Integer)

Þ ( ) [ ]x n x= + =1

Here, f x x x( ) ( ) [ ]= = can be expressed  graphically as

x [ ] ( )x x=

– 1 0< £x 0

0 1< £x 1

1 2< £x 2

2 3< £x 3

– –2 1< £x – 1

( )· represents value is taken.
( )o represents value is neglected.

Properties of Least Integer Function
(i) ( ) [ ]x x x= = holds, if x is Integer.

(ii) ( ) [ ] ( ) ,x I x I I+ = + = +x I Î Integer.

(iii) Greatest integer function [ ]x converts

x I= + f into I, while ( )x converts to I + 1.

(iv) x x x= + -( ) { } ,1

(v) ( )
( ),

( )
- =

- Î
- + Ï

ì
í
î

x
x x I

x x I

if

1, if

(vi) ( ) ( )
( ),

( )
x x

x x I

x x I
- - =

Î
- Ï

ì
í
î

2

2

if

1, if

(vii) ( )x n³ Û x n> - În I1,

(viii) ( )x n> Û x I> În n,

(ix) ( )x n£ Û x n£ , n ÎI

(x) ( )x n< Û x n< - 1, n ÎI

(xi)
( )

,
x

n

x

n

æ
èç

ö
ø÷

= æ
èç

ö
ø÷ n ÎN

(xii)
n n n

n
+æ

èç
ö
ø÷ + +æ

èç
ö
ø÷ + +æ

èç
ö
ø÷ + = -1

2

2

4

4

8
2 1. . . ( ), n NÎ

(xiii) ( )
[ ],

[ ]
x

x x I

x x I
=

Î
+ Ï

ì
í
î 1,

(xiv) ( ) . . . ( )x x
n

x
n

x
n

n
nx n+ +æ

èç
ö
ø÷ + +æ

èç
ö
ø÷+ + + -æ

èç
ö
ø÷ = + -1 2 1

1, n NÎ

n x n+1

[ ] =x n ( )= = +1x x n[ ]

Figure 3.27

–3 –2 –1

1 2 3
X

Y

–3

–2

–1

1

2

3

O

Figure 3.28



y Example 48 Find the solution set of
( ) ( ) ,x x2 21 25+ + = where ( )x is the least integer

greater than equals to x.
Sol. Let x I f= + , where I (integer) and f (fractional part)

such that 0 1< <f .

Then, ( ) ( )I f I f+ + + + =2 21 25

Þ { } { }I I+ + + =1 2 252 2

Þ I I I I2 22 1 4 4 25+ + + + + =

Þ 2 6 5 25 02I I+ + =–

Þ 2 6 20 02I I+ =–

So, I = 2 5, –

Thus, x f= +2 ,– 5 + f

where 0 1< <f

Þ 2 2 3< + <f ,– – –5 5 4< + <f ...(i)

Again, let x I=
Then, x x2 21 25+ + =( )

Þ x = -3 4, ...(ii)

From Eqs. (i) and (ii), we get x Î - - È( , ] ( , ]5 4 2 3

y Example 49 If [ ]x = the greatest integer less than

or equal to x and ( )x = the least integer greater

than or equal to x and [ ] ( )x x2 2 25+ > , then x

belongs to ........... .

Sol. Let x I f= + , where I Î integer, f Î fractional part such

that 0 1£ <f .
\ [ ] ( )x x2 2 25+ >

Þ [ ] ( )I f I f+ + + >2 2 25

Þ I I2 21 25+ + >{ }

Þ I I I2 2 2 1 25+ + + >

Þ 2 2 24 02I I+ >–

Þ I I2 12 0+ >–

Þ ( )( – )I I+ >4 3 0

\ I < – 4

or I > 3

Here, x I f= +
So, x f< +– 4

or x f> +3 …(i)

Now, let x I= , then x x2 2 25+ >
Þ x 2 12 5> .

Þ x £ –4 or x ³ 4

Form Eqs. (i) and (ii), we get x Î - ¥ - È ¥( , ] [ , )4 4

n Directions (Q. Nos. 1 to 18) Find the domain of the following.

1. f x x x( ) | |= - -2 2

2. f x x x( ) | | | |= - + +2 1

3. f x xe e( ) log | log |=

4. f x
x

( ) sin
[ ]= -æ

èç
ö
ø÷

-1 2 3

4
, which [ × ] denotes the greatest integer function.

5. f x x x( ) log ( [ ]),= - where [ × ] denotes the greatest integer function.

6. f x
x x

( )
[ ] [ ]

=
- -

1

62
, where [ × ] denotes the greatest integer function.

7. f x x( ) [ sin ],= +-cosec 1 21 where [ × ] denotes the greatest integer function.
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8. f x
x

x
x( ) cos log

| |
[ ]= -1 , where [ × ] denotes the greatest integer function.

9. f x
x

x x
( )

{ }
= -

-
1

2
, where { × } denotes the fractional part function.

10. f x
x

x
( ) sin

[ ]

{ }
,= æ

èç
ö
ø÷

-1 where [ × ] and { × } denotes the greatest integer and fractional part function.

11. f x x( ) sin [ ],= --1 22 3 where [ × ] denotes the greatest integer function.

12. f x
x

( ) sin log ,=
æ
è
ç

ö
ø
÷

é

ë
ê
ê

ù

û
ú
ú

-1
2

2

2
where [ × ] denotes the greatest integer function.

13. f x x x( ) { } { }= - +2 3 12 , x Î -[ 1, 1], where { × } denotes the fractional part function.

14. f x
x x

( )
[| | ] [| | ]

,=
- + - -

1

2 10 8
where [ × ] denotes the greatest integer function.

15. If a function is defined, as g x x x( ) | sin | sin ,= + f = +( ) sin cos ,x x x 0 £ £x p, then find the domain for

f x g xx( ) log ( )( )= f .

16. Solve the equations, y x x x= + +1

3
[sin [sin [sin ]]] and [ [ ]] cosy y x+ = 2 , where [ × ] denotes the greatest

integer function.

17. If [ ] ,x
x x= é

ëê
ù
ûú

+ +é
ëê

ù
ûú2

1

2
where [ × ] denotes the greatest integer function and n be positive integer, then show that

n n n n
n

+é
ëê

ù
ûú

+ +é
ëê

ù
ûú

+ +é
ëê

ù
ûú

+ +é
ëê

ù
ûú

+ =1

2

2

4

4

8

8

16
. . . .

18. Find the integral solutions to the equation [ ] [ ]x y x y= + . Show that all the non-integral solutions lie on exactly

two lines. Determine these lines.
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Range
The range of a function is the set of all possible values that
can be produced by that function.

e.g. Let f x x( ) = 2

No matter what value we substitute for x f x, ( ) will always
be positive. Therefore, we would say that the range of this
function is the set of all positive real numbers.

Rules for Finding the Range
First of all find the domain of given function y f x= ( )

(i) If domain contains finite number of points, range is
the set of corresponding f x( ) values.

(ii) If domain is R or R – {some finite points},

express x in terms of y . From this, find y for x to be
defined.

(i.e. Find the values of y for which x exists.)

(iii) If domain is a finite interval, then find the least and
the greatest values for range, using monotonicity.

e.g. If f x( ) is defined on[ , ]a b , then

Step 1 Put, f x¢ =( ) 0 Þ x a bn= Îa a a1 2, , , ( , )K

Step 2 Find, {f a f f( ), ( ), ( ),a a1 2 … , f f bn( ), ( )a }

The greatest and least values gives the range of f x( ).

y Example 50 Find the range for y
x x

x x
=

+
– [ ]

– [ ]1
.

Sol. Here, y
x x

x x

x

x
=

+
=

+
– [ ]

– [ ]1 1

{ }

{ }

Thus, domain is R.

Now, from y
x

x
=

+
{ }

{ }1
,

we have, y y x x+ ={ } { } Þ { }
–

x
y

y
=

1

Here, 0 1£ <{ }x ,  so 0
1

1£ <y

y–
Þ 0

1

2
£ <y

Hence, range = é
ëê

ö
ø÷

0
1

2
, .

y Example 51 Find the range for f x
e

x

x

( )
[ ]

=
+1

when x ³ 0.

Sol. Here, f x( ) is defined for all x ³ 0. Also, f x( ) is an

increasing function in [ , ).0 ¥
Thus, range = ¥[ ( ), ( ))f f0

Hence, range = ¥[ , )1

y Example 52 Find the domain and range of the

function y x xe= +log ( – ).3 4 52

Sol. y is defined, if 3 4 5 02x x– + >

Where D = = <16 4 3 5 44 0– ( )( ) –

and coefficient of x 2 3 0= >

Hence, ( – ) ,3 4 5 02x x x R+ > " Î

Thus, domain Î R

Now, from y x xe= +log ( – )3 4 52 ,

we have, 3 4 52x x e y– + = or 3 4 5 02x x e y– ( – )+ =

Since, x is real, therefore discriminant ³ 0.

i.e. (– ) – ( )( – )4 4 3 5 02 e y ³ Þ 12 44e y ³

So, e y ³ 11

3
. Thus, y ³ æ

èç
ö
ø÷

log
11

3

Hence, range is log ,
11

3

æ
èç

ö
ø÷

¥é

ëê
ö
ø÷
.

Aliter Since, log is an increasing function and3 4 52x x– +

is minimum at x = 2

3
, i.e. log ( – )e x x3 4 52 + is minimum at

x = 2

3
and minimum value ofy e= log

11

3
, i.e. log .e y

11

3
£ < ¥æ

èç
ö
ø÷

Thus, range is log , .e
11

3

æ
èç

ö
ø÷

¥é

ëê
ö
ø÷

y Example 53 Find the range of y x x= +– – .1 5

Sol. Here, domain x ³ 1 and x £ 5, i.e. x Î[ , ]1 5 .

Now, check monotonicity,
dy

dx x x
= 1

2 1

1

2 5–
–

–

When
dy

dx
= 0, we get x = 3

Session 5
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Thus, y min at x = 1 or x = 5

y min at x = 1 is 2;

y min at x = 5 is 2.

Thus, minimum value of y = 2.

Also, y max at x = 3 is 2 2.

Hence, range = [ , ]2 2 2

Remarks
(i) When y is minimum at two or more points, the smallest value

amongst them is taken.

(ii) When y is maximum at two or more points, the largest value
amongst them is taken.

y Example 54 Find the range of

log {log ( )}/3 1 2
2 4 4x x+ + .

Sol. Firstly, finding domain

log {log ( )}/3 1 2
2 4 4x x+ + exists, if

log ( )/1 2
2 4 4 0x x+ + >

Þ x x2
0

4 4
1

2
+ + < æ

èç
ö
ø÷

[using loga x b> Þ x ab< , if 0 1< a < ]

Þ x x2 4 4 1+ + <

Þ x x2 4 3 0+ + <
Þ ( ) ( )x x+ + <1 3 0 Þ – –3 1< <x ...(i)

and x x2 4 4 0+ + > Þ ( ) ,x + >2 02

which is always true except for x = – .2 ...(ii)

From Eqs. (i) and (ii), we have

x Î È(– , – ) (– , – )3 2 2 1

Thus, domain is (– , – ) (– , – )3 2 2 1È
Now, we find out the range.

Since, 0 4 41 2
2< + + < ¥ " Îlog ( ) ,/ x x x domain y

Þ – log {log ( )}/¥ < + + < ¥3 1 2
2 4 4x x

Thus, range ( )y Ris .

y Example 55 Range of the function

f x x( ) (cos | | )= --1 21 is

(a) 0
2

,
pé

ëê
ù
ûú

(b) 0
3

,
pé

ëê
ù
ûú

(c) ( , )0 p (d)
p p
2

,
æ
èç

ö
ø÷

Sol. Here, f x x( ) cos | |= --1 21 would exists, only when

| |1 12- £x

Þ - £ - £1 1 12x Þ 2 02³ ³x

or x Î -[ , ]2 2

Q 0 1 12£ - £| | ,x " Î -x [ , ]2 2

\ 0 1
2

1 2£ - £-cos | |x
p

Hence, (a) is the correct answer.

y Example 56 If x, y and z are real such that

x y z+ + = 4, x y z2 2 2 6+ + = , x belongs to

(a) (- 1, 1) (b) [ , ]0 2

(c) [ , ]2 3 (d) 2

3
2,

é
ëê

ù
ûú

Sol. Eliminating z,

x y x y2 2 24 6+ + - + =( ( ))

Þ y x y x x2 24 4 5 0+ - + - + =( )

Þ D ³ 0

Þ ( ) ( )x x x- - - + ³4 4 4 5 02 2

Þ 3 8 4 02x x- + £
Þ ( )( )x x- - £2 3 2 0

\ x Î[ / , ]2 3 2

Hence, (d) is the correct answer.

y Example 57 The range of the function

f x
x x

( )
| sin | | cos |

= +
1 1

is

(a) [ , )2 2 ¥ (b) ( , )2 2 2 (c) ( , )0 2 2 (d) ( , )2 2 4

Sol. f x
x x

( )
| sin | | cos |

= +1 1

Using AM GM,³ we get
1 1

2

1
1 2

| sin | | cos |

| sin | | cos |

/
x x

x x

+
³ æ

èç
ö
ø÷

Þ 1 1
2 2 2 1 2

| sin | | cos |
( | | ) /

x x
x+ ³ cosec

[where, | | ]cosec 2 1x ³

Þ 1 1
2 2

| sin | | cos |x x
+ ³

\ Range of f x( ) [ , ).is 2 2 ¥

Hence, (a) is the correct answer.

y Example 58 If z x iy= + and x y2 2 16+ = , then the

range of || | | ||x y- is

(a) [ , ]0 4 (b) [ , ]0 2

(c) [ , ]2 4 (d) None of these
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Sol. Let x y= =4 4cos , sin ,q q then

| | cos | | sin || || cos | | sin ||4 4 4q q q q- = -
= -4 1 2 | cos || sin |q q

= -4 1 2| sin |q

\ Range is [ , ]0 4 . Hence, (a) is the correct answer.

y Example 59 The range of

f x x x
x

x x
( ) (sin tan )= + +

+
+ +

- -1 1

2 5

1 1
2p

is

(a) -é
ëê

ù
ûú

3

4

1

5
, (b) -é

ëê
ù
ûú

5

4

3

4
,

(c) -é
ëê

ù
ûú

3

4

5

4
, (d) -é

ëê
ù
ûú

3

4
1,

Sol. Here, f x x x

x
x

( ) (sin tan )

( )
( )

= + +
+ +

+

- -1 1

1
4

1

1 1

p

= +g x h x( ) ( ),

where domain of g x( ) [ , ]is -1 1

\ Maximum value of g x g( ) ( )= =1
3

4

and  minimum value of g x g( ) ( )= - = -1
3

4
Also, maximum value of h x( ) occurs, when ( )

( )
x

x
+ +

+
1

4

1
is minimum at x = 1.

Þ Range of f x( ) ,is -é
ëê

ù
ûú

3

4
1 .

Hence, (d) is the correct answer.

y Example 60 The range of the function
f x x x( ) sin sin= - -2 5 6 is

(a) [ , ]-10 0 (b) [-1, 1] (c) [ , ]0 p (d) -é
ëê

ù
ûú

49

4
0,

Sol. Here, f x x x( ) sin sin= - -2 5 6

= - +æ
èç

ö
ø÷

- -sin sin2 5
25

4
6

25

4
x x

= -æ
èç

ö
ø÷

-sin x
5

2

49

4

2

…(i)

where
9

4

5

2

49

4

2

£ -æ
èç

ö
ø÷

£sin x …(ii)

From Eqs. (i) and (ii), we get - £ £10 0f x( )

Þ Range of f x( ) [ , ]is -10 0 .

Hence, (a) is the correct answer.

y Example 61 If f x x x( ) [ ] [ ]= -2 2 , where [×] denotes

the greatest integer function and x n n NÎ Î[ , ], ,0 then
the number of elements in the range of f x( ) is

(a) (2n + 1) (b) 4 3n - (c) 3 3n - (d) 2 1n -

Sol. When x n= - 1, f x n n( ) ( ) ( )= - - - =1 1 02 2

When n x n- < <1 ,

[ ]x n= - 1

and ( ) [ ]n x n- £ £ -1 12 2 2

\ 0 1 12 2 2 2£ - £ - - -[ ] [ ] ( )x x n n

Þ 0 2 2£ £ -f x n( ) , but f x( ) has to be an integer.

The set of values of f x( ) is { 0, 1, 2, …, 2 2n - }.

Hence, (d) is the correct answer.

y Example 62 Range of the function

f x x x( ) | sin | sin || cos | cos |= -- -1 1 , is

(a) { }0 (b) 0
2

,
pé

ë
ê

ù

û
ú (c) [ , ]0 p (d) None of these

Sol. We know that, | sin | sin || cos | cos | ,- -=1 1x x

" Îx domain

\ f x x x( ) | sin | sin || cos | cos |= -- -1 1 = " Î0, x domain

\ Range of f x( ) { }is 0 .

Hence, (a) is the correct answer.

y Example 63 The number of values of y in [ , ]-2 2p p
satisfying the equation | sin | | cos | | sin |2 2x x y+ = is

(a) 3 (b) 4 (c) 5 (d) 6

Sol. Here, 1 2 2 2£ + £| sin | | cos |x x and | sin |y £ 1.

So, solution is possible only when | sin | .y = 1

Þ sin y = ± 1 Þ y = ± ±p p
2

3

2
,

\ Number of values of y is 4.

Hence, (b) is the correct answer.

y Example 64 Let f x x x( ) cot ( )= - +-1 2 4 5 , then range

of f x( ) is equal to

(a) 0
2

,
pæ

èç
ö
ø÷

(b) 0
4

,
pæ

èç
ù
ûú

(c) 0
4

,
pé

ëê
ö
ø÷

(d) None of these

Sol. Here, x x2 4 5- + Þ ( )x - + ³2 1 12

\ 1 4 52£ - + < ¥x x

Þ 0 4 5
4

1 2< - + £-cot ( )x x
p

[using, x x1 2< Þ cot cot ,- ->1
1

1
2x x

since cot-1 x is decreasing]

Þ Range of f x( ) ,is 0
4

pæ
èç

ù
ûú
.

Hence, (b) is the correct answer.
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To Find Range for
Rational Expressions

Let f x
ax bx c

px qx r
( ) = + +

+ +

2

2

Step 1 Write the given function as a equation

y
ax bx c

px qx r
= + +

+ +

2

2

Step 2 Rewrite the above equation for x in standard form

x py a x qy b ry c2 0( ) ( )- + - + - =
Step 3 Find the discriminant to the above equation

D qy b py a ry c= - - - -( ) ( )( )2 4

D q y qyb b= - + -2 2 22 4 [ ( ) ]pry pc ar y ac2 - + +

D y q pr pc ar bq y b ac= - + + - + -2 2 24 4 4 2 4( ) ( )

Step 4 Find y y
B B AC

A
1 2

2 4

2
, = - ± -

where, A q pr B pc ar bq C b ac= - = + - = -2 24 4 4 2 4, , .

Step 5 Let y y1 2< , then range of f x( ) is [ , ]y y1 2 if A < 0 and
A > 0, then range of f x( ) is R y y- ( , )1 2 .

y Example 65 Find the range of f x
x x

x x
( ) ,=

+ +
+ +

2

2

14 9

2 3

where x RÎ .

Sol. Here, A = - = -4 12 8, B = + - = -12 36 56 8, C = 160

Now,
- ± -

=
- ± +

-
= -

B B AC

A

2 4

2

1 1 80

2
5 4, and

here A < 0

\ Range is [ , ]- 5 4

y Example 66 For what real values of a does the

range of f x
x

a x
( ) =

+
+

1
2

contains the interval [ , ]0 1 ?

Sol. Let y
x

a x
= +

+
1
2

Þ y a x x( )+ = +2 1

Þ yx x ay2 1 0- + - =( ) has real roots for every y Î[ , ].0 1

\ 1 4 1 0- - ³y ay( )

Þ 1 4 4 02- + ³ay y holds for 0 1£ £y …(i)

Case I If y = 0

Here, y = 0 is assumed at x = - 1 for any a ¹ - 1.

For a = - 1,y
x

x
= +

-
1

12
is undefined for x = - 1.

Case II If 0 1< £y .  Put z
y

= 1

Þ 1 £ < ¥z

Now, from Eq. (i), we get

z z a2 4 4 0+ - ³ holds for 1 £ < ¥z

Þ ( )z a+ - - ³2 4 4 02 holds for 1 £ < ¥z

Consider, ( )z a+ - - ³2 4 4 02

Þ ( )z a+ ³ +2 4 42

Þ z a+ ³ +2 4 4 ; 4 4 0+ ³a

a ³ -1 ...(ii)

but z ³ 1

\ 9 4 4³ + a

Þ 5 4³ a [as ( )u + ³2 92 for u = 1]

Þ a £ 5

4
,a ¹ - 1 ...(iii)

\ From Eqs. (i), (ii) and (iii), we get a Î -æ
èç

ù
ûú

1
5

4
, .

y Example 67 Find the range of the function

f x
x x

x x
( )

sin sin

sin sin
=

+ -
- +

2

2

1

2
.

Sol. Let y
x x

x x
= + -

- +
sin sin

sin sin

2

2

1

2

Let t x= sin Þ - £ £1 1t and y
t t

t t
= + -

- +

2

2

1

2

Þ ( ) ( ) ( )y t y t y- - + + + =1 1 2 1 02 …(i)

Since t is real,
3 2 11

7

3 2 11

7

- £ £ +
y

Case I If both roots of Eq. (i) are greater than 1, i.e. t1 1>
and t 2 1> .

Þ t t1 2 2+ >
and ( )( )t t1 21 1 0- - >

Þ y

y

+
-

>1

1
2

and
2 1

1

1

1
1 0

y

y

y

y

+
-

- +
-

+ >

Þ 1 3< <y

and y > 1 or y < 1

2

\ y Î( , )1 3 …(ii)

Case II If t1 1< - and t 2 1< -

Þ t t1 2 2+ < - and ( )( )t t1 21 1 0+ + >

Þ y

y

+
-

+ <1

1
2 0 and

2 1

1

1

1
1 0

y

y

y

y

+
-

+ +
-

+ >
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Þ 1

3
1< <y and y > 1 or y < - 1

4

Þ y Î f …(iii)

Case III If t1 1< - and t 2 1> - , t1 1< and t 2 1>
Þ ( )( )t t1 21 1 0+ + < and ( )( )t t1 21 1 0- - <

Þ 2 1

1

1

1
1 0

y

y

y

y

+
-

+ +
-

+ < and
2 1

1

1

1
1 0

y

y

y

y

+
-

- +
-

+ <

Þ - < <1

4
1y and

1

2
1< <y Þ 1

2
1< <y

\ R f = -é

ë
ê

ù

û
ú È3 2 11

7

1

2
, {1}
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n Directions (Q. Nos. 1 to 25) Find the range of the following.

1. f x x( ) –= 9 2 2. f x
x

x
( ) =

+1 2

3. f x x x( ) sin cos= + + 3 4. f x x x( ) | – | | – |,= +1 2 –1 3£ £x

5. f x x x( ) log ( – )= +3
25 4 6. f x

x

x
( )

–

–
=

2

2

2

3

7. f x
x x

x
( ) = + +2 2 3

8. f x x x x( ) | – | | – | | |= + + -1 2 3

9. f x xx( ) log sin[ – ]= 1 , where [ ]× denotes the greatest integer function.

10. f x
x

x
x( ) cos log

| |–
[ ]= 1 , where [ ]× denotes the greatest integer function.

11. f x x x( ) [sin ] – [cos ]= 2 2 , where [ ]× denotes the greatest integer function.

12. f x x x( ) sin cos –– –= +é
ëê

ù
ûú

+ é
ëê

ù
ûú

1 2 1 21

2

1

2
, where [ ]× denotes the greatest integer function.

13. f x x x( ) sin ( )–= + +1 2 1 14. f x
x

x
( ) cos–=

+

æ
è
ç

ö
ø
÷1

2

21

15. f x x( ) log(cos (sin ))= 16. f x
x

x x
( )

–

–
=

+
1

2 32

17. f x
x

x

x

x
( )

sin

tan
–

cos

cot
=

+ +1 12 2
18. f x

x x

x
( )

tan( [ – ])

sin (cos )
=

+
p 2

1

19. f x
e

x

x

( )
[ ]

,=
+ 1

x ³ 0

20. f x x x( ) [|sin | |cos | ]= + , where [ ]× denotes the greatest integer function.

21. f x x x x( ) sin sin ( )= - + - + -æ
èç

ö
ø÷

2 4 3
2 2

1
p p

22. Find the image of the following sets under the mapping f x x x x x( ) = - + - +4 3 28 22 24 10 (i) ( , )- ¥ 1 (ii) [1, 2].

23. Find the domain and range of f x x( ) log cos | | ,= +é
ëê

ù
ûú

1

2
where [ ]× denotes the greatest integer function.

24. Find the domain and range of f x x x( ) sin (log [ ]) log (sin [ ]),= +- -1 1 where [×] denotes the greatest integer function.

25. Find the domain and range of f x x x( ) [log (sin )]= + +-1 2 3 2 , where [ ]× denotes the greatest integer function.

Exercise for Session 5



Odd and Even Functions
Odd Functions

A function f x( ) is said to be an odd function, if
f x f x( ) ( )- = - for all x . Graph of an odd function is
symmetrical in opposite quadrants, i.e. the curve in first
quadrant is identical to the curve in the third quadrant and
the curve in second quadrant is identical to the curve in
fourth quadrant. Some graphs which are symmetrical in
opposite quadrants (or about origin) are

Even Functions

A function f x( ) is said to be an even, if f x f x(– ) ( )= for all
x . The graph is always symmetrical aboutY -axis, i.e. the
graph on left hand side ofY-axis is the mirror image of the
curve on its right hand side.

Some graphs which are symmetrical aboutY -axis are

Properties of Odd and Even Functions
(i) Product of two odd functions or two even functions is an even

function.

(ii) Product of odd and even function is an odd function.

(iii) Every function y f x= ( ) can be expressed as the sum of an
even and odd function.

(iv) The derivative of an odd function is an even function and
derivative of an even function is an odd function.

(v) A function which is even or odd, when squared becomes an
even function.

(vi) The only function which is both even and odd is f x( ) = 0, i.e.
zero function.

y Example 68 If f is an even function, then find the

real values of x satisfying the equation

f x f
x

x
( ) .=

+
+

æ
è
ç

ö
ø
÷

1

2
[IIT JEE 1996, 2001]

Sol. Since, f x( ) is even, so f x f x(– ) ( )=

Thus, x
x

x
= +

+
1

2

or –x
x

x
= +

+
1

2

Þ x x x2 2 1+ = +

or – –x x x2 2 1= +

Þ x x2 1 0+ =–

or – – –x x2 3 1 0=

Þ x = ±–1 5

2

or x = ±– 3 5

2

Thus, x Î + +ì
í
î

ü
ý

– 1 5

2
,
– 1 – 5

2
,
– 3 5

2
,
– 3 – 5

2 þ

y Example 69 Find out whether the given function
is even, odd or neither even nor odd,

where f x

x x x

x x x

x x x

( )

| | , –

[ ] [ – ] , –

– | | ,

=
£

+ + < <
³

ì
í
ï

îï

1

1 1 1 1

1

where | | and [ ] represent the modulus and greatest
integer functions.

O X

Y

y=x2

135°

45°

y x=| |

O

Y

XX ′

Y ′

X ′

Y ′

Figure 3.32 Figure 3.33

Y

O
X

y = x

Y

O
X

y = x3

Y′Y′

X′X′

Figure 3.29 Figure 3.30

O

Y

y = xsin

Y′

X′ X

Figure 3.31
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Sol. The given function can be written as

f x

x x

x x x

x x

( )

– , –

[ ] [– ] , –

– ,

=
£

+ + < <
³

ì

í
ï

î
ï

2

2

1

2 1 1

1

[using definition of modulus function and the
properties of greatest integer functions]

Þ f x

x x

x

x

x

x x

( )

– , –

– , –

,

– ,

– ,

=

£
+ < <

=
+ < <

³

ì

í

2

2

1

2 1 0 1 0

2 0

2 0 1 0 1

1

ï
ïï

î

ï
ï
ï

f x

x x

x

x

x

x x

( )

– , –

, –

,

,

– ,

=

£
< <

=
< <

³

ì

í

ï
ïï

î

ï
ï
ï

2

2

1

1 1 0

2 0

1 0 1

1

which is clearly even as

if f x f x(– ) ( ).=
Thus, f x( ) is even.

y Example 70 Find whether the given function is even

or odd function, where f x
x x x

x
( )

(sin tan )

–

=
+

+é
ëê

ù
ûú

π
π

1

2

, when

x n¹ p, where [ ]× denotes the greatest integer function.

Sol. f x
x x x

x

x x x

x
( )

(sin tan )

–

(sin tan )= +
+é

ëê
ù
ûú

= +
é
ëê

ù
û

p
p p

1

2 ú + 1
1

2
–

f x
x x x

x
( )

(sin tan )

.

= +
é
ëê

ù
ûú

+
p

0 5

Now, f x
x x x

x
(– )

– (sin (– ) tan(– ))

– .

= +
é
ëê

ù
ûú

+
p

0 5

Þ f x

x x x

x
x n

x n

(– )

(sin tan )

– – .

,

,

=

+
é
ëê

ù
ûú

+
¹

=

ì

í
ïï

î
ï

1 0 5

0

p

p

pï

So, f x
x x x

x
(– ) –

(sin tan )

.

= +
é
ëê

ù
ûú

+
p

0 5

or [ ]Q x n¹ p

\ f x f x(– ) – ( )= . Hence, f x( ) is an odd function (if x n¹ p).

1. Determine whether the following functions are even or odd.

(i) f x x x( ) log ( )= + +1 2 (ii) f x x
a

a

x

x
( )

–
= +æ

è
ç

ö
ø
÷

1

1

(iii) f x x x( ) sin cos= + (iv) f x x x( ) –| |= 2

(v) f x
x

x
( ) log

–=
+

æ
èç

ö
ø÷

1

1
(vi) f x x sg n x n( ) {(sgn ) }= ; n is an odd integer.

(vii) f x x x( ) sgn ( )= + 2 (viii) f x y f x y f x f y( ) ( – ) ( ) ( );+ + = ×2 where f ( )0 0¹ and x y R, Î .

2. Determine whether function; f x x( ) (– [ ]= 1) is even, odd or neither of two (where [ ]× denotes the greatest integer

function).

3. A function defined for all real numbers is defined for x ³ 0 as follows f x
x x x

x x
( )

| |,

,
=

£ <
³

ì
í
î

0 1

2 1
.

How is f defined for x £ 0, if (i) f is even? (ii) f is odd?

4. Show that the function f x
x x x

x
( )

(sin tan )= +
+é

ëê
ù
ûú

-

2

2
21

41
p

p

is symmetric about origin.

5. If f R: [ , ]- ®20 20 defined by f x
x

a
x x( ) sin cos=

é

ë
ê

ù

û
ú +

2

is an even function, find the set of values of ‘a’

(where [ × ] denotes the greatest integer function).
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Periodic Functions
Definition A function f x( ) is said to be periodic
function, if there exists a positive real number,T such that

f x T f x x f( ) ( ), ( ).+ = " Î Dom Then, f x( ) is periodic
with periodT , where T is least positive value.

Graphically If the graph repeats at fixed interval, the
function is said to be periodic and its period is the width
of that interval.

y Example 71 Prove that sin x is periodic and

find its period.
Sol. Let f x x( ) sin= and T > 0, then f x( ) is periodic, if

f x T f x( ) ( ).+ =
Þ sin ( ) sin ( ),x T x x R+ = " Î
Þ T = 2 4 6p p p, , , ....

But period of f x( ) is smallest positive real number.

Thus, period of f x( ) is 2p.

Aliter f x x( ) sin= could be expressed graphically as
shown in figure.

Here, graph repeats at an interval of 2p.
Thus, f x( ) is periodic with period 2p.

y Example 72 Prove that f x x x( ) – [ ]= is periodic

function. Also, find its period.
Sol. Let T > 0.

Then, f x T f x( ) ( ),+ = " Îx R

Þ ( ) – [ ] – [ ],x T x T x x x R+ + = " Î
Þ [ ]– [ ] ,x T x T x R+ = " Î
Þ T = 1 2 3 4, , , , K

[since, subtraction of two integers]

The smallest value of T satisfying f x T f x( ) ( )+ = is 1.

Thus, it is periodic with period 1.

Graphically f x x x x( ) – [ ] { }= =

Clearly, from the given graph, the function repeats itself at
an interval of 1 unit. Thus, period of f x( ) .= 1

Remark
For those functions whose periods are not deducted by graphs,
they can be judged by inspection method.

y Example 73 Let f x( ) be periodic and k be a positive

real number such that f x k f x( ) ( )+ + = 0 for all x RÎ .
Prove that f x( ) is a periodic with period 2k.

Sol. We have,

f x k f x x R( ) ( ) ,+ + = " Î0

Þ f x k f x x R( ) – ( ),+ = " Î , put x x k= +
Þ f x k f x k x R( ) – ( ),+ = + " Î2

[as f x k f x( ) – ( )+ = ]

Þ f x k f x x R( ) ( ),+ = " Î2

which clearly shows that f x( ) is periodic with period 2k .

Some Standard Results on
Periodic Functions

Functions Periods

(i) sin , cosn nx x

secn nx, xcosec

p,  if n is even.

2p ,  if n is odd or fraction.

(ii) tan ,nx cotnx p, n is even or odd.

(iii) |sin |, | cos |, | tan |x x x
| cot |, | |, | |x x xsec cosec

p

(iv) x x– [ ] 1

(v)   Algebraic functions

e.g. x x x, ,2 3 5+ , ... etc.

Period doesn’t exist.

(vi) f x( ) = constant Periodic with no fundamental
period.

O

y = 1

y = – 1

π

–1

1

π2

π
2

,1

π
2

,–1 3π
2

,–1

XX′

–3 –2 –1 O 1 2 3

1

Y

X

y = 1
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y Example 74 Find periods for

(i) cos 4 x . (ii) sin3 x . (iii) cos x . (iv) cos x .

Sol. (i) cos4 x has a period p as n is even.

(ii) sin3 x has a period 2p as n is odd.

(iii) cos x is not periodic, as for no value of T ,

f x T f x( ) ( )+ = Þ cos cos ( )x T x+ =
Thus, there exists no value ofT for which f x T f x( ) ( ).+ =
Hence, cos x is not periodic.

(iv) f x x( ) cos= has the period 2p as n is in fraction.

Aliter f x T f x( ) ( )+ = Þ cos ( ) cos ( )x T x+ =
Þ T = 2 4p p, , ...

But T is the least positive value, hence f x( ) is periodic
with period 2p.

Properties of Periodic Functions
(i) If f x( ) is periodic with period T , then

(a) c f x× ( ) is periodic with period T

(b) f x c( )+ is periodic with period T

(c) f x c( ) ± is periodic with period T , where c is any constant.

We know, sin x has period 2p.

Then, f x x( ) (sin )= +5 4 is also periodic with period 2p.

i.e. ‘‘If constant is added, subtracted, multiplied or divided in
a periodic function, its period remains the same.’’

(ii) If f x( ) is periodic with period T , then kf cx d( )+ has period
T

c| |
,

i.e. period is only affected by coefficient of x,

where, k c d, , Îconstant.

We know, f x x( ) sin –= +æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

7 2
9

12
p

has the period
2

2

p p
| |

;= as

sin x is periodic with period 2p.

(iii) If f x f x1 2( ), ( ) are periodic functions with periods T T1 2,
respectively, then h x f x f x( ) ( ) ( )= +1 2 has period

=

LCM of if is not an even function.{ , }, ( )1 2T T h x

OR

T T f x f x
1

2
LCM of if are com{ , }, ( ) ( )1 2 1 2and plementary

pair-wise comparable functions.

ì

í

ï
ï

î

ï
ï

While taking LCM we should always remember

(a) LCM of
a

b

c

d

e

f
, ,

æ
èç

ö
ø÷

= LCM of

HCF of

( , , )

( , , )

a c e

b d f

e.g. LCM of = LCM of

HCF of

( , , )

( , , )

2

3 6 12

p p p = 2

3

p

\ LCM of
2

3 6 12

2

3

p p p p
, ,

æ
èç

ö
ø÷ =

(b) LCM of rational with rational is possible.

LCM of irrational with irrational is possible.

But LCM of rational and irrational is not possible.

e.g. LCM of ( , , )2 1 6p p is not possible, as 2 6p p, Îirrational
and 1 Îrational.

Periodicity of Constant Function
The LCM rule is not applicable, if function reduces to
constant.

e.g. f x x x( ) sin cos= +2 2 .

Since, period of sin2 x and cos2 x are p.

\Period of f x( ) = 1

2
LCM { , } ,p p p=

2
which is not correct.

Whereas, sin cos2 2 1x x+ = is a constant function and

period is undetermined.

y Example 75 Find the period, if f x x x( ) sin { },= +
where { }x is fractional part of x .

Sol. Here, sin x is periodic with period 2p and { }x is periodic

with period 1. Thus, LCM of 2p and 1 Þ Does not exist.

Hence, f x( ) is not periodic.

y Example 76 Find period of f x x
x

( ) tan sin= + æ
èç

ö
ø÷

3
3

.

Sol. Period for tan 3x is
p
3

.

Period for sin
x

3
is 2

3

1
6p p´ = | |

Thus, LCM of
p
3

and
6

1

p Þ 6

1

p

Hence, f x( ) is periodic with period 6p.

y Example 77 Find the period of

f x x
x x x

( ) sin tan sin tan= + + + +
2 2 22 3

K

+ +sin tan
–

x x
n n2 21

.

Sol. We have, Period of sin tanx
x+æ

èç
ö
ø÷2

is 2p,

sin tan
x x

2 22 3
+æ

èç
ö
ø÷

is 23 p,

...........................................

...........................................

sin tan
–

x x
n n2 21

+æ
èç

ö
ø÷

is 2n p.

Thus, LCM of { , , ..., } .2 2 2 23p p p pn n=

Hence, the period of f x( ) is 2n p.
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y Example 78 Find the period of f x x x( ) |sin | |cos |= + .

Sol. |sin |x has period p and |cos |x has period p.

Here, f x( ) is an even function and sin , cosx x are
complementary.

Thus, period of f x( ) { }= =1

2 2
LCM of andp p p

Thus, period for f x( ) is
p
2

×

y Example 79 Find the period of
f x x x( ) sin cos= +4 4 .

Sol. sin4 x and cos4 x both has a period p. [as n is even]

But f x( ) is an even function and sin and cosx x are
complementary.

Hence, f x( ) has period = 1

2
{LCM of p p, } = p

2

Thus, period of f x( ) is
p
2

.

y Example 80 Find the period of
f x x x( ) cos (cos ) cos (sin )= + .

Sol. Here, cos (cos )x has period p ; as it is even, also

cos (sin )x has period p ; as it is even.

Thus, period of f x( ) = 1

2
{LCM of p and p}

Hence, period of f x( ) = p
2

y Example 81 Find the period of f x x( ) cos (cos )–= 1 .

Sol. Here, f x x( ) cos (cos );–= 1 f x T f x( ) ( )+ =

Þ cos {cos ( )} cos {cos ( )}– –1 1x T x+ =

Þ T = 2 4 6p p p, , ,...

But, T is the least positive value. Hence, T = 2p or period is 2p.

Aliter f x x( ) cos (cos )–= 1 has period 2p, since cos x has

period 2p.
(i.e. In composition of function ( )fog or ( )gof are periodic, if
g x( ) and f x( ) are periodic, respectively.)

y Example 82 The period of
f x x x( ) cos (| sin | | cos | )= - is

(a) p (b) 2p

(c)
p
2

(d) None of these

Sol. As, cos q is even and | sin | | cos |x x- has the period p.

\ cos (| sin | | cos | )x x- has period
p
2

.

(i.e. Half the period of g x( ), if f x( ) is even in fog).

Hence, (c) is the correct answer.

y Example 83 Period of the function
f x x e x( ) sin (sin ( )) { }= +p 3 , where {.} denotes the

fractional part of x is

(a) 1 (b) 2

(c) 3 (d) None of these

Sol. As, sin ( )px has period = =2
2

p
p

\ sin (sin ( ))px has period 2

and e x{ }3 has period
1

3
×

\ Period of f x x e x( ) sin (sin ( )) { }= +p 3 is LCM of 2
1

3
2,

ì
í
î

ü
ý
þ

=

Hence, (b) is the correct answer.

y Example 84 sin cosax ax+ and | cos | | sin |x x+ are

periodic functions of same fundamental period, if ‘a ’
equals

(a) 0 (b) 1 (c) 2 (d) 4

Sol. Fundamental period of | sin | | cos |x x+ is
p
2

×

Fundamental period of (sin cos )ax ax+ is
2p
a

×

\ a = 4

Hence, (d) is the correct answer.

y Example 85 Let f x x a x( ) sin cos ( )= + -4 2 . Then,
the integral values of ‘a’ for which f x( ) is a periodic
function, are given by

(a) { , }2 2- (b) ( , ]-2 2

(c) [ , ]-2 2 (d) None of these

Sol. f x( ) will be periodic, if 4 2- a is a rational which is

only possible when ( )4 2- a is a perfect square.

Þ a = -0 2 2, , or a Î -{ , , }2 0 2

Hence, (d) is the correct answer.

y Example 86 Let f x
K x x

K x x
( )

sin ,

cos ,
=

- +
+
1

1

1

2

p
p

is rational.

is irrational.

ì
í
î

If f x( ) is a periodic function, then

(a) either K K1 2, Îrational or K K1 2, Îirrational

(b) K K1 2, Î rational only

(c) K K1 2, Î irrational only

(d) K K1 2, Î irrational such that
K

K
1

2

is rational

Sol. Range of - +1 1sin K xp is [ , ]-2 0 and range of

1 2+ cos K xp is [0, 2].

Þ If g x K x( ) sin= - +1 1p



Þ g x T K x( ) sin ,+ = - +1 11 p where T1 is a period of
1 1+ sin K xp

Þ T1 is rational

Þ Period of f x( ) is rational.

Þ K1 and K 2 are rational.

Hence, (b) is the correct answer.

y Example 87 If f x
x

n n
( ) tan=

- +
2

2 5 8

p

+ +cot ( ) ;n m xp ( , )n N m QÎ Î is a periodic function
with 2 as its fundamental period, then m can’t
belong to

(a) ( , ( )- ¥ - È - ¥2) 1, (b) ( , ) ( , )- ¥ - È - ¥3 2

(c) ( ( , )- - È - -2, 1) 3 2 (d) - -æ
èç

ö
ø÷

È - -æ
èç

ö
ø÷

3
5

2

5

2
2, ,

Sol. Period is LCM of n n2 5 8- + and
1

n m+
×

Þ n n2 5 8 1- + = or n n2 5 8 2- + =

Þ n n2 5 7 0- + = or n n2 5 6 0- + =

Since, n NÎ \ n = 2 3,

and
1

21
n m

K
+

æ
èç

ö
ø÷

= ,  (K I1 Î ) Þ 1
1

n m+
>|

\ 1

2
1

+
>

m
| or

1

3
1

+
>

m
|

Þ m Ï - - È - -( , ) ( , )2 1 3 2

Hence, (c) is the correct answer.

y Example 88 Let f x( ) be a periodic function with

period 3 and f -æ
èç

ö
ø÷

=
2

3
7 and g x f t n dt

x
( ) ( ) ,= +ò0

where n K K N= Î3 , . Then, g ¢ æ
èç

ö
ø÷

7

3
is equal to

(a) - 2

3
(b) 7

(c) -7 (d)
7

3

Sol. g x f x n f x n¢ = + = + - +( ) ( ) ( ( ) )3 3

= + -f x n( )3

.....................

.....................

= + =f x f x( ) ( )3

Þ g x f x¢ =( ) ( )

Þ g f f f¢ æ
èç

ö
ø÷

= æ
èç

ö
ø÷

= - +æ
èç

ö
ø÷

= -æ
èç

ö
ø÷

=7

3

7

3

2

3
3

2

3
7

Hence, (b) is the correct answer.

1. Find the periods of following functions.

(i) f x x x( ) [sin ] |cos |= +3 6 (ii) f x
x

x

x

x
( )

|sin |

cos

|cos |

sin
= +

ì
í
î

ü
ý
þ

1

2

(iii) f x e x x x x( ) cos – [ ] cos= + +4 2p p (iv) f x
x x

( ) sin cos= +3
3

4
4

p p

(v) f x x x( ) cos sin= +3 3p (vi) f x
x

n

x

n
( ) sin

!
– cos

( ) !
=

+
p p

1

(vii) f x x x b( ) – [ – ]= (viii) f x e x xx( ) tan – ( – )ln(sin )= + 3 3 5cosec

2. Find the period of the real-valued function satisfying f x f x f x f x( ) ( ) ( ) ( )+ + = + + +4 2 6 .

3. Check whether the function defined by

f x f x f x( ) ( ) ( )+ = + -l 1 2 2 , " Îx R is periodic. If yes, find its period.

4. Let f x p f x f x f x( ) { ( ) ( ( )) ( ( )) } /+ = + - + -1 2 3 3 2 3 1 3, " Îx R, where p > 0, prove that f x( ) is periodic.

5. Let f x( ) be a function such that ; f x f x f x( ) ( ) ( ),- + + =1 1 3 " Îx R. If f ( ) ,5 100= find å
=

+
r

f r
0

99

5 12( ) .
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Mapping of Functions
As discussed earlier, a function exists only if, “to every
element in domain there exists unique image in the
codomain”.

i.e. To every element of A there exists one and only one
element of B.

This is written as f A B: ® and is read as f maps from
A Bto and this correspondence is denoted by y f x= ( ).

From definition, it follows that there may exist some
elements in B, which may not have any corresponding
element in set A.
But there should not be any x left (element of A) for which
there is no element in set B.

There are four types of mappings defined as

1. One-one Mapping or Injective
or Monomorphic

A function f A B: ® is said to be one-one mapping or
injective, if different elements of A have different images
in B.

Thus, no two elements of set A can have the same f

image.

Verbal Description Let us consider set A = { , , }1 3 5 and
B = { , , , },3 7 11 15 where f A B: ® and f x x( ) = +2 1, then

here every element in domain possess distinct images in
codomain.

Thus, f x( ) is one-one or injective.

From above definition, following mappings are not
one-one.

(i) f A B: ® (ii) f A B: ®

Method to Check One-one Mapping
Method 1. Theoretically If f x f y x y( ) ( )= Þ = , then
f x( ) is one-one.

Method 2. Graphically A function is one-one iff no line
parallel to X-axis meets the graph of function at more
than one point.

y Example 89 Let f : [ , ] [ , ]- ® -p / p /2 2 1 1 where

f x( ) = sin x. Find whether f x( ) is one-one or not.

Sol. Here, f : [ ] [ , ]- ® -p / , p /2 2 1 1 indicates that

domain Îé
ëê

ù
ûú

– ,
p p
2 2

and codomain Î[– , ]1 1 .

Thus, the graph of f x x( ) sin= should be plotted in
[ ]-p / , p /2 2 .

Which is clearly not intersected at more than one point by
any straight line parallel to X -axis.

Thus, f x( ) is one-one.

Method 3. By Calculus For checking whether f x( ) is
one-one, find whether function is only increasing or only
decreasing in its domain. If yes, then one-one.

i.e.  if f x x¢ ³ " Î( ) ,0 domain

or   if f x x¢ £ " Î( ) ,0 domain, then one-one.

Remark
Students are advised to use the graphical or calculus method for
finding one-one.
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Number of One-one Mapping
If A and B are finite sets havingm and n elements, then
number of one-one function from A to B.

Here, x 1 can take n images,

x 2 can take ( )n - 1 images,

x 3 can take ( )n - 2 images,

...................................................

...................................................

x m can take ( )n m- + 1 images.

Thus, number of mapping Þ - - - +n n n n m( ) ( ) ...( )1 2 1

Þ
n

mP n m

n m

,

,

if

if

³
<

ì
í
î 0

y Example 90 f x x x x b x( ) sin= + + +3 23 4

+ " Îc x x Rcos , is a one-one function, the value of
b c2 2+ is

(a) ³ 1 (b) ³ 2 (c) £ 1 (d) None of these

Sol. Here, f x x x x b x c x( ) sin cos= + + + +3 23 4

Þ f x x x b x c x¢ = + + + -( ) cos sin3 6 42

Now, for f x( ) to be one-one, the only possibility is

f x x R¢ ³ " Î( ) ,0

Þ 3 6 4 02x x b x c x+ + + - ³cos sin ," Îx R

Þ 3 6 42x x c x b x+ + ³ -sin cos , " Îx R

Þ 3 6 42 2 2x x b c+ + ³ + , " Îx R

Þ b c x x2 2 23 2 1 1+ £ + + +( ) ," Îx R

Þ b c x2 2 23 1 1+ £ + +( ) ," Îx R

Þ b c2 2 1+ £ ," Îx R Þ b c2 2 1+ £ , " Îx R

Hence, (c) is the correct answer.

2. Many-one Mapping
A mapping f A B: ® is said to be many-one function, if
two or more elements of set A have the same image in B.

In other words; f A B: ® is a many-one function, if it is
not one-one function.

Verbal Description Let f A B g X Y: :® ®and be two
functions represented by

Clearly, f and g both are many-one as there are two
elements x x3 4, which correspond to the same image.

i.e. f x f x y( ) ( )3 4 3= = . Thus, many-one.

Method to Check Many-one

They are same as for one-one because, if mapping is not
one-one it is many-one.

y Example 91 Show f R R: ® defined by f x x x( )= +2

for all x RÎ is many-one.
Sol. By graph

f x x x( ) = +2 can be represented graphically, as shown in

figure,

where the straight line parallel to X -axis meets the curve at
two points  (i.e. more than one point).

Thus, it is not one-one it is many-one.

Aliter By calculus,

f x x x( ) = +2

Þ f x x¢ = +( ) 2 1

where f x¢ >( ) 0

if x > - 1

2

and f x¢ <( ) 0

if x < - 1

2

which shows f x( ) is neither increasing nor decreasing
i.e. not monotonic. Hence, many-one.
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3. Onto Mapping or Surjective
A function f A B: ® is an onto function, if such that each
element of B is the f image of atleast one element in A. It
is expressed as f A B: .®
Here, range of f = codomain.

i.e. f A B( ) =
Method to show onto or surjective

Find the range of y f x= ( ) and show range of f x( ) =
codomain of f x( ).

Remark
If range = codomain, then f x( ) is onto. Any polynomial of odd
degree has range all real numbers and is onto for f R R: ® .

y Example 92 Show f R R: ® defined by

f x x x x( ) ( )( )( )= - - -1 2 3 is surjective but not injective
Sol. We have,

f x x x x( ) ( )( )( )= - - -1 2 3

f f f( ) ( ) ( )1 2 3 0= = =
Hence, it is not injective, it is many-one function.

Now, f x( ) is a polynomial of degree 3, i.e. odd.

Hence, f x( ) is surjective.

Number of Onto Functions
If A and B are two sets havingm and n elements
respectively, such that 1 £ £n m, then number of onto
functions from A to B is

Coefficient of x m inm e x n! ( – )1

Þ Coefficient of x m in

m C e C e C en nx n n x r n

r
rx!{ – (– )( – )

0 1
1 1+ +K

+ +K (– ) }1 n n

nC

= (– ) –1
1

n r n
r

m

r

n

C r
=
å

Or

Consider the set of all possible functions from A to B,

i.e. { : }f A B® .

Now, let us define a subset Q such that

A f Q i fi = Î Ï{ | }Range of , i nÎ

i.e. È =
=i

n

iA f
1

{ }is injective

To find number of onto functions

= Total number of functions

- Number of injective functions

= -nm {Number of injective functions}

= - È½
½
½ ½

½
½

=
n Am

i

n

i
1

, …(i)

where È = - Ç +
= =

å
i

n

i

n

i

i
i j

i jA A A A
1

1

| | . . .
,
S

= × - - -n n C nm n m( ) ( )1 22 + + - ×-
-. . . ( ) ( )1 11

1
n n

n
mC …(ii)

\ Number of onto functions

= - × - - -n n n C nm m n m{ ( ) ( )1 22 + + - ×-
-. . . ( ) ( ) }1 11

1
n n

n
mC

= - ×å
=

-

r

n
n r n

r
mC r

1

1( )

y Example 93 If f R: , ,® é
ëê

ö
ø÷

p p
6 2

f x
x a

x
( ) sin=

-
+

æ

è
ç

ö

ø
÷-1

2

2 1

is an onto function, the set of values of ‘a’ is

(a) -ì
í
î

ü
ý
þ

1

2
(b) - -é

ëê
ö
ø÷

1

2
1,

(c) ( )- ¥1, (d) None of these

Sol. Here, f x( ) is onto.

\ p p
6 1 2

1
2

2
£ -

+

æ

è
ç

ö

ø
÷ <-sin

x a

x
Þ 1

2 1
1

2

2
£ -

+
<x a

x

Þ 1

2
1

1

1
1

2
£ - +

+
<( )

,
a

x
" Îx R Þ a + >1 0 Þ a Î - ¥( , )1

Hence, (c) is the correct answer.

4. Into Mapping
A function f A B: ® is an into function, if there exists an
element in B having no pre-image in A.

In other words, f A B: ® is into function, if it is not onto
function (mapping).

y Example 94 Show f R R: ® defined by

f x x x( ) = + +2 4 5 is into.

Sol. We have, f x x x( ) = + +2 4 5

f x x( ) ( )= + +2 12

Since, the codomain of f is R but the range of f is [ , )1 ¥ .
Hence, f is into.

One-one Onto Mapping or Bijective
A function is one-one onto or bijective, if it is both
one-one and onto. A function is bijective if and only if
every possible image is mapped to by exactly one
argument.

The function f A B: ® is bijective iff for all y BÎ , there is
a unique x AÎ such that f x y( ) = .
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y Example 95 Let A x x B= - £ £ ={ : }1 1 and a mapping

f A B: ® . For each of the following functions from A to
B, find whether it is surjective or bijective.

(i) f x x( ) | |= (ii) f x x x( ) | |= (iii) f x x( )= 3

(iv) f x x( ) [ ]= (v) f x
x

( ) sin= p
2

Sol. (i) f x x( ) | |=

Which shows many-one, as the straight line is parallel
to X -axis cuts at two points. Here, range for
f x( ) [ , ]Î 0 1 . Which is clearly a subset of codomain.

i.e. [ , ] [ , ]0 1 1 1Í -
Thus, into. Hence, function is many-one-into.

\ Neither injective nor surjective.

(ii) f x x x( ) | |=
The graph shows that f x( ) is one-one, as the straight
line parallel to X -axis cuts only at one point.

Here, range f x( ) [Î -1, 1]

Thus, range = codomain

Hence, onto. Therefore, f x( ) is one-one onto or
(bijective).

(iii) f x x( )= 3

Graph shows f x( ) is one-one onto (i.e. bijective). (as
explained above)

(iv) f x x( ) [ ]=
Graph shows that f x( ) is many-one, as the straight
line parallel to X -axis meets at more than one points.

Here, range f x( ) {Î -1, 0, 1}

which shows into as range Í codomain.

Hence, many-one-into.

(v) f x
x

( ) sin= p
2

Graph shows f x( ) is one-one and onto as range
= codomain.

Therefore, f x( ) is bijective.

y Example 96 The function f R R: ® defined as

f x x x x xe( ) log ( )= + + + + -2 21 1 is

(a) one-one and onto both

(b) one-one but not onto

(c) onto but not one-one

(d) Neither one-one nor onto

Sol. (d) Here, f x x x x x( ) log= + + + + -æ
èç

ö
ø÷

2

2
1 12 2

= + + + + -æ
èç

ö
ø÷

1

2
1 12 2

2

log x x x x

= + + + + - + + -é
ëê

ù
ûú

1

2
1 1 2 12 2 2 2 2log ( )x x x x x x

= + + + -é
ëê

ù
ûú

1

2
2 1 2 12 2 2log x x x

= + +1

2
2 1 22log[ ]x

Now, f x f x( ) ( )- =
\ f x( ) is even function.

Hence, neither one-one nor onto.
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Y ′
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Quick Review
Let X x x x xn= { , , , . . . , }1 2 3 [i.e. n elements]

and Y y y y y= { , , , . . . , }1 2 3 r [i.e. r elements]

(a) Total number of functions = r
n

= (Number of elements in codomain)number of elements in domain

(b) Total number of one to one functions = × ³
<

ì
í
î

r

nC n r n

r n

!,

,0

(c) Total number of many-one functions = - × ³
<

ì
í
î

r C n r n

r r n

n r

n

n

!,

,

(d) Total number of constant functions = r

(e) Total number of onto functions

=
- - + - - - +ì

í
ï

î
ï

<r C r C r C r

r

rn r n r n r n
1 2 31 2 3

0

( ) ( ) ( ) . . . ,

!,

,

n

r n

r n

=
>

(f) Total number of into functions

= - - - + - - £
>

ì
í
î

r n r n r n

n

C r C r C r r n

r r n

1 2 31 2 3( ) ( ) ( ) .. . ,

,

y Example 97 If X = {1, 2, 3, 4, 5} and Y a b c d e f= { , , , , , }

and f X Y: ,® find the total number of

(i) functions (ii) one to one functions

(iii) many-one functions (iv) constant functions

(v) onto functions (vi) into functions

Sol. (i) Total number of functions = =6 77765

(ii) Total number of one to one functions
= × = =6

5 5 6 720C ! !

(iii) Total number of many-one functions = - =6 6 70565 !

(iv) Total number of constant functions = 6
(v) Total number of onto functions = 0 (as r n> )

(vi) Total number of into functions = =6 77765

y Example 98 Find the number of surjections from A
to B, where A B a b= ={1, 2, 3, 4 } }., { , [IIT JEE 2000]

Sol. Number of surjections from A to B =
=
å(– ) ( )–1 2

1

2
2 4r

r

rC r

= +(– ) ( ) (– ) ( )– –1 1 1 22 1 2
1

4 2 2 2
2

4C C = - +2 16 = 14

Therefore,  number of onto mappings from A to B = 14.

Aliter Total number of mapping from A to B is 24of which

two functions f x( ) =a for all x A g x bÎ =and ( ) for all x AÎ
are not surjective.

Thus, total number of surjections from

A to B = -2 24 =14.
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1. There are exactly two distinct linear functions, which map[ ]-1,1 onto [ , ]0 3 . Find the point of intersection of the

two functions.

2. Let f be one-one function with domain {x y z, , } and range {1, 2, 3}. It is given that exactly one of the following

statement is true and remaining two are false.

f x( ) ,= 1 f y( ) ,¹ 1 f z( ) ¹ 2. Determine f -1(1).

3. Let A R= - { }3 , B R= - { }1 and f A B: ® defined by f x
x

x
( ) = -

-
2

3
. Is ‘f ’ bijective? Give reasons.

4. Let f R R: ® defined by f x
x

x
( ) =

+

2

21
. Prove that f is neither injective nor surjective.

5. If the function f R A: ® , given by f x
x

x
( ) =

+

2

2 1
is surjection, find A.

6. If the function f R A: ® , given by f x
e e

e e

x x

x x
( )

| |

| |
= -

+

-
is surjection, find A.

7. Let f x ax bx cx d x( ) sin= + + +3 2 . Find the condition that f x( ) is always one-one function.

8. Let f X Y: ® be a function defined by f x a x b x c( ) sin cos= +æ
èç

ö
ø÷ + +p

4
. If f is both one-one and onto, find the

sets X and Y.

x1

x2

xn

y1

y2

yr

f x( )

f : X Y

Figure 3.40
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Identical (or Equal) Functions
Two functions f and g are said to be identical (or equal)
functions, if

(i) the domain of f = the domain of g,

(ii) the range of f = the range of g, and

(iii) f x g x x( ) ( ),= " Î domain.

Examples of Equal or Identical Functions

(i) f x x( ) ln ,= 2 g x x( ) ln= 2 (NI)

f x x g x
x

( ) , ( )
sin

= =cosec
1

(I)

(ii) f x x( ) cot (cot ),= -1 g x x( ) = (I)

f x x g x
x

( ) tan , ( )
cot

= = 1
(NI)

(iii) f x x x( ) sin ( ),= --1 33 4 g x x( ) sin= -3 1 (NI)

(iv) f x x( ) ( )= +sgn 2 1 , g x x x( ) sin cos= +2 2 (I)

(v) f x x x( ) tan sin= ×2 2 , g x x x( ) tan sin= -2 2 (I)

(vi) f x x x( ) sec tan ,= -2 2 g x( ) = 1 (NI)

(vii) f x ex( ) log= , g x
xe

( )
log

= 1
(I)

(viii) f x x( ) tan (cot ),= -1 g x x( ) cot (tan )= -1 (I)

(ix) f x x( ) ,= -2 1 g x x x( ) = - × +1 1 (NI)

(x) f x x x( ) tan cot ,= × g x x x( ) sin= × cosec (NI)

(xi) f x e e x

( ) ,ln= g x e x( ) = (I)

(xii) f x
x

( )
cos

,= -1 2

2
g x x( ) sin= (NI)

(xiii) f x x( ) = 2 , g x x( ) ( )= 2 (NI)

(xiv) f x x x( ) log ( ) log ( ),= + + -2 3

g x x x( ) log ( )= - -2 6 (NI)

(xv) f x x x( ) | |= , g x x x( ) sgn= 2 (I)

(xvi) f x
x

xn

n

n
( ) lim ,= -

+® ¥

2

2

1

1
g x x( ) (| | )= -sgn 1 (I)

(xvii) f x x( ) sin (sin )= -1 , g x x( ) cos (cos )= -1 (I)

(xviii) f x

x

( ) =
+

1

1
1

, g x
x

x
( ) =

+1
(NI)

(xix) f x e x( ) ln=
-sec 1

, g x x( ) sec= -1 (NI)

Identical, if x Î - ¥ - È ¥( , ] [ , )1 1

(xx) F x fog x( ) ( )( ),= G x gof x( ) ( )( )= , where f x e x( ) = ,

g x x( ) ln= (NI)

y Example 99 If f x
x

( ) log= 2 25 and g x x( ) log= 5,

then f x g x( ) ( )= holds, now find the interval for x.

Sol. Domain of f RÎ - ±{ , }1 0

Domain of g Î ¥ -( , ) { }0 1

For f x g x( ) ( ),=
domain of f = domain of g .

i.e., f x g x x( ) ( ), ( , ) { }= Î ¥ -if 0 1

y Example 100 Let A B= ={ , }, { , }1 2 3 6 and f A B: ®
given by f x x( )= +2 2 and g A B: ® given by g x x( )= 3 .

Find whether they equal or not.
Sol. f f( ) , ( )1 3 2 6= =

g g( ) , ( )1 3 2 6= =
which shows f x( ) and g x( ) have same domains and range,
thus f g= .

y Example 101 Which pair of functions is identical?

(a) sin (sin )-1 x and sin (sin )-1 x

(b) log ,e
xe e e xlog

(c) log ,e x 2 2 log e x

(d) None of the above

Sol. Here, (a) sin (sin )-1 x is defined for x Î -é
ëê

ù
ûú

p p
2 2

, ,

while sin (sin )-1 x is defined only for x Î -[ 1, 1].

(b) loge
xe is defined for all x ,

while e e xlog is defined for x > 0.

(c) loge x 2 is defined for all x RÎ - { }0 , while 2 loge x is

defined for x > 0.

\ None is identical.

Hence, (d) is the correct answer.
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n Directions (Q. Nos. 1 to 10) Which of the following are identical (or equal) functions?

1. f x e x( ) ln ,=
2

g x e x( ) ln=

2. f x x( ) sec ,= g x
x

( )
cos

= 1

3. f x x x( ) sec ,= +- -1 1cosec g x( ) = p
2

4. f x x x( ) cot cos ,= ×2 2 g x x x( ) cot cos= -2 2

5. f x x( ) sgn (cot ),= -1 g x x x( ) sgn ( )= - +2 4 5

6. f x xe( ) log= , g x
ex

( )
log

= 1

7. f x x( ) ,= -1 2 g x x x( ) = - × +1 1

8. f x
x

( )
| |

,= 1
g x x( ) = -2

9. f x x( ) [{ }],= g x x( ) {[ ]}= [Note that f x( ) and g x( ) are constant functions]

10. f x e x( ) ,ln cot=
-1

g x x( ) cot= -1
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Composite Functions
Let us consider two functions, f X Y: ® 1 and g Y Y: 1 ® .

We define function h X Y: ® , such that,
h x g f x gof x( ) ( ( )) ( )( )= = .

To obtain h x( ), we first take f -image of an element x XÎ
so that f x Y( ) ,Î 1 which is the domain of g x( ). Then, we
take g-image of f x( ), i.e. g f x( ( )) which would be an
element ofY .

The diagram below shows the steps to be taken

The function h defined in the diagram is called
composition of f and g, and is denoted by ( )gof . Clearly,

domain ( )gof = {X x: Îdomain ( ), ( )f f x Îdomain ( )g }.

Similarly, we can write, ( )( ) { ( )}fog x f g x=
and domain (fog) = Î Î: ( ) ( ){ , }x x g g x fdomain domain

In general, fog gof¹ .

Properties of Composite Functions
(i) It should be noted that gof exists, iff the range of f Ídomain of g.

Similarly, fog exists; iff the range of gÍ domain of f .

(ii) Composite of functions is not commutative, i.e. gof fog¹ .

(iii) Composite of functions is associative, i.e. if f, g and h are three
functions such that fo foh fog oh( ) and ( ) are defined, then
fo goh fog oh( ) ( )= .

e.g. Associativity f N I: ( ) ® 0 f x x( ) = 2

q I Q: 0 ® g x
x

( ) = 1

h Q R: ® h x e( ) /= 1 x

(hog) of ho (gof) e= = 2x

(iv) The composite of two bijections is a bijection, i.e. if f gand are two
bijections such that gof is defined, then gof is also a bijection.

Proof f A B: ® and g B C: ® be two bijections. Then, gof exists
such that gof A C: ® .

We have to prove that gof is one-one and onto.

One-One Let a a A1 2, Î such that ( )( ) ( )( ),gof a gof a1 2= then

( )( ) ( ) ( )gof a gof a1 2= Þ g f a g f a[ ( )] [ ( )]1 2=
Þ f a f a( ) ( )1 2= [Q g is one-one]

Þ a a1 2= [Q f is one-one]

\ gof is also one-one function.

Onto Let c CÎ , then c CÎ
Þ $ Îb B such that g b c( ) = [Q g is onto]

and b BÎ Þ $ Îa A such that f a b( ) = [Q f is onto]

Therefore, we see that

c CÎ Þ $ Îa A such that ( )( ) [ ( )] ( )gof a g f a g g c= = =
i.e. Every element of C is the gof image of some element of A. As
such gof is an onto function. Hence, gof being one-one and
onto is a bijection.

(v) f is even, g is even Þ fog is even function.

(vi) f is odd, g is odd Þ fog is odd function.

(vii) f is even, g is odd Þ fog is even function.

(viii) f is odd, g is even Þ fog is even function.

y Example 102 Let f A B: ® and g B C: ® be

functions and gof A C: ® . Which of the following
statements is true?

(a) If gof is one-one, then f gand both are one-one

(b) If gof is one-one, then f is one-one

(c) If gof is a bijection, then f is one-one and g is onto

(d) If f gand are both one-one, then gof is one-one

Sol. (a) As shown gof is one-one, but g is many-one.

Þ (a) is not correct.
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(b) If gof is one-one, then f is also one-one,

if f is many-one, then gof cannot be one-one.

Þ (c) and (d) are obviously true.

Hence, (b), (c) and (d) are correct answers.

y Example 103 If f R R f x x: , ( )® = 2and g R R: ;®
g x x( ) .= +2 1 Find fog and gof , also show fog gof¹ .

Sol. Q ( )( ) { ( )} { }gof x g f x g x= = 2

( )( )gof x x= +2 12 and

( )( ) { ( )} ( )fog x f g x f x= = +2 1

( )( ) ( )fog x x= +2 1 2

where ( ) ( )2 1 2 12 2x x+ ¹ + . Therefore, ( ) ( )gof fog¹ .

y Example 104 Let g x x x( ) – [ ]= +1

and f x

x

x

x

( )=
<
=
>

ì
í
ï

îï

–1,

0,

1,

0

0

0

.

Then, for all x, find f g x( ( )) . [IIT JEE 2001]

Sol. Here, g x x x( ) –[ ]= +1

Þ g x x( ) { }= +1 [as x x x–[ ] { }= ]

i.e. g x( ) ³ 1.

So, f g x( ( )) = 1. Since, f x( )= 1 for all x >0.

Thus, f g x( ( )) = 1, for all x RÎ .

y Example 105 Let f x
x x

x x
( )

,

– ,
=

+ £ £
< £

ì
í
î

1 0 2

3 2 3
,

find ( )( )fof x .

Sol. Clearly, fof x f f x
f x x

f x x
( ) { ( )}

( ) ,

( – ) ,
= =

+ £ £
< £

ì
í
î

1 0 2

3 2 3

=
+ £ £
+ £ £

< £

ì
í
ï

îï

f x x

f x x

f x x

( ),

( ),

( – ),

1 0 1

1 1 2

3 2 3

=
+ + £ £

+ < £
+ < £

ì
í
ï

îï

1 1 0 1

3 1 1 2

1 3 2 3

( ) ,

– ( ) ,

( – ) ,

x x

x x

x x

=
+ £ £

< £
< £

ì
í
ï

îï

2 0 1

2 1 2

4 2 3

x x

x x

x x

,

– ,

– ,

Aliter f x( ) can be expressed graphically as shown in figure
below;

when

0 1 2 3£ < < £f x x( ) ; where f x x( ) –= 3 .

1 2 0 1£ £ £ £f x x( ) ; where f x x( ) .= +1

2 3 1 2< £ £ £f x x( ) ; where f x x( ) .= +1

Thus, ( )( )
( ), ( )

– ( ), ( )
fof x

f x f x

f x f x
=

+ £ £
< £

ì
í
î

1 0 2

3 2 3

( )( )

( ), ( )

( ), ( )

– ( ), (

fof x

f x f x

f x f x

f x f

=
+ £ <
+ £ £

<

1 0 1

1 1 2

3 2 x ) £

ì
í
ï

îï 3

( )( )

( – ),

( ),

– ( ),

fof x

x x

x x

x x

=
+ < £
+ + £ £

+ < £

ì
í

1 3 2 3

1 1 0 1

3 1 1 2

ï

îï

( )( )

– ,

,

– ,

fof x

x x

x x

x x

=
< £

+ £ £
< £

ì
í
ï

îï

4 2 3

2 0 1

2 1 2

( )( )

,

– ,

– ,

fof x

x x

x x

x x

=
+ £ £

< £
< £

ì
í
ï

îï

2 0 1

2 1 2

4 2 3

y Example 106 Let f x
x x

x x
( )

,

,
=

+ £
+ < £

ì
í
î

1 1

2 1 1 2

and g x
x x

x x
( )

, –

,
=

£ <
+ £ £

ì
í
î

2 1 2

2 2 3
.

Find ( ).fog

Sol. f g x
g x g x

g x g x
( ( ))

( ) , ( )

( ) , ( )
=

+ £
+ < £

ì
í
î

1 1

2 1 1 2
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Here, g x( ) becomes the variable that means we should draw
the graph. It is clear that g x x( ) ; [– , ]£ " Î1 1 1

and 1 2 1 2< £ " Îg x x( ) ; ( , ].

\ f g x
x x

x x
( ( ))

,

,
= + - £ <

+ < £

ì
í
î

2

2

1 1 1

2 1 1 2

y Example 107 If f x x x( ) | | ,= +2 g x x x( ) ( | | )= -
1

3
2 and

h x f g x( ) ( ( )),= domain of sin ( ( ( ( . . . ( ) . . . ))))-1 h h h h h x

n times
1 24444 34444

is

(a) [ , ]-1 1 (b) - -é
ëê

ù
ûú

È é
ëê

ù
ûú

1
1

2

1

2
1, ,

(c) - -é
ëê

ù
ûú

1
1

2
, (d)

1

2
1,

é
ëê

ù
ûú

Sol. Since, f x
x x x

x x x

x x

x x
( )

,

,

,

,
=

+ ³
- <

ì
í
î

=
³
<

ì
í
î

2 0

2 0

3 0

0

and g x
x x x

x x x

x
x

x x

( )
– ,

,

,

,

=
³

+ <
ì
í
î

= ³

<

ì
í
ï

îï

1

3

2 0

2 0
3

0

0

\ f g x

x
x

x x

( ( ))
,

,

=
æ
èç

ö
ø÷

³

<

ì
í
ï

îï

3
3

0

0

Þ f g x x x R( ( )) ,= " Î
\ h x x( ) =
Þ sin ( ( ( . . . ( ) . . . ))) sin- -=1 1h h h h x x

\ Domain of sin ( ( ( ( . . . ( ) ... ))))-1 h h h h h x is [-1, 1].

Hence, (a) is the correct answer.

y Example 108 A function f R R: ® satisfies

sin cos ( ( ) ( ))x y f x y f x y2 2 2 2+ - -
= + + -cos sin ( ( ) ( )).x y f x y f x y2 2 2 2

If f ¢ =( ) ,0
1

2
then

(a) ¢¢ = =f x f x( ) ( ) 0 (b) 4 0¢¢ + =f x f x( ) ( )

(c) ¢¢ + =f x f x( ) ( ) 0 (d) 4 0¢¢ - =f x f x( ) ( )

Sol. We have,
f x y

f x y

x y

x y

( )

( )

sin ( )

sin ( )

2 2

2 2

+
-

= +
-

Þ f f
K

( )

sin

( )

sin

a
a

b
b

2 2

= =

Þ f x K
x

( ) sin=
2

Þ f x
K x¢ =( ) cos
2 2

and ¢¢ = -
f x

K x
( ) sin

4 2

Þ 4 0¢¢ + =f x f x( ) ( )

Hence, (b) is the correct answer.

–2 –1 0 1 2 3

1

2

3

4

5

X

Y

x2

x+
2

1. Consider the real-valued function satisfying2f x f x x(sin ) (cos ) .+ = Find the domain and range of f x( ).

2. If f x( ) is defined in [– 3, 2], find the domain of definition of f x([| | ]) and f x([ ])2 3+ .

3. f x
x x

x x
( )

,
=

- - £ £
< £

ì
í
î

1, 1 0

0 12 and g x x( ) sin= . Find h x f g x f g x( ) (| ( )| ) | ( ( ))|= + .

4. Let f x( ) be defined on [ , ]-2 2 and is given by f x
x

x x
( ) =

- - £ £
- £ £

ì
í
î

1,

1,

2 0

0 2
and g x f x f x( ) (| | ) | ( ) |= + , find g x( ).

5. Let two functions are defined as g x
x x

x x
( )

,

,
= - £ <

+ £ £

ì
í
î

2 1 2

2 2 3
and f x

x x

x x
( )

,

,
=

+ £
+ < £

ì
í
î

1 1

2 1 1 2
, find gof .
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Inverse of a Function
Let f A B: ® be a one-one and onto function, then there
exists a unique function, g B A: ® such that
f x y g y x( ) ( ) ,= Û = " Îx A and y BÎ .

Then, g is said to be inverse of f .

Thus, g f B A f x x x f x f= ® = Î-1 : {( ( ), )|( , ( )) }

Let us consider a one-one function with domain A and
range B.

Where, A B f A B= = ®{ , , , } { , , , } :1 2 3 4 2 4 6 8and and is

given by f x x( ) ,=2 then write f fand -1 as a set of

ordered pairs.

Here, member y BÎ arises from one and only one member
x AÎ .

So, f = {( , ) ( , ) ( , ) ( , )}1 2 2 4 3 6 4 8

and f - =1 2 1 4 2 6 3 8 4{( , ) ( , ) ( , ) ( , )}

In above function,

Domain of f = ={ , , , }1 2 3 4 Range of f -1 .

Range of f = ={ , , , }2 4 6 8 Domain of f -1 .

which represents for a function to have its inverse, it must
be one-one onto or bijective.

y Example 109 If f x x( ) –= 3 5, find f x– ( )1 .

Sol. Here, f x x( ) –=3 5

which is clearly bijective as it is linear in x .

Now, let f x y( ) = Þ y x= 3 5–

Þ x
y= +5

3

Þ f y
y– ( )1 5

3
= +

[as f x y x f y( ) ( )–= Þ = 1 ]

Therefore, f x
x– ( )1 5

3
= +

y Example 110 If f : ) )[1, [2,¥ ® ¥ is given by

f x x
x

( )= +
1

, find f x– ( ),1 (assume bijection).
[IIT JEE 2001, 2002]

Sol. Let y f x= ( )

\ y
x

x
= +2 1 Þ x xy2 1 0- + =

Þ x
y y

=
± 2 4

2

–

Þ f y
y y– ( )

–1
2 4

2
=

±
[as f x y( ) = Þ x f y= – ( )1 ]

Þ f x
x x– ( )

–1
2 4

2
=

±

Since, range of inverse function is [ , )1 ¥ , therefore
neglecting the negative sign, we have

f x
x x– ( )

–1
2 4

2
=

+

y Example 111 Let f x x( ) = +3 3 be bijective, then

find its inverse.

Sol. Let y x= +3 3 [ ( )]i.e. y f x=
Þ x y3 3= -

Þ x y= ( – ) /3 1 3

Þ f y y– /( ) ( – )1 1 33= [ ( ) ( ) ]–y f x f y x= Þ =1

Þ f x x– /( ) ( – )1 1 33=

Thus, f x x– /( ) ( )1 1 33= -

when f x x( ) = +3 3 is bijective.

f
BA

1

2

3

4

2

4

6

8

Figure 3.43

f –1B A

1
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3

4

2

4

6
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Figure 3.44
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y Example 112 Find the inverse of the function,
(assuming onto).

y x xa= + +log ( ),2 1 ( ).a > 1

Sol. We have, y x xa= + +log ( )2 1

Since, x x2 1+ > | |

\It is defined for all x .

Now, y x xa= + +log ( )2 1 ,

which is strictly increasing when a > 1.

Thus, one-one. Also, given that f x( ) is onto.

[where y f x= ( )]

Hence, the given function is invertible.

Now, y x xa= + +log ( )2 1

Þ a x xy = + +2 1 and a x xy– –= +2 1

Þ x a ay y= - -1

2
( )

Hence, the inverse in the form y f x= -1( ) is,

y a ax x= - -1

2
( )

Graphical Representation
of Invertible Functions
Let ( , )h k be a point on the graph of the function f . Then,
( , )k h is the corresponding point on the graph of inverse of
f , i.e. g.

The line segment joining the points ( , )h k and ( , )k h is
bisected at right angle by the line y x= .

So, that the two points play object-image role in the line
y x= as plane mirror.

It follows that the graph of y f x= ( ) and its inverse written
in form y g x= ( ) are symmetrical about the line y x= .

The graphs y f x= ( ) and y f x= -1 ( ), if they intersect then

they meet on the line y x= only. Hence, the solutions of

f x f x( ) ( )= -1 are also the solutions of f x x( ) = .

y Example 113 Let f R R: ® be defined by

f x
e ex x

( )=
- -

2
. Is f x( ) invertible? If so, find its

inverse.
Sol. Let us check for invertibility of f x( ) .

(a) One-one Here, f x
e ex x

¢ = + -
( )

2

Þ ¢ = +
f x

e

e

x

x
( )

2 1

2
, which is strictly increasing as

e x2 0> for all x . Thus, it is one-one.

(b) Onto Let y f x= ( )

Þ y
e ex x

= - -

2
, where y is strictly monotonic.

Hence, range of f x f f( ) ( (– ), ( ))= ¥ ¥
Þ Range of f x( ) ( , )= - ¥ ¥
So, range of f x( ) = codomain

Hence, f x( ) is one-one and onto.

(c) To find f -1 y
e

e

x

x
= -2 1

2

Þ e e yx x2 2 1 0- - = Þ e
y yx =

± +2 4 4

2

2

Þ x y y= ± +log ( )2 1

Þ f y y y– ( ) log ( )1 2 1= ± +

[as f x y x f y( ) ( )–= Þ = 1 ]

Since, e f x–1 ( ) is always positive.

So, neglecting the negative sign.

Hence, f x x x- = + +1 2( 1)( ) log

y Example 114 Let f / /: [ , ) [ , ),1 2 3 4¥ ® ¥ where

f x x x( )= - +2 1. Find the inverse of f x( ). Hence, solve

the equation x x x2 1
1

2

3

4
- + = + - ×

Sol. (a) f x x x( ) = - +2 1

Þ = æ
èç

ö
ø÷

+f x x( ) –
1

2

3

4

2

, which is clearly one-one and

onto in given domain and codomain.

Thus, its inverse can be obtained.

Let y x= æ
èç

ö
ø÷

+–
1

2

3

4

2

Þ x y– –
1

2

3

4
= ± Þ x y= ±1

2

3

4
–

Þ f y y– ( ) –1 1

2

3

4
= + [f x y( ) = Þ x f y= – ( )1 ]

[neglecting - ve sign as x is always +ve]
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Þ f x x– ( ) –1 1

2

3

4
= +

(b) To solve x x x2 1
1

2

3

4
- + = + – , since solution of

f x f x( ) ( )–= 1 are solutions of f x x( ) = .

i.e. f x x( ) = Þ x x x2 1- + =

Þ x x2 2 1 0- + = Þ ( )x - =1 02

\ x = 1 is the required solution.

Properties of Inverse Functions
(i) The inverse of a bijection is unique.

Proof Let f A B: ® be a bijection. If possible let
g B A: ® and h B A: ® be two inverse functions of f .
Also, let a a A1 2, Î and b BÎ such that g b a( ) = 1 and
h b a( ) = 2 , then g b a( ) = 1 Þ f a b( )1 =

h b a( ) = 2 Þ f a b( )2 =
But, since f is one-one, so f a f a( ) ( )1 2= Þa a1 2=
Þ g b h b( ) ( ),= " Îb B

(ii) If f A B: ® is a bijection and g B A: ® is the inverse

of f , thenfog I B= and gof I A= , where I IA Band are

identity functions on the sets A and B, respectively.

Remarks

(a) The graphs of f gand are the mirror images of each other
in the line y x= . As shown, in the figure given below a point
( , )x y¢ ¢ corresponding to y x x= ³2 0( ) changes to ( , )y x¢ ¢
corresponding to y x= + , the changed form of x y= .

(b) If f x( ) has its own inverse as in f x
x

( ) = 1
, then f x f x( ) ( )= -1

will have infinite solutions but f x f x x( ) ( )= =-1 will have

only one solution.

(iii) The inverse of a bijection is also a bijection.

Proof Let f A B: ® be a bijection and g B A: ® be
its inverse. We have to show that g is one-one and
onto.

One-one Let g b a( )1 1= and

g b a a a A b b B( ) : , ,2 2 1 2 1 2= Î Îand

Then, g b g b( ) ( )1 2=
Þ a a1 2=
Þ f a f a( ) ( )1 2=
Þ b b1 2= [Q f is a bijection]

[Qg b a b f a( ) ( )1 1 1 1= Þ = , g b a( )2 2= Þ b f a2 2= ( )]

which proves that g is one-one.

Onto Again, if a AÎ , then

a AÎ Þ $ Îb B such that f a b( ) =
[by definition of f ]

Þ $ Îb B such that g b a( ) = [Q f a b( ) = Þa g b= ( )]

which proves that g is onto.

Hence, g is also a bijection.

(iv) If f and g are two bijections f A B: ,® g B C: ® ,

then the inverse of gof exists and ( ) .gof f og- - -=1 1 1

Proof Since, f A B: ® and g B C: ® are two
bijections.

\ gof A C: ® is also a bijection.

[by theorem, the composite of two
bijections is a bijection]

As such gof has an inverse function ( ) :gof C A- ®1 .

We have to show that ( )gof f og- - -=1 1 1 .

Now, let a AÎ , b BÎ ,c CÎ such that

f a b( ) = and g b c( ) =
So, ( )( ) [ ( )] ( )gof a g f a g b c= = =
Now, f a b( ) = Þ a f b= -1 ( ) …(i)

g b c( ) = Þ b g c= -1 ( ) …(ii)

( )( )gof a c= Þ a gof c= -( ) ( )1 …(iii)

Also, ( )( ) [ ( )]f og c f g c- - - -=1 1 1 1 [by definition]
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= -f b1 ( ) [by Eq. (ii)]

= a [by Eq. (i)]

= -( ) ( )gof c1 [by Eq. (iii)]

\ ( ) ,gof f og- - -=1 1 1

which proves the theorem.

y Example 115 Let g x( ) be the inverse of f x( ) and

f x
x

¢ =
+

( )
1

1 3
. Find g x¢ ( ) in terms of g x( ).

Sol. We know, if g x( ) is inverse of f x( ).

Þ g f x x{ ( )} = Þ g f x f x¢ × ¢ ={ ( )} ( ) 1

Þ g f x
f x

x¢ =
¢

= +{ ( )}
( )

1
1 3 Þ g f g x g x¢ = +{ ( ( ))} ( ( ))1 3

Þ g x g x¢ = +( ) 1 ( ( ))3 [ ( ( )) ]Qf g x x=

y Example 116 If f R R: ® is defined by f x x( ) ,= +2 1

find the value of f – ( )1 17 and f – (– )1 3 .

Sol. f x x( ) = +2 1; f – ( )1 17 Þ f x( ) = 17 Þ x 2 1 17+ =

Þ x = ± 4 and f – (– )1 3

Þ f x( ) –= 3 Þ x 2 1 3+ = –

Þ x 2 4= – [which is not possible]

Hence, f - = ±1 17 4( ) and f - - = f1 3( )

y Example 117 If the function f and g are defined as
f x e x( ) = and g x x( ) = -3 2, where f R R: ® and

g R R: ® , find the function fog and gof. Also, find the

domain of ( )fog -1 and ( )gof -1 .

Sol. ( ) ( ) { ( )}fog x f g x=

Þ f g x f x{ ( )} ( )= -3 2

Þ f g x e x{ ( )} = -3 2 ...(i)

and ( ) ( ) { ( ) }gof x g f x=
Þ g f x g e x{ ( )} { }=

Þ g f x e x{ ( )} = -3 2 ...(ii)

For finding ( )fog -1 and ( )gof -1.

Let ( ) ( )fog x y e x= = -3 2

Þ 3 2x y- = log Þ x
y= +log 2

3

Þ ( )
log

fog y
y- = +1 2

3
and ( )

log
fog x

x- = +1 2

3

and domain of ( )fog -1 is x >0, i.e. x Î ¥( , ).0

Again, let ( )gof x y e x= = -3 2 Þ e
yx = + 2

3

Þ x
y= +æ

èç
ö
ø÷

log
2

3

Þ ( ) loggof y
y- = +æ

èç
ö
ø÷

1 2

3

Þ ( ) loggof x
x- = +æ

èç
ö
ø÷

1 2

3

and domain of ( )–gof 1 is
x + >2

3
0.

Hence, domain of ( )gof -1 is x > –2, i.e. x Î ¥(– , )2 .

y Example 118 If f x ax b( ) = + and the equation

f x f x( ) ( )= -1 be satisfied by every real value of x, then

(a) a b= = -2 1, (b) a b R= - Î1,

(c) a b R= Î1, (d) a b= = -1 1,

Sol. If f x ax b( ) = +

Þ f x
x

a

b

a

- = -1( )

Since, f x f x( ) ( )= -1 , " Îx R

Þ 1

a
a= and b

b

a
= - Þ a = - 1 and b RÎ

Hence, (b) is the correct answer.

y Example 119 If g x( ) is the inverse of f x( ) and

f x x¢ =( ) sin , then g x¢ ( ) is equal to
(a) sin ( ( ))g x (b) cosec ( ( ))g x

(c) tan ( ( ))g x (d) None of these

Sol. Given, g x f x( ) ( )= -1

So, x f g x= ( ( ))

On differentiating w.r.t. ‘x’, we get 1 = ¢ × ¢f g x g x( ( )) ( )

Therefore, g x
f g x g x

¢ =
¢

=( )
( ( )) sin ( ( ))

1 1

\ g x g x¢ =( ) ( ( ))cosec

Hence, (b) is the correct answer.

y Example 120 If A and B are the points of
intersection of y f x= ( ) and y f x= -1 ( ), then

(a) A and B necessarity lie on the line y x=
(b) A and B must be coincident

(c) slope of line AB may be –1

(d) None of the above

Sol. If solution of f x f x( ) ( )= -1 doesn’t lie on y x= , then they

must be of the form ( , )a b and ( , )b a .

\ Slope of line AB may be -1. Hence, (c) is the correct answer.
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General Results
If x y, are independent variables, then

(i) f xy f x f y f x k x( ) ( ) ( ) ( ) ln= + Þ = or f x( ) = 0.

(ii) f xy f x f y f x x n( ) ( ) ( ) ( ) ,= × Þ = n RÎ .

(iii) f x y f x f y f x akx( ) ( ) ( ) ( ) .+ = × Þ =

(iv) f x y f x f y f x k( ) ( ) ( ) ( ) ,+ = = Î = where k is
constant.

(v) f x( ) takes rational values for all x Þ f x( ) is a
constant function.

1. Find the inverse of the following functions

(i) f x
x

( ) sin ,= æ
èç

ö
ø÷

-1

3
x Î -[ , ]3 3

(ii) f x x x xe( ) log ( ), [ , ]= + + Î2 3 1 1 3

(iii) f x e x( ) log= 5 , x > 0

(iv) f x x xe( ) log ( )= + +2 1

(v) f x

x x

x x

x x

( )

,

,

,

=
<

£ £
>

ì
í
ï

îï

1

1 4

8 4

2

2. If the function f : ) )[1, [1,¥ ® ¥ is defined by f x x x( ) ( )= -2 1 , then find f x-1( ).
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Miscellaneous Problems
On Functions
We should consider certain examples to make the concept
clear.

y Example 121 For x RÎ , the function f x( ) satisfies

2 1 2f x f x x( ) ( )+ - = . The value of f ( )4 is equal to

(a)
13

3
(b)

43

3
(c)

23

3
(d) None of these

Sol. We have, 2 1 2f x f x x( ) ( )+ - = …(i)

In Eq. (i) x is replaced by ( ),1 - x we get

2 1 1 2f x f x x( ) ( ) ( )- + = - …(ii)

On solving Eqs. (i) and (ii), we get

\ 2 1 22f x f x x( ) ( ) }+ - = ´

Þ 2 1 1 2f x f x x- - +- = --( ) ( ) ( )

Þ 3 2 12 2f x x x( ) ( )= - -

Þ f x x x( ) { }= + -1

3
2 12

\ f ( ) { }4
1

3
16 8 1

23

3
= + - =

y Example 122 Let f x ax bx cx( ) = + + -7 3 5, where

a b c, and are constants. If f ( ) ,- =7 7 find f ( ).7

Sol. As, f x ax bx cx( ) = + + -7 3 5

\ f x ax bx cx( )- = - - - -7 3 5

Þ f x f x( ) ( )+ - = - 10

Put x = 7, f f( ) ( )7 7 10+ - = - Þ f ( )7 17= -

y Example 123 If f x f
x

x( )+ -æ
èç

ö
ø÷

= +1
1

1 for x RÎ -{ , }0 1 .

The value of 4 2f ( ) is equal to

Sol. Here, f x f
x

x( ) + -æ
èç

ö
ø÷

= +1
1

1 ...(i)

Þ f y f
y

y( ) + -æ
èç

ö
ø÷

= +1
1

1 , let y
x

= -1
1

Þ f
x

f
x

x x
1

1
1

1
1 1

1-æ
èç

ö
ø÷

+ -
-

æ
èç

ö
ø÷

= + -æ
èç

ö
ø÷

Þ f
x

f
x x

1
1 1

1
2

1-æ
èç

ö
ø÷

+ -
-

æ
èç

ö
ø÷

= -

or f
x

f
x x

1
1 1

1
2

1-æ
èç

ö
ø÷

+
-

æ
èç

ö
ø÷

= - ...(ii)

Also, f z f
z

z( ) + -æ
èç

ö
ø÷

= +1
1

1 , put z
x

=
-
1

1

f
x

f x
x

1

1
1 1 1

1

1-
æ
èç

ö
ø÷

+ - - = +
-

( ( )

Þ f
x

f x
x

1

1
1

1

1-
æ
èç

ö
ø÷

+ = +
-

( ) ...(iii)

On subtracting Eq. (ii) from Eq. (iii), we get

f x f
x x x

( ) - -æ
èç

ö
ø÷

=
-

+ -1
1 1

1

1
1 ...(iv)

From Eqs. (i) and (iv), we get

2
1

1

1
f x

x x
x( ) =

-
+ +

\ 2 2
1

1

1

2
2

3

2
f ( ) =

-
+ + =

Þ f ( )2
3

4
= Þ 4 2 3f ( ) =

y Example 124 Let f x x x( ) max{ , }.= 2 Then, find

equivalent definition of f x( ).
Sol. Note These type of questions, where f x( ) are either maxi-

mum or minimum should be solved graphically for better
representation.

Let f x x1( ) = and f x x2
2( ) =

Session 12
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y=x2

y=x

Y

X
–2 –1

–1

–2

1 2

2

1

O

neglecting

neglecting

neglectin
g



Now, draw graph for f x x1( ) = and f x x2
2( ) .=

Here, neglecting the graph, below point of intersection.
Since, we want to find the maximum of two functions f x1( )
and f x2( ).

\ f x
x x x

x x
( )

,

,
= £ ³

£ £

ì
í
î

2 0 1

0 1

or

y Example 125 Let

f x x x x( ) max{ sin , cos , }, [ , ]= + - " Î1 1 1 0 2p
and g x x x R( ) max{ | – },= " Î1, 1| . Determine f g x{ ( )}

and g f x{ ( )} in terms of x.

Sol. Here, f x x x( ) max { sin , – cos , }.= +1 1 1

Graphically it can be shown as

f x

x x

x x

x

( )

sin ,

– cos ,

,

=

+ £ £

< £

< £

ì

í

ï
ïï

1 0
3

4

1
3

4

3

2

1
3

2
2

p

p p

p p
î

ï
ï
ï

[using above graph]

Again, g x x( ) max { , | – | }= 1 1 , graphically it can be shown as

\ g x

x x

x

x x

( )

– ,

,

– ,

=
£

< £
>

ì
í
ï

îï

1 0

1 0 2

1 2

Now, g f x

f x f x

f x

f x f x

{ ( )}

– ( ), ( )

, ( )

( )– , ( )

=
£

< £
>

ì
í
ï

îï

1 0

1 0 2

1 2

Since, f x x( ) [ , ], [ , ]Î " Î1 2 0 2p ; g f x x( ( )) , [ , ]= " Î1 0 2p

Also, f g x

g x g x

g x g x{ ( )}

sin { ( )}, ( )

– cos { ( )}, ( )=

+ £ £

<

1 0
3

4

1
3
4

p

p £

< £

ì

í

ï
ïï

î

ï
ï
ï

3

2

1 3
2

2

p

p p, ( )g x

Þ f g x

x /

x / x /

( ( ))

, – –

– cos ( – ), – –

=

£ <
£ <

1 1 2 1 3 2

1 1 1 3 2 1 3 4

1

p p
p p

+ £ £
+ < £
+ < £ +

sin ( – ), –

sin ,

sin ( – ),

1 1 3 4 0

1 1 0 2

1 1 2 1 3

x / x

x

x x

p

p
p p
p p

/

x / x /

/ x

4

1 1 1 3 4 1 3 2

1 1 3 2 2 1

– cos ( – ),

,

+ < £ +
+ < £ +

ì

í

ï
ï
ï
ï

î

ï
ï
ï
ï

1. For x RÎ - { }1 , the function f x( ) satisfies f x f
x

x( ) +
-

æ
è
ç

ö
ø
÷ =2

1

1
. Find f ( ).2

2. Let f x( ) and g x( ) be functions which take integers as arguments. Let f x y f x g y( ) ( ) ( )+ = + + 8 for all integers

x yand . Let f x x( ) = for all negative integers x and let g ( )8 17= . Find f ( ).0

3. The function f R R: ® satisfies the condition mf x nf x x( ) ( ) | |- + - = +1 2 1. If f ( )- =2 5 and f (1) 1,= find ( ).m n+

4. The equivalent definition of f x x x x x( ) max { , ( – ) , ( – )}= 2 21 2 1 , where 0 £ £x 1.
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0 π
2

3

4

π π 3

2

π 2π
X

y = + x1 sin
y = – x1 cos

y = 2

y
= 1 y = 1

Y

1–2π 1– 3

4

π1– 3

2

π

0

1 2 1+ 3

4

π
1+

3

2

π 1+2π

y = 2π

y = 3 /2π

y = 3 /4π

y = 1



l Ex. 1 Let f x
a x a x a x a

b x b x

k
k

k
k

k
k

k
k

( )

. . .= + + + +
+

-
-

-
-

2

2

2 1

2 1

1 0

2

2

2 1

2 1 + + +. . . b x b
1 0

,

where k is a positive integer, ai , b Ri Î and a k2
0¹ ,

b k2
0¹ such that b x b x b x bk

k
k

k
2

2

2 1

2 1

1 0
0+ + + + =-

-
. . .

has no real roots, then

(a) f x( ) must be one to one

(b) a x a xk
k

k
k

2

2

2 1

2 1+ + +-
-

. . . a x a
1 0

0+ =
must have real roots

(c) f x( ) must be many to one

(d) Nothing can be said about the above options

Sol. (c) f x( ) is continuous, " Îx R.

lim ( ) lim ( )
x x

k

k

f x f x
a

b® - ¥ ® ¥
= = 2

2

\ f x( ) is many to one.

l Ex. 2 If log sin

log

10

10

4

6 1

2

x +æ
èç

ö
ø÷

æ
è
ç

ö
ø
÷ = -p

, the value of

log (sin ) log (cos )
10 10

x x+ is

(a) –1 (b) –2 (c) 2 (d) 1

Sol. (a) 2
2

6

10
10 10log

sin cos
log

x x+æ
èç

ö
ø÷

= æ
èç

ö
ø÷

Þ log
sin cos

log10 10
1 2

2

6

10

+æ
èç

ö
ø÷

= æ
èç

ö
ø÷

x x

Þ 1

2

3

5
+ =sin cosx x

Þ sin cosx x = 1

10

\ log (sin ) log (cos )10 10 1x x+ = -

l Ex. 3 The diagram shows the dimensions of the floor of

an L-shaped room. (All the angles are right angles). The area

of the largest circle that can be drawn on the floor of this

room is

(a) 16p (b) 25p

(c)

81

4

p
(d)

145

4

p

Sol. (b)

Here, ( ) ( )x h y h h- + - =2 2 2 passes through (8, 9).

( ) ( )8 92 2 2- + - =h h h

Þ h h2 34 145 0- + =

Þ ( ) ( )h h- - =5 29 0

Þ h = 5, neglecting h = 29

\ r = 5

Area of the largest circle = =p p( )5 252 .

l Ex. 4 Suppose that the temperature T at every point

( , )x y in the cartesian plane is given by the formula

T x y= - +1 2
2 2 . The correct statement about the maximum

and minimum temperature along the line x y+ =1 is

(a) Minimum is –1. There is no maximum

(b) Maximum is –1. There is no minimum

(c) Maximum is 0. Minimum is – 1

(d) There is neither a maximum nor a minimum along the

line

Sol. (a) T x y= - +1 22 2 , where x y+ = 1

T x x= - + -1 2 12 2( )

= - + + -1 2 1 22 2x x x( )

T x x= - +2 4 3

= - -( )x 2 12

\ Tmax = doesn’t exist

and Tmin = - 1

l Ex. 5 The domain of the function

f x x x( ) max {sin , cos }= is ( , )- ¥ ¥ . The range of f x( ) is

(a) -é
ëê

ù
ûú

1

2

1, (b) -é
ëê

ù
ûú

1

2

1

2

,

(c) [0, 1] (d) [– 1, 1]

18

9
12

103

9

8 10

( , )h h
h

h

3

(8, 9)

Y

X
O

Single Option Correct Type Questions
JEE Type Solved Examples :
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Sol. (a) Here, f x x x( ) max {sin , cos }=

From graph, range of f x( ) , .Î -é
ëê

ù
ûú

1

2
1

l Ex. 6 Let a function f be defined as

f : { , , , } { , , , }1 2 3 4 1 2 3 4® . If f satisfy f f x f x( ( )) ( )= ,

" x Î { , , , }1 2 3 4 , the number of such functions is

(a) 10 (b) 40 (c) 41 (d) 31

Sol. (c) Here, f f x f x( ( )) ( )= , let f x y( ) =
Þ f y y( ) =
Case I Range contains exactly one element.

It can be done in 4
1C ways.

Say, f ( )1 1= remaining 3 elements 2, 3, 4 can be mapped

only in one way Þ Total = × =4
1 1 4C …(i)

Case II Range contains two elements, this can be done in
4

2C ways.

Say, f ( )1 = 1, f ( )2 2=
Remaining 2 elements, i.e. 3 and 4 each can be mapped in
2 ways.

\ Total = ´ ´ =4
2 2 2 24C …(ii)

Case III Range contains exactly 3 elements which can be
done in 4

3 4C = ways. Say, f ( )1 1= , f ( )2 2= , f ( )3 = 3.

Now, remaining element can be mapped only in 3 ways.

\ Total = × =4
3 3 12C ways …(iii)

Case IV Range contains all 4 elements f ( )1 1= , f ( )2 2= ,
f ( )3 3= , f ( )4 4= .

\ Only 1 way.
\ Total ways = + + +4 24 12 1 = 41

l Ex. 7 Area bounded by the relation [ ] [ ]2 5x y+ = ,

x y, > 0 is (where [ ]× represent greatest integer function)

(a) 2 (b) 3 (c) 4 (d) 5

Sol. (b) Here, [ ] [ ]2 5x y+ =
Let us consider [ ]2 0x = Þ 0 2 1£ <x and [ ]y = 5

i.e. x Î[ , / )0 1 2 and y Î[ , )5 6 .

Similarly, we can consider [ ] , , ,2 1 2 3 4x = and 5.
when, [ ]2 1x = Þ 1 2 1/ £ <x and y Î[ , )4 5

[ ]2 2x = Þ 1 3 2£ <x / and y Î[ , )3 4

[ ]2 3x = Þ 3 2 2/ £ <x and y Î[ , )2 3

[ ]2 4x = Þ 2
5

2
£ <x and y Î[ , )1 2

[ ]2 5x = Þ 5 2 3/ £ <x and y Î[ , )0 1

which can be shown as

\ From the graph, area is 3 sq units.

l Ex. 8 If the integers a, b, c, d are in arithmetic progres-

sion and a b c d< < < and d a b c= + +2 2 2 , the value of

( )a b c d+ + +10 100 1000 is

(a) 2008 (b) 2010 (c) 2099 (d) 2016

Sol. (c) Let a x t= - , b x= , c x t= + and d x t= + 2 .

Where, x IÎ and t > 0 and t is an integer (as a b c d< < < ).

Now, d a b c= + +2 2 2

Þ x t x t x x t+ = - + + +2 2 2 2( ) ( )

Þ x t x t+ = +2 3 22 2

Þ x x t t( ) ( )1 3 2 1- = - …(i)

as t > 0 and t IÎ , hence t ³ 1 Þ RHS ³ 0

1

2

3

4

1

f

1 1

2 2

3

4

f

1 1

2 2

3 3

4

f

1 1

2 2

3 3

4 4

f

1

2

3

4

5

6

0 1/2 1 3/2 2 5/2 3
X

Y

X

Y

1
1/ 2

–1
2

O π 2π
X ′

Y ′

–1



\ LHS = - ³x x( )1 3 0 Þ x Î[ , / ]0 1 3

The only integer is zero Þ x = 0

From Eq. (i), t = 0 or t = 1

But t > 0 Þ t = 1

\ a = -1, b = 0, c = 1, d = 2

Þ a b c d+ + + =10 100 1000 2099

l Ex. 9 Let f n( ) denotes the square of the sum of the digits

of natural number n, where f n2

( ) denotes f f n( ( )), f n3

( )

denotes f f f n( ( ( ))) and so on. Then, the value of

f f

f f

2017 2016

2017 2018

2011 2011

2011 2011

( ) ( )

( ) ( )

-
-

, is

(a) 1 (b) 3 (c) 5 (d) 7

Sol. (a) Here, f n( ) = (sum of digits of natural number n)2

\ f ( ) ( )2011 2 0 1 1 162= + + + =

f f f f2 22011 2011 16 1 6 49( ) ( ( )) ( ) ( )= = = + =

f f3 22011 49 4 9 169( ) ( ) ( )= = + =

f f4 22011 169 1 6 9 256( ) ( ) ( )= = + + =

f f5 22011 256 2 5 6 169( ) ( ) ( )= = + + =

f f6 22011 169 1 6 9 256( ) ( ) ( )= = + + =

Thus, f n2 2011 256( ) = and f n2 1 2011 169+ =( ) n ³ 2

Þ f f

f f

2017 2016

2017 2018

2011 2011

2011 2011

169( ) ( )

( ) ( )

-
-

= -
-

=256

169 256
1
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l Ex. 10 If a x a a x ai

i

i i

i

i

i

2 2

1

4

1

1

4

1

2

1

4

2 0- + £
=

+
=

+
=

å å å , where

ai > 0 and all are distinct. Then,

(a) a a a
1 5 3

2+ > (b) a a a
1 5 3

=

(c)

2 1 1

1 4 1 4
a a a a

> + (d) Õ =
=i

ia a
1

5

3

5

Sol. (a, b, d) ( )a a a a x1
2

2
2

3
2

4
2 2 2+ + + - ( )a a a a a a a a x1 2 2 3 3 4 4 5+ + +

+ + + + £( )a a a a2
2

3
2

4
2

5
2 0

Þ ( ) ( ) ...a x a a x a a x a a x a1
2 2

1 2 2
2

2
2 2

2 3 3
22 2- + + - + +

+ - + £( )a x a a x a4
2 2

4 5 5
22 0

Þ ( ) ( ) ... ( )a x a a x a a x a1 2
2

2 3
2

4 5
2 0- + - + + - £

\ ( ) ( ) ... ( )a x a a x a a x a1 2
2

2 3
2

4 5
2 0- + - + + - =

\ x
a

a

a

a

a

a

a

a
= = = =2

1

3

2

4

3

5

4

Þ a a a a a1 2 3 4 5, , , , are in GP.

\ a a
a a1 5

1 5
2

+ > Þ a a a1 5 32+ > . ( )Q a a a1 5 3=

HM of a1 and a4 < GM of a1 and a4 Þ 2 1 1

1 4 1 4a a a a
< +

a a a a a a1 2 3 4 5 3
5× × × × = . [ , ]Qa a a a a a1 5 3

2
2 4 3

2= × =

l Ex. 11 If f x y( )- , f x f y( ) ( )× , f x y( )+ are in AP for

all x y R, Î and f ( )0 0¹ , then

(a) ¢f x( ) is an even function

(b) ¢ + ¢ - =f f( ) ( )1 1 0

(c) ¢ - ¢ - =f f( ) ( )2 2 0

(d) ¢ + ¢ - =f f( ) ( )3 3 0

Sol. (b, d) Given, 2f x f y f x y f x y( ) ( ) ( ) ( )× = + + -
At x y= = 0,

2 0 0 2 0f f f( ) ( ) ( )× =
Þ 2 0 0 1 0f f( ) ( ( ) )× - =

Þ f ( )0 1= [as f ( )0 0¹ ] …(i)

At x = 0,

2 0f f y f y f y( ) ( ) ( ) ( )× = + - [using Eq. (i), f ( )0 1= ]

Þ 2f y f y f y( ) ( ) ( )= + -
\ f y f y( ) ( )= - Þ f x( ) is even function.

We know, if f x( ) is even, then ¢f x( ) is odd.

Þ ¢ - = - ¢f x f x( ) ( )

\ ¢ = - ¢ -f f( ) ( )1 1 and ¢ = - ¢ -f f( ) ( )3 3

l Ex. 12 If the equation x ax b x2

4 3 2+ + + =cos ( ) has

atleast one solution where a, b Î[ , ],0 5 the value of ( )a b+
equal to

(a) 5p (b) 3p (c) 2p (d) p
Sol. (b, d) x x ax b2 2 4 3- + = - +cos( )

( ) cos( )x ax b- + = - +1 3 32

Here, LHS ³ 3 and RHS £ 3. Thus, the above equation have
solution if LHS = RHS = 3

Þ x = 1 and cos( )ax b+ = - 1

Hence, cos ( )a b+ = - 1\ a b+ = p, 3p, 5p
But, 0 10£ + £a b Þ a b+ = p or 3p
Hence, (b) and (d) are the correct answers.

More Than One Correct Option Type Questions
JEE Type Solved Examples :
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l Ex. 13 Which of the following functions have the same

graph?

(a) f x ee
x

( ) log= (b) g x x x( ) sgn=

(c) h x x( ) cot (cot )= -1

(d) k x
x

nx
n

( ) lim tan ( )=
® ¥

-2
1

p

Sol. (a,b,d) (a) f x e x e xe
x

e( ) log log= = × = shown as,

(b) g x x x( ) | |= sgn = × ¹

=

ì
í
ï

îï
=

¹
=

ì
í
î

| |
| |

,

,

,

,

x
x

x
x

x

x x

x

0

0 0

0

0 0

\ g x x( ) = , which is same as f x( ).

(c) h x x( ) cot (cot )= -1 is shown as,

which is not same as f x( ) and g x( ).

(d) k x
x

nx
n

( ) lim
| |

tan ( )= ×
® ¥

-2 1

p

=

× >

- × - <

=

ì

í

ï
ïï

î

ï
ï
ï

2

2
0

2

2
0

0 0

x
x

x
x

x

p
p

p
p

,

,

,

=
>
<
=

ì
í
ï

îï

x

x

x

x

x

,

,

,0

0

0

0

\ k x x( ) ,= " x .
Hence, (a), (b) and (d) are the correct answers.

n Directions (Q. Nos. 14 to 15) For the following questions,

choose the correct answers from the codes (a), (b), (c) and

(d) defined as follows

(a) Statement I is true, Statement II is also true;

Statement II is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true;

Statement II is not the correct explanation of

Statement I

(c) Statement I is true, Statement II is false

(d) Statement I is false, Statement II is true

l Ex. 14 Let f ( )

sin cos

(sin cos )

tanq q q
q q

p q=
+

- -æ
èç

ö
ø÷

2

1

4 4

,

" Î - -ì
í
î

ü
ý
þ

Îq p p
R n n I

4

, .

Statement I The largest and smallest value of f ( )q differ

by
1

2

.

Statement II a x b x c c a bsin cos [+ + Î - +2 2 ,

c a b+ +2 2

]," Îx R, where a b c R, , Î .

Sol. (a) We have, f ( )
sin cos cos sin

(cos sin )
q q q q q

q q
= - +

+
4

4

2

= + - - + +
+

2 1 2

4

2sin ((sin cos ) ) (cos sin ) sin

(cos sin

q q q q q q
q q )

= + -1

2

1

4
sin (sin cos )q q q

= - Î -
é

ë
ê

ù

û
ú

1

4
2 2

2

4

2

4
(sin cos ) ,q q

l Ex. 15 Consider two functions f x e x
( )

cot= +1

2

and g x x
x

x
( ) | sin |

cos

sin

= - + -
+

×2 1

1 2

1
4

Statement I The solutions of the equation f x g x( ) ( )= is

given by x n= +( ) ,2 1

2

p " În I.

Statement II If f x k( ) ³ and g x k( ) £ (where k RÎ ), then

solutions of the equation f x g x( ) ( )= is the solution corre-

sponding to the equation f x k( ) = .

Sol. (c) LHS = + ³1 2
2

e xcot

As, 2 1 1| sin |x - £

f x( )

Y

Y ′

XX ′
O

π

–2π –π 0 π 3π

Y

X
2π

Statements I and II Type Questions
JEE Type Solved Examples :



and
1 2

1

2

14

2

4

-
+

=
+

cos

sin

sin

sin

x

x

x

x
=

+
£2

1
1

2

2

sin
sin

x
x

\ RHS = - + -
+

£2 1
1 2

1
2

4
| sin |

cos

sin
x

x

x

Equation will satisfy, if LHS = RHS = 2 which is possible
when cot2 0x = and | sin |x = 1.

Þ x n= +( ) ,2 1
2

p
n IÎ

\ Statement I is correct.

Statement II is not always correct because solution of the
equation f x g x( ) ( )= will be solutions corresponding to
f x g x k( ) ( )= = in the domain of f x( ) and g x( ) both.
Hence, (c) is the correct answer.

Passage I
(Ex. Nos. 16 to 18)

Let a m pm ( , , . . ., )=1 2 be the possible integral values of a for

which the graphs of

f x ax bx b( ) = + +2

2

and g x x bx a( ) = - -5 3
2

meet at some points for all real values of b.

Let t r ar
m

p

m= -
=

P
1

( ) and S t n Nn r

r

n

= Î
=
å ,

1

.

l Ex. 16 The minimum possible value of a is

(a)

1

5

(b)

5

26

(c)

3

28

(d)

2

43

l Ex.17 The sum of values of n for which Sn vanishes is

(a) 8 (b) 9

(c) 10 (d) 15

l Ex. 18 The value of
1

5
trr =

¥

å is equal to

(a)

1

3

(b)

1

6

(c)

1

15

(d)

1

18

n Sol. (Q. Nos. 16 to 18)

16. (a) 17. (c) 18. (d)

ax bx b x bx a2 22 5 3+ + = - -

Þ ( ) ( )a x bx b a- + + + =5 5 02

If a ¹ 5, then since x RÎ ,

D b b a a= - + - ³25 4 5 02 ( )( ) ," Îb R

Þ 25 4 5 4 5 02b a b a a b R- - - - ³ " Î( ) ( ) ,

\ 16 5 16 25 5 02( ) ( ) ( )a a a- + - £

Þ 16 5 5 25 0( )( )a a a- - + £

Þ ( )( )a a- - £5 26 5 0 \ a Î é
ëê

ö
ø÷

5

26
5,

If a bx b= + + =5 5 5 0, ( ) is not satisfied for b = 0.

\ am Î { , , , }1 2 3 4 ; t r r r rr = - - - -( )( )( )( )1 2 3 4

S r r r r r rn

r

n

= - - - - - -
=
å1

5
4 3 2 1 5

1

( )( )( )( )( ( ))

= - - - -
=
å1

5
4 3 2 1

1

[( )( ) ( )( )r r r r r
r

n

- - - - - -( ) ( )( )( )( )]r r r r r5 4 3 2 1

= - - - -1

5
1 2 3 4n n n n n( )( )( )( )

Sn = 0

Þ n = 1 2 3 4, , ,

\ Sum of values of n for which Sn vanishes is
1 2 3 4 10+ + + = [n = 0 rejected]

1 1

3

1 4

4 3 2 15 t

r r

r r r rrr
n

r=

¥

® ¥ =
å = - - -

- - - -
lim

( ) ( )

( )( )( )( )5

n

å

=
® ¥

1

3
lim

n

1

4 3 2

1

3 2 15 ( )( )( ) ( )( )( )r r r r r rr

n

- - -
-

- - -
é

ë
ê

ù

û
ú

=
å

= -
- - -

é

ë
ê

ù

û
ú® ¥

lim
( )( )( )n n n n

1

3

1

6

1

3 2 1
= 1

18

Passage II

(Ex. Nos. 19 to 21)

Let w be non-real fifth root of 3 and x w w= +3 4

. If

x f x5 = ( ), where f x( ) is real quadratic polynomial, with

roots a and b, ( , )a b ÎC , then determine f x( ) and answer

the following questions.

l Ex. 19 Every term of the sequence { ( )}f n , n NÎ is

divisible by

(a) 12 (b) 18

(c) 24 (d) 27
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l Ex. 20 Which of the following is not true?

(a) a b+ = -3 (b) ab = 12 5/

(c) | | /a b- = 3 5 (d) | | | | /a b+ = 2 3 5

l Ex. 21 If a and b are represented by points A and B in

argand plane, then circumradius of DOAB, where O is origin, is

(a) 4 5/ (b) 8 5/ (c) 16 5/ (d) 32 5/

n Sol. (Q. Nos. 19 to 21)

19. (b) 20. (d) 21. (a)

Here, x w w= +3 4

Þ x w w w5 2 5 2 5= +( ) ( )

= ( )w 5 2 [w w w w w w w5 4 2 3 4 2 65 10 10+ × + × + ×
+ × +5 8 10w w w ]

Put w 5 3= and w 10 9=
Now, x 5 9= [ ( ) ( ) ( ) ]3 5 3 10 3 10 3 5 3 32 3 4 2+ × + × + × + × +w w w w

= + + + + + +9 12 15 15 152 2 3 3 4[ ( ) ( ) ( )]w w w w w w

= + æ
èç

ö
ø÷

+ × æ
èç

ö
ø÷

+é

ëê
ù

ûú
9 12 15 15 15

2

x

w

x

w
x

= + +æ
èç

ö
ø÷

+é

ëê
ù

ûú
9 12 15

1 1
15

2
x

w w
x

= + × + × +
é

ë
ê

ù

û
ú9 12 15 15

2

3

2

2
x

w w

w

w

w
x

= + × + +
é

ë
ê

ù

û
ú9 12 15 15

3 4

5
x

w w

w
x

( )

= + × +é
ëê

ù
ûú

9 12 15
3

15x
x

x

= + + =9 12 15 5 2[ ] ( )x x f x

Now, f x x x( ) ( )= + +9 5 15 122

\ f x( ) = 0

Þ x
i= - ± - = - ± =15 15

10

15 15

10
a, b

(i) For sequence { ( )}f n ,

f n n n n n n( ) ( ) [ ( ) ]= + + = + + +9 5 15 12 9 5 1 10 122

= ´9 an even number

\Every term of { ( )}f n is always divisible by 18.

(ii) Clearly, a b+ = -3,ab = 12

5
, a b- = 2 15

10

i = 3

5

But a b+ = æ
èç

ö
ø÷

+
æ
è
ç

ö
ø
÷

æ

è

ç
ç

ö

ø

÷
÷ =2

15

10

15

10
4

3

5

2 2

(iii) In argand plane,

OA OB= = 12

5
and AB = =2

15

10

3

5

and area of DOAB,

D = = × × æ
èç

ö
ø÷

1

2

1

2

3

5

15

10
AB OM( )

\ Circumradius, R
OA AB OB= × ×

4D
=

× × æ
èç

ö
ø÷

12

5

3

5

12

5

4
1

2

3

5

15

10

= 4

5

Passage III

(Ex. Nos. 22 to 24)

Let A = { , , , , }1 2 3 4 5 and B = - -{ , , , , , , , }2 1 0 1 2 3 4 5 .

l Ex. 22 Increasing function from A to B is

(a) 120 (b) 72 (c) 60 (d) 56

l Ex. 23 Non-decreasing functions from A to B is

(a) 216 (b) 540 (c) 792 (d) 840

l Ex. 24 Onto functions from A to A such that

f i i( ) ¹ for all i, is

(a) 44 (b) 120 (c) 56 (d) 76

n Sol. (Q. Nos. 22 to 24)

22. (d) The desired number is 8
5 56C =

23. (c) Here, for non-decreasing functions from A to B, is
8

1
8

2
8

3
8

4
8

51 4 6 4 1C C C C C× + × + × + × + × = 792

Explanation for case 8
2C , say two elements of set B are

selected in 8
2C is { , }-1 0 .

Now, x x1 2 5+ = [ , ]x x1 21 1³ ³
where, x1 denotes number of elements of set A maps to -1
and x 2 denotes number of elements of set A maps to 0.

\ Total number of solutions is 4
1C .

Similarly, explanation for case 8
3C say three elements

selected in 8
3C is { , , }-1 0 1 .

Now, x x x1 2 3 5+ + = ( , , )x x x1 2 31 1 1³ ³ ³
\ Total number of solutions is 4

2C etc.

24. (a) Onto functions from A to A such that f i i( ) ¹ for all i.

Þ 5 1
1

1

1

2

1

3

1

4

1

5
!

! ! ! ! !
- + - + -æ

èç
ö
ø÷

= 44
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l Ex. 25 Match the statements of Column I with values of

Column II.

Column I Column II

(A) Let f x( ) be a function on ( , )- ¥ ¥ and

f x f x( ) ( )+ = -2 2 . If f x( ) = 0 has only three

real roots in [ , ]0 4 and one of them is 4, then the

number of real roots of f x( ) = 0 in ( , ]- 8 10 is

(p) 4

(B) Let r r r rn1 2 3, , , . . . , be n positive integers, not

necessarily distinct, such that

( )( ) . . . ( )x r x r x rn+ + +1 2 = + +-
x x

n n56 1 . . .

+ 2009.  The possible value of n is

(q) 5

(C) If x yand are positive integers and

2 2009 3xy y= - , then the number of ordered

pairs of ( , )x y is

(r) 8

(D) If x y R, ,Î satisfying the equation

( )x y- + =4

4 9
1

2 2

, then the difference between

the largest and smallest value of the expression

x y
2 2

4 9
+ is

(s) 9

Sol. (A) ® (s), (B) ® (p), (C) ® (q), (D) ® (r)

(A) Given, f x f x( ) ( )+ = -2 2 , domain is R x x® + 2

f x f x( ) ( )+ =4

Þ f is periodic with period 4.

Put x = 0, f f( ) ( )4 0=
But f ( )4 0=
Þ f ( )0 0=
Þ x = 0, is also the root.

Since, in [ , ],0 4 f has only 3 roots.

So, f x( ) is the form of sin
px

2

æ
èç

ö
ø÷

fulfilling all

conditions given in the question, hence the 3rd root in
[ , ]0 4 is 2 as f ( )2 0= .

\The number of real roots in ( , ]- 8 10 is 9 and the
roots are ( , , , , , , , , )- - -6 4 2 0 2 4 6 8 10 .

(B) ( . . . )r r rn1 2 56+ + + =
and r r rn1 2

22009 7 41. . . = = ×
[using theory of equation]

As 2009 7 412= ×

Therefore, no value of ri can be 49 or larger factor of
2009 otherwise their sum is larger than 56.

As 56 41 7 7 1= + + +
Therefore, r1 41= ;r r2 3 7= =
and r4 1=
Hence, n = 4

(C) 2 2009 3xy y= - yields 2 3 2009xy y+ =

Þ y
x

=
+

2009

2 3

So, 2 3x + must be the factors of 2009.

Since, 2009 7 412= ×

Thus, 2 3x + can be one of the factors 7, 49, 41, 287
and 2009.

or 2 3 7x + = ;2 3 49x + = ;2 3 41x + = ;
2 3 287x + =

and 2 3 2009x + = .

Hence, x = 2,23 19 142, , and 1003

Þ Ordered pairs are (2, 287), (23, 41), (19, 49),
(142, 7), (1003, 1).

(D) Let x - =4 2 cos q
Þ x = +2 4cos q
and y = 3 sin q

Now, z
x y= + = + +

2 2 2
2

4 9

2 4

4

( cos )
sin

q q

= + + +4 16 16 4

4

2 2cos cos sinq q q = +20 16

4

cos q

z = +5 4 cos q
Hence, z zmax - = - =min ( )9 1 8
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l Ex. 26 Let f x x x( ) sin cos= -23 22 and

g x x( ) tan | | .= + -
1

1

2

1

The number of values of x in interval [ , ]-10 20p p satisfying

the equation f x( ) = sgn ( ( ))g x , is 5a. Then, a is equal to …… .

Sol. (3) g x x( ) tan | |= +-1

2
11

Þ sgn ( ( ))g x = 1

Þ sin cos23 22 1x x- =

Þ sin cos23 221x x= +

which is possible, if sin x = 1 and cos x = 0

x n= +2
2

p p

Hence, - £ + £10 2
2

20p p p pn

Þ - £ £21

2
2

39

2
n

Þ - £ £21

4

39

4
n

Þ - £ £5 9n

Hence, number of values of x = 15 Þ a = 3.

l Ex. 27 Consider the function g x( ) defined as

g x x x x x( ) ( ) ( )( )( )
( )× - = + + +-2 1 2 4

2008

1 1 1 1

. . . ( )x 2
2007

1 1+ - the value of g( )2 equals …… .

Sol. (2) RHS = - + + + +
-

-( )( )( )( ) . . . ( )

( )

x x x x x

x

1 1 1 1 1

1
1

2 4 22007

= - + +
-

-( )( ) . . . ( )

( )

x x x

x

2 2 21 1 1

1
1

2007

= - + +
-

-( )( ) . . . ( )

( )

x x x

x

2 2 22 2 2007

1 1 1

1
1

Hence, g x x
x x

x
( ) ( )

( ) ( )

( )

( )× - = - - -
-

-2 1
2

2008
2008

1
1 1

1

= -
-

-x x

x

( )

( )

2 12008

1

1

Þ g x
x

x
( ) =

- 1

\ g( )2 2=

l Ex. 28 If f x
x

( )

log ( )

,=
-

-9

3 2

1

2

3 the value of ‘a’

which satisfies f a- - =1

2 4

1

2

( ) , is

Sol. (3) Given, f a- - =1 2 4
1

2
( )

\ f a
1

2
2 4

æ
èç

ö
ø÷

= -

Put x = 1

2
in f x

x
( )

log ( )
=

-
-9

3 2
1

2

3

\ 2 4
9

2
1

2

3a - = -
log

Þ 2 4 9 13a - = -

Þ 2 4 2a - =
Þ 2 6a =
\ a = 3

l Ex. 29 Let f be defined on the natural numbers as

follow:

f ( )1 1= and for n >1, f n f f n( ) [ ( )]= -1 + - -f n f n[ ( )],1

the value of
1

30
1

20

f r
r

( )

=
å is

Sol. (7) Here, f ( )1 1=
f f f f f( ) [ ( )] [ ( )],2 1 2 1= + - using f ( )1 1=
f f f( ) ( ) ( )2 1 1 2= + = .

f f f z f f( ) [ ( )] [ ( )]3 3 2= + -

= + = + =f f( ) ( )2 1 2 1 3

Thus, f n n( ) =

\ 1

30 1

20

f r
r

( )
=
å = + + + +1

30
1 2 3 20[ ... ]

= ´ + =1

30

20 20 1

2
7

( )

l Ex. 30 If a b c, , are real roots of the cubic equation

f x( ) = 0 such that ( )x -1
2 is a factor of f x( ) + 2 and

( )x +1
2 is a factor of f x( ) ,- 2 then | |ab bc ca+ + is equal to

Sol. (3)  Let f x Ax Bx Cx D( ) = + + +3 2

Since, ( )x - 1 2 is a factor of f x( ) + 2 .

Þ f ( )1 2 0+ =

Single Integer Answer Type Questions
JEE Type Solved Examples :



Þ A B C D+ + + + =2 0 …(i)

Also, ( )x + 1 2 is a factor of f x( ) - 2 .

Þ f ( )- - =1 2 0

Þ - + - + - =A B C D 2 0 …(ii)

From Eq. (i), D A B C= - - - - 2

\ f x Ax Bx Cx A B C( ) = + + - - - -3 2 2

Þ f x A x B x C x( ) ( ) ( ) ( )+ = - + - + -2 1 1 13 2

Since, ( )x - 1 2 is factor of f x( ) + 2.

Þ f ¢ =( )1 0 Þ 3 2 0A B C+ + = …(iii)

Similarly, ( )x + 1 2 is factor of f x( ) .- 2

Þ f ¢ - =( )1 0 Þ 3 2 0A B C- + = …(iv)

From Eqs. (i), (ii), (iii) and (iv), A = 1, C = -3, B D= = 0.

\ f x x x( ) = -3 3

Hence, | |ab bc ca+ + = 3

l Ex. 31 The minimum value of k k I( )Î for which the

equation e kxx = 2 has exactly three real solutions, is

Sol. (2) Here, e kxx = 2 Þ e

x
k

x

2
= …(i)

Let f x
e

x

x

( ) =
2

f x
x e

x

x

¢ = -
( )

( )2
3

\ f x( ) is increasing on ( , ) [ , )-¥ È ¥0 2 and decreasing on ( , )0 2 .

\ f x( ) can be plotted as

So, clearly from graph , k
e

k I> Î
2

4
,

Hence, kmin = 2

l Ex. 32 The value of expression

1 2 1 3 1 4 1 5+ + + + ¥... is

Sol. (3) As, we can write

n n n n n= = + - = + - +2 21 1 1 1 1( ) ( )( )

= + - × +1 1 1 2( ) ( )n n .

= + - × + + -1 1 1 1 12( ) ( )n n

= + - × + × +1 1 1 2( ) ( ) ( )n n n .

= + - × + × +1 1 1 2 2( ) ( )n n n

= + - × + × + + -1 1 1 1 2 12( ) ( )n n n

= + - × + × + + +1 1 1 1 1 3( ) ( )( )n n n n

= + - × + × + + × +1 1 1 1 1 3 2( ) ( ) ( )n n n n … and

so on.

\ 1 2 1 3 1 4 1 5 3+ × + × + × + ¥ =....... .

l Ex. 33 Let a sequence x x x
1 2 3
, , , ... of complex numbers

be defined by x
1

0= , x x in n+ =
1

2

– for all n >1, where

i 2

1= – . Find the distance of x
2000

from x
1997

in the complex

plane.

Sol. Given, x1 0=
Then, x i i2

20= =– –

x i i i i3
2 1 1= = = +(– ) – – – –( )

x i i i i i4
21 2= + = =[– ( )] – –

x i i i x5
2

31= = =( ) – – –

\ x x6 4= and hence x x7 5= and so on.

\ x in2 = , x in2 1 1+ = +–( )

\ x i2000 0 1= = ( , ) and
x i1997 1 1 1= =– – (– , – ) in the complex plane.

So, the distance between x 2000 and x1997 is 1 4 5+ = .

l Ex. 34 If a b c d e, , , , are positive real numbers, such that

a b c d e+ + + + = 8 and a b c d e2 2 2 2 2

16+ + + + = , find

the range of e.

Sol. As we know,

a b c d a b c d+ + +æ
èç

ö
ø÷

£ + + +
4 4

2 2 2 2 2

…(i)

[using Tchebycheff’s Inequality]

where a b c d e+ + + + = 8

and a b c d e2 2 2 2 2 16+ + + + =
From Eq (i), reduces to

8

4

16

4

2 2– –e eæ
èç

ö
ø÷

£

Þ 64 16 4 162 2+ £e e e– ( – )
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Þ 5 16 02e e– £
Þ e e( – )5 16 0£

Þ 0
16

5
£ £e [using number line rule]

Thus, e Î é
ëê

ù
ûú

0
16

5
, .

l Ex. 35 Find the set of all solutions of the equation

2 2 1 2 1
1 1| | – –

– – .
y y y= +

[IIT JEE 1997]

Sol. Here, 2 2 1 2 11 1| | – –– –y y y= +

We know, how to define modulus, we have three cases as

Case I y < 0

Þ
Þ

2 2 1 2 1

2 2

1 1

1

– – –

–

( – ) ;y y y

y

+ = +

=

as when y

y y

y y

<
= -

=

ì

í
ïï

î
ï
ï

0

2 1 2 11 1

| |

and – –( – )– –

Hence, y = –1, which is true when y <0. …(i)

Case II 0 1£ <y

Þ
Þ

2 2 1 2 1

2 2

1 1y y y

y

+ = +

=

( – ) ;– –
as when 0 1

2 1 2 11 1

£ <
=

=

ì

í
ïï

î
ï
ï

y

y y

y y

| |

and – –( – )– –

Þ y = 1, which shows no solution as,

0 1£ <y …(ii)

Case III y ³ 1

Þ
Þ
Þ

2 2 1 2 1

2 2 2

2 2 2

1 1

1 1

1

y y y

y y y

y y

–( – )

;

– –

– –

–

= +

= +

= ×

as when y

y y

y y

³
=

=

ì

í
ïï

î
ï
ï

0

2 1 2 11 1

| |

and – ( – )– –

Þ 2 2y y= , which is an identity, therefore it is true, " y ³1.

…(iii)

Hence, from Eqs. (i), (ii) and (iii) the solution set is
{ : – }y y y³ È =1 1 .

l Ex. 36 Solve the equation [ ] { }x x x= , where [ ] and { }

denote the greatest integer function and fractional part,

respectively.

Sol. We know that, x x x= +[ ] { } …(i)

Thus, we have [ ]{ } [ ] { }x x x x= +

Þ { }
[ ]

[ ]–
x

x

x
=

1
…(ii)

Here, in Eq. (ii), [ ]x ¹ 1

But, if [ ]x = 1, then given equation

{ }x x= …(iii)

which is true only when x Î[ , )0 1
and [ ]x = 1 Þ x Î[ , )1 2 …(iv)

From Eqs. (iii) and (iv) no value of x,

when [ ]x = 1 …(v)

Now, from Eq. (ii), { }
[ ]

[ ]–
x

x

x
=

1
,

when [ ]x ¹ 1

Again, as we know { } [ , )x Î 0 1

\ 0
1

1£ <[ ]

[ ]–

x

x

i.e.
[ ]

[ ]–

x

x 1
1< and

[ ]

[ ]–

x

x 1
0³

i.e.
1

1
0

[ ]–x
< and {[ ]x £ 0 or [ ] }x > 1

i.e. [ ]x < 1 and {[ ]x £ 0 or [ ] }x > 1

[using number line rule]

i.e. [ ]x £ 0

\ x x x= +[ ] { } Þ x x
x

x
= +[ ]

[ ]

[ ]–1

Þ x
x

x
= [ ]

[ ]–

2

1
, [where x takes values less than 1]

\ x
x

x
= [ ]

[ ]–

2

1
, [where x < 1]

Þ x
x

x
= [ ]

[ ]–

2

1
,    [where [ ]x is any non-positive integer]

l Ex. 37 Find all possible values of x satisfying

[ ]

[ – ]

–

[ – ]

[ ]

x

x

x

x2

2 = +8 12

2

{ }

[ – ][ ]

x

x x

(where [ ] denotes the greatest integer function and { } is the

fractional part).

Sol. Here,
[ ]

[ – ]
–

[ – ]

[ ]

{ }

[ – ] [ ]

x

x

x

x

x

x x2

2 8 12

2
= +

Þ [ ] –[ – ]

[ – ] [ ]

{ }

[ ] [ – ]

x x

x x

x

x x

2 22

2

8 12

2
= +

Þ ([ ]–[ – ]) ([ ] [ – ])

[ – ] [ ]

{ }

[ ] [ – ]

x x x x

x x

x

x x

2 2

2

8 12

2

+ = +

Þ ([ ]–[ – ]) ([ ] [ – ]) { }x x x x x2 2 8 12+ = +
Þ ([ ]–[ ] ) ([ ] [ ]– ) { }x x x x x+ + = +2 2 8 12

[Q[ ] [ ]x I x I+ = + ]

Þ 4 1 8 12([ ]– ) { }x x= +
Þ [ ]– { }x x4 2= …(i)

Now, as we know 0 1£ <{ }x Þ 0 2 2£ <{ }x
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Þ 0 4 2£ <[ ]–x Þ 4 6£ <[ ]x

Þ [ ] ,x = 4 5

if

becomes

[ ] { } [ ]–

{

x x x= Þ = ü
ý
þ

4 2 4

0x =}

…(ii)

and if

becomes

[ ] { } [ ]–

{ }

x x x

x

= Þ =

=

ü
ý
ï

þï

5 2 4
1

2

…(iii)

Thus, from Eqs. (ii) and (iii), we have

x x x= +[ ] { }

i.e. x = + =4 0 4 [using Eq. (ii)]

and x = + =5
1

2

11

2
[using Eq. (iii)]

Þ x Îì
í
î

ü
ý
þ

4
11

2
,

l Ex. 38 If f x( ) is a polynomial function satisfying

f x f
x

f x f
x

( ) ( )× æ
èç

ö
ø÷

= + æ
èç

ö
ø÷

1 1

and f ( )4 65= . Find f ( ).6

Sol. Here, f x f
x

f x f
x

( ) ( )× æ
èç

ö
ø÷

= + æ
èç

ö
ø÷

1 1

Þ f x f
x

f x f
x

( ) – ( )× æ
èç

ö
ø÷

= æ
èç

ö
ø÷

1 1

Þ f x
f /x

f /x
( )

( )

( ) –
= 1

1 1
…(i)

Also, f x f
x

f x f
x

( ) ( )× æ
èç

ö
ø÷

= + æ
èç

ö
ø÷

1 1

Þ f x f
x

f
x

f x( ) – ( )× æ
èç

ö
ø÷

æ
èç

ö
ø÷

=1 1

Þ f
x

f x

f x

1

1

æ
èç

ö
ø÷

= ( )

( ) –
…(ii)

On multiplying Eqs. (i) and (ii), we get

f x f
x

f /x f x

f /x f x
( )

( ) ( )

{ ( ) – } { ( ) – }
× æ

èç
ö
ø÷

= ×1 1

1 1 1

Þ f
x

f x
1

1 1 1
æ
èç

ö
ø÷

é

ëê
ù

ûú
=– [ ( ) – ] …(iii)

Since, f x( ) is a polynomial function, so { ( ) – }f x 1 and

f
x

1
1

æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

– are reciprocals of each other. Also, x and
1

x
are

reciprocals of each other.

Thus, Eq. (iii) can hold only when

f x xn( ) – ,1 = ± where n RÎ

\ f x xn( ) = ± + 1, but f ( )4 65=

Þ ± + =4 1 65n Þ 4 64n =

Þ 4 43n = Þ n = 3 [Q4 0n > ]

So, f x x( ) = +3 1

Hence, f ( )6 6 1 2173= + =

Aliter Let f x a x a x a xn n n( ) – –= + +0 1
1

2
2

+ + +K a x an n– 1

Then, f x f
x

f x f
x

( ) ( )× æ
èç

ö
ø÷

= + æ
èç

ö
ø÷

1 1

Þ ( )–a x a x an n
n0 1

1+ + +K

a

x

a

x
a

n n n
0 1

1
+ + +æ

èç
ö
ø÷–

K

= + + + + + + +æ
èç

ö
ø÷

( )–

–
a x a x a

a

x

a

x
an n

n n n n0 1
1 0 1

1
K K

On comparing the coefficient of xn , we have

a a an0 0= Þ an = 1 [as a0 0¹ ]

Comparing the coefficient of xn - 1, we have

a a a a an n0 1 1 1– + =
Þ a a a an0 1 1 1– + = [as an = 1]

Þ a an0 1 0– =
Þ an – 1 0= [as a0 0¹ ]

Similarly, a a an n– – ......1 2 1 0= = = =
and a0 1= ±
\ f x xn( ) = ± + 1

Þ f n( )4 4 1= ± +

Þ 4 1 65n + = Þ 4 64n =
Þ n = 3

So, f x x( ) = +3 1

Hence, f ( )6 6 1 2173= + =

l Ex. 39 If f x( ) satisfies the relation,

f x y f x f y( ) ( ) ( )+ = + for all x y R, Î and f ( )1 5= , then

find f n
n

m

( )

=
å

1

. Also, prove that f x( ) is odd.

Sol. Here, f x y f x f y( ) ( ) ( )+ = + , put x r y= - =1 1,

f r f r f( ) ( – ) ( )= +1 1 …(i)

\ f r f r( ) ( – )= +1 5

Þ f r f r( ) { ( – ) }= + +2 5 5 [using definition]

Þ f r f r( ) ( – ) ( )= + ×2 2 5

Þ f r f r( ) ( – ) ( )= + ×3 3 5

………………………………

……………………………….

Þ f r f r r r( ) { – ( – )} ( – )= + ×1 1 5

Þ f r f r( ) ( ) ( – )= + ×1 1 5

Þ f r r( ) ( – )= + ×5 1 5

Þ f r r( ) = 5

\ f n n m
n

m

n

m

( ) ( ) [ ]= = + + + +
==

åå 5 5 1 2 3
11

K

= +5 1

2

m m( )
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Hence, f n
m m

n

m

( )
( )= +

=
å 5 1

21

…(ii)

Now, putting x y= =0 0, in the given function, we have

f f f( ) ( ) ( )0 0 0 0+ = +
\ f ( )0 0=
Also, putting (– )x for ( )y in the given function,

f x x f x f x( – ) ( ) (– )= +
Þ f f x f x( ) ( ) (– )0 = +
Þ 0 = +f x f x( ) (– )

Þ f x f x(– ) – ( )= …(iii)

Thus, f n
m m

n

m

( )
( )= +

=
å 5 1

21

and f x( ) is odd.

l Ex. 40 Let f x
x

x
( ) .=

+
9

9 3

Show that f x f x( ) ( – )+ =1 1

and hence evaluate

f f f f
1

1996

2

1996

3

1996

1995

1996

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷
+ æ

èç
ö
ø÷
+ +K

æ
èç

ö
ø÷

.

Sol. Given, f x
x

x
( ) =

+
9

9 3
…(i)

Þ f x
x

x
( – )

–

–
1

9

9 3

1

1
=

+

Þ f x
x

x

x
( – )1

9

9
9

9
3

9

9 3 9
=

+
=

+ ×

f x
x

( – )
( )

1
9

3 3 9
=

+
…(ii)

On adding Eqs. (i) and (ii), we get

f x f x
x

x x
( ) ( – )

( )
+ =

+
+

+
1

9

9 3

9

3 3 9

= × +
+

3 9 9

3 9 3

x

x( )
= +

+
3 9 3

3 9 3

( )

( )

x

x

\ f x f x( ) ( – )+ =1 1 …(iii)

Now, putting x = 1

1996

2

1996

3

1996

998

1996
, , , ,K in Eq. (iii), we

get

f f
1

1996

1995

1996
1

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=

Þ f f
2

1996

1994

1996
1

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=

Þ f f
3

1996

1993

1996
1

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=

……………………………………

……………………………………

Þ f f
997

1996

999

1996
1

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=

Þ f f
998

1996

998

1996
1

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=

or f
998

1996

1

2

æ
èç

ö
ø÷

=

On adding all the above expressions, we get

f f f
1

1996

2

1996

1995

1996

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

+ + æ
èç

ö
ø÷

K

= + + + + +( )1 1 1 997
1

2
K to times

= +997
1

2

= 997 5.

l Ex. 41 ABCD is a square of side a. A line parallel to the

diagonal BD at a distance x from the vertex A cuts the two

adjacent sides. Express the area of the segment of the square

with A at a vertex, as a function of x.

Sol. There are two different situations,

(i) when x AP OA= £ ,

i.e. x
a£
2

(ii) when x AP OA= > ,

i.e. x
a>
2

but x a£ 2

Case I ar ( )D AEF x x x= × =1

2
2 2

Case II ar ( ) ( ) – ( )ABEFDA ABCD CEF= ar ar D

= -a a x a x2 1

2
2 2 2– ( ) ( – )

ar ( ) – –ABEFDA ax x a= 2 2 2 2

\ f x

x x
a

ax x a
a

( ) =
£ £, 0

– – ,

2

2 2

2

2 2
2

2< £

ì

í
ï

î
ï x a
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l Ex. 42 A function R R® is defined by

f x
x x

x x
( ) .= + -

+ -
a
a

2

2

6 8

6 8

Find the interval of values of a for

which f is onto. Is the function one-one for a = 3? Justify

your answer. [IIT JEE 1996]

Sol. Since, f R R: ¾® is an onto mapping.

\ Range of f R=

Þ a
a

x x

x x

2

2

6 8

6 8

+ -
+ -

assumes all real values of x.

Let y
x x

x x
= + -

+ -
a
a

2

2

6 8

6 8

Then, y assumes all real values for real values of x.

Þ a ay xy x y x x+ - = + -6 8 6 82 2 , " y RÎ

Þ x y x y y2 8 6 1 8 0( ) ( ) ( )a a+ + - - + = , " y RÎ

We know, above equation assumes all real values.

So, D ³0

Þ 36 1 4 8 8 02( ) ( ) ( )- + + + ³y y ya a
Þ 4 9 1 2 8 64 8 02 2 2[ ( ) ( )]- + + + + + ³y y y y ya a a
Þ [ ]9 18 9 8 64 8 02 2 2- + + + + + ³y y y y ya a a
Þ [ ( ) ( ) ( )]y y2 28 9 46 8 9 0a a a+ + + + + ³

We know, if ax bx c2 0+ + ³ , " x and a > 0 Þ D £ 0

So, ( ) ( ) ( )a a a2 246 4 8 9 8 9 0+ - + + £ and ( )8 9 0a + >

Þ ( ) [ ( )]a a2 2 246 2 8 9 0+ - + £ and a > - 9 8/

Þ ( ) ( )a a a a2 246 16 18 46 16 18 0+ - - + + + £
and a > - 9 8/

( ) ( )a a a a2 216 28 16 64 0- + + + £ and a > -9 8/

Þ ( ) ( ) ( )a a a- - + £14 2 8 02 and a > - 9 8/

a Î È[ , ] {– }2 14 8 and a > - 9 8/

Thus, a Î[ , ]2 14

Hence, f is onto when a Î[ , ]2 14 .

Again, if a = 3, we have, f x
x x

x x
( ) .= + -

+ -
3 6 8

3 6 8

2

2

Clearly, f f( ) (– )1 1= ,  which shows f x( ) is not one-one.

l Ex. 43 Let f x y( , ) be a periodic function satisfying the

condition f x y f x y y x( , ) (( ), ( ))= + -2 2 2 2 , " Îx y R, . Now,

define a function g by g x f x
( , ) ( , ).0 2 0= Then, prove that

g x( ) is a periodic function and find its period.

Sol. We have f x y f x y y x( , ) ( , – )= +2 2 2 2 …(i)

Þ f x y y x f x y y x( , – ) { ( ) ( – ),2 2 2 2 2 2 2 2 2 2+ = + +
2 2 2 2 2 2( – ) – ( )}y x x y+ [using Eq. (i)]

Þ f x y f x y y x f y x( , ) ( , – ) ( , – )= + =2 2 2 2 8 8

Þ f x y f y x( , ) ( ,– )= 8 8 …(ii)

Þ f y x f x y( , – ) { (– ), – ( )}8 8 8 8 8 8= [using Eq. (ii)]

Þ f x y f x y y x f y x( , ) ( , – ) ( , – )= + =2 2 2 2 8 8

= f x y(– , – )64 64

Þ f x y f x y( , ) (– , – )= 64 64 …(iii)

Þ f x y f x y(– , – ) ( , )64 64 64 64 64 64= ´ ´

= f x y( , )2 212 12

Þ f x y f x y( , ) ( , )= 2 212 12 [using Eq. (iii)]

Þ f f fx x x( , ) ( , ) ( , )2 0 2 2 0 2 012 12= × = + …(iv)

Given, g x f x( , ) ( , )0 2 0=

Þ g x f fx x( , ) ( , ) ( , )0 2 0 2 012= = + [using Eq. (iv)]

Þ g x g x( , ) ( , )0 12 0= +
Hence, g x( ) is periodic with period 12.

l Ex. 44 Solve the equation

10 2 10 10
1 3 4 1 2 1

2
( )( ) ( ) ( ) – –

– .
x x x x x x+ + + +× =

Sol. Given equation is

10 2 10
10

10

3 7 4 3 22 2

2

x x x x

x x

+ + + +
+

× =–

Þ 10 2 10 104 8 4 2 4 22 2x x x x+ + + +× =–

Þ 10 2 10 104 2 1 2 2 12 2( ) ( )–x x x x+ + + +× =

Þ 10 2 10 104 1 2 1 22( ) ( )–x x+ +× =

Þ { } – { }( ) ( )10 2 10 102 1 2 2 1 22x x+ +× = …(i)

Let 102 1 2( )x y+ = …(ii)

Þ y y2 2 10– = Þ y y2 2 10 0– – =

Þ y =
± +2 4 40

2

Þ y = ±1 11

Þ y = +1 11 [neglecting –ve sign as y > 0]

Þ 10 1 112 1 2( )x + = +

Þ 2 1 1 112
10( ) log ( )x + = +

Þ ( ) log ( )x + = +1
1

2
1 112

10

Þ x + = ± +1
1

2
1 1110log ( )

Hence, x = ± +– log ( )1
1

2
1 1110

l Ex. 45 Find the real solution of

[ ] [ ] [ ] [ ] ,x x x x K+ + + = +5 10 20 36 35 K Îinteger, where [ ]×
denotes the greatest integral function.

Sol. Let x a r= + , where a Î integer and r Î[ , )0 1 . Then, there
are four cases
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(i) 0
1

20
£ <r (ii)

1

20

1

10
£ <r

(iii)
1

10

1

5
£ <r (iv)

1

5
1£ <r

Case I If 0
1

20
£ < ×r

\ [ ] [ ] [ ] [ ]x x x x K+ + + = +5 10 20 36 35

Þ [ ] [ ] [ ] [ ]a r a r a r a r+ + + + + + +5 5 10 10 20 20 = +36 35K

Þ a a a a K+ + + = +5 10 20 36 35

[by definition of the greatest integer function]

Þ 36 36 35a K= + ,

which is not possible for any values of a and K as they
belongs to integers. …(i)

Case II If
1

20

1

10
£ < ×r

\ [ ] [ ] [ ] [ ]x x x x K+ + + = +5 10 20 36 35

Þ [ ] [ ] [ ] [ ]a r a r a r a r+ + + + + + +5 5 10 10 20 20
= +36 35K

Þ a a a a K+ + + + = +5 10 20 1 36 35

Þ 36 1 36 35a K+ = +
Þ 36 36 34a K= + ,

which is again not possible, " Îa K, integer. …(ii)

Case III If
1

10

1

5
£ < ×r

\ [ ] [ ] [ ] [ ]x x x x K+ + + = +5 10 20 36 35

Þ [ ] [ ] [ ]a r a r a r a r+ + + + + + +5 5 10 10 20 20[ ] = +36 35K

Þ a a a a K+ + + + + = +5 10 1 20 2 36 35

Þ 36 3 36 35a K+ = +
Þ 36 36 32a K= + ,

which shows no value of a and K can be given. …(iii)

Case IV If
1

5
1£ <r .

\ [ ] [ ] [ ] [ ]x x x x K+ + + = +5 10 20 36 35

Þ [ ] [ ] [ ] [ ]a r a r a r a r+ + + + + + +5 5 10 10 20 20 = +36 35K

Þ a a a a K+ + + + + + = +5 1 10 2 20 4 36 35

Þ 36 7 36 35a K+ = +
Þ 36 36 28a K= +
Again, no solution is possible. …(iv)

Hence, from Eqs. (i), (ii), (iii), (iv) there exists no real value
which possesses solution.

l Ex. 46 Let f N N: ® be a function such that

(i) x f x
x f x

– ( ) –

( )= é
ëê

ù
ûú

é
ëê

ù
ûú

19

19

90

90

, " Îx N, where [ ]×

denotes the greatest integer  function.

(ii) 1900 1990 2000< <f ( ) .

Find all the possible values of f ( ).1990

Sol. Since, 1900 1990 2000< <f ( )

Þ 1900

90

1990

90

2000

90
< <f ( ) Þ 21 1

1990

90
22 2.

( )
.< <f

\ f ( )
,

1990

90
21 22

é
ëê

ù
ûú

= …(i)

Given, x f x
x f x

– ( ) –
( )= é

ëê
ù
ûú

é
ëê

ù
ûú

19
19

90
90

.

Now, there are two cases arise.

Case I
f ( )1990

90
21

é
ëê

ù
ûú

=

We have, 1990 1990 19
1990

19
90

1990

90
– ( ) –

( )
f

f= é
ëê

ù
ûú

é
ëê

ù
ûú

1990 1990 19 104 90 21- = × - ×f ( ) ( ) ( )

Þ f ( )1990 1904= … (ii)

Case II
f ( )1990

90
22

é
ëê

ù
ûú

=

We have, 1990 1990 19
1990

19
90

1990

90
– ( ) –

( )
f

f= é
ëê

ù
ûú

é
ëê

ù
ûú

Þ f ( )1990 1994= … (iii)

From Eqs. (ii) and (iii), we have f ( )1990 1904= or  1994.

l Ex. 47 Solve the system of equations;

| – | ,x x y2

2 1+ = x y2

1+ =| | .

Sol. Here, | – |x x y2 2 1+ = and x y2 1+ =| | gives four cases as

Case I x x2 2 0– ³ and y ³ 0 …(i)

Equations are x x y2 2 1– + = and x y2 1+ =
Þ 1 2 1– x = Þ x = 0 and y = 1 …(ii)

From Eq. (i), x x2 2 0– ³ Þ x £ 0 x ³ 2 and y ³ 0

Thus, x = 0 and y = 1 is the only solution when

x x2 2 0– ³ and y ³ 0

Case II x x2 2 0– ³ and y < 0

Þ ( )x £ ³0 2or x and ( )y < 0 …(iii)

\ Equations are x x y2 2 1– + = and x y2 1– = .

Adding these equations, we get

2 2 22x x– =

or x = ±1 5

2
and y = ±1 5

2
…(iv)

From Eqs. (iii) and (iv), x = 1 5

2

–
and y = 1 5

2

–

Case III x x2 2 0– £ and y ³ 0.

Þ ( )0 2£ £x and ( )y ³ 0 …(v)

Equations are –x x y2 2 1+ + = and

x y2 1+ = , subtracting, we get

–2 2 02x x+ = Þ x = 0 1,

i.e. x y= =0 1, or x y= =1 0, …(vi)

which satisfy Eq. (v).
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Case IV x x2 2 0– £ and y £ 0.

Þ ( )0 2£ £x and ( )y £ 0 …(vii)

\ Equations are –x x y2 2 1+ + = and x y2 1– = ,

adding, we get 2 2x = Þ x = 1

and y = 0 which satisfies Eq. (vii).

Thus, solutions are

( , )x y= =0 1 ( , )x y= =1 0 and x y= =
æ
è
ç

ö
ø
÷

1 5

2

–
.

l Ex. 48 Let f and g be real-valued functions such that

f x y f x y f x g y x y R( ) ( – ) ( ) ( ), ,+ + = × " Î2 . Prove that, if

f x( ) is not identically zero and | ( )|f x £1, " Îx R, then

| ( )|g y £1, " Îy R.

Sol. Let maximum value of f x( ) be M.

Þ max | ( )| ,f x M= where 0 1< £M …(i)

[since, f is not identically zero and | ( )|f x £ 1, " Îx R]

Now, f x y f x y f x g y( ) ( – ) ( ) ( )+ + = ×2

Þ | ( )| | ( )| | ( ) ( – )|2f x g y f x y f x y× = + +
Þ 2 | ( )| | ( )| | ( )| | ( – )|f x g y f x y f x y× £ + +

[as | | | | | |a b a b+ £ + ]

Þ 2 | ( )| | ( )|f x g y M M× £ +
[using Eq. (i), i.e. max | ( )|f x M= ]

Þ | ( )|g y £ 1 , " Îy R

Thus, if f x( ) is not identically zero and | ( )|f x £ 1, " Îx R,
then | ( )| ,g y £ 1 " Îy R.

l Ex. 49 If p and q are positive integers, f is a function

defined for positive numbers and attains only positive values

such that f x f y x yp q
( ( )) = , then prove that q p= 2

.

Sol. For x
f y

= 1

( )
, we have

f x
x f y

y
p

q×æ
èç

ö
ø÷

= ×1 1

( )

Þ f
y

f y

q

p
( )

{ ( )}
1 =

Þ f y
y

f

q/p

/p
( )

{ ( )}
=

1 1

For y =1,  we have f ( )1 1=
\ f y yq/p( ) =

or f x xq/p( ) = …(i)

Hence, f x y x yq/p p q( )× = ×

Let y zq/p =

Þ y z p/q=

Þ f x z x zp p( )× = ×

or f x x p( ) = …(ii)

From Eqs. (i) and (ii), we have x xq/p p=

Þ q

p
p= or q p= 2
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1. f x

x x

x1

0 1

1 1

0

( )

,

,

,

=
£ £
>

ì
í
ï

îï

for

for

otherwise

and

f x f x x

f x f x x

f x f

2 1

3 2

4

( ) ( ),

( ) ( ), .

( )

= -
= -
=

for all

for all

3 ( ),-x xfor all

Which of the following is necessarily true?
(a) f x f x4 1( ) ( )= , for all x (b) f x f x1 3( ) ( )= - - , for all x

(c) f x f x2 4( ) ( )- = , for all x (d) f x f x1 3 0( ) ( )+ = , for all x

2. Which one of the following is an odd function?

3. If f x
x x

( ) =
-

+
+

8

1

8

1
and g x

f x f x
( )

(sin ) (cos )
= +4 4

,

the g x( ) is periodic with period

(a)
p
2

(b) p (c)
3

2

p
(d) 2p

4. Let f be a function defined by f xy
f x

y
( )

( )= for all

positive real numbers x and y. If f ( )30 20= , the value of
f ( )40 is

(a) 15 (b) 20 (c) 40 (d) 60

5. Let f x e e xx

( ) { }| |

= sgn and g x e e xx

( ) [ ]| |

= sgn , x RÎ , where

{ }x and [ ]x denote fractional part and greatest integer
function, respectively. Also, h x f x g x( ) log( ( )) log( ( ))= + ,
then for all real x, h x( ) is
(a) an odd function

(b) an even function

(c) neither odd nor even function

(d) both odd as well as even function

6. Which of the following function is surjective but not
injective?

(a) f R R: ® , f x x x x( ) = + - +4 3 22 1

(b) f R R: ® , f x x x( ) = + +3 1

(c) f R R: ® + , f x x( ) = +1 2

(d) f R R: ® , f x x x x( ) = + - +3 22 1

7. If f x x x( ) = + -2 7 93 , then f -1 4( ) is

(a) 1 (b) 2 (c) 1/3 (d) non-existent

8. The range of the function

f x
e x x x

x x

x x

( )
log ( )= × × × - +

- +

+5 7 10

2 11 12

2 2 2

2
is

(a) ( , )- ¥ ¥ (b) [ , )0 ¥ (c)
3

2
, ¥æ

èç
ö
ø÷ (d)

3

2
4,

æ
èç

ö
ø÷

9. If x = -cos (cos )1 4 and y = -sin (sin )1 3 , then which of the

following holds?
(a) x y- = 1 (b) x y+ + =1 0

(c) x y+ =2 2 (d) x y+ = -3 7p

10. Let f x
x x

x x

x

x
( )

sin sin

cos sin

cos

sin

/

= +
+

× -
-

æ
è
ç

ö
ø
÷

2 2

2 2

1

1

2 3

; x RÎ .

Consider the following statements.

I. Domain of f is R.

II. Range of f is R.

III. Domain of f is R n n I- - Î( ) ,4 1
2

p
.

IV. Domain of f is R n- +( )4 1
2

p
, n IÎ .

Which one of the following is correct?

(a) I and II (b) II and III

(c) III and IV (d) II, III and IV

11. If f x e x x x( ) sin( [ ]) cos= - p , where [ ]x denotes the greatest

integer function, then f x( ) is
(a) non-periodic

(b) periodic with no fundamental period

(c) periodic with period 2

(d) periodic with period p

12. The range of the function,

f x x x( ) cot (log ( )).= - +-1
0 5

4 22 3 is

(a) ( ,0 p) (b) 0
3

4
,

pæ
èç

ù
ûú

(c)
3

4

p p,
é
ëê

ö
ø÷ (d)

p p
2

3

4
,

é
ëê

ù
ûú

13. Range of f x
x e x

( )
log( )

=
+

é

ë
ê
ê

ù

û
ú
ú

+
+

1 1

1
2 2

, where [×]

denotes greatest integer function, is

(a) 0
1

2, { }
e

e

+æ
èç

ö
ø÷ È (b) ( , )0 1

(c) ( , ] { }0 1 2È (d) [ , ) { }0 1 2È

14. The period of the function f x x x( ) sin ( [ ])= + - +3 3 ,

where [×] denotes greatest integer function, is
(a) 2 3p + (b) 2p (c) 1 (d) 4
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15. Which one of the following functions best represent the
graph as shown below?

(a) f x
x

( ) =
+
1

1 2
(b) f x

x
( )

| |
=

+
1

1

(c) f x e x( ) | |= - (d) f x a ax( ) ,| |= > 1

16. The solution set for [ ] { }x x = 1, where { }x and [ ]x denote

fractional part and greatest integer functions, is

(a) R + - ( , )0 1 (b) R + - { }1

(c) m
m

m I+ Î -ì
í
î

ü
ý
þ

1
0; { } (d) m

m
m N+ Î -ì

í
î

ü
ý
þ

1
1; { }

17. The domain of definition of function

f x x x x( ) log( )= - - - -2 5 24 2 , is

(a) ( , ]- ¥ -3 (b) ( ] [ , )- ¥ - È ¥3 8

(c) -¥ -æ
èç

ö
ø÷,

28

9
(d) None of these

18. If f x( ) is a function f : R R® , we say f x( ) has property

I. If f f x x( ( )) = for all real numbers x.

II. If f f x x( ( ))- = - for all real numbers x.

How many linear functions, have both property I and II?
(a) 0 (b) 2

(c) 3 (d) Infinite

19. Let f x
x

x
( ) =

+1
and g x

rx

x
( ) =

-1
. Let S be the set of all

real numbers r , such that f g x g f x( ( )) ( ( ))= for infinitely
many real numbers x. The number of elements in set S is
(a) 1 (b) 2

(c) 3 (d) 5

20. Let f x( ) be linear functions with the properties that

f f( ) ( )1 2£ , f f( ) ( )3 4³ and f ( )5 5= . Which one of the
following statements is true?
(a) f ( )0 0< (b) f ( )0 0=
(c) f f f( ) ( ) ( )1 0 1< < - (d) f ( )0 5=

21. Suppose R is relation whose graph is symmetric to both
X -axis andY -axis and that the point ( , )1 2 is on the graph
of R. Which one of the following is not necessarily on
the graph of R?
(a) ( , )-1 2 (b) ( , )1 2-
(c) ( , )- -1 2 (d) ( , )2 1

22. The area between the curve 2 1{ } [ ] ,y x= + 0 1£ <y ,

where { }× and [ ]× are the fractional part and greatest
integer functions, respectively and the X-axis, is

(a)
1

2
(b) 1 (c) 0 (d)

3

2

23. If f x x( ) sin= -1 and g x x x( ) [sin (cos )] [cos (sin )],= +

then range of f g x( ( )) is (where, [ ]× denotes greatest
integer function)

(a)
-ì

í
î

ü
ý
þ

p p
2 2

, (b)
-ì

í
î

ü
ý
þ

p
2

0,

(c) 0
2

,
pì

í
î

ü
ý
þ

(d) -ì
í
î

ü
ý
þ

p p
2

0
2

, ,

24. The number of solutions of the equation

e e x xx x2 22 10 11+ - = + +[{ }] is

(where, { }x denotes fractional part of x and [ ]x denotes
greatest integer function)
(a) 0 (b) 1 (c) 2 (d) 3

25. Total number of values of x, of the form
1

n
,n NÎ in the

interval x Îé
ëê

ù
ûú

1

25

1

10
, , which satisfy the equation

{ } { } . . . { }x x x x+ + + =2 12 78 (where, { }× represents
fractional part function), is
(a) 12 (b) 13

(c) 14 (d) 15

26. The sum of the maximum and minimum values of the

functionf x
x x

( )
( cos sin )

=
+ -

1

1 2 4 2
is

(a)
22

21
(b)

21

20
(c)

22

20
(d)

21

11

27. Let f X Y: ® , f x x x( ) sin cos= + + 2 2 be invertible,

then X Y® is/are

(a)
p p
4

5

4
2 3 2, [ , ]

é
ëê

ù
ûú

®

(b) -é
ëê

ù
ûú

®p p
4

3

4
2 3 2, [ , ]

(c) -é
ëê

ù
ûú

® -3

4

3

4
2 3 2

p p
, [ , ]

(d) - -é
ëê

ù
ûú

®3

4 4
2 3 2

p p
, [ , ]

28. The range of values of a, so that all the roots of the
equation 2 3 12 03 2x x x a- - + = are real and distinct,
belongs to
(a) (7, 20) (b) (–7, 20)
(c) (–20, 7) (d) (–7, 7)
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29. If f x( ) is continuous such that | ( ) |f x £ 1, " Îx R and

g x
e e

e e

f x f x

f x f x
( )

( ) | ( ) |

( ) | ( ) |
= -

+
, then range of g x( ) is

(a) [0, 1] (b) 0
1

1

2

2
,
e

e

+
-

é

ë
ê

ù

û
ú

(c) 0
1

1

2

2
,

e

e

-
+

é

ë
ê

ù

û
ú (d)

1

1
0

2

2

-
+

é

ë
ê

ù

û
ú

e

e
,

30. Let f x x x( ) | | { }= - , where {×} denotes the fractional

part of x and X Y, and its domain and range respectively,
then
(a) f X Y: ® : y f x= ( ) is one-one function

(b) X Î - ¥ -æ
èç

ù
ûú

È ¥, [ , )
1

2
0 and Y Î ¥é

ëê
ö
ø÷

1

2
,

(c) X Î - ¥ -æ
èç

ù
ûú

È ¥, [ , )
1

2
0 and Y Î ¥[ , )0

(d) None of the above

31. If the graphs of the functions y x= ln and y ax=
intersect at exactly two points, then a must be

(a) ( , )0 e (b)
1

0
e

,
æ
èç

ö
ø÷

(c) 0
1

,
e

æ
èç

ö
ø÷ (d) None of these

32. A quadratic polynomial maps from [ , ]-2 3 onto [ , ]0 3 and

touches X -axis at x = 3, then the polynomial is

(a)
3

16
6 162( )x x- + (b)

3

25
6 92( )x x- +

(c)
3

25
6 162( )x x- + (d)

3

16
6 92( )x x- +

33. The range of the function y x x= - -2
3

4

2{ } { }

(where, { × } denotes the fractional part) is

(a) -é
ëê

ù
ûú

1

4

1

4
, (b) 0

1

2
,

é
ëê

ö
ø÷

(c) 0
1

4
,

é
ëê

ù
ûú

(d)
1

4

1

2
,

é
ëê

ù
ûú

34. Let f x( ) be a fourth differentiable function such that

f x xf x( ) ( ),2 1 22 - = " Îx R, then f iv ( )0 is equal to

(where, f iv ( )0 represents fourth derivative of f x( ) at

x = 0)
(a) 0 (b) 1

(c) – 1 (d) Data insufficient

35. Number of solutions of the equation [ [ ]] cosy y x+ = 2 is

(where, y x x x= + +1

3
[sin [sin [sin ]]]and [×] denotes

the greatest integer function)

(a) 1 (b) 2

(c) 3 (d) None of these

36. If a function satisfies f x f x f x( ) ( ) ( )+ + - =1 1 2 , then

period of f x( ) can be
(a) 2 (b) 4 (c) 6 (d) 8

37. If x and a are real, then the inequation

log log cos2 2 2 0x x+ + £a
(a) has no solution

(b) has exactly two solutions

(c) is satisfied for any real a and any real x in (0, 1)

(d) is satisfied for any real a and any real x in ( , )1 ¥

38. The range of values of ‘a’ such that
1

2

2æ
èç

ö
ø÷

= -
| |x

x a is

satisfied for maximum number of values of ‘x’
(a) ( , )- ¥ -1 (b) ( , )- ¥ ¥ (c) ( , )-1 1 (d) ( , )- ¥1

39. Let f R R: ® be a function defined by f x x( ) {| cos | }= ,
where { }x represents fractional part of x. Let S be the set
containing all real values x lying in the interval [ , ]0 2p
for which f x x( ) | cos | .¹ The number of elements in the
set S is
(a) 0 (b) 1 (c) 3 (d) infinite

40. The domain of the function

f x x xx x( ) log ( | cos | cos )sin cos= ++ , 0 £ £x p is

(a) ( , )0 p (b) 0
2

,
pæ

èç
ö
ø÷

(c) 0
3

,
pæ

èç
ö
ø÷ (d) None of these

41. If f x x x( ) ( ) /= + + -2 2 1 42 1a a has its domain and

range such that their union is set of real numbers, then
a satisfies
(a) - < <1 1a (b) a £ -1

(c) a ³ 1 (d) a £ 1

42. Let f e R: ( , )¥ ® be a function defined by

f x x( ) log (log (log ))= , the base of the logarithm being e.
Then,

(a) f is one-one and onto

(b) f is one-one but not onto

(c) f is onto but not one-one

(d) the range of f is equal to its domain

43. The expression x px q2 24 0- + > for all real x and also

r p qr2 2+ < , the range of f x
x r

x qx p
( ) = +

+ +2 2
is

(a)
p

r

q

r2 2
,

é
ëê

ù
ûú

(b) ( , )0 ¥

(c) ( , )- ¥ 0 (d) ( , )- ¥ ¥

44. Let f x
x x x x

x
( ) .= - - +

-

4 3 23 3l l
l

If range of f x( ) is the

set of entire real numbers, the true set in which l lies is
(a) [ , ]-2 2 (b) [ , ]0 4

(c) ( , )1 3 (d) None of these
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45. Let a = +3 11 224/ and for all n ³ 3,

let f n C a C a C an n n n n n( ) = - +- - -
0

1
1

2
2

3

+ + - × ×-
-. . . ( ) .1 1

1
0n n

nC a

If the value of f f K( ) ( ) ,2016 2017 3+ = the value of K is

(a) 6 (b) 8
(c) 9 (d) 10

46. The area bounded by f x x( ) sin (sin )= -1 and

g x x( ) = - - -æ
èç

ö
ø÷

p p p
2 2 2

2 2

is

(a)
p 3

8
sq units (b)

p 2

8
sq units

(c)
p 3

2
sq units (d)

p 2

2
sq units

47. If f R R: ® , f x
x bx

x x b
( ) ,= + +

+ +

2

2

1

2
( )b > 1 and f x( ) ,

1

f x( )

have the same bounded set as their range, the value of b

is

(a) 2 3 2- (b) 2 3 2+
(c) 2 2 2- (d) 2 2 2+

48. The period of sin
[ ]

cos
[ ]

tan
[ ]p p px x x

12 4 3
+ + , where

[ ]x represents the greatest integer less than or equal to x

is
(a) 12 (b) 4
(c) 3 (d) 24

49. If f x y x y x( , )2 3 2 7 20+ - = , then f x y( , ) equals

(a) 7 3x y- (b) 7 3x y+
(c) 3 7x y- (d) x y-

50. The range of the function f x x x( ) = - + -1 2 3 is

(a) [ , ]2 2 2 (b) [ , ]2 10

(c) [ , ]2 2 10 (d) [ , ]1 3

51. The domain of the function

f x x( ) cos ( (cos ))= - -1 1sec

+ - -sin ( (sin ))1 1cosec x is

(a) x RÎ (b) x = -1 1,

(c) - £ £1 1x (d) x Îf

52. Let f x( ) be a polynomial one-one function such that

f x f y f x f y f xy( ) ( ) ( ) ( ) ( )+ = + +2 , " x,y RÎ - { },0

f ( ) ,1 1¹ f ¢ =( ) .1 3

Let g x
x

f x f x dx
x

( ) ( ( ) ) ( ) ,= + - ò4
3

0
then

(a) g x( ) = 0 has exactly one root for x Î( , )0 1

(b) g x( ) = 0 has exactly two roots for x Î( , )0 1

(c) g x x R( ) , { }¹ " Î -0 0

(d) g x x R( ) , { }= " Î -0 0

53. Let f x( ) be a polynomial with real coefficients such that

f x f x f x( ) ( ) ( )= ¢ ´ ¢ ¢ ¢ . If f x( ) = 0 is satisfied x = 1 2 3, ,
only, then the value of f f f¢ ¢ ¢( ) ( ) ( )1 2 3 is
(a) positive (b) negative

(c) 0 (d) Inadequate data

54. Let A = { , , , , }1 2 3 4 5 and f A A: ® be an into function

such that f i i( ) ,¹ " Îi A, then number of such functions
f are
(a) 1024 (b) 904

(c) 980 (d) None of these

55. If functions f n: { , , . . . , } { , }1 2 1995 1996® satisfying

f f f( ) ( ) . . . ( )1 2 1996+ + + = odd integer are formed, the
number of such functions can be

(a) 2n (b) 2 2n/ (c) n2 (d) 2 1n -

56. The range of y x x x= - + -sin sin sin3 26 11 6 is

(a) [ , ]- 24 2 (b) [ , ]- 24 0

(c) [ , ]0 24 (d) None of these

57. Let f x x x( ) = -2 2 and g x f f x f f x( ) ( ( ) ) ( ( ))= - + -1 5 ,

then
(a) g x x R( ) ,< " Î0

(b) g x( ) < 0, for some x RÎ
(c) g x( ) ³ 0, for some x RÎ
(d) g x x R( ) ,³ " Î0

58. If f x g x( ) and ( ) are non-periodic functions, then

h x f g x( ) ( ( ))= is
(a) non-periodic

(b) periodic

(c) may be periodic

(d) always periodic, if domain of h x( ) is a proper subset of

real numbers

59. If f x( ) is a real-valued function discontinuous at all

integral points lying in [ , ]0 n and if ( ( ))f x 2 1= ,

" Îx n[ , ]0 , then number of functions f x( ) are

(a) 2 1n + (b) 6 3´ n (c) 2 3 1´ -n (d) 3 1n +

60. A function f from integers to integers is defined as

f x
n n

n n
( )

,

/ ,
=

+ Î
Î

ì
í
î

3

2

odd

even

Suppose k Îodd and f f f k( ( ( ))) = 27, then the sum of
digits of k is
(a) 3 (b) 6 (c) 9 (d) 12

61. If f R R f x
x

x x
: ( )

sin ( { })® =
+ +

and
p

4 23 7
, where { } is a

fractional part of x, then
(a) f is injective

(b) f is not one-one and non-constant

(c) f is a surjective

(d) f is a zero function
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62. Let f R R: ® and g R R: ® be two one-one and onto
functions, such that they are the mirror images of each other
about the line y a= . If h x f x g x( ) ( ) ( ),= + then h x( ) is

(a) one-one and onto

(b) only one-one and not onto

(c) only onto but not one-one

(d) None of the above

63. Domain of the function f x( ), if 3 3x f x+ =( ) minimum of

f( )t , where f =( )t min { ,2 15 36 253 2t t t- + - 2 + | sin | }t

is
(a) ( , )- ¥ 1

(b) ( , log )- ¥ 3 e

(c) ( , log )0 23

(d) ( , log )- ¥ 3 2

64. Let x be the elements of the set
A = {1,2,3,4,5,6,8,10,12,15,20,24,30,40,60,120} and
x x x1 2 3, , be positive integers and d be the number of
integral solutions of x x x x1 2 3 = , then d is
(a) 100 (b) 150
(c) 320 (d) 250

65. If A c d u v> 0, , , , are non-zero constants and the graph of

f x Ax c d( ) = + + and g x Ax u v( ) = - + + intersect

exactly at two points ( , )1 4 and ( , )3 1 , then the value of
u c

A

+
equals

(a) 4 (b) -4
(c) 2 (d) -2

66. If f x x x x a x b x x R( ) sin cos ,= + + + + " Î3 23 4 is a

one-one function, then the greatest value of ( )a b2 2+ is

(a) 1 (b) 2
(c) 2 (d) None of these

67. If two roots of the equation

( )( ) ( )( )p x x p x x- + + - + + + =1 1 1 1 02 2 4 2 are real and

distinct and f x
x

x
( ) ,= -

+
1

1
then f f x f f

x
( ( )) + æ

èç
ö
ø÷

æ
èç

ö
ø÷

1
is

equal to
(a) p (b) -p
(c) 2p (d) -2p

68. Let f x x x x x( ) . . .= + + + + +13 12 112 3 13 14 and

a p p= +cos sin .
2

15

2

15
i If N f f f= ( ) ( ). . . . ( ),a a a2 14 then

(a) number of divisors of N is 144

(b) number of divisors of N is 196

(c) number of divisors of N which are perfect squares

of 49

(d) number of divisors of N which are perfect square

of 12

69. The sum of the maximum and minimum values of

function f x x x x( ) sin cos sec= + +- - -1 1 12 2 2 is

(a) p (b)
p
2

(c) 2p (d)
3

2

p

70. The complete set of values of ‘a’ for which the function

f x x x a( ) tan ( )= - + >-1 2 18 0, " Îx R, is

(a) ( , )81 ¥ (b) [ , )81 ¥
(c) ( , )- ¥ 81 (d) ( , ]- ¥ 81

71. The domain of the function

f x
x x x

( )
| | sin sin

=
-

+
+ +

-sin 1

2 2

1

1

1

1
is

(a) ( , )- ¥ ¥
(b) ( , ] [ , )- ¥ - È ¥2 2

(c) ( , ] [ , ) { }- ¥ - È ¥ È2 2 0

(d) None of the above

72. The domain of f x
x x

x x
( )

log (sin )

log ( )
=

+ +

- +

-1 2

2

1

1
is

(a) ( , )-1 1 (b) ( , ) ( , )- È1 0 0 1

(c) ( , ) { }- È1 0 1 (d) None of these

73. The domain of f x x x x( ) sin ( ) cos= - +- -1 3 13 4 is

equal to

(a) - -
é

ë
ê

ù

û
ú È

é

ë
ê

ù

û
ú1

3

2
0

3

2
, , (b) - -é

ëê
ù
ûú

È é
ëê

ù
ûú

1
1

2
0

1

2
, ,

(c) 0
1

2
,

é
ëê

ù
ûú

(d) None of these

74. The domain of the function

f x x x x( ) / ( ) ( )= + - -- -4 8 52 22 3 2 2 16 is

(a) ( , )0 1 (b) [ , )3 ¥
(c) [ , )1 0 (d) None of these

75. The domain of derivative of the function

f x x( ) | sin ( ) |= --1 22 1 is

(a) ( , )-1 1 (b) ( , ) ~ ,- ±ì
í
î

ü
ý
þ

1 1 0
1

2

(c) ( , ) ~ { }-1 1 0 (d) ( , ) ~- ±ì
í
î

ü
ý
þ

1 1
1

2

76. The range of a function

f x x x( ) tan {log ( )}/= - +-1
5 4

25 8 4 is

(a)
-æ

èç
ö
ø÷

p p
4 2

, (b)
-é

ëê
ö
ø÷

p p
4 2

,

(c)
-p p
4 2

,
æ
èç

ù
ûú

(d)
-é

ëê
ù
ûú

p p
4 2

,
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77. Which of the following function(s) is/are transcendal?

(a) f x x( ) sin( )= 5 (b) f x
x

x x
( )

sin=
+ -

2 3

2 12

(c) f x x x( ) = + +2 2 1 (d) f x x x( ) ( )= + ×2 3 2

78. Let f x
x x

x
x( ) =

- -

- -
×

2 1

1 1
, then

(a) domain of f x( ) is x ³ 1 (b) domain of f x( ) is [ , ) { }1 2¥ -

(c) f ¢ =( )10 1 (d) f ¢æèç
ö
ø÷ = -3

2
1

79. f x x x x x( ) cos cos cos cos= + +æ
èç

ö
ø÷

- × +æ
èç

ö
ø÷

2 2

3 3

p p
is

(a) an odd function (b) an even function

(c) a periodic function (d) f f( ) ( )0 1=
80. If the following functions are defined from [ , ]-1 1 to

[ , ]- 1 1 , identify these which are into.

(a) sin(sin )-1 x (b)
2 1

p
× -sin (sin )x

(c) sgn ( ) log( )x ex× (d) x 3sgn ( )x

81. Let f x
x x x

x x
( )

,

,
= - + <

- ³

ì
í
î

2 4 3 3

4 3

and g x
x x

x x x
( )

,

,
=

- <
+ + ³

ì
í
î

3 4

2 2 42
, which one of the

following is/are true?

(a) ( )( . )f g+ =35 0 (b) f g( ( ))3 3=
(c) f g( ( ))2 1= (d) ( ) ( )f g- =4 0

82. If f x x ax a a( ) ( )= - + +2 2 1 , f a a: [ , ) [ , )¥ ® ¥ . If one of
the solutions of the equation f x f x( ) ( )= -1 is 5049, the
other may be
(a) 5051 (b) 5048 (c) 5052 (d) 5050

83. The function g defined by
g x( ) sin cos= + -a a 1; a = -sin { }1 x , where {×} denotes
fractional part function, is
(a) an even function (b) periodic function

(c) odd function (d) neither even nor odd

84. The graph of f R R: ® defined by y f x= ( ) is symmetric
with respect to x a= and x b= . Which of the following
is true?
(a) f a x f x( ) ( )2 - = (b) f a x f x( ) ( )2 + = -
(c) f b x f x( ) ( )2 + = - (d) f is periodic

85. Let f be the continuous and differentiable function such

that f x f x( ) ( )= -2 , " Îx R and g x f x( ) ( )= +1 , then
(a) g x( ) is an odd function

(b) g x( ) is an even function

(c) f x( ) is symmetric about x = 1

(d) None of the above

86. Let f x x x x x( ) = - + - + - + -1 2 3 4 , then

(a) least value of f x( ) is 4

(b) least value is not attained at unique point

(c) the number of integral solution of f x( ) = 4 is 2

(d) the value of
f f e

f

( ) ( )p - +
æ
èç

ö
ø÷

1

2
12

5

is 1

87. Let A = {1, 2, 3, 4, 5}, B = {1, 2, 3, 4} and f A B: ® is a

function, the
(a) number of onto functions, if n f A( ( )) = 4 is 240

(b) number of onto functions, if n f A( ( )) = 3 is 600

(c) number of onto functions, if n f A( ( )) = 2 is 180

(d) number of onto functions, if n f A( ( )) = 1 is 4

88. If 2
1

2 2
1

4
f x x f

x
f x( ) sin+ æ

èç
ö
ø÷

- +æ
èç

ö
ø÷

æ
è
ç

ö
ø
÷p

= æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

4
2

2cos cos
p px

x
x

, " Î -x R { },0 which of the

following statement(s) is/are true?

(a) f f( )2
1

2
1+ æ

èç
ö
ø÷ = (b) f f( ) ( )2 1 0+ =

(c) f f f( ) ( )2 1
1

2
+ = æ

èç
ö
ø÷ (d) f f f( ) ( )1

1

2
2 1× æ

èç
ö
ø÷ × =

89. If f x( ) is a differentiable function satisfying the

condition f x x f x( ) ( ),100 100 100= + - " Îx R and

f ( )100 1= , then f ( )104 is

(a) 5049 (b) r
r =
å

1

100

(c) r
r =
å

2

100

(d) 5050

90. If [ ]x denotes the greatest integer function then the

extreme values of the function

f x x x nx( ) [ sin ] [ sin ] [ sin ]= + + + + ¼ + +1 1 2 1 , n IÎ + ,

x Î( , )0 p are
(a) ( )n - 1 (b) n (c) ( )n + 1 (d) ( )n + 2

91. Which of the following is/are periodic?

(a) f x
x

x
( ) =

ì
í
î

1, if is rational

0, if is irrational

(b) f x
x x n x n

n x n
( )

[ ],

,
=

- £ < +

+ £ < +

ì
í
ï

îï

2 2 1
1

2
2 1 2 2

, where [×]

denotes the greatest integer function

(c) f x

x

( ) ( )= -
é
ëê

ù
ûú1

2

p , where [×] denotes the greatest

integer function

(d) f x ax ax a
x

( ) [ ] tan= - + + æ
èç

ö
ø÷

p
2

, where [×] denotes

the greatest integer function

More Than One Option Correct Type Questions
Functions Exercise 2 :



92. If f x( ) is a polynomial of degree n , such that f ( )0 0= ,

f ( ) /1 1 2= , … , f n
n

n
( ) ,=

+ 1
then the value of f n( )+ 1 is

(a) 1, when n is even (b)
n

n + 2
, when n is odd

(c) 1, when n is odd (d)
n

n + 2
, when n is even

93. Let f R R: ® be a function defined by

f x
f x

f x
( )

( )

( )
+ = -

-
1

5

3
, " Îx R. Then, which of the

following statement(s) is/are true?
(a) f f( ) ( )2008 2004= (b) f f( ) ( )2006 2010=
(c) f f( ) ( )2006 2002= (d) f f( ) ( )2006 2018=

94. Let f x x x( ) .= - -1 3 Then, the real values of x

satisfying the inequality,

1 1 53- - > -f x f x f x( ) ( ) ( ), are

(a) ( , )-2 0 (b) ( , )0 2

(c) ( , )2 ¥ (d) ( , )- ¥ -2

95. If a function satisfies

( ) ( ) ( ) ( )x y f x y x y f x y- + - + - = -2 2 3( ),x y y

" Îx y R, and f ( )1 2= , then
(a) f x( ) must be polynomial function

(b) f ( )3 12=
(c) f ( )0 0=
(d) f x( ) may not be differentiable

96. If the fundamental period of function

f x x a x( ) sin cos ( )= + -4 2 is 4p, then the value of a

is/are

(a)
15

2
(b) - 15

2
(c)

7

2
(d) - 7

2

97. Let f x( ) be a real valued function such that f ( )0
1

2
= and

f x y f x f a y f y f a x( ) ( ) ( ) ( ) ( ),+ = - + -
" Îx y R, , then for some real a,

(a) f x( ) is a periodic function

(b) f x( ) is a constant function

(c) f x( ) = 1

2
(d) f x

x
( )

cos=
2

98. If f g x( ( )) is one-one function, then

(a) g x( ) must be one-one (b) f x( ) must be one-one
(c) f x( ) may not be one-one (d) g x( ) may not be one-one

99. Which of the following functions have their range equal
to R (the set of real numbers)?
(a) x xsin

(b)
[ ]

tan
{ }

x

x
x

2 4 4
0× Î - ×æ

èç
ö
ø÷ -p p

, where [×] denotes the

greatest integer function

(c)
x

xsin

(d) [ ] { }, [ ]x x+ ×where and { }× , respectively denote the

greatest integer and fractional part functions

100. Which of the following pairs of function are identical?

(a) f x e x( ) ln=
-sec 1

and g x x( ) = -sec 1

(b) f x x( ) tan (tan )= -1 and g x x( ) cot (cot )= -1

(c) f x x( ) ( )= sgn and g x x( ) ( ( ))= sgn sgn

(d) f x x x( ) cot cos= ×2 2 and g x x x( ) cot cos= -2 2

101. Let f R R: ® defined by f x x( ) cos ( { })= - --1 , where { }x

denotes fractional part of x. Then, which of the
following is/are correct?
(a) f is many one but not even function

(b) Range of f contains two prime numbers

(c) f is non-periodic

(d) Graph of f does not lie below X -axis

168 Textbook of Differential Calculus

n Directions (Q. Nos. 102 to 112) For the following
questions, choose the correct answers from the codes (a),
(b), (c) and (d) defined as follows :

(a) Statement I is true, Statement II is also true; Statement II

is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true; Statement II

is not the correct explanation of Statement I

(c) Statement I is true, Statement II is false

(d) Statement I is false, Statement II is true

102. Statement I The function f x x x( ) sin=
and f x x x x¢ = +( ) cos sin are both non-periodic.

Statement II The derivative of differentiable function
(non-periodic) is non-periodic function.

103. Statement I The maximum value of sin sin2 x ax+
cannot be 2 (where a is positive rational number).

Statement II
2

a
is irrational.

104. Let f R R: ® be a function such that f x
e e

e e

x x

x x
( )

| |

= -
+

-

-
.

Statement I f x( ) is into function.

Statement II f x( ) is many-one function and the
many-one function is not onto.

Statements I and II Type Questions
Functions Exercise 3 :



Chap 03 Functions 169

105. Statement I The range of

f x x x x( ) sin sin sin= +æ
èç

ö
ø÷

- -æ
èç

ö
ø÷

- +æ
èç

ö
ø÷

p p p
5 5

2

5

+ -æ
èç

ö
ø÷

sin
2

5

p
x is [–1, 1].

Statement II cos cos
p p
5

2

5

1

2
- =

106. Statement I The period of

f x x x( ) cos ( ) sin ( )= - + -2
1

3
4

1

3
p p is 3p.

Statement II If T is the period of f x( ), then the period

of f ax b( )+ is
T

a| |
.

107. f is a function defined on the interval [ , ]-1 1 such that

f x x x(sin ) sin cos2 = + .

Statement I If x Î -é
ëê

ù
ûú

p p
4 4

, , then f x x(tan )2 = sec

Statement II f x x( ) ,= +1 " Î -x [ , ]1 1

108. Statement I The equation f x x x( ) = + - =4 20 9 05 has

only one real root.
Statement II f x x¢ = + =( ) 20 20 04 has no real root.

109. Statement I The range of log
1

1 2+

æ

è
ç

ö

ø
÷

x
is ( , )- ¥ ¥ .

Statement II When 0 1< £x , log ( , ]x Î - ¥ 0 .

110. Let f X Y: ® be a function defined by

f x x x c( ) sin cos= +æ
èç

ö
ø÷

- +2
4

2
p

.

Statement I For set X x, , ,Îé
ëê

ù
ûú

È é
ëê

ù
ûú

0
2

3

2

p p p
, f x( ) is

one-one function.

Statement II f x¢ ³( ) ,0 x Îé
ëê

ù
ûú

0
2

,
p

111. Let f x x( ) sin=

Statement I f is not a polynomial function.

Statement II nth derivative of f x( ), w.r.t. x, is not a
zero function for any positive integer n.

112. Statement I The function f R R: ® , given

f x x x aa( ) log ( ), ,= + + >2 1 0 a ¹ 1 is invertible.

Statement II f is many-one and into.

Passage I (Q. Nos. 113 to 115)

Let f R R: ® be a continuous function such that

f x f
x

f
x

x( ) - æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=2
2 4

2 .

113. f ( )3 is equal to

(a) f ( )0 (b) 4 0+ f ( ) (c) 9 0+ f ( ) (d) 16 0+ f ( )

114. The equation f x x f( ) ( )- - =0 0 have exactly

(a) no solution (b) one solution

(c) two solutions (d) infinite solutions

115. f ¢ ( )0 is equal to

(a) 0 (b) 1 (c) f ( )0 (d) - f ( )0

Passage II (Q. Nos. 116 to 117)

Consider the equation x y x y+ - =[ ][ ] ,0 where [ ]× is the greatest

integer function.

116. The number of integral solutions to the equation is
(a) 0 (b) 1

(c) 2 (d) None of these

117. Equation of one of the lines on which the non-integral
solution of given equation lies, is
(a) x y+ = -1 (b) x y+ = 0

(c) x y+ = 1 (d) x y+ = 5

Passage III (Q. Nos. 118 to 120)

Let f x f xy f
x

y
( ) ( )= + æ

èç
ö
ø÷

é

ë
ê

ù

û
ú

1

2
for x y R, Î + such that f ( ) ;1 0=

f ¢ =( )1 2.

118. f x f y( ) ( )- is equal to

(a) f
y

x

æ
èç

ö
ø÷ (b) f

x

y

æ
è
ç

ö
ø
÷ (c) f x( )2 (d) f y( )2

119. f ¢( )3 is equal to

(a)
1

3
(b)

2

3
(c)

1

2
(d)

1

4

120. f e( ) is equal to
(a) 2 (b) 1 (c) 3 (d) 4

Passage IV (Q. Nos. 121 to 123)

If f R R: ® and f x g x h x( ) ( ) ( )= + , where g x( ) is a polynomial
and h x( ) is a continuous and differentiable bounded function on
both sides, then f x( ) is one-one, we need to differentiate f x( ). If
f x¢( ) changes sign in domain of f , then f , if many-one else
one-one.

121. If f R R: ® and f x a x a x( ) = +1 3
3

+ + + -+
+ -a x a x xn

n
5

5
2 1

2 1 1. . . cot

where 0 1 3 2 1< < < < +a a a n. . . , then the function f x( ) is
(a) one-one into (b) many-one onto
(c) one-one onto (d) many-one into

Passage Based Questions
Functions Exercise 4 :
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122. If f R R: ® and f x
x x x x

x x
( )

( )( )= + + + +
+ +

4 4

2

1 1 2

1
, then

f x( ) is
(a) one-one into (b) many-one onto

(c) one-one onto (d) many-one into

123. If f R R: ® and f x ax x( ) sin ,= +2 2 then the set of

values of a for which f x( ) is one-one and onto is

(a) a Î -æ
èç

ö
ø÷

1

2

1

2
, (b) a Î -( , )1 1

(c) a RÎ - -æ
èç

ö
ø÷

1

2

1

2
, (d) a RÎ - -( , )1 1

Passage V (Q. Nos. 124 to 126)

Let g x a a x a x a x( ) = + + +0 1 2
2

3
3 and f x g x( ) ( )= , f x( ) has its

non-zero local minimum and maximum values at - 3 and 3,

respectively. If a3 Î the domain of the function

h x
x

x
( ) sin= +æ

è
ç

ö

ø
÷-1

21

2
.

124. The value of a a1 2+ is

(a) 30 (b) – 30 (c) 27 (d) – 27

125. The value of a0 is

(a) equal to 50 (b) greater than 54

(c) less than 54 (d) less than 50

126. f ( )10 is defined for

(a) a0 830> (b) a0 830<
(c) a0 830= (d) None of these

Passage VI (Q. Nos. 127 to 129)

Let f : [ , ) [ , )2 1¥ ® ¥ defined by f x x x( ) = -2
4 24 and

g A: ,
p p
2

é
ëê

ù
ûú

® defined by g x
x

x
( )

sin

sin
= +

-
4

2
be two invertible

functions.

127. f x-1( ) is equal to

(a) 2 4 2+ - log x (b) 2 4 2+ + log x

(c) 2 4 2- + log x (d) None of these

128. The set A is equal to
(a) [ , ]- -5 2 (b) [ , ]2 5 (c) [ , ]- 5 2 (d) [ , ]- -3 2

129. The domain of f g x- -1 1( ) is

(a) [ , sin ]- 5 1 (b) -
-

é

ë
ê

ù

û
ú5

1

2 1
,

sin

sin

(c) - - +
-

é

ë
ê

ù

û
ú5

4 1

2 1
,

( sin )

sin
(d) - +

-
-

é

ë
ê

ù

û
ú

( sin )

sin
,

4 1

2 1
2

Passage VII (Q. Nos. 130 to 132)

Let P x( ) be polynomial of degree atmost 5 which leaves

remainders – 1 and 1 upon division by ( ) ( )x and x- +1 13 3 ,

respectively.

130. Numbers of real roots of P x( ) = 0 is

(a) 1 (b) 3 (c) 5 (d) 2

131. The maximum value of y P x= ¢ ¢ ( ) can be obtained at x is

equal to

(a) - 1

3
(b) 0 (c)

1

3
(d) 1

132. The sum of pairwise product of all roots (real and
complex) of P x( ) = 0 is

(a) - 5

3
(b) - 10

3
(c) 2 (d) – 5

Passage VIII (Q. Nos. 133 to 135)

Consider a > 1 and f : , ,
1 1

a
a

a
aé

ëê
ù
ûú

® é
ëê

ù
ûú

be bijective function.

Suppose that f x
f x

- =1 1
( )

( )
; for all x Î é

ëê
ù
ûú

1

a
a, .

133. f ( )1 is equal to

(a) 1 (b) 0

(c) -1 (d) does’nt attain a unique value

134. Which of the following statements can be concluded
about ( ( ))f x ?

(a) f x( ) is discontinuous in
1

a
a,é

ëê
ù
ûú

(b) f x( ) is increasing in
1

a
a,é

ëê
ù
ûú

(c) f x( ) is decreasing in
1

a
a,é

ëê
ù
ûú

(d) None of the above

135. Which of the following statements can be concluded
about f f x( ( )) ?

(a) f f x( ( )) is continuous in
1

a
a,é

ëê
ù
ûú

(b) f f x( ( )) is increasing in
1

a
a,é

ëê
ù
ûú

(c) ( )f f x( ) is decreasing in
1

a
a,é

ëê
ù
ûú

(d) None of the above

Passage IX (Q. Nos. 136 to 137)

Let f be a real valued function from N to N satisfying. The relation

f m n f m f n( ) ( ) ( )+ = + for all m n N, .Î

136. The range of f contains all the even numbers, the value

of f ( )1 is
(a) 1 (b) 2 (c) 1 or 2 (d) 4

137. If domain of f is first 3m natural numbers and if the

number of elements common in domain and range is m,
then the value of f ( )1 is
(a) 2 (b) 3
(c) 6 (d) Can’t say



138. Match the statements of Column I with values of
Column II.

Column I Column II

(A) sin (cos )x has domain (p) x RÎ

(B) ( cos (sin ) )x -1 has domain (q)
R n- ±ì

í
î

ü
ý
þ

p p
6

(C) tan ( sin )p x has domain (r)
x n nÎ +æ

èç
ö
ø÷p p p

,
2

(D) ln (tan )x has domain (s)
x n nÎ - +é

ëê
ù
ûú

2
2

2
2

p p p p
,

139. Match the statements of Column I with values of
Column II.

Column I Column II

(A) | sin | ,4 1 5x - < x Î[ , ]0 p ,

the domain is

(p)
0

4

3

4
, ,

p p pé
ëê

ù
ûú

È é
ëê

ù
ûú

(B) 4 82sin x -
sin ,x + £3 0 [ , ]0 2p , the
domain is

(q) 3

2
2 0

p p, { }
é
ëê

ù
ûú

È

(C) | tan |x £ 1 and x Î[ , ]0 p ,
the domain is

(r)
0

3

10
,

pé
ëê

ö
ø÷

(D) cos sinx x- ³ 1 and [ , ]0 2p ,
the domain is

(s) p p
6

5

6
,

é
ëê

ù
ûú

140. Match the statements of Column I with values of
Column II.

Column I Column II

(A) If f x
x x

x x
( )

,

,
=

+ <
- ³

ì
í
î

1 0

1 02

when

when
, the

fof x( ) for - £ <1 0x is

(p)
x - 3

2

Column I Column II

(B) If f
x

x

2

1 2

tan

tan+
æ
è
ç

ö
ø
÷

= + +(cos )( tan )
,

2 1 2

2

2x x xsec

then f x( ) is

(q) x x2 2+

(C) If f x y f x f y( ) ( ( ) ( ))+ + = +1 2

for all x y R, Î and f ( )0 1= , then f x( )
is

(r) 1 + x

(D) If 4 5< <x and f x
x

x( ) ,= é
ëê

ù
ûú

+ +
4

2 2

where [ ]y is the greatest integer £ y ,

then f x-1( ) is

(s) ( )x + 1 2

141. Match the statements of Column I with values of
Column II.

Column I Column II

(A) f x x x( ) sin sin= + +æ
èç

ö
ø÷

2 2

3

p

+ +æ
èç

ö
ø÷cos cosx x

p
3

then f x( ) is

(p) Defined for all
real ‘x’

(B) g x e x xx( ) tan ( ) [ ]{ }= + + - -a 5 ,

where [ ]× denotes the greatest
integer less than or equal to x, then
g x( ) is

(q) Even function

(C) h x
x x

x
( ) =

-
+ +

5 1 2
5, then h x( ) is (r) Odd function

(D) k x x( ) sin cos= -2 22 a
+ × +4 sin sin cos ( )a ax x

+ +cos ( ),2 x a a ÎR,
then k x( ) is

(s) Periodic
function

Chap 03 Functions 171

142. A function f R R: ® is defined by

f x y k xy f x y x y R( ) ( ) , ,+ - = + " Î2 2 and f ( )1 2= ;

f ( )2 8= , where k is some real constant, then

f x y f
x y

( )+ ×
+

æ
è
ç

ö
ø
÷

1
is …………… .

143. If f R R: ® satisfying

f x f y f f y x f y f x( ( )) ( ( )) ( ) ( ) ,- = + + - 1 for all

x y R, Î , then
- f ( )10

7
is ………… .

144. Let f N R: ® be such that f ( )1 1= and

f f f nf n n n f n( ) ( ) ( ) ( ) ( ) ( )1 2 2 3 3 1+ + + ¼ + = + , for n ³ 2,

then
1

2010 2010f ( )
is ……… .

145. If f x
x

x
( ) = +

-
2010 163

165 2010
, x > 0 and x ¹ 2010

165
, the least value

of f f x f f
x

( ( )) + æ
èç

ö
ø÷

æ
èç

ö
ø÷

4
is ………… .

Single Integer Answer Type QuestionsFunctions Exercise 6 :
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146. If a b g, , ÎR; a b g+ + = 4 and a b g2 2 2 6+ + = ,  the

number of integers lie in the exhaustive range of a is
……… .

147. The number of linear functions satisfying

f x f x x f x( ( )) ( )+ = + , " x is ………… .

148. If A = {1, 2, 3}, B = {1, 3, 5, 7, 9}, the ratio of number of

one-one functions to the number of strictly monotonic
functions is ………… .

149. If n A( ) ,= 4 n B( ) = 5 and number of functions from A to B

such that range contains exactly 3 elements is k,
k

60
is

……… .

150. If a and b are constants, such that

f x a x bx x x( ) sin cos= + + 2 2 and f ( )2 15= , f ( )-2 is

………… .

151. If the functions f x x e x( ) /= +5 3 and g x f x( ) ( )= -1 , the

value of g ¢ ( )1 is ……… .

152. If f x x x p( ) = - +3 12 ; p Î {1, 2, 3, …, 15} and for each ‘

p’, the number of real roots of equation f x( ) = 0 is

denoted by q, the
1

5
Sq is equal to ……… .

153. Let f x( ) denotes the number of zeroes in f x¢ ( ). If

f m f n( ) ( )- = 3, the value of
( ) ( )max minm n m n- - -

2
is ………… .

154. If x y2 2 4+ = , the maximum value of
x y

x y

3 3+
+

æ

è
ç

ö

ø
÷ is

155. Let f n( ) denotes the square of the sum of the digits of

natural number n, where f n2 ( ) denotes f f n( ( )), f n3 ( )

denotes f f f n( ( ( ))) and so on. The value of

f f

f f

2011 2010

2013 2012

2011 2011

2011 2011

( ) ( )

( ) ( )

-
-

is ……… .

156. If [sin ]x
x x x+ é

ëê
ù
ûú

+ é
ëê

ù
ûú

=
2

2

5

9

10p p p
, where [ ]× denotes the

greatest integer function, the number of solutions in the
interval ( , )30 40 is  ………  .

157. The number of integral solutions of
1 1 1

6x y
+ = with x y£

is ‘a’. The value of ‘a - 6’ is ……… .

158. If f x( ) is a polynomial of degree 4 with leading

coefficient ‘1’ satisfying f ( )1 10= , f ( )2 20= and f ( )3 30= ,

then
f f( ) ( )12 8

19840

+ -æ
èç

ö
ø÷

is …… .

159. If a b+ = -3 4cos q and a b- = 4 2sin ,q then ab is

always less than or equal to …… .

160. Let ‘n’ be the number of elements in the domain set of

the functionf x Cx x

x
( ) ln=½

½
½ ½

½
½+

+

2

2
4

2 3
and ‘Y ’ be the

global maximum value of f x( ), then [ [ ]]n Y+ is ………
(where [ ]× = greatest integer function).

161. If f x( ) is a function such that

f x f x f x( ) ( ) ( )- + + =1 1 3 and f ( ) ,5 10= then the sum

of digits of the value of f r
r

( )5 12
0

19

+
=
å is .................... .

162. If 2f x f xy f
x

y
( ) ( )= +

æ
è
ç

ö
ø
÷ for all positive values of x and

y, f ( )1 0= and f ¢ =( ) ,1 1 then f e( ) is ............... .

163. Let f be a function from the set of positive integers to

the set of real number such that f ( )1 1= and

r f r n n f n
r

n

( ) ( ) ( ),= +
=
å 1

1

" ³n 2, the value of 2126

f ( )1063 is ............... .

164. If f x
x x

x x
( ) = + +

- +

4 2

2

1

1
, the value of f n( )w

(where ‘w’ is the non-real root of the equation z 3 1= and

‘n’ is a multiple of 3), is ............... .

165. If f x f
x

x
x2 31

1
( ) ,× -

+
æ
è
ç

ö
ø
÷ = [ ,x ¹ - 1 1 and f x( ) ¹ 0], the

value of |[ ( )]|f -2 (where [×] is the greatest integer
function), is .................... .

166. An odd function is symmetric about the vertical line

x a a= >( )0 and if [ ( )] ,f r r

r

1 4 8
0

+ =
=

¥

å find the

numerical value of 8 1f ( ) .

167. Let
e e

e e

x

x

x x

x x

-
+

= +
-

-

-
ln

1

1
, then find x.

168. If the maximum value of f x
x x

x x
( ) = + +

+ +
3 9 17

3 9 7

2

2
is 5 1k + ,

the value of k is ............... .

169. The period of the function f x( ) which satisfies the

relation f x f x f x f x( ) ( ) ( ) ( )+ + = + + +4 2 6 is ....……. .

170. If a non-zero function f x( ) is symmetrical about y x= ,

then the value of p (constant) such that

f x f x px f x f x x f x2 1 2 1 22( ) ( ( )) ( ) ( ) ( )= - × × +- - for all

x RÎ + is .......…… .



171. Let f R R: ® and f x
x mx n

x
( ) = + +

+
3

1

2

2
. If the range of

this function is [ , ],-4 3 then the value of
m n2 2

4

+
is....

172. Let f x( ) be a monotonic polynomial of ( )2 1m - degree

where m NÎ ,  then the equation
f x f x f x f m x m( ) ( ) ( ) . . . ( ) ( )+ + + + - = -3 5 2 1 2 1 has
………… . roots.

173. Let x be a real number. [x] denotes the greatest integer
function, {x} denotes the fractional part and ( )x denotes
the least integer function, then solve the following :

(i) ( ) [ ]x x x2 2 2= +

(ii) [ ]– [ ]2 2 1x x x= +
(iii)[ ] [ ] ,x x x2 2 3+ = 0 2£ £x

(iv)y x= 4 2–[ ] and [ ]y y+ = 6

(v) [ ] | – |x x+ £2 0 and –1 3£ £x

174. Let n be a positive integer and define
f n n( ) ! ! ! . . . !.= + + + +1 2 3 Find polynomials P x( ) and
Q x( ) such that f n Q n f n P n f n( ) ( ) ( ) ( ) ( )+ = + +2 1 for
all n ³ 1.

175. If f x
a

a a
a

x

x
( ) ( )=

+
> 0 , evaluate 2

21

2 1

f
r

nr

n æ
èç

ö
ø÷=

å
–

.

176. Find the domain of the function

f x x x
x

x( ) log log ( – ) –
log |sin |

.| sin |= +
ì
í
î

ü
ý
þ

2

2

8 23
3

177. Let S n( ) denotes the number of ordered pairs ( , )x y

satisfying
1 1 1

x y n
+ = , where n > 1 and x y n N, , Î .

(i) Find the value of S( )6 .

(ii) Show that, if n is prime, then S n( ) = 3, always.

178. Solve
1 1

2

1

3[ ] [ ]
{ } ,

x x
x+ = + where [ ]× denotes the greatest

integer function and { } denotes fractional part of x.

179. Let f x x x( ) – ,= +2 3 3 x ³ 0. n points x x xn1 2, , . . . . . , are

so chosen on the X -axis that

(i)
1 11

11n
f x f

n
xi i

i

n

i

n
– ( ) =

æ

è
çç

ö

ø
÷÷

==
åå

(ii) f x xi i

i

n

i

n
– ( )1

11

=
==
åå , where f –1 denotes the inverse

of f . Find the AM of xi ’ s.

180. Let f x x x( ) – ,= 2 2 x RÎ and

g x f f x f f x( ) ( ( ) – ) ( – ( ))= +1 5 , show that g x( ) ³ 0,
" Îx R.

181. If f is a polynomial function satisfying

2 + × = + +f x f y f x f y f xy( ) ( ) ( ) ( ) ( ), " Îx y R, and if
f ( )2 5= , find f f( ( )).2

182. If a b c abc+ + = , a b, and c RÎ + , prove that

a b c+ + ³ 3 3.

183. Consider the function f x
x x x I

x I

( )
– [ ]– ,

,

=
Ï

Î

ì
í
ï

îï

1

2

0

if

if

,

where [ ]× denotes the greatest integral function and I is

the set of integers. Find g x x f x x( ) max { , ( ), | | } ;= 2

–2 2£ £x .

184. If f x( ) is continuous function in [ , ]0 2p and f f( ) ( )0 2= p ,

then prove that there exists a point c Î( , )0 p such that
f c f c( ) ( )= + p .

185. Let g t t t t( ) | – | – | | | | ,= + +1 1 " Ît R.

Find f x g t t x( ) max { ( ) : – }= £ £3

2
, " Î ¥æ

èç
ö
ø÷

x
–

,
3

2
.

186. Find the integral solution for n n n n1 2 1 22= – , where

n n1 2, Îinteger.
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(i) JEE Advanced & IIT-JEE

187. Let f R R f R f R R1 2 30: , :[ , ) , :® ¥ ® ® and

f R4 0: [ , )® ¥ be defined by
[Match Type Question, 2014 Adv.]

f x
x

e

x

xx1

0

0
( )

| | ,

,
=

<
³

ì
í
î

if

if
; f x x2

2( ) ;= f x
x

x

x

x
3

0

0
( )

sin ,

,
=

<
³

ì
í
î

if

if

and f x
f f x

f f x

x

x
4

2 1

2 1 1

0

0
( )

[ ( )],

[ ( )] ,
=

-
<
³

ì
í
î

if

if

Column I Column II

A. f4 is p. onto but not one-one

B. f3 is q. neither continuous nor one-one

C. f2 of1, is r. differentiable but not one-one

D. f2 is s. continuous and one-one

Codes

A B C D A B C D
(a) r p s q (b) p r s q

(c) r p q s (d) p r q s

188. If function f x x e x( ) /= +2 2 and g x f x( ) ( ),= -1 then

the value of g ¢ ( )1 is [Integer Type Question, 2009]

189. For the following questions, choose the correct answer
from the codes (a), (b), (c) and (d) defined as follows.

(a) Statement I is true, Statement II is also true; Statement II

is the correct explanation of Statement I.

(b) Statement I is true, Statement II is also true; Statement II

is not the correct explanation of Statement I.

(c) Statement I is true; Statement II is false.

(d) Statement I is false; Statement II is true.

Let F x( ) be an indefinite integral of sin .2 x

Statement I The function F x( ) satisfies

F x F x( ) ( )+ =p for all real x. Because

Statement II sin ( ) sin2 2x x+ =p , for all real x.

[Assertion and Reason Type Question, 2007]

190. Match the conditons/expressions in Column I with
statement in Column II.

Let f x
x x

x x
( ) .= - +

- +

2

2

6 5

5 6 [Match Type Question, 2007]

Column I Column II

A. If - < <1 1x , then f x( ) satisfies p. 0 1< <f x( )

B. If 1 2< <x , then f x( ) satisfies q. f x( ) < 0

C. If 3 5< <x , then f x( ) satisfies r. f x( ) > 0

D. If x > 5, then f x( ) satisfies s. f x( ) < 1

191. Find the range of values of t for which

2
1 2 5

3 2 1

2

2
t

x x

x x
sin ,= - +

- -
t Î -é

ëê
ù
ûú

p p
2 2

, .

[Subjective Type Question, 2005]

(ii) JEE Main & AIEEE

192. If f x
k

x xk
k k( ) (sin cos )= +1

, where x RÎ and k ³ 1,

then f x f x4 6( ) ( )- is equal to [2014 JEE Main]

(a) 1/6 (b) 1/3 (c) 1/4 (d) 1/12

193. The function f : [ , ] [ , ]0 3 1 29® , defined by

f x x( ) = -2 153 x x2 36 1+ + , is [2012 AIEEE]

(a) one-one and onto

(b) onto but not one-one

(c) one-one but not onto

(d) neither one-one nor onto

194. Let f x x( ) = 2 and g x x( ) sin= for all x RÎ . Then, the set

of all x satisfying ( )( ) ( )( )fogogof x gogof x= , where
( )( ) ( ( ))fog x f g x= , is [2011 AIEEE]

(a) ± np , n Î { , , , }0 1 2 K

(b) ± np , n Î { , , }1 2 K

(c) p p/2 2+ n , n Î - -{..., , , , , , }2 1 0 1 2 K

(d) 2np, n Î - -{..., , , , , , }2 1 0 1 2 K

195. Let f R: ( , )0 1 ® be defined by f x
b x

bx
( ) = -

-1
, where b is

a constant such that 0 1< <b . Then, [2011 AIEEE]

(a) f is not invertible on (0, 1)

(b) f f¹ -1 on (0, 1) and f b
f

¢ =
¢

( )
( )

1

0

(c) f f= -1 on (0, 1) and f b
f

¢ =
¢

( )
( )

1

0

(d) f -1 is differentiable on (0, 1)
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196. Let f be a real-valued function defined on the interval

( , )- 1 1 such that e f x t dt xx x- = + + × "ò( ) ,2 1
0

4

Î -( , )1 1 and let f -1 be the inverse function of f . Then,

[ ( )]f - ¢1 2 is equal to [2010 AIEEE]

(a) 1 (b) 1/3 (c) 1/2 (d) 1/e

197. If X and Y are two non-empty sets, where f X Y: ® , is

function defined such that

f C f x x C( ) { ( ) : }= Î for C XÍ and

f D x f x D- = Î1( ) { : ( ) } for D YÍ ,

for any A Y B YÍ Íand , then [2005 AIEEE]

(a) f f A A- =1 { ( )}

(b) f f A A- =1 { ( )} , only if f X Y( ) =
(c) f f B B{ ( )}- =1 , only if B f xÍ ( )

(d) f f B B{ ( )}- =1

198. f x
x x

x
( )

,

,
,= ì

í
î

if is rational

if is irrational0
g x

x

x x
( )

,

,
= ì

í
î

0 if is rational

if is irrational.

Then, f g- is [2005 AIEEE]

(a) one-one and into (b) neither one-one nor onto

(c) many one and onto (d) one-one and onto

199. If f x x x g x x( ) sin cos , ( )= + = -2 1, then g f x{ ( ) } is

invertible in the domain [2004 AIEEE]

(a) 0
2

,
pé

ëê
ù
ûú

(b) -é
ëê

ù
ûú

p p
4 4

, (c) -é
ëê

ù
ûú

p p
2 2

, (d) [ , ]0 p

200. Domain of definition of the function

f x x( ) sin ( )= +-1 2
6

p
for real valued x, is

[2003 AIEEE]

(a) -é
ëê

ù
ûú

1

4

1

2
, (b) -é

ëê
ù
ûú

1

2

1

2
, (c) -æ

èç
ö
ø÷

1

2

1

9
, (d) -é

ëê
ù
ûú

1

4

1

4
,

201. Range of the function f x
x x

x x
x R( ) ;= + +

+ +
Î

2

2

2

1
is

[2003 AIEEE]

(a) (1, ¥) (b) (1, 11/7)
(c) (1, 7/3] (d) (1, 7/5)

202. If f : [ , ) [ , )0 0¥ ® ¥ and f x
x

x
( ) =

+1
, then f is

[2003 AIEEE]

(a) one-one and onto (b) one-one but not onto

(c) onto but not one-one (d) neither one-one nor onto

203. Let function f R R: ® be defined by f x x x( ) sin= +2

for x RÎ . Then, f is [2002 AIEEE]

(a) one-to-one and onto

(b) one-to-one but not onto

(c) onto but not one-to-one

(d) neither one-to-one nor onto

204. Let E = { , , , }1 2 3 4 and F = {1, 2}. Then, the number of onto

functions from E to F is [2001 AIEEE]

(a) 14 (b) 16 (c) 12 (d) 8

205. Suppose f x x( ) ( )= + 1 2 for x ³ - 1. If g x( ) is the

function whose graph is reflection of the graph of f x( )
with respect to the line y x= , then g x( ) equals

[2002 AIEEE]

(a) - - ³x x1 0, (b)
1

1
1

2( )
,

x
x

+
> -

(c) x x+ ³ -1 1, (d) x x- ³1 0,

206. If f : [ , ) [ , )1 2¥ ® ¥ is given by f x x
x

( ) = + 1
, then

f x-1( ) equals [2001 AIEEE]

(a)
x x+ -2 4

2
(b)

x

x1 2+

(c)
x x- -2 4

2
(d) 1 42+ -x

207. Let f x b x bx( ) ( )= + + +1 2 12 2 and let m b( ) be the

minimum value of f x( ). As b varies, the range of m b( ) is
[2001 AIEEE]

(a) [0, 1] (b) 0
1

2
,

é
ëê

ù
ûú

(c)
1

2
1,

é
ëê

ù
ûú

(d) ( , ]0 1

208. The domain of definition of f x
x

x x
( )

( )

( )
= +

+ +
log 2 3

3 22
is

[2001 AIEEE]

(a) R / { , }- -1 2 (b) ( , )- ¥2

(c) R / { , , }- - -1 2 3 (d) ( , ) / { , }- ¥ - -3 1 2

209. Let f x
x

x
x( ) ,=

+
¹ -a

1
1. Then, for what value of a is

f f x x[ ( )] = ? [2001 AIEEE]

(a) 2 (b) - 2

(c) 1 (d) -1

210. Let g x x x f x

x

x

x

( ) [ ] ( )

,

,

,

= + - =
- <

=
>

ì
í
ï

îï
1

1 0

0 0

1 0

and , then for

all x f g x, [ ( )] is equal to [2001 AIEEE]

(a) x (b) 1
(c) f x( ) (d) g x( )

211. The domain of definition of the function y x( ) is given by

the equation 2 2 2x y+ = , is [2000 AIEEE]

(a) 0 1< £x

(b) 0 1£ £x

(c) - ¥ < £x 0

(d) -¥ < <x 1

212. Let f ( ) sin (sin sin )q q q q= + 3 . Then, f ( )q
[2000 AIEEE]

(a) ³ ³0 0, only when q (b) £ 0, for all real q
(c) ³ 0, for all real q (d) £0, only when q £ 0
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Answers
Exercise for Session 1

1. (i) not a function (ii) not a function (iii) function

(iv) function (v) not a function (vi) function

(vii) function (viii) not a function (ix) function

(x) not a function.

2. (i) not a function (ii) not a function (iii) not a function

(iv) is a function (v) not a function

3. (a)

4. (a) f A B: ® (b) f A B: ®

(c) f A B: ® (d) f A B: ®

5. (b)

Exercise for Session 2

1. ( , ] [ , )- ¥ È ¥2 3 2. ( , / ] ( , ) ( , )- ¥ - È È ¥1 2 0 1 2

3. [ , ]-1 1 4. ( , )-¥ ¥
5. { , }2 3 6. { , , }1 2 3

Exercise for Session 3

1. [ , ]4 6 2. ( , ] [ , )0 1 4 5È
3. [ , ) [ , )1 2 0 1 2 3- È + 4. x Î[ , ]2 4

5. ( , )2 3 6. [ / , / ]-p p4 4

7. [ , / ] [ / , ]- - È2 1 2 1 2 2 8. [ , ]- 1 3

9. 0
1

2

1

2
1, ,

æ
èç

ö
ø÷

È æ
èç

ö
ø÷

10. f

Exercise for Session 4

1. R - -( , )2 2 2. [ , ]-2 2

3. ( , ) ( , )0 1 1È ¥ 4. [ , )0 3

5. R I- 6. ( , ) ( , )- ¥ - È ¥2 4

7. R 8. ( , )2 ¥
9. ( , ) ( , ] [ , )- ¥ È È ¥0 0 1 2

10. ( , )0 1 11. - -æ
è
ç

ù

û
ú È é

ë
ê

ö
ø
÷

5

2
1 1

5

2
, ,

12. ( , ] [ , )- - È8 1 1 8 13. - -é
ëê

ù
ûú

È é
ëê

ù
ûú

È1
1

2
0

1

2
1, , { }

14. R - È È( , ) { , , , , , , , , } ( , )1 2 2 3 4 5 6 7 8 9 10 10 11

15.
p p
6 2

,
ö
ø÷

é
ëê

16. No solution

18. Integral solutions are ( , )2 2 and ( , ),0 0 all non-integral

solutions lie on exactly two lines x y+ = 0 and x y+ = 6.

Exercise for Session 5
1. [ , ]0 3 2. [ / , / ]- 1 2 1 2

3. [ , ]3 2 3 2- + 4. [ , ]1 5

5. ( , log )- ¥ 3 9 6. - ¥ ù
ûú

æ
èç

È ¥, ( , )
2

3
1

7. R - - +( , )2 2 3 2 2 3 8. [ , )2 ¥

9. ( , ]- ¥ 0 10.
p
2

ì
í
î

ü
ý
þ

11. { , }0 1 12. { }p

13.
p p
3 2

,
é
ëê

ù
ûú

14. 0
2

,
pæ

èç
ù
ûú

15. { }0

16.
-é

ëê
ù
ûú

1

2 2

1

2 2
, 17. [ , ]- 1 1

18. { }0 19. [ , )1 ¥
20. {1} 21. [0, 2]

22. Image of ( , )-¥ 1 under f is ( , ),1 ¥ Image of [1, 2]
under f is [ , ]1 2

23. Range of f x( ) { }is 0

and domain is È -æ
èç

ö
ø÷

+æ
èç

ö
ø÷

é
ëê

ù
ûú

2
3

2
3

n np p p p
,

24. Range of f x( ) logis
p
2

ì
í
î

ü
ý
þ

and domain is [1, 2)

25. Range of f x( ) is the set of all non-positive integers and

domain is
- - -é

ë
ê

ö
ø
÷ È - - +æ

è
ç

ù

û
ú

3 5

2
2 1

3 5

2
, , .

Exercise for Session 6
1. (i) odd (ii) even (iii) neither even nor odd (iv) even

(v) odd (vi) odd (vii) neither even nor odd (viii) even

2. f is an even function when x Î integer f is an odd

function when x Ïinteger.

3. (i) f x
x x

x x x
( )

,

| |,
=

- £ -
- - < £

ì
í
î

2 1

1 0
(ii) f x

x x

x x x
( )

,

| |,
=

£ -
- < £

ì
í
î

2 1

1 0

5. a Î ¥( , )400

Exercise for Session 7
1. (i) p / 3 (ii) 2p (iii) 1 (iv) 24 (v) Does not exist

(vi) 2 1( )!n + (vii) 1 (viii) 2p
2. Period is 8.

3. f x( ) is periodic with period 2l.

4. f x( ) is periodic with period 2p.

5. f x( ) is periodic with period 12 and S
r

f r
=

+ =
0

99

5 12 10000( )

Exercise for Session 8

1. x = 0 and y = 3

2
2. f y

- =1 1( )

3. As monotonic and range = Codomain Þ Bijective

5. A Î[ , )0 1

6. A Îé
ëê

ö
ø÷

0
1

2
,

7. b a c d
2 3< -( | |)

8. X Î - - -é
ëê

ù
ûú

p a, p a
2 2

and Y c r c rÎ - +[ , ], where

a = +æ
è
ç

ö
ø
÷-tan 1 2a b

a
and r a ab b= + +2 22

Exercise for Session 9
1. Not Identical 2. Identical 3. Not Identical

4. Identical 5. Identical 6. Not Identical

7. Identical 8. Identical

9. Identical 10. Identical

α
β

1

2

α
β

1

2

α
β

1

2

α
β

1

2



Exercise for Session 10

1. Domain Î -[ , ]1 1 and range Î -é
ëê

ù
ûú

2

3 3

p p
,

2. Domain for f x([| |]) ( , )Î -3 3

Domain for f x([ ]) [ , )2 3 3 0+ Î -

3. h x
x x x

x x
( )

sin sin ,

sin ,
=

- + - < <

< £

ì
í
ï

îï

2

2

1 1 0

2 0 1

4. g x

x

x

x

x

x

( )

,

,

( ),

=
-

-

- £ £
£ £
£ £

ì
í
ï

î
ï

0

2 1

2 0

0 1

1 2

5. gof x x= + - £ £{( ) , }1 2 12

Exercise for Session 11

1. (i) f x x
- =1 3( ) sin (ii) f x

e
x

- = - + +1 3 5 4

2
( )

(iii) f x x x
e- = >1 5 0( ) ,

log
(iv) f x e e

x x- -= -1 1

2
( ) ( )

(v) f x

x

x

x

x

x

x

- =

ì

í
ï
ï

î
ï
ï

<
£ £

>

1

2

64

1

1 16

16

( )

,

,

,

2. f x
x

x
- = + + >1 21 1 4

2
0( )

log
,

Exercise for Session 12

1.
2

3
2. 17 3.

4

3
4. f x

x x

x x x

x x

( )

( ) ,

( ),

,

=

- £ £

- £ £

£ £

ì

í

ï
ïï

î

ï
ï

1 0
1

3

2 1
1

3

2

3
2

3
1

2

2

ï

173. (i) 0
1

2
, n + , where n ZÎ

(ii) - -ì
í
î

ü
ý
þ

1
1

2
, (iii) 0 1

4

3

5

3
, , ,

ì
í
î

ü
ý
þ

(iv) { , , ,1 1 1- ± + k where k is any positive proper fraction}

(v) no solution

174. P x x( ) = + 3 and Q x x( ) = - - 2

175. ( )2 1n -

176. x Î È æ
èç

ö
ø÷

È æ
èç

ö
ø÷

( , ) , ,3
3 3

2
5p p p

2
p

177. (i) S ( )6 9=

178. Possible solutions are
29

12

19

6

97

24
, , .

179.
1

1
1n
x

i

n

iS
=

= 181. f f( ( ))2 26=

183. g x

x x

x x

x x

x x

x

( )

,

, /

,

,

,

=

- £ £ -
- - £ £ -

+ - £ £

£ £

2

2

2 1

1 1 4

1

2

1

4
0

0 1

1 £ £

ì

í

ï
ï
ïï

î

ï
ï
ï
ï x 2

185. f x

x

x x

x

x x

( )

/ , / /

, /

,

,

=

- < £ -
+ - £ <

£ £
£

ì

í
ïï

î
ï

3 2 3 2 1 2

2 1 2 0

2 0 2

2ï
ï

186. ( , ), ( , ), ( , )- -3 3 2 4 0 0 and ( , )1 1 187. (d)

188. (2) 189. (d) 190. A ® p, B ® q, C ® q, D ® p

191. - -é
ëê

ù
ûú

È é
ëê

ù
ûú

p p p p
2 10

3

10 2
, , 192. (d) 193. (d)

194. (a) 195. (a) 196. (b) 197. (c) 198. (d) 199. (b)

200. (a) 201. (c) 202. (b) 203. (a) 204. (a) 205. (d)

206. (a) 207. (d) 208. (d) 209. (d)

210. (b) 211. (d) 212. (c)
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Chapter Exercises

1. (b) 2. (d) 3. (a) 4. (a) 5. (a) 6. (d) 7. (a) 8. (a) 9. (d) 10. (c)

11. (c) 12. (c) 13. (d) 14. (c) 15. (c) 16. (d) 17. (a) 18. (b) 19. (b) 20. (d)

21. (d) 22. (a) 23. (d) 24. (b) 25. (b) 26. (a) 27. (a) 28. (b) 29. (d) 30. (c)

31. (c) 32. (b) 33. (c) 34. (a) 35. (d) 36. (d) 37. (c) 38. (d) 39. (c) 40. (d)

41. (b) 42. (a) 43. (d) 44. (a) 45. (c) 46. (a) 47. (a) 48. (d) 49. (b) 50. (b)

51. (b) 52. (d) 53. (c) 54. (c) 55. (d) 56. (b) 57. (d) 58. (c) 59. (c) 60. (b)

61. (b) 62. (d) 63. (d) 64. (c) 65. (b) 66. (a) 67. (a) 68. (b) 69. (c) 70. (a)

71. (c) 72. (d) 73. (a) 74. (b) 75. (b) 76. (b) 77. (a,b,d) 78. (b,c,d) 79. (b,c,d) 80. (b,c,d)

81. (a, b) 82. (b, d) 83. (a,b) 84. (a,b, c, d) 85. (b, c) 86. (a, b, c, d)

87. (a, b, c, d) 88. (a,b,c) 89. (b, d) 90. (b, c) 91. (a, b, c, d) 92. (c, d) 93. (a,b, c, d)

94. (a, c) 95. (a, b, c) 96. (a, b, c, d) 97. (a, b, c) 98. (a, c)

99. (a, d) 100. (b, c, d) 101. (a,b,d) 102. (c) 103. (b) 104. (c) 105. (a)

106. (d) 107. (a) 108. (a) 109. (d) 110. (d) 111. (a) 112. (c) 113. (d) 114. (c) 115. (a)

116. (c) 117. (b) 118. (b) 119. (b) 120. (a) 121. (c) 122. (d) 123. (d) 124. (c) 125. (b)

126. (d) 127. (b) 128. (a) 129. (c) 130. (a) 131. (c) 132. (b) 133. (a) 134. (b) 135. (b)

136. (c) 137. (a)

138. (A) ® (s), (B) ® (p), (C) ® (q), (D) ® (r) 139. (A) ® (r), (B) ® (s), (C) ® (p), (D) ® (q)

140. (A) ® (q), (B) ® (r), (C) ® (s), (D) ® (p) 141. (A) ® (p,q,s), (B) ® (s), (C) ® (q), (D) ® (p,q,r,s)

142. (4) 143. (7) 144. (2) 145. (4) 146. (2) 147. (2) 148. (3) 149. (6) 150. (1) 151. (3)

152. (9) 153. (9) 154. (6) 155. (1) 156. (1) 157. (4) 158. (1) 159. (1) 160. (5) 161. (2)

162. (1) 163. (2) 164. (3) 165. (2) 166. (7) 167. (0) 168. (8) 169. (8) 170. (2) 171. (4)

172. (1)



1. Here,

Þ f x f x1 3( ) ( )= - -

2. Only in option (d), the graph has a symmetry w.r.t. origin.

3. Here, f x
x

( ) =
-

4

1 2

Þ f x
x

(sin )
| cos |

= 4

and f x
x

(cos )
| sin |

= 4

\ g x x x( ) | sin | | cos |= +

\ Period of g x( ) = p
2

4. If x = 1, we see f y
f

y
( )

( )= 1
for all y

Put y = 30

Þ f f( ) ( )1 30 30= × = 30 20( )

= 600 …(i)

Now, let y = 40

Þ f
f

( )
( )

40
1

40
= = 600

40
= 15

5. h x f x g x e ee x e xx x

( ) log( ( ) ( )) log { } [ ]| | | |

= × = ×sgn sgn

= log
| |

ee xx
sgn = e xx| | sgn

\ h x e x( ) | |= sgn x

=
>
=

- <

ì

í
ï

î
ï -

e x

x

e x

x

x

,

,

,

0

0 0

0

Þ h x h x( ) ( )+ - = 0 for all x

\ h x( ) is odd.

6. (a) f x x x x( ) = + - +4 3 22 1

A polynomial of degree even will always be into.

(b) f x x x( ) = + +3 1

Þ f x x¢ = +( ) 3 12 , i.e. injective as well as surjective.

(c) f x x( ) = +1 2 , neither injective nor surjective as

range Î ¥[ , )1 .

(d) f x x x x( ) = + - +3 22 1

Þ f x x x¢ = + -( ) 3 4 12

Þ D > 0

\ f x( ) is surjective but not injective.

7. Here, f x( ) is bijective, hence f -1 4( ) exists when y = 4.

\ 2 7 9 03x x+ - =

Þ ( ) ( )2 2 9 1 02x x x+ + - =

Þ x = 1 only, as 2 2 9 02x x+ + = has no other root.

8. Here, f x
e x x x

x x

x x

( )
log ( )= × × × - +

- +

+5 7 10

2 11 12

2 2 2

2

= × × × - -
- -

+e x x x

x x

x xlog ( ) ( )

( ) ( )

5 2 5

2 3 4

2 2

Note that at x = 3

2
and x = 4, function is not defined and in

open interval
3

2
4,

æ
èç

ö
ø÷, function is continuous.

\ lim
log ( ) ( )

( ) ( )
x

x xe x x x

x x
®

+

+

× × × - -
- -3

2

25 2 5

2 3 4

2

= + + - -
+ -

( ve) ( ve) ( ve) ( ve)

( ve) ( ve)
= - ¥

and lim
log ( ) ( )

( ) ( )x

x xe x x x

x x®

+

-

× × × - -
- -4

25 2 5

2 3 4

2

= + + -
+ -

= ¥( ve) ( ve) ( ve)

( ve) ( ve)

In the open interval
3

2
4,

æ
èç

ö
ø÷, the function is continuous and

takes up all real values from ( , )- ¥ ¥ .
Hence, range of the function is ( , )-¥ ¥ .

9. As, x = = - = -- -cos (cos ) cos (cos( ))1 14 2 4 2 4p p
and y = -sin (sin )1 3

= --sin (sin( ))1 3p = -p 3

\ x y+ = -3 7p

10. f x
x x

x x

x

x
( )

sin sin

cos sin

cos

sin

/

= +
+

× -
-

æ
è
ç

ö
ø
÷

2 2

2 2

1

1

2 3

= × +
× +

× -
-

æ
è
ç

ö2 1

2 1

1

1

sin ( cos )

cos ( sin )

( cos )

( sin )

x x

x x

x

x ø
÷

2 3/

For domain, sinx ¹ ± 1

Þ x R n nÎ - - +ì
í
î

ü
ý
þ

( ) , ( )4 1
2

4 1
2

p p

Solutions

1 1

1 –1

y=f x
1
( ) y=f x

2
( )

–1

1

–1
–1

0

y=f x
3
( ) y=f x f x4 3( )= (– )

0

0 0

X ′

Y ′

X ′

Y ′

X ′

Y ′

X ′

Y ′

X X

Y Y

X

Y

X

Y
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\ f x x
x

x
( ) tan

( cos )

( sin )

/

= × -
-

æ
è
ç

ö
ø
÷

1

1

2

2

2 3

= tan2 x

Þ Range Î ¥[ , )0

11. As, f x e x x( ) sin { } cos ( )+ = + × +2 2 2p = =×e f xx xsin { } cos ( )p

\ Periodic with period 2.

12. Here, y x x= - +4 22 3 = - +( )x 2 21 2 Þy min = 2

Þ log ( ) log. /0 5
4 2

1 22 3 2 1x x- + £ = -

\ f x x x( ) cot (log ( )) cot ( ).= - + ³ -- -1
0 5

4 2 12 3 1

Þ Range Îé
ëê

ö
ø÷

3

4

p p,

13. Here, log ( )e x e2 1+ ³ , for all x RÎ

\ 0
1

1
2

<
+

£
log( )x e

Þ 1 0 0

1 02log( )

,

,x e

x

x+
é

ë
ê

ù

û
ú =

¹
=

ì
í
î

Þ f x x
x

x

( )
,

,

= +
¹

=

ì
í
ï

îï

1

1
0

2 0

2

Which is shown in figure as

\ Range of f x( ) [ , ) { }Î È0 1 2 .

14. Let x t+ =3

\ f t t( ) sin({ })= Þ Period = 1

15. As, e x-| | can be shown by graphical transformation.

16. Here, [ ] { }x x = 1

Þ { }
[ ]

x
x

= 1
or x x

x
- =[ ]

[ ]

1 Þ x x
x

= +[ ]
[ ]

1

Obviously, x > 2

\ x m
m

= + 1
, m NÎ - { }1

17. Here, x x x2 5 24 2- - > + is equivalent to the

collection of two system of inequations.

Case I x x2 5 24 0- - ³ and x + <2 0

Þ ( ) ( )x x- + ³8 3 0 and x < - 2
Þ x £ - 3 …(i)

Case II x x2 5 24- - ³ 0, x + ³2 0

and x x x2 25 24 2- - > +( )

Þ x Î - ¥ - È ¥( , ] [ )3 8, , x Î - ¥[ )2,

and x x x x2 25 24 4 4- - > + +

Þ 9 28x < –

Þ x < -28

9

\ No solution, i.e. x Îf. …(ii)

From Eqs. (i) and (ii), we get

x Î - ¥ -( , ]3

18. Here, f f x x( ( )) =
Þ m mx b b x( )+ + =
Þ m x b m x2 1+ + =( )

Þ m = ± 1, b = 0

If f f x x( ( ))- = - Þ - + + = -m mx b b x( )

Þ - + - + = -m x b m x2 1( )

Þ m = ± 1 and b = 0

\Only 2 straight lines, i.e. y x= ± .

19. Here, f g x
rx

r x
( ( ))

( )
=

+ -1 1
and g f x rx( ( )) =

If f g x g f x( ( )) ( ( ))= , then
rx

r x
rx

1 1+ -
=

( )

Þ rx rx r x= + -( ( ) )1 1

Þ r r x( )- =1 02

If this is to be true for infinitely many x, then
r r( )- =1 0 Þr = 0 1,

20. Since, f is a linear function, so it has the form f x mx b( ) = +
because f f( ) ( )1 2£ , we have m ³ 0. Similarly, f f( ) ( )3 4£
Þm £ 0.

Hence, m = 0 and f is constant function. Thus, f f( ) ( )0 5 5= =
21. Suppose R is just a rectangle whose four vertices are

( , ), ( , ), ( , ), ( , )1 2 1 2 1 2 1 2- - - - .

The X -axis and Y -axis symmetries in the problem are satisfied,
but the point ( , )2 1 is not contained in R.

22. Here, 2 1{ } [ ]y x= +
Since, 0 1£ <y

\ { }y y=
and 0 1 2£ + <[ ]x , i.e. - £ <1 1[ ]x

When - £ <1 0x Þ y = 0

When 0 1£ <x Þy = 1

2

\ The required area = 1

2
.

XX′

Y′

Y

2

1

0

X
X′

Y′

Y

O

(0, 1)
y=e– x

y=1/2

–1 10

(0,1/2)

Y

XX′

Y′



23. Here, - £ £1 1cosx

Þ - £ £sin sin(cos ) sin1 1x

Þ [sin(cos )] ,x = -0 1

Also, - £ £1 1sinx

Þ cos cos(sin )1 1£ £x

\ [cos(sin )] ,x =0 1

\ f g x( ( )) has range
-ì

í
î

ü
ý
þ

p p
2

0
2

, , .

24. As we know, { ( )} [ , )f x Î 0 1

Þ [{ ( )}]f x = 0

\ e e x xx x2 22 10 11+ - = + +[{ }]

Þ e ex x2 2 0+ - =

Þ ( )( )e ex x+ - =2 1 0

\ ex = 1 is the only solution.

Þ x = 0

Þ Number of solutions is 1.

25. We know that, { } [ ].x x x= -
\ { } { } { } ... { } .x x x x x+ + + + =2 3 12 78

Þ x x x x x x x x x- + - + - + + - =[ ] [ ] [ ] ... [ ]2 2 3 3 12 12 78

Þ ( ... ) ([ ] [ ] ... [ ])x x x x x x x x+ + + + - + + + =2 3 12 2 12 78

Þ [ ] [ ] ... [ ]x x x+ + + =2 12 0

\ 0 12 1£ <x

Þ 0
1

12
£ <x , " 1

25

1

10
£ £x

\ Common values of x Îé
ëê

ö
ø÷

1

25

1

12
, .

Since, x is of the form
1

n
.

\ x = 1

25

1

24

1

23

1

14

1

13
, , ,..., ,

i.e. 13 solutions.

26. - £ - £20 2 4 20cos sinx x

Þ 0 2 4 202£ - £( cos sin )x x

min ;=
+

=1

1 20

1

21
max = 1

Þ M m+ = 22

21

27. f x x( ) sin= +æ
èç

ö
ø÷ +2

4
2 2

p

or f x x( ) cos= -æ
èç

ö
ø÷ +2

4
2 2

p

Þ Y = [ , ]2 3 2

and X = -é
ëê

ù
ûú

3

4 4

p p
, or

p p
4

5

4
,

é
ëê

ù
ûú

28. Let f x x x x a( ) ,= - - +2 3 123 2 then

f x x x¢ = - -( ) ( )6 22 = + -6 1 2( )( )x x

So, the roots of f x¢ =( ) 0 are x = -1 2, .

Now, f x( ) = 0 will have all real roots, if f ( )- >1 0 and
f ( )2 0< .

Þ - - + + >2 3 12 0a and 16 12 24 0- - + <a

Þ - < <7 20a

29. g x
e e

e e
f x

f x f x

f x f x
( ) , ( )

( ) | ( ) |

( ) | ( ) |
= -

+
- £ £1 1

For 0 1£ £f x( ) ,

g x( ) = 0

- £ <1 0f x( )

g x
e e

e e

e

e

f x f x

f x f x

f x

f x
( )

( ) ( )

( ) ( )

( )

( )
= -

+
= -

+

-

-

2

2

1

1
= -

+
1

2

12e f x( )

For - £ <1 0f x( ) ,

g x
e

e
( ) ,Î -

+
é

ë
ê

ö
ø
÷

1

1
0

2

2

For - £ <1 1f x( ) , g x
e

e
( ) ,Î -

+
é

ë
ê

ù

û
ú

1

1
0

2

2

30. f x x x( ) | | { }= - ; | | { }x x³

Þ X Î - ¥ -æ
èç

ù
ûú

È ¥, [ , )
1

2
0

Þ Y Î ¥[ , )0 and f x( ) is many-one.

31. Given, curves are y x= ln and y ax= .

Þ ln x ax= has exactly two solutions.

Þ ln x

x
a= has exactly two solutions to find the range of

ln
.

x

x

Let y
x

x
x= >ln

, 0;
dy

dx

x
x

x

x

x

x
=

× -
= -

1
1

2 2

ln
ln

y is increasing, if 1 0- >ln x or ln x < 1 Þ 0 < <x e

Range of y
e

Î - ¥æ
èç

ù
ûú

,
1

graph of y
x

x
= ln

For exactly two solutions of
ln x

x
a=

Þ a
e

Îæ
èç

ö
ø÷0

1
,
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32. Let f x ax bx c( ) = + +2 as it touches X -axis at x = 3

Þ - =b

a2
3

Þ b a= -6 …(i)

Also, 9 3 0a b c+ + = …(ii)

4 2 3a b c- + = …(iii)

Þ a = 3

25
,b = - 18

25
,c = 27

25

Þ f x x x( ) ( )= - +3

25
6 92

33. y x x= - -2
3

4

2{ } { }

Þ 2
3

4
02{ } { }x x- - ³ Þ 1

2

3

2
£ £{ }x

Þ 1

2
1£ <{ }x (Q 0 1£ <{ }x )

\ 2
3

4

2{ } { }x x- - is increasing for
1

2
1£ <{ }x .

Þ Range = é
ëê

ù
ûú

0
1

4
,

34. Replace x by - x

Þ x f x f x[ ( ) ( )]+ - = 0

Þ f x( ) is an odd function.

Þ f xiv( ) is also odd Þ f iv( )0 0=

35. [ [ ]] cosy y x+ = 2 Þ [ ] cosy x=

Þ y x x x x= + + =1

3
[sin [sin [sin ]]] [sin ]

Þ[sin ] cosx x=
Number of solutions in [ , ]0 2p is 0.

Hence, total solution is 0.

\Both are periodic with period 2p.

36. By replacing x x= + 1 and x x= - 1, we get

f x f x f x( ) ( ) ( )+ + = +2 2 1 …(i)

f x f x f x( ) ( ) ( )+ - = -2 2 1 …(ii)

From Eqs. (i) and (ii), gives

f x f x f x( ) ( ) ( )+ + - +2 2 2

= + + -2 1 1[ ( ) ( )]f x f x

= 2 2 f x( )

\ f x f x( ) ( )+ + - =2 2 0

On replacing x by x + 2, we get

f x f x( ) ( )+ + =4 0
f x f x f x( ) ( ) ( ),+ = - + =8 4 " x

\ f x( ) is periodic with period 8.

37. The equation has meaning, if x x> ¹0 1, .

\ Domain = È ¥( , ) ( , )0 1 1

If x Î( , )0 1 , then log2 0x <

and log log
log

log

log

log
2 2

2

2
x

x

x
x+ = +

= sum of a negative number £ -2

In this case any a will satisfy, since 2 cos a can never be more
than 2.

Thus, the inequation is satisfied for any x in (0, 1) and for any a.

If x Î ¥( , )1 , then log2 0x > Þ log

log

log

log

x

x2

2
0+ >

The inequation cannot be satisfied unless

cos a = -1 and x = 2

i.e. log2 1x =
Option (d) is wrong, since in the last case there are infinite
solution.

38. If we draw the graph of
1

2

æ
èç

ö
ø÷

| |x

and x a2 - , then the range of

value of a will be ( , )- ¥1 .

Maximum possible solution for ‘x’ is ‘2’.

39. f x x( ) | cos |¹ is true only when

| cos |x = 1 Þ x = 0 2, ,p p

40. | cos | cos ,x x x+ > ® Îé
ëê

ö
ø÷0 0

2

p

For x Îé
ëê

ö
ø÷0

2
,

p
, 1 2£ + £sin cosx x

But sin cosx x+ ¹ 1 Þ x Îæ
èç

ö
ø÷0

2
,

p

Now, for x Îæ
èç

ö
ø÷0

2
,

p
,

log ( | cos | cos )sin cosx x x x+ + ³ 0

Þ cos x ³ 1

2
Þ x Îæ

èç
ù
ûú

0
3

,
p

41. y x= + -(( ) ) /a 2 1 41 = + - + +[( )( )] /x xa a1 1 1 4

( )( )x x+ - + + ³a a1 1 0

x ³ -1 a and x £ - -1 a for a > 0

For a < 0, x £ -1 a, x ³ - -1 a
( )x + £a 1 and ( )x + ³ -a 1

For a £ -1, x £ 0 and range is [ , )0 ¥ .

42. f x x( ) log (log (log ))=
log x > 1 when x eÎ ¥( , )

\log (log )x > 0 and hence, log (log (log ))x is well defined and
uniquely.

It is evidently one-one. Since, the range of log x R= , f x( ) is
one-one and onto.

43. x px q2 24 0- + > ," Îx R

Þ 4 02 2p q- < …(i)

r p qr2 2+ < …(ii)
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Let y
x r

x qx p
= +

+ +2 2

Þ x y x qy p y r2 21 0+ - + - =( ) …(iii)

x is real,

Þ ( ) ( )q p y y q r2 2 24 2 4 1 0- + - + + >

From Eq. (i) Þ Coefficient of y 2 is a positive discriminant.

= - - -( ) ( )4 2 4 42 2 2r q q p

= + - <16 02 2( )r p qr [from Eq. (ii)]

Hence, Eq. (iii) is true for all real y or y Î - ¥ ¥( , ).

44. Here,

f x
x x x x

x
( ) = - - +

-

4 3 23 3l l
l

\ f x
x x x

x
( )

( )( )

( )
= - -

-

3 3 l
l

Consider, g x x x( ) = -3 3 that can be shown as

Now, the range of f x( ) is the set of entire real numbers, if
l Î -[ , ].2 2

Because, if l > 2 or l < -2, then range of f x R( ) .Ï
45. We know that,

( )a C a C a C an n n n n n n- = - +- -1 0 1
1

2
2

- + - × + --
-... ( ) . ( ) .1 11
1

n n
n

n n
nC a C

\ ( )a

a
C a C a C a

n
n n n n n n- = - × + ×- - -1

0
1

1
2

2
3

+ + - × + - ×-
-... ( ) ( )1 11
1

n n
n

n
n

nC
C

a

Hence, f n
a

a

n n

( )
( ) ( )= - - -1 1

Now, f f
a

a

a

a
( ) ( )

( ) ( )
2016 2017

1 1 1 12016 2017

+ = - - + - +

= - + - = -( ) [ ]
( ) ,

a a

a
a

1 1 1
1

2016
2016 where a = +3 1

1

224

\ f f K( ) ( ) ( )2016 2017 3 3 3

1

224 2016 9+ = = =

Þ K = 9

46. Here,

g x x( ) = - - -æ
èç

ö
ø÷

p p p
2 2 2

2 2

or y x-æ
èç

ö
ø÷ = - -æ

èç
ö
ø÷

p p p
2 2 2

2 2 2

Þ x y-æ
èç

ö
ø÷ + -æ

èç
ö
ø÷ =p p p

2 2 2

2 2 2

, i.e. circle

and f x x( ) sin (sin )= -1 is shown as

\ Area of shaded part =
°

´q p
360

2r

= °
°

´ ´ =90

360 2 8

2 3

p p p
sq units

47. Let y
x bx

x x b
b= + +

+ +
>

2

2

1

2
1( )

Þ ( ) ( ) ( )y x y b x by- + - + - =1 2 1 02

Þ D ³ 0 Þ ( ) ( )4 4 4 4 02 2- + + - ³b y y b …(i)

Since, f x( ) and
1

f x( )
have the same bounded set as their range.

Thus, ( ) ( )4 4 4 4 02 2- + + - ³b y y b have roots a and
1

a
.

\ Product of roots = 1

Þ b

b
b b

2
24

4 1
1 4 4 4

-
-

= Þ - = -
( )

or b b2 4 8 0+ - =

b = - ± + = - ± = -4 16 32

2

4 4 3

2
2 3 2

48. Since, sin
[ ]

sin ( [ ])
p px

x
+ = +24

12 12
24

= +æ
èç

ö
ø÷ =sin

[ ]
sin

[ ]
2

2 12
p p px x

The period of sin
[ ]p x

12
is 24.

Similarly, period of cos
[ ]p x

4
is 8 and period of tan

[ ]p x

3
3= .

Hence, the period of the given function = LCM of
24, 8, 3 24= .

49. Let f x y ax by( , ) = +
Then, f x y x y( , )2 3 2 7+ -

= + + - =a x y b x y x( ) ( )2 3 2 7 20 [given]

\ 2 2 20a b+ = and 3 7 0a b- =
\ a = 7 and b = 3

\ f x y x y( , ) = +7 3

50. Domain of f x( ) is [1, 3] and the function is continuous.

f x
x x

¢ =
-

-
-

=( )
1

2 1

1

3
0

Þ 3 2 1- = -x x
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2

0

–2

X

Y

X′

Y′

X′X
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X′

Y′Y′

Y′

π

π/2 ( /2, /2)π π

g x( )
π
√
—
2

π/2 π
f x( )

O



Þ 3 4 4
7

5
- = - Þ =x x x

\Critical points in [1, 3] are 1
7

5
, and 3.

f ( ) ,1 2 2= f ( )3 2=

and f
7

5

2

5
2

8

5
10

æ
èç

ö
ø÷ = + = , 2 2 being < 10, the range

= [ , ].2 10

51. f x x( ) cos ( (cos ))= - -1 1sec + - -sin ( (sin ))1 1cosec x

Þ - £ £-1 11sec (cos )x

and - £ £-1 11cosec (sin )x

Þ sec (cos )- = ±1 1x

and cosec (sin )- = ±1 1x

Þ cos ,- =1 0x p and sin ,- = -1

2 2
x

p p

Þ x = ± 1 and x = ± 1

\ Domain is x = ± 1.

52. Put x y= = 1 Þ f ( )1 2=

Put y
x

= 1 Þ f x f
x

f x f
x

( ) ( )+ æ
èç

ö
ø÷ = æ

èç
ö
ø÷

1 1

Þ f x x( ) = +3 1

Þ g x( ) ,= 0 " Î -x R { }0

53. f x f x f x( ) ( ) ( )= ¢ ´ ¢¢ is satisfied by only the polynomial of

degree 4.

Since, f x( ) = 0 satisfies x = 1 2 3, , only. It is clear one of the
roots is twice repeated.

\ f f f¢ ¢ ¢ =( ) ( ) ( )1 2 3 0

54. Total number of functions for which f i i( ) ¹ = 45 and number

of onto functions in which f i i( ) ¹ = 44.

\Required number of functions = 980

55. We can send 1 2 1, , . . . , n - anywhere and the value of f n( ) will

then be uniquely determined.

56. Put sin x t= ,

y t t t= - + -3 26 11 6, - £ £1 1t

f ( ) ,- = -1 24 f ( )1 0=
57. g x f x x f x x( ) ( ) ( )= - - + - +2 22 1 5 2

= - - + +2 8 4 24 184 3 2x x x x

g x x x x¢ = - - +( ) 8 24 8 243 2

g x¢ =( ) 0 Þ x = -1 1 3, ,

We observe that,

g x g g g( ) min { ( ), ( ), ( )}³ - =1 1 3 0

\ g x( ) ,³ 0 " Îx R

58. Let f x x g x
e x

( ) [ ], ( )
| |

= =
-

2

Þ h x
e x

( ) ,
| |

=
é

ë
ê

ù

û
ú =

-

2
0 " Îx R

59. There are four possible functions defined in 0 1£ <x , of them

2 are continuous and two are discontinuous, now for each of
the points ( , , . . ., )1 2 1n - , keep functions fixed from left of the
point, so there are 4 possible functions defined in between next
two consecutive integral points of them only one is continuous
and at last for x n= , there is only one possibility of
discontinuity of the function. So, total number of functions

= ´ ´-2 3 11n

60. Q k Îodd

f x k( ) = + 3 [even]

f f k
k

( ( )) = + 3

2

If
k + Î3

2
odd Þ27

3

2
3= + +k

Þ k = 45 not possible.

Now, let
k + Î3

2
even

\ 27
3

2

3

4
= = +æ

èç
ö
ø÷ = +

f f f k f
k k

( ( ( )))

\ k = 105

Verifying f f f f f f( ( ( ))) ( ( )) ( )105 108 54 27= = =
\ k = 105

Hence, sum of digits of k = + + =1 0 5 6

61. f x
x

x x
( )

sin( { })=
+ +

p
4 23 7

Here, f f( / ) ( / )1 2 1 2= -
Clearly, f x( ) is not one-one and also it is dependent on x.

62. Since, f x( ) and g x( ) are one-one and onto and are also the

mirror images of each other which respect to the line y a= . It
clearly indicates that h x f x g x( ) ( ) ( )= + will be a constant
function and will always be equal to 2a.

63. Let g t t t t( ) = - + -2 15 36 253 2

g t t t t t¢ = - + = - +( ) ( )6 30 36 6 5 62 2

= - - =6 2 3 0( )( )t t Þ t = 2 3,

For 2 3£ £t ,

g t g( ) ( )min = = ´ - ´ + ´ - =3 2 27 15 9 36 3 25 2

Also, 2 2+ ³| sin |t

Hence, minimum f =( )t 2

\ 3 3 2x f x+ =( )

Þ 3 2 3f x x( ) = - Q 3 0f x( ) >

Þ 2 3 0- >x Þ 3 2x < Þ x < log3 2

\ x Î - ¥( , log )3 2

64. Here, x x x x1 2 3 = and x be the element of A.

\ x x x
x

1 2 3
4

120=

Þ x x x x1 2 3 4
3 1 1120 2 3 5= = ´ ´ .
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Thus, to find number of positive integer solutions of

x x x x1 2 3 4
3 1 12 3 5= ´ ´ .

i.e. a b g d+ + + = 3, a b g d+ + + = 1, a b g d+ + + = 1

Þ 3 4 1
4 1

1 4 1
4 1

1 4 1
4 1

6
3

4
3

4
3

+ -
-

+ -
-

+ -
-× × = × ×C C C C C C

= ´ ´ =20 4 4 320 \ d = 320

65.

From above figure,

4 = + +A u v, 1 3= - - +A u v. ...(i)

and 1 3= + +A c d , 4 = - - +A c d ...(ii)
From Eq. (i), 3 4 2= +A u ...(iii)
From Eq. (ii), - = +3 4 2A c ...(iv)

On adding Eqs. (iii) and (iv), we get

8 2 2 0A u c+ + =

\ u c

A

+ = -4

66. As, f x( ) is one-one, if f x x R¢ ³ " Î( ) , .0

\ 3 2 4 02x x a x b x x R+ + + - ³ " Îcos sin , .

Þ 3 2 42x x b x a x x R+ + ³ - " Îsin cos ,

Þ 3 6 42 2 2x x a b x R+ + ³ + " Î,

[as, sin cos ]b x a x a b- £ +2 2

Þ 3 6 3 12 2 2x x a b x R+ + + ³ + " Î,

Þ 3 1 12 2 2( ) ,x a b x R+ + ³ + " Î

\ a b x2 2 21 3 1+ £ + +( ) , since 1 3 1 12+ + ³( )x

Þ a b2 2 1+ £
\ Greatest value of ( )a b2 2 1+ =

67. Here,
p

p

x x

x x

x x x

x x

-
+

= + +
+ +

= + + -
+ +

1

1

1

1

2 1

1

4 2

2 2

4 2 2

2 2( ) ( )
= + -

+ +
( )

( )

x x

x x

2 2 2

2 2

1

1

= + + - +
+ +

( )( )

( )

x x x x

x x

2 2

2 2

1 1

1

\ p

p

x x

x x

-
+

= - +
+ +

1

1

1

1

2

2
, using componendo and dividendo

Þ 2

2

2 1

2

2p x

x
= +( )

Þ p x
x

= + 1
…(i)

As, f x
x

x
f f x f f

x
x

x
( ) ( ( ))= -

+
Þ + æ

èç
ö
ø÷

æ
èç

ö
ø÷

= +1

1

1 1
...(ii)

From Eqs. (i) and (ii), we get f f x f f
x

p( ( )) + æ
èç

ö
ø÷

æ
èç

ö
ø÷

=1

68. As, a15 and a is the root of x x x14 13 1 0+ + + + =...

Now, f x x x x x( ) ...= + + + + +13 12 112 3 13 14

\ f x

x
x x x

x

( )
...= + + + +12 11 102 3

14

On subtracting, we get

1
1

1
1413 12 11-æ

èç
ö
ø÷ = + + + + + -

x
f x x x x x

x
( ) ...

Put x f= -æ
èç

ö
ø÷ = - - = - - = -a a

a
a a

a
a

a a
, ( )

1 14 14 1514
15

\ f ( )a
a

=
-
15

1
.

Hence, N =
- - -

15

1 1 1

14

2 14( )( )...( )a a a
and we know that

x x x x x x15 2 3 141 1- = - - - - -( )( )( )( )...( )a a a a

\ ( )( )( )...( )x x x x
x

x
- - - - = -

-
a a a a2 3 14

15 1

1

As, x ® 1.

( )( )( )...( ) lim1 1 1 1
1

1
152 3 14

1

15

- - - - = -
-

=
®

a a a a
x

x

x

\ N = = ×15 3 53 13 13

Thus, number of divisors = + + = =( )( ) .13 1 13 1 14 1962

69. Here, domain of f x( ) Þ x Î -ì
í
î

ü
ý
þ

1

2

1

2
, only

\ f x( ) is minimum when x = 1

2
, i.e. fmin

1

2 2

æ
èç

ö
ø÷ = p

and f x( ) is maximum when x = - 1

2
, i.e. fmax -æ

èç
ö
ø÷ =1

2

3

2

p

\Sum of maximum and minimum value of function is 2p.

70. Here, tan ( ) ,- - + >1 2 18 0x x a " Îx R

Þ x x a2 18 0- + > , " Îx R

Þ ( )18 4 02 - <a

Þ a > 81

Þ a Î ¥( , )81

71. As, sin sin ,2 1 0x x x R+ + > " Î .

\ 1

12sin sinx x+ +
is always exists.

For sin
| |

-

-
æ
è
ç

ö
ø
÷1

2

1

1x
to exists,

0
1

1
1

2
<

-
£

| |x

Þ | |x 2 1 1- ³

Þ x 2 1 1- £ - or x 2 1 1- ³

Þ x 2 0£ or x 2 2³

Þ x = 0 or (x £ - 2 or x ³ 2)

\ x Î - ¥ - È ¥ È( , ] [ , ) { }2 2 0 .
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y f x= ( )
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72. Here, log ( )x x2 1- + is defined, when

x x2 1 0- + > and x x2 1 1- + ¹

Þ x RÎ and x ¹ 0 1, Þ x RÎ - { , }0 1 …(i)

Again, log (sin )- + +1 2 1x x exists, when

0 1 12< + + £x x

Þ x x2 0+ £ Þ x Î -[ , ]1 0 …(ii)

x Î -[ , )1 0

73. Here, cos-1 x is defined for x Î -[ , ]1 1 for sin ( )- -1 33 4x x

for x defined 0 3 4 13£ - £x x

\ 3 4 03x x- ³ and 3 4 13x x- £

Þ x Î - ¥ -
æ
è
ç

ù

û
ú È

é

ë
ê

ù

û
ú, ,

3

2
0

3

2
and x Î - ¥[ , )1

Þ x Î - -
é

ë
ê

ù

û
ú È

é

ë
ê

ù

û
ú1

3

2
0

3

2
, ,

74. Here, f x( ) exists only, if

4 8 52 2 0

2

3
2

2 1x
x

x+ - - ³
- -( )

( ) .

Þ 2 2 2 522 2 2 2 1x x x+ - ³- -( ) ( )

Þ 2 642x ³ Þ x ³ 3

75. y x= --| sin ( ) |1 22 1

\ dy

dx

x

x

x

x x
= -

-
×

-

-

-
| sin ( ) |

sin ( ) | |

1 2

1 2 2

2 1

2 1

4

2 1

which would exist, if

| | ,2 0x ¹ sin ( )- - ¹1 22 1 0x and 1 02- >x

Þ x ¹ 0, 2 1 02x - ¹

and | |x < 1 Þ x ¹ ±0
1

2
, and | |x < 1

Þ x Î - ±ì
í
î

ü
ý
þ

( , ) ~ ,1 1 0
1

2

76. The given function is defined for 5 8 4 02x x- + > which is

true, " Îx R.

Since, coefficient of x 2 5 0= > and D = - = - <64 80 16 0

Let g x x x( ) = - +5 8 42

Here, a = >5 0

\Range of g x
D

a
( ) , ,= - ¥é

ëê
ö
ø÷ = - -

´
¥

é

ë
ê

ö
ø
÷

4

16

4 5
= ¥é

ëê
ö
ø÷

4

5
,

As,
4

5
5 8 42£ - + < ¥x x

\ log log ( ) log/ / /5 4 5 4
2

5 4
4

5
5 8 4

æ
èç

ö
ø÷ £ - + < ¥x x

Þ - £ - + < ¥1 5 8 45 4
2log ( )/ x x

Þ tan ( ) tan {log ( )}/
- -- £ - +1 1

5 4
21 5 8 4x x < ¥-tan ( )1

Þ - £ <p p
4 2

f x( )

\ R f = -é
ëê

ö
ø÷

p p
4 2

,

77. Functions which are not algebraic, are known as transcendal
functions.

78. f x
x x

x
x( )

( )
=

- + - -
- -

×
1 1 2 1

1 1

2

=
- -

- -
×

x

x
x

1 1

1 1
=

Î ¥
- Î

ì
í
î

x x

x x

, [ , )

, [ , )

when

when

2

1 2

f x
x

x
¢ =

Î ¥
- Î

ì
í
î

( )
, [ , )

, [ , )

1 2

1 1 2

\ f f¢ = ¢æèç
ö
ø÷ = -( ) ,10 1

3

2
1

79. f x
x

x

( )
cos

cos

= + +
+ +æ

èç
ö
ø÷1 2

2

1
2

3
2

2

p

-
+æ

èç
ö
ø÷

é

ë
ê + æ

èç
ö
ø÷cos cos2

3 3

2

x
p p

= + + +æ
èç

ö
ø÷ - +æ

èç
ö
ø÷ -é

ëê
ù
ûú

1

2
2 2

2

3
2 2

3

1

2
cos cos cosx x x

p p

= + +æ
èç

ö
ø÷ × - +æ

èç
ö
ø÷

é
ëê

ù
ûú

1

2

3

2
2 2

3 3
2

3
cos cos cosx x

p p p = 3

4

\ f x( ) is even function, periodic function and

f f( ) ( )0 1
3

4
= = .

80. (a) Let f x x x x( ) sin(sin ) , [ , ]= = " Î --1 1 1

So, f x( ) is one-one and onto.

(b) Let f x x x( ) sin (sin )= =-2 21

p p

The range is -é
ëê

ù
ûú

2 2

p p
, .

So, f x( ) is one-one and into.

(c) Let f x x e

x x

x x

x

x( ) ( ) log

,

,

,

= × =
>

- <
=

ì
í
ï

îï
sgn

0

0

0 0

\ Range is [0, 1] for x Î [- 1 1, ]

So, f x( ) is many-one and into.

(d) Let f x x x

x x

x x

x

( ) ( )

,

,

,

= × =
>

- <
=

ì

í
ï

î
ï

3

3

3

0

0

0 0

sgn

So, f x( ) is many-one and into.

81. (a) ( ) ( . )f g+ 35 = +f g( . ) ( . )35 35 = - + =( . ) ( . )05 05 0

(b) f g f( ( )) ( )3 0 3= =
(c) f g f( ( )) ( )2 1 8= - =
(d) ( )( ) ( ) ( )f g f g- = -4 4 4 = - = -0 26 26

82. Here, f x x ax a a( ) ( )= - + +2 2 1

Þ f x x a a( ) ( )= - +2 , x aÎ ¥[ , )

Let y f x x a a= = - +( ) ( )2
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Clearly, y a³
Þ ( ) ( )x a y a- = -2 Þ x a y a= + -

\ f x a x a- = + -1( )

Now, f x f x( ) ( )= -1

Þ ( )x a a a x a- + = + -2

Þ ( )x a x a- = -2

or ( ) (( ) )x a x a- - - =3 1 0

Þ x a= or a + 1

If a = 5049, then a + =1 5050

If a + =1 5049, then a = 5048

83. Here, g x x x( ) sin(sin { } ) cos (sin { } )= + -- -1 1 1

= + - --{ } cos (cos { } )x x1 1 1

= + - -x x1 1{ }

If x IÎ , then { }x = 0 Þ g x( ) = 0

Also, g x g x( ) ( )- = Þ g x( ) is even.

If x IÏ , then { } { }- = -x x1

Þ g x x x( ) { } { }- = - + -1 12 = g x( )

Þ g x( ) is even function.

\ = Î = - Ïg x x I g x g x x I( ) , ( ) ( ),0 and

Þ g x( ) is periodic function.

84. Given, f a x f a x( ) ( )+ = -
(a)f a x f a a x f a a x f x( ) ( ( )) ( ( )) ( )2 - = + - = - - =

\ f a x f x( ) ( )2 - = …(i)

(b) f a x f a a x f a a x( ) ( ( )) ( ( ))2 + = + + = - + = -f x( )

\ f a x f x( ) ( )2 + = - …(ii)

(c) f b x f x( ) ( )2 + = - [from Eq. (ii)] …(iii)

(d) From Eqs. (ii) and (iii), we get

f a x f b x( ) ( )2 2+ = +
\Period is ( )2 2b a- .

85. Here, f x f x( ) ( )1 1+ = -

Þ f x( ) is symmetric about x = 1.

\ g x f x( ) ( )= +1 Þ g x f x( ) ( )- = -1 = + =f x g x( ) ( )1

Þ g x( ) is an even function.

86. f x

x x

x x

x

x x

( )

,

,

,

,

=

- -¥ < <
- < £

< £
- <

10 4 1

8 2 1 2

4 2 3

2 2 3

if

if

if

if £
- < < ¥

ì

í

ï
ïï

î

ï
ï
ï

4

4 10 4x x, if

Could be shown as

Clearly, the least value of f x( ) is 4.

The number of integral solutions of f x( ) = 4 are two, i.e. { , }2 3 .

Also, p - Î1
12

5
2 3, , { , }e

\ f f e

f

( ) ( )p - +
æ
èç

ö
ø÷

=1

2
12

5

1

87. (a) Number of onto functions
= - × + × - =4 4 3 6 2 4 2405 5 5

(b) Number of onto functions, whose range is 3 elements

= - × +4
3

5 53 3 2 3C ( ) = ´ =4 150 600

(c) Number of onto functions, whose range is 2 elements

= -4
2

52 2C ( ) = ´ =6 30 180

(d) Number of onto functions, whose range is 1 element

= =4
1 4C

88. Replacing x by 2,

Þ 2 2 2
1

2
2 1 4f f f( ) ( )+ æ

èç
ö
ø÷ - =

Þ f f f( ) ( )2
1

2
2 1+ æ

èç
ö
ø÷ = + …(i)

Replacing x by 1,

f ( )1 1= - …(ii)

Replacing x by
1

2
, 2

1

2

1

2
2 2

5

2
f f

æ
èç

ö
ø÷ + + =( )

\ 2 2
1

2

1

2

1

2
f f( ) + æ

èç
ö
ø÷ = …(iii)

From Eqs. (i) and (iii), we get

f ( )2 1= , f
1

2
0

æ
èç

ö
ø÷ =

89. Let g x f x( ) ( )= 100 , g( )1 1=
Þ g x g x x( ) ( )+ - = +1 1

Putting x = ¼1 2 3 99, , , , and adding, we get

g( )100 5050= = = + =
=
år
r 1

100 100

2
100 1 5050( )

90. We have, f x x x nx( ) [ sin ] [ sin ] [ sin ]= + + + + ¼ + +1 1 2 1

= + + + ¼ +n x x nx[sin ] [sin ] [sin ]2

Q x Î( , )0 p
Þ 0 1< £sinx

Þ f x
n n

n n
( )

,

,
=

+
ì
í
î

if is even

if is odd1

91. (a) f x
x

x
( )

,

,
=

ì
í
î

1

0

if is rational

if is irrational

Þ f x k
x

x
( )

,

,
+ =

ì
í
î

1

0

if is rational

if is irrational

Þ f x( ) is periodic but period cannot  be determined.

186 Textbook of Differential Calculus

y=4

1 2 3 4
X′ X

Y′

0

Y



(b) f x
x x n x n

n x n
( )

[ ],

,
=

- £ < +

+ £ < +

ì
í
ï

îï

2 2 1
1

2
2 1 2 2

\ f x( ) is periodic with period 2.

(c) f x

x

( ) ( )= -
é
ëê

ù
ûú1

2

p

Þ f x

x x

( ) ( ) ( )

( )

+ = - = -
+é

ëê
ù
ûú

é
ëê

ù
ûúp

p
p p1 1

2 2

\ f x( ) is periodic with period p.

(d) f x ax a ax a
x

( ) ( ) [ ] tan= + - + + æ
èç

ö
ø÷

p
2

= + + æ
èç

ö
ø÷{ } tanax a

xp
2

\ Period of f x( ) is LCM of
1 2

1
2

a
,

ì
í
î

ü
ý
þ

=

92. Here, ( ) ( )x f x x+ =1

Þ ( ) ( )x f x x+ - =1 0 is ( )n + 1 th degree

Þ ( ) ( ) ( ) ( )( )x f x x x x x+ - = - - -1 0 1 2 K( )x n k- ×
Put x n= + 1 Þ( ) ( ) ( ) ( )! ( )n f n n n k+ + - + = +2 1 1 1 …(i)

Put x = - 1 Þ1 1 11= - × ++( ) ( )!( )n n k …(ii)

From Eqs. (i) and (ii), we get

f n
n

n

n

( )
( ) ( )

( )
+ = + + -

+

+
1

1 1

2

1

=
+

ì
í
ï

îï

1

2

,

,

when is odd

when is even

n
n

n
n

93. We have, f x
f x

f x
( )

( )

( )
+ = -

-
1

5

3
…(i)

f x f x f x f x( ) ( ) ( ) ( )× + - + = -1 3 1 5

Þ f x
f x

f x
( )

( )

( )
= + -

+ -
3 1 5

1 1

On replacing x by ( )x - 1 , we have f x
f x

f x
( )

( )

( )
- = -

-
1

3 5

1
…(ii)

Using Eq. (i), we get f x
f x

f x
( )

( )

( )
+ = + -

+ -
2

1 5

1 3

=

-
-

-

-
-

-
= -

-

f x

f x

f x

f x

f x

f x

( )

( )

( )

( )

( )

( )

5

3
5

5

3
3

2 5

2
…(iii)

Using Eq. (ii), we get f x
f x

f x
( )

( )

( )
- = - -

- -
2

3 1 5

1 1

=

-
-

æ
è
ç

ö
ø
÷ -

-
-

= -
-

3
3 5

1
5

3 5

1

2 5

2

f x

f x

f x

f x

f x

f x

( )

( )

( )

( )

( )

( )
…(iv)

Using Eqs. (iii) and (iv), we have f x f x( ) ( )+ = -2 2

Þ f x f x( ) ( )+ =4

\ f x( ) is periodic with period 4.

94. f x x x( ) = - -1 3

Replacing x by f x( ), f f x f x f x( ( )) ( ) ( )= - -1 3

Hence, the given equation is

f f x f x( ( )) ( )> -1 5 , f x x( ) < -1 5

f x x x( ) = - -1 3

1 1 53- - < -x x x

x x3 4 0- >

x x x( )( )- + >2 2 0

So, x Î - È ¥( , ) ( , )2 0 2

95. ( ) ( ) ( ) ( )x y f x y x y f x y- + - + - = - +2y x y x y(( )( ))

Let x y u- = , x y v+ =
uf v vf u uv v u( ) ( ) ( )- = -
f v

v

f u

u
v u

( ) ( )- = -

Þ f v

v
v

f u

u
u

( ) ( )-æ
èç

ö
ø÷ = -æ

èç
ö
ø÷ = constant

Let
f x

x
x

( ) - = l Þ f x x x( ) ( )= +l 2

f ( )1 2=
l + =1 2 Þ l = 1

f x x x( ) = +2

96. Period of sin x = 2p

and period of cos ( )4
2

4

2

2
- =

-
a x

a

p
.

Þ LCM 2
2

4
4

2
p p p,

-

æ

è
ç
ç

ö

ø
÷
÷ =

a
[given]

i.e. 4
2

2- =a
p

, where p = 1 3,

Hence, a2 15

4

7

4
= , ; a = ± ±15

2

7

2
,

97. f x y f x f a y f y f a x( ) ( ) ( ) ( ) ( )+ = - + - …(i)

Put x y= = 0, we get f a( ) = 1

2

Let y = 0

Þ f x f x f a f f a x( ) ( ) ( ) ( ) ( )= + × -0

Þ f x f x f a x( ) ( ) ( )= + -1

2

1

2

Þ f x f a x( ) ( )= -
Put y a x= - in Eq. (i),

f a f x f a x( ) ( ( )) ( ( ))= + -2 2

Þ ( ( ))f x 2 1

4
=

Þ f x( ) = ± 1

2
Q f x( ) ¹ -é

ëê
ù
ûú

1

2

Hence, f x( ) = 1

2
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98. Since, f g x( ( )) is one-one function.

Þ f g x f g x( ( )) ( ( ))1 2= whenever x x1 2¹
Þ g x g x( ) ( )1 2= whenever x x1 2¹
Þ g x( ) must be one-one.

Let f x y( ) = is satisfied by x x x= 1 2and .

If g x( ) is such that its range has only one of x1 and x2, then
f g x( ( )) can be one-one even, if f x( ) is many-one.

99. x xsin is a continuous function value of | sin |x x can be made

as large as we like for sufficiently large values of x.

Therefore, range of x x Rsin = Þ [ ]

tan

x

x2
0=

For x Îæ
èç

ö
ø÷0

4
,

p
, [ ]x = 0

For x Î -æ
èç

ö
ø÷

p
4

0, ,
[ ]

tan
.

x

x2
0>

Therefore, values of
[ ]

tan

x

x2
are never negative.

Thus, range of
[ ]

tan

x

x
R

2
¹ .

x

xsin

½

½
½ ½

½
½> 1, whenever defined.

Thus, range of
x

xsin
is not R.

| | { }x x+ is a continuous function and

lim ([ ] { } ) ,
x

x x
® ¥

+ = ¥

lim ([ ] { } )
x

x x
® - ¥

- = - ¥

Thus, range of [ ] { }x x R+ = .

100. (a) f x e x( ) ln sec=
-1

. g( )1 0= but f ( )1 is not defined.

Thus, f gand are not identical.

(b) f x x x( ) tan (tan ) ,= =-1 " Îx R

and g x x x( ) cot (cot ) ,= =-1 " Îx R

Thus, f gand are identical.

(c) f x

x

x

x

( )

,

,

,

=
>
=

- <

ì
í
ï

îï

1 0

0 0

1 0

g x( ) = sgn (sgn x) = sgn

1 0

0 0

1 0

,

,

,

x

x

x

>
=

- <

ì
í
ï

îï

g x

x

x

x

( )

,

,

,

=
>
=

- <

ì
í
ï

îï

1 0

0 0

1 0

Thus, f gand are identical.

(d) g x x x( ) cot cos= -2 2 = -cos

sin
cos

2

2
2x

x
x

= = " ¹cot cos ( ),2 2x x f x x p

Thus, f gand are identical.

101. We have, f x x( ) cos ( { })= - --1

Domain of f x R( ) .Î
As, 0 1£ - <{ }x for all x RÎ
Þ - < - - £1 0{ }x

So, range of f x( ) ,Îé
ëê

ö
ø÷

p p
2

.

\ Range of f x( ) contains two prime numbers 2 and 3. Graph
of f x( ) does not lie below X -axis. Clearly, f is neither even nor
odd but many-one.

\ f x f x f x( ) ( ) ( )+ = Þ1 is periodic.

102. If we take example of x x+ sin , it is non-periodic whereas its

derivative 1 + cos x is periodic.

103. The value of sin sin2x ax+ can be equal to 2, if sin 2x and

sin ax both are equal to one but both are not equal one for any
common value of x.

104. Clearly, f x( ) is many-one and into function.

105. f x x x( ) cos sin cos sin= -2
5

2
2

5

p p

= -é
ëê

ù
ûú

2
5

2

5
sin cos cosx

p p

= ° - °2 36 72sin [cos cos ]x

= ° - °2 36 18sin [cos sin ]x

= + - -æ
è
ç

ö
ø
÷

é

ë
ê

ù

û
ú2

5 1

4

5 1

4
sin x = sin x

\ Range is [ , ]-1 1 .

106. Period of 2
1

3
cos ( )x - p and 4

1

3
sin ( )x - p are

2

1

3

2

1

3

p p
,

or 6 6p p, .

\Period of their sums = 6p
107. ( (sin )) sin cos sin cosf x x x x x2 22 2 2= + +

= +1 2sin x

Þ f x x( ) ,= +1 " Î -x [ , ]1 1

Þ If x Î -é
ëê

ù
ûú

p p
4 4

, , then

f x x x(tan ) tan2 21= + = sec

108. Fifth degree equation must have atleast one real root. If it had
two real roots, f x¢ =( ) 0 must have one real root.

109. Range of
1

1
0 1

2+
Î

x
( , ]

For domain R, log ( , ]
1

1
0

2+
æ
è
ç

ö
ø
÷ Î - ¥

x

110. f x x x x c( ) sin cos cos= + - +2 2 2 = +2 sin x c

Þ f f c( ) ( )0 = =p
Hence, many-one function.

111. If f x a a x a x a x an
n

n( ) . . . ,= + + + + ¹0 1 2
2 0.

Then, f xn( )( ) ,+ =1 0 for all x while any derivative of sin x is

never a zero function.

Hence, sin x is not polynomial function.
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112. f is injective, since x y x y R¹ Î( , ).

Þ log { } log { }a ax x y y+ + ¹ + +2 21 1

Þ f x f y( ) ( )¹

f is onto because log ( )a x x y+ + =2 1

Þ x
a ay y

= - -

2

113. f x f
x

f
x

x( ) - æ
èç

ö
ø÷ + æ

èç
ö
ø÷ =2

2 4

2

\ f
x

f
x

f
x x

2
2

4 8 2

2æ
èç

ö
ø÷ - æ

èç
ö
ø÷ + æ

èç
ö
ø÷ = æ

èç
ö
ø÷

f
x

f
x

f
x x

4
2

8 16 4

2æ
èç

ö
ø÷ - æ

èç
ö
ø÷ + æ

èç
ö
ø÷ = æ

èç
ö
ø÷

M M M M

f
x

f
x

f
x x

n n n n2
2

2 2 21 2

2æ
èç

ö
ø÷ - æ

èç
ö
ø÷ + æ

èç
ö
ø÷ = æ

èç
ö
ø÷+ +

On adding, we get

f x f
x

f
x

f
x

n n
( ) - æ

èç
ö
ø÷ - æ

èç
ö
ø÷ + æ

èç
ö
ø÷+ +2 2 21 2

= + + +æ
èç

ö
ø÷x

n

2
2 2

1
1

2

1

2
. . .

As n ® ¥, we get f x f
x x

( ) - æ
èç

ö
ø÷ =

2

4

3

2

Repeating the same procedure again, we get

f x f
x

( ) ( )- =0
16

9

2

\ f f( ) ( )3 16 0= +
114. f x f x( ) ( )- - =0 0

Þ 16

9
0

2x
x- = Þ x = 0

9

16
,

\Two solutions.

115. f x
x¢ =( )

32

9
\ f ¢ =( )0 0

116. For integral solution,

x y x y+ - =[ ][ ] 0 Þ x y xy+ - = 0

Þ - + + - = -1 1x y xy Þ ( )( )x y- - =1 1 1

i.e. only possible, if

( , )x y- = - =1 1 1 1 or ( , )x y- = - - = -1 1 1 1

Þ x y= =2 2, or x y= =0 0,

\ Solutions are (0, 0) or (2, 2).

117. For non-integral solution,

Let x x f= +[ ] 1

and y y f= +[ ] 2

\ [ ][ ] [ ] [ ]x y x f y f= + + +1 2

([ ] )([ ] )x y f f- - = + +1 1 11 2

Now, 0 21 2£ + <f f

\ f f1 2 1+ =
Þ ([ ] )([ ] )x y- - =1 1 2

Which is possible for

\ [ ]x = 3 and [ ]y = 2

Þ [ ]x = 2 and [ ]y = 3

Þ [ ]x = -1 and [ ]y = 0

Þ [ ]x = 0 and [ ]y = -1

\ The x y x y+ = [ ][ ] becomes x y+ = 6 Þ x y+ = 0

\ Non-integer solution lies on x y+ = 6

Þ x y+ = 0

118. We have, f x f xy f
x

y
( ) ( )= +

æ
è
ç

ö
ø
÷

é

ë
ê

ù

û
ú

1

2
…(i)

Interchanging x yand , we get

f y f xy f
y

x
( ) ( )= + æ

èç
ö
ø÷

é
ëê

ù
ûú

1

2
…(ii)

On subtracting, we get

f x f y f
x

y
f

y

x
( ) ( )- =

æ
è
ç

ö
ø
÷ - æ

èç
ö
ø÷

ì
í
î

ü
ý
þ

1

2
…(iii)

From Eq. (i), put x = 1, we get

f f y f
y

( ) ( )1
1

2

1= +
æ
è
ç

ö
ø
÷

é

ë
ê

ù

û
ú …(iv)

f ( )1 0= Þ f y f
y

( ) = -
æ
è
ç

ö
ø
÷

1

Hence, f
x

y
f

y

x

æ
è
ç

ö
ø
÷ = - æ

èç
ö
ø÷

\ From Eq. (iii) becomes f x f y f
x

y
( ) ( )- =

æ
è
ç

ö
ø
÷

119. f x
f x h f x

hh
¢ = = + -

®
( ) lim

( ) ( )

0

Using the result in Q. No. 118.

lim lim
h h

f
x h

x

h

f
h

x

h® ®

+æ
èç

ö
ø÷

=
+æ

èç
ö
ø÷

0 0

1

=
+æ

èç
ö
ø÷

×®
lim

h

f
h

x
h

x
x

0

1

= ¢1
1

x
f ( ) = ×1

2
x

= 2

x

\ f ¢ =( )3
2

3

120. From Q. No. 119, f x
x

¢ =( )
2

f x x C( ) log= +2

Þ f ( )1 0= Þ C = 0

\ f x x( ) log= 2

\ f e e( ) log= =2 2

121. f x( ) = odd degree polynomial + bounded function

cot ( , )- Î1 0x p

Also, f x¢ >( ) 0

\ f x( ) is one-one and range of f x R( ) Î
\ f x( ) is onto.

Þ f x( ) is one-one onto.
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122. We have, f x x
x x

( ) = + +
+ +

4
2

1
1

1

= even degree polynomial + bounded function

1

1
0

4

32x x+ +
Îæ

èç
ö
ø÷,

f x
x x x x

x x
¢ = + + - -

+ +
( )

( )

( )

4 1 2 1

1

3 2 2

2 2

Þ f x¢ =( ) 0 has at least one root which is repeated odd
number of times or it has one root which is not repeated, since
numerator of f x¢( ) is a polynomial of degree 7.

Þ f x( ) = 0 has a point of extreme.

\ f x( ) is many-one into.

123. f x( ) = odd degree polynomial + bounded function sin 2x Þ
f x( ) is onto.

f x( ) is one-one, if f x¢ ³( ) 0 or f x¢ £( ) 0, "x

Þ a a³ È £ -1 1 Þa RÎ - -( , )1 1

124. Dh = -{ , }1 1 , as minimum occurs before maxima for f x( ).

\ a3 1= -
Now, g x a a x a x x( ) = + + -0 1 2

2 3

g x a a x x¢ = + -( ) 1 2
22 3

= - - +3 3 3( )( )x x = - +3 272x

\ a a1 227 0= =,

\ a a1 2 27+ =
125. Also, g( )- >3 0 and g( )3 0>

Þ a0 54> and a0 54< -
\ a0 54>

126. Now, g x a x x( ) = + -0
327

f x a x x( ) = + -0
327

f a( )10 270 10000= + -

Clearly, f ( )10 is defined for a0 730> .

127. Q ff x x- =1( )

2
1 4 1 24( ( )) ( ( ))f x f x x

- -- =
Þ ( ( )) ( ( )) logf x f x x- -- - =1 4 1 2

24 0

\ ( ( )) logf x x- = + +1 2
22 4

\ Range of f x-1( ) is [ , )2 ¥ .

\ f x x- = + +1
22 4( ) log

\ f x- >1 0( )

128. g x
x

x
( )

sin

sin
= +

-
4

2

Þ g x
x

x
¢ = -

-
³( )

cos

(sin )

6

2
0

2
Q x Îé

ëê
ù
ûú

é
ëê

ù
ûú

p p
2

,

Þ g x( ) is an increasing function, hence one-one function.

\ Range is g g
p p
2

æ
èç

ö
ø÷

é
ëê

ù
ûú

, ( ) and lies in [ , ].- -5 2

129. x x: in domain of g x-1( ),

g x-1( ) in domain of f x-1( )

g x
x

x

- -= +
-

1 1 2 2

1
( ) sin

( )
, " Î - -x [ , ]5 2 …(i)

Þ sin
( )- +

-
³1 2 2

1
1

x

x

i.e. 1
2 2

1 2

1£ +
-

£-sin
( )x

x

p

Þ sin
( )

1
2 2

1
1£ +

-
£x

x

Solving this, we get

x £ - -
-

( sin )

sin

4 1

2 1
or x > 1 …(ii)

From Eqs. (i) and (ii), we get

x Î - - +
-

é

ë
ê

ù

û
ú5

4 1

2 1
,

( sin )

sin

Sol. (Q. Nos. 130 to 132)

P x( ) + =1 0 has a thrice repeated root at x = 1.

P x¢ =( ) 0 has a twice repeated root at x = 1.

Similarly, P x¢ =( ) 0 has a twice repeated root at x = -1.

Þ P x¢( ) is divisible by ( ) ( )x x- +1 12 2

Q P x¢( ) is degree at most 4.

Þ P x x x¢ = - +( ) ( ) ( )a 1 12 2

\ P x
x

x x c( ) = - +
æ
è
ç

ö
ø
÷ +a

5
3

5

2

3

Now, P( )1 1= - and P( )- =1 1 Þ a = - 15

8
and c = 0

\ P x
x

x x( ) = - - +
æ
è
ç

ö
ø
÷

15

8 5

2

3

5
3

= - - +
æ
è
ç

ö
ø
÷

15

8 5

2

3
1

4 2

x
x x

has only one real root x = 0, as
x x4 2

5

2

3
1- + has imaginary

roots.

Also, sum of pairwise product of all roots = - 10

3
.

Also, P x x x¢ ¢ = - -( ) ( )
15

2

3

Let f x x x( ) ( )= - -15

2

3

f x x¢ = - -( ) ( )
15

2
3 12 = - - +15

2
3 1 3 1( )( )x x

Þ Maximum at x = 1

3
.

130. (a) 131. (c) 132. (b)

Sol. (Q. Nos. 133 to 135)

Given, f x
f x

- =1 1
( )

( )
…(i)

Replace x by f x( ).

Þ f f x
x

( ( )) = 1 Þ f
x

f x- æ
èç

ö
ø÷ =1 1

( )

Þ f x f
x

- = æ
èç

ö
ø÷

1 1
( ) ...(ii)
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From Eqs. (i) and (ii), we get,

1 1

f x
f

x( )
= æ

èç
ö
ø÷ Þ f x f

x
( ) × æ

èç
ö
ø÷ =1

1 ...(iii)

Putting x = 1, we get

( ( ))f 1 12 =

133. f ( )1 1= [ ( ) ]as f 1 0>

134. If f x( ) is continuous, then being bijective, it will be monotonic.

135. f f x( ( )) would be increasing but f f x
x

( ( )) = 1
, i.e. decreasing.

Thus, contradicts the facts of f x( ) being continuous.

Sol. (Q. Nos. 136 to 137)

f m n f m f n( ) ( ) ( )+ = +
n N= -1

\ f N f f N( ) ( ) ( )= + -1 1

f N f f N( ) ( ) ( )- = + -1 1 2

f N f f N( ) ( ) ( )- = + -2 1 3

M M M

f f f( ) ( ) ( )2 1 1= +
On adding all, we get

f N Nf( ) ( )= 1

Now, if f ( )1 1=
Þ f N N( ) ,= which contains even numbers

If f ( )1 2= Þ f N N( ) ,= 2 which contains even numbers

\ f ( )1 is 1 or 2.

136. (c) 137. (a)

138. (A) sin (cos ), sin (cos )x x ³ 0

2 2 1n x np p£ £ +cos ( )

0 1£ £cos x

x n nÎ - +é
ëê

ù
ûú

2
2

2
2

p p p p
,

(B) ( cos (sin ) )x -1

cos (sin )x > 0

- < <p p
2 2

sin x Þ x RÎ

(C) tan ( sin )p x

p p
sin x ¹ ±

2

sin x ¹ ± 1

2

\ x n¹ ±p p
6

Þ x R nÎ - ±ì
í
î

ü
ý
þ

p p
6

(D) ln (tan )x

tan x > 0 Þ 0
2

< <x
p

n x np p p< < +
2

Þ x n nÎ +æ
èç

ö
ø÷p p p

,
2

139. (A) | sin |4 1 5x - < Þ - < - <5 4 1 5sin x

Þ 1 5 4 1 5- < < +sin x

Þ 1 5

4

1 5

4

- < < +
sin x

Þ - < <p p
10

3

10
x

But x Î[ , ]0 p domain x Î[ , / )0 3 10p .

(B) 4 8 3 02sin sinx x- + £ , 0 2£ £x p

Þ ( sin )( sin )2 1 2 3 0x x- - £ Þ 2 1 0sin x - ³

Þ sin x ³ 1

2
Þ x Îé

ëê
ù
ûú

p p
6

5

6
,

(C) | tan |x £ 1; x Î -[ , ]p p , - £ £1 1tan x

n x np p p p- £ £ +
4 4

Put n = 0, - £ £p p
4 4

x

Put n = 1, p p p p- £ £ +
4 4

x

3

4

5

4

p p£ £x

But, from domain
3

4

p p£ £x

Put x = -1, - - £ £ - +p p p p
4 4

x Þ - £ £ -5

4

3

4

p p
x

But from domain - £ £ -p p
x

3

4

Finally, - -é
ëê

ù
ûú

È -é
ëê

ù
ûú

È é
ëê

ù
ûú

p p p p p p, , ,
3

4 4 4

3

4

But, x Î[ , ]0 p \ x Îé
ëê

ù
ûú

È é
ëê

ù
ûú

0
4

3

4
, ,

p p p

(D) cos sin ,x x- ³ 1 0 2£ £x p Þ 2
1

2 2
1cos

sin
x

x-æ
èç

ö
ø÷ ³

Þ cos cos sin sinx x× - ×æ
èç

ö
ø÷ ³p p

4 4

1

2

Þ cos x +æ
èç

ö
ø÷ ³p

4

1

2

Þ 2
4 4

2
4

n x np p p p p- £ + £ +

Þ 2
2

2n x np p p- £ £

On substituting suitable values of n, according to domain

x Îé
ëê

ù
ûú

È3

2
2 0

p p, { }

140. (A) When - £ <1 0x ,

f x( ) [ , )Î 0 1 and f x x( ) = + 1

\ f f x x x x( ( )) ( )= + - = +1 1 22 2

(B)
(cos )(sec tan )2 1 2

2

2x x x+ +

= -
+

+
æ
è
ç

ö
ø
÷

+ +æ
è
ç

ö
ø
÷

1

1
1

1 2

2

2

2

2tan

tan

tan tanx

x

x x

= + +
+

1 2

1

2

2

tan tan

tan

x x

x

i.e. f
x

x

x

x

2

1
1

2

12 2

tan

tan

tan

tan+
æ
è
ç

ö
ø
÷ = +

+

\ f x x( ) = +1
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(C) Put x y= =0 0, , f ( ) ( )1 1 1 22 2= + =

Put x = 0,y = 1, f ( ) ( )2 1 2 32 2= + =

By induction, f x x( ) ( )= + 1 2

(D) When 4 5< <x ,
x

4
1

é
ëê

ù
ûú

=

Þ f x x( ) = +2 3

\ y x= +2 3 Þ x
y= - 3

2

\ f x
x- = -1 3

2
( )

141. (A) Simplifying the expression, we get f x( ) = 5

4
.

(B) Period of tan ( ) ,{ }e x = 1 the period of

[ ] ( )x x+ - + + -a a a 5 is also 1, hence 1 is the period.
(C) h x h x( ) ( )- - = 0, hence even function.

(D) Simplifying the expression, k x( ) = 0.

142. Here, f x y kxy f x y( ) ( )+ - = + 2 2

Put x = 0 Þ f y f y( ) ( )= +0 2 2

Þ f x x f( ) ( )= +2 02

Now, f f( ) ( )1 2 0= + Þ f ( )0 0=
\ f x x( ) = 2 2

Hence, f x y f
x y

( )+ ×
+

æ
è
ç

ö
ø
÷ =1

4

143. Given, f x f y f f y xf y f x( ( )) ( ( )) ( ) ( )- = + + - 1 …(i)

On putting x = 0 and f y( ) = 0, we get

f f f( ) ( ) ( )0 0 0 1= + -
Þ f ( )0 1= …(ii)

On putting x a= and f y a( ) = , we get

f f a a f a( ) ( ) ( )0 12= + + -

Þ f a
a

( ) = -1
2

2

\ f x
x

( ) = -1
2

2

Þ - = - + =f ( )
( )

10 1
10

2
49

2

Hence,
- =f ( )10

7
7

144. Given,

f f f nf n n n f n( ) ( ) ( ) ( ) ( ) ( )1 2 2 3 3 1+ + + ¼ + = + …(i)

On putting ( )n + 1 in place of n, we get

f f n f n n f n( ) ( ) ( ) ( ) ( )1 2 2 1 1+ + ¼ + + + +
= + + +( ) ( ) ( )n n f n1 2 1 …(ii)

On subtracting Eq. (i) from Eq. (ii), we get

( ) ( ) ( ) ( ) ( )n f n n n f n+ + = + + +1 1 1 2 1 - +n n f n( ) ( )1

Þ ( ) ( ) ( )n f n nf n+ + - =1 1 0

Þ nf n n f n( ) ( ) ( )= + +1 1

Þ 2 2 3 3f f nf n( ) ( ) ( )= = ¼ =
From Eq. (i),

f n f n nf n n( ) [ ( ) ( ) ( )1 1+ + + ¼ -to terms] = +n n f n( ) ( )1

Þ f n n f n n n f n( ) ( ) ( ) ( ) ( )1 1 1+ - = +
Þ f n f n( ) ( )1 2= Þ 1 2= n f n( )

Þ 1
2

f n
n

( )
=

Þ 1

2010
4020

f ( )
= Þ 1

2010 2010
2

( ) ( )f
=

145. If f x
ax b

cx a
( ) = +

-
, x

a

c
¹

Then, f f x x( ( )) =

\ f f x x( ( )) = and f f
x x

4 4æ
èç

ö
ø÷

æ
èç

ö
ø÷

=

\ f f x f f
x

( ( )) + æ
èç

ö
ø÷

æ
èç

ö
ø÷

4 = + ³x
x

4
4

146. Here, g a b= - +4 ( )

Þ a b g a b a b2 + + = + + - + =2 2 2 2 24 6( ( ))

Þ 2 2 4 2 8 10 02 2b b a a a+ - + - + =( ) ( )

But, b ÎR Þ D ³ 0

Þ 3 8 4 02a a- + ³

Þ a Î[ / , ]2 3 2

\Integer values of a are {1, 2}.

147. Here, f x ax b( ) = +
Þ a x f x b x ax b( ( ))+ + = + +
Þ a f x x( ) =

Þ f x
x

a
( ) =

Þ x

a
ax b= +

Þ b a= Þ =0 12

Þ a = ± 1

Þ f x x( ) = ± , i.e. 2 functions.

148. Number of one-one functions = =5
3 60P

Number of strictly monotonic functions = + =10 10 20

\ Number of one - one functions

Number of strictly monotonic functions
= =60

20
3

149. The number of different sets contains exactly 3 elements of
B C= =5

3 10

The number of onto functions from A to the set contains

3 elements = - + =10 3 3 2 3 3604 4[ ( ) ]

\ k

60
6=

150. Here, f a b( ) sin( ) cos( )2 2 2 2 8= + +
and f a b( ) sin( ) cos( )- = - - +2 2 2 2 8

On adding, we get

f f( ) ( )2 2 16+ - =
\ f ( )- =2 1

151. Let y f x x ex= = +( ) /5 3

Then, y( )0 1=

Also, g y
f x

¢ =
¢

( )
( )

1

\ g
f

¢ =
¢

=( )
( )

1
1

0
3
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152. f x x x p( ) = - +3 12

Þ f x x¢ = - =( ) 3 12 02

Þ x = ± 2

\ f p f p( ) ( )- = + = -2 16 2 16and for all p Î {1, 2, …, 15}

f ( )- >2 0, f ( )2 0< . It has 3 roots in each case.

\ Sq = ´ =3 15 45 Þ 1

5
9× =Sq

153. Given, f m f n( ) ( )- = 3

If m = 125,n = 124 Þ ( )m n- =min 1

m = 24,n = 5

Þ f m f n( ) ( )- = 3 Þ ( )maxm n- = 19

\ ( ) ( )m n m n- - -max min

2
= -19 1

2
= 9

154. As, x y2 2 4+ =
Þ x = 2 cosq, y = 2 sinq

\ x y

x y
x y xy

3 3
2 2+

+
= + - = -4 2 2sin q

Þ x y

x y

3 3

4 2 2
+
+

æ
è
ç

ö
ø
÷ = -

max

max( (sin ))q = + =4 2 6

155. f ( ) ( )2011 2 0 1 1 162= + + + =
f 2 22011 1 6 49( ) ( )= + =

f 3 22011 4 9 169( ) ( )= + =

f 4 22011 1 6 9 256( ) ( )= + + =

f 5 2011 2 5 6 169( ) ( )= + + =

M M

f n2 2011 256( ) =

\ f n2 1 2011 169+ =( )

Þ f f

f f

2011 2010

2013 2012

2011 2011

2011 2011

169( ) ( )

( ) ( )

-
-

= -
-

=256

169 256
1

156. As, [sin ]x
x x x x= - é

ëê
ù
ûú

+ - é
ëê

ù
ûú2 2

2

5

2

5p p p p

[sin ]x
x x= ì

í
î

ü
ý
þ

+ ì
í
î

ü
ý
þ2

2

5p p
Thus, only one solution, i.e. x = 10p.

157. As, xy x y- + =6 0( ) Þ ( ) ( )x y- - =6 6 36

\( , ) ( , ), ( , ), ( , ), ( , ),( , ),x y- - =6 6 1 36 2 18 3 12 4 9 6 6

( , ),( , ), ( , ), ( , ),- - - - - - - -36 1 18 2 12 3 4 9 ( , )- -6 6 ,

Q x y£ Þ a = 10

\ ( )a - =6 4

158. Here, f x x x x x x( ) ( ) ( ) ( ) ( )- = - - - -10 1 2 3 a
\ f f( ) ( )12 8 19840+ - =

Þ f f( ) ( )12 8

19840
1

+ - =

159. On adding, a = - + = +3 4 4 2

2
1 2 2cos sin
( sin )

q q q

On subtracting, b = -( sin )1 2 2q

Þ ab = £cos4 2 1q

160. Clearly, x x2 4 0+ ³
2 3 02x + ³ Þ x x x2 24 2 3+ ³ +

and x is an integer.

\ x Î { , , }1 2 3
\ n = 3

Now, maximum value x x

x
C

2

2
4

2 3
12+

+ =

\ Y = | ln |12

\ [ ] (ln ln ln )Y e e= < <2 122 3

\ [ [ ]] [ ]n Y+ = + =3 2 5

161. f x f x f x( ) ( ) ( )- + + =1 1 3

Þ f x f x f x( ) ( ) ( )+ + = +2 3 1

Putting x x= + 2,

f x f x f x( ) ( ) ( )+ + + = +1 3 3 2

f x f x f x f x( ) ( ) ( ) [ ( )]- + + + + = +1 2 2 3 3 3 1

f x f x f x( ) ( ) ( )- + + = +1 3 1

Again, putting x x= + 2,

f x f x f x( ) ( ) ( )+ + + = +1 5 3

f x f x( ) ( )- + + =1 5 0

f x f x( ) ( )+ = - -5 1

f x f x( ) ( )= - + 6

f x f x( ) ( )+ =12

Þ
r

f r f
=
å + = = ´ =

0

19

5 12 20 5 20 10 200( ) ( )

Hence, the sum of digits = + + =2 0 0 2

162. Put x = 1,

2 f x f xy f
x

y
( ) ( )= +

æ
è
ç

ö
ø
÷ …(i)

2 1
1

f f y f
y

( ) ( )= +
æ
è
ç

ö
ø
÷ …(ii)

Þ f y f
y

( ) = -
æ
è
ç

ö
ø
÷

1

Replacing x by y and y by x in Eq. (i), we get

2 f y f yx f
y

x
( ) ( )= + æ

èç
ö
ø÷ …(iii)

From Eqs. (i) and (iii), we get

2{ ( ) ( )}f x f y- =
æ
è
ç

ö
ø
÷ - -

æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ

=
æ
è
ç

ö
ø
÷f

x

y
f

x

y
f

x

y
2 …(iv)

f x f y f
x

y
( ) ( )- =

æ
è
ç

ö
ø
÷ …(v)

lim
( ) ( )

( )
h

f h f

h
f

®

+ - = ¢ =
0

1 1
1 1

lim
( )

h

f h

h®

+ =
0

1
1,    as f ( )1 0=

f x
f x h f x

hh
¢ = + -

®
( ) lim

( ) ( )

0
=

+æ
èç

ö
ø÷

=
®

lim
h

f
h

x

h x0

1
1

f x x c( ) log | |= +
f ( )1 0= Þ c = 0

f e( ) = 1
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163. f f f n f n( ) ( ) ( ) . . . ( ( ))1 2 2 3 3+ + + + = +n n f n( ) ( )1

Þ f f f n f n( ) ( ) ( ) . . . ( ) ( )1 2 2 3 3 1 1+ + + + + +
= + + +( )( ) ( )n n f n1 2 1

Þ n n f n n f n( ) ( ) ( ) ( )+ = + +1 1 12

Þ nf n n f n( ) ( ) ( )= + +1 1

i.e. 2 2 3 3f f n f n( ) ( ) . . . ( ( ))= = =

i.e. f n
n

( ) = 1

\ 2126 1063 2126
1

1063
2f ( ) = ´ =

164. Now, f x
x x

x x
( ) = + +

- +

4 2

2

1

1
Þ f x x x( ) = + +2 1

Now, f n n n( )w w w= + + =2 1 3

Q wn = 1, when n is a multiple of 3.

165. f x f
x

x
x2 31

1
( ) × -

+
æ
è
ç

ö
ø
÷ = …(i)

Replacing x by
1

1

-
+

x

x
, we get

f
x

x
f x

x

x

2

3
1

1

1

1

-
+

æ
è
ç

ö
ø
÷ = -

+
æ
è
ç

ö
ø
÷( ) …(ii)

By using Eqs. (i) and (ii), we get f x x
x

x

3 6

3
1

1
( ) = +

-
æ
è
ç

ö
ø
÷

Þ f x x
x

x
( ) = +

-
æ
è
ç

ö
ø
÷3 1

1
Þ f ( )- =2

8

3

Þ [ ( )]f - =2 2 Þ |[ ( )]|f - =2 2

166. f a x f x( ) ( )2 - =
Þ f a x f x( ) ( )2 - = -
Q f is odd Þ f x a f x( ) ( )+ =4

Þ f is periodic with period 4a.

Þ f r f( ) ( )1 4 1+ =

Now, [ ( )]f r

r

1 8
0

=
=

¥

å Þ 1

1 1
8

-
=

f ( )

Þ f ( )1
7

8
= Þ 8 1 7f ( ) =

167. Consider, f x
e e

e e

e

e

x x

x x

x

x
( ) = -

+
= -

+

-

-

2

2

1

1
= -

+
1

2

12e x

Þ f x
e

e

x

x
¢ =

+
>( )

( )

4

1
0

2

2 2
, " Îx R

Þ f x( ) is an increasing function.

Þ Domain : R, Range : ( , )-1 1

For f R: ( , )® -1 1 ,

f x
e e

e e

x x

x x
( ) ,= -

+

-

- f Rx- - ®: ( , )1 1

Þ x
e e

e e

y y

y y
= -

+

-

-

Þ e
x

x

y = +
-

1

1
Þ f x

x

x

- = +
-

1 1

1
( ) ln

Hence, given equation is equivalent to f x f x( ) ( )= -1 .

Û f x x( ) = [as f is an increasing function]

Þ ln
1

1

+
-

=x

x
x Þ 1

1

2+
-

=x

x
e x

Now, draw the graph of y
x

x
= +

-
1

1
and y e x= 2 . They intersect

each other at x = 0.

168. Let y
x x

x x x x
= + +

+ +
= +

+ -
3 9 17

3 9 7
1

10

3 9 7

2

2 2

Now, 3 9 7 3 3 72 2x x x x+ + = + +( )

= +æ
èç

ö
ø÷ + ³3

3

2

1

4

1

4

2

x for all x RÎ

Maximum value of
10

3 9 72x x+ +
is 40.

Maximum value of y is 1 40 41+ =
\ 5 1 41k + = Þk = 8

169. The period of the function is found as follows

Given, f x f x f x f x( ) ( ) ( ) ( )+ + = + + +4 2 6 …(i)

\ Replacing x by x + 2, we get

f x f x f x f x( ) ( ) ( ) ( )+ + + = + + +2 6 4 8 …(ii)

From Eqs. (i) and (ii), we get

f x f x f x f x( ) ( ) ( ) ( )+ + = + + +4 4 8

Þ f x f x( ) ( )= + 8 Þ Thus, 8 is the period.

170. Since, f x( ) is symmetric about y x= .

Þ f x f x- =1( ) ( )

\ f x f x px f x f x x f x2 1 2 1 22( ) ( ( )) ( ) ( ) ( )= - × +- -

Þ f x f x px f x f x x f x2 2 22( ) ( ) ( ) ( ) ( )= - × × +
Þ f x x px f x( ) { ( )}× - × =2 02

Þ f x
x

px
( ) = 2 2

[as f x( ) ¹ 0]

Þ f x
x

p
( ) = 2 Þ p = 2

171. Here, f x
x mx n

x

mx n

x
( ) = + +

+
= + + -

+
3

1
3

3

1

2

2 2

\ y
mx n

x
= + + -

+
3

3

1 2

For y to lie in [ , ).-4 3

mx n x R+ - < " Î3 0, .

This is possible only if m = 0.

When m = 0, then y
n

x
= + -

+
3

3

1 2
.

If x y® ¥ Þ ® -
max 3

Now, y min occurs at x = 0. [ ]as 1 2+ x is maximum

y
n

nmin = + - =3
3

1
...(i)

Since, - £ <4 3y

\ y min = -4 ...(ii)

From Eqs. (i) and (ii), n = -4

\ m n2 2

4

16

4
4

+ = =
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172. Since, f x( ) is monotonic.

Þ f x¢ <( ) 0 or f x¢ >( ) 0, " Îx R.

Þ f px¢ <( ) 0 or f px¢ >( ) ,0 " Îx R.

Þ f px( ) is monotonic

Þ ( )f x f x f x f m x( ) ( ) ( ) ... ( )+ + + + -3 5 2 1

is a monotonic polynomial of odd degree ( )2 1m - , so it will
attains all real values only once.

\ ( )f x f x f x f m x m( ) ( ) ( ) ... ( ) ( )+ + + + - = -3 5 2 1 2 1 has only
one root.

173. (i) We have,

( ) [ ]x x x2 2 2= + …(i)

Þ ( ) [ ] [ ]i f i f i f i f+ = + = + + +2 2 2 2 2

[Q x i f= + , where i is integer and f is fraction]

Þ { } ( )i f i i f+ = + +2 2 2 2

Þ i i i i f2 22 1 2 2+ + = + +

Þ f x x= Þ = =1

2
0 1[ ] , ( )

Put the value of ( )x and [ ]x in Eq. (i), we get

x = 0, n + 1

2
,n ZÎ

(ii)  We have,

[ ] [ ]2 2 1x x x- = +
Þ - = +{ } [ ]2 1x x Þ [ ] { }x x+ = -2 1

\ x = - -1
1

2
,

(iii) We have, [ ] ( ) , [ ] ,x x x x x2 22 0 3 0 2+ = = £ £

For 0 1 0 0 02£ < = = Þ =x x x x, [ ] , [ ]

1 2 1 1 12£ < = = Þ =x x x x, [ ] , [ ]

2 2 1 2
4

3

2£ < = = Þ =x x x x, [ ] , [ ]

3 2 1 3
5

3

2£ < = = Þ =x x x x, [ ] , [ ]

x x x x= = = Þ =2 2 4
8

3

2, [ ] , [ ]

\ x Îì
í
î

ü
ý
þ

0 1
4

3

5

3
, , , Q

8

3
0 2Ïé

ëê
ù
ûú

[ , ]

(iv)  We have, y x= -4 2[ ] and [ ]y y+ = 6

Now, [ ] ,y y y+ = Þ =6 3

On substituting the value of y in y x= -4 2[ ]

Þ [ ] , ,x x k2 1 1 1= = ± ± + , where k is fraction.

(v) We have,

[ ] | | ,x x x+ - £ - £ £2 0 1 3

For - £ < = - Þ - - + £1 0 1 2 0x x x, [ ] x ³ 1, Not
possible.

0 3£ £x x, [ ] and | |x -2 are positive.

Hence, no solution.

174. Given, f n n( ) ! ! ! ... != + + + +1 2 3

\ f n Q n f n P n f n( ) ( ) ( ) ( ) ( )+ = + +2 1

Þ { ! ! ... ( )!} ( ){ ! ! ... !}1 2 2 1 2+ + + + = + + +n Q n n

+ + + + +P n n( ){ ! ! ... ( )!}1 2 1

Þ ( ! ! !) {( )! ( )!} { ( ) ( )}1 2 1 2+ + + + + + + = +K n n n Q n P n

{ ! ! ! !}1 2 3+ + + +K n + +P n n( ).( )!1

Equating coefficients of { ! ! ... !}1 2+ + + n and ( )!n + 1 on both
sides, we get

Q n P n( ) ( )+ = 1 and P n n( ) ( )= + 3

So, P n n( ) = + 3

or P x x( ) = + 3 and Q x P x( ) – ( )= 1

Hence, P x x( ) = + 3 and Q x x( ) – –= 2.

175. Given, f x
a

a a

x

x
( ) =

+
...(i)

Now, f x
a

a a

a

a a

x

x x
( – )

–

–
1

1

1
=

+
=

+
...(ii)

From Eqs. (i) and (ii), we have f x f x( ) ( – )+ =1 1 ...(iii)

Þ f
r

n
f

n r

n2

2

2
1

æ
èç

ö
ø÷ +

æ
è
ç

ö
ø
÷ =–

Þ f
r

n
f

n r

n
n

r

n

r

n

2

2

2
2 1

1

2 1

1

2 1æ
èç

ö
ø÷ +

æ
è
ç

ö
ø
÷ =

= =
å å

– –
–

–

Þ f
r

n
f

t

n
n

t

n

r

n

2 2
2 1

1

2 1

1

2 1 æ
èç

ö
ø÷ +

æ
è
ç

ö
ø
÷ =

==
åå –

––

[putting 2n r t– = ]

Hence, 2
2

2 1
1

2 1

f
r

n
n

r

n æ
è
ç

ö
ø
÷ =

=
å –

–

176. f x( ) is defined if log ( – )–
log |sin |

| sin |x x x
x

2

2

8 23
3

0+
æ
è
ç

ö
ø
÷ >

Þ log
–

| sin |x

x x2 8 23

8
0

+æ
è
ç

ö
ø
÷ >

as
log

log 8

log
log

2

2

2

3
8

|sin | |sin |
| |

x x
x= =

é

ë
ê

ù

û
úsin

This is true, if

|sin | ,x ¹ 0 1 and
x x2 8 23

8
1

– + <

[as |sin |x < 1 Þ log| sin |x a > 0 Þa < 1]

Now,
x x2 8 23

8
1

– + <

Þ x x2 8 15 0– + <

Þ x Î ì
í
î

ü
ý
þ

( , )– ,3 5
3

2
p p

Hence,  domain = È æ
èç

ö
ø÷ È æ

èç
ö
ø÷( , ) , ,3

3

2

3

2
5p p p p

.

177. Given, nx ny xy+ =
Þ xy nx ny n n– – + =2 2 Þ ( – ) ( – )x n y n n= 2

Þ ( – )x n and ( – )y n are two integral factors of n2.

[as x y n N, , Î ]

Obviously, if d is one divisor of n2, then for each such divisor,
there will be an ordered pair (x, y).

So, S n( ) = number of divisors of n2.

(i) For n = 6, we have d = 1 2 3 6 9 12 18 36, , , , , , , .

Thus, S ( )6 9=
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(ii) If n is prime, then d = 1, n and n2.

Hence, S n( ) ,= 3 whenever n is prime.

178. We have,
1 1

2

1

3[ ] [ ]
{ }

x x
x+ = +

Case I x I x x x x xÎ = = =, [ ] , [ ] { }2 2 0

\ 1 1

2

1

3

3

2

1

3

9

2x x x
x+ = Þ = Þ =

9

2
Ï I ,  Not possible.

Case II, x I fÎ + , where I is an integer and f is fraction

[ ] , [ ] { } ,x I x I x f f= = = £ <2 2 0
1

2

Þ 1 1

2

1

3I I
f+ = + Þ f

I
= -3

2

1

3

Þ 0
3

2

1

3

1

2
£ = - <

I
Þ 1

3

3

2

5

6
£ <

I

Þ 9

5

9

2
2 3 4< £ Þ =I I , ,

When I f= =2
5

12
, ; I f= =3

1

6
, ; I f= =4

1

24
,

\ x Îì
í
î

ü
ý
þ

29

12

19

6

97

24
, , .

179. The condition, f x xi i

i

n

i

n
– ( )1

11

=
==
åå can be written as;

1 11

11n
f x

n
xi i

i

n

i

n
– ( ) =

==
åå

i.e. AM of y-coordinates of f –1 = AM of x-coordinates of f

The given two conditions hold if and only if

x x x2 3 3+ =–

Þ x x2 2 3 0+ =–

So, x = +– ,3 1

But x ³ 0 Þ x =1 [neglecting x = –3]

Hence, we can write
1

1
1n

xi

i

n

=
=
å , which is the required result.

180. We have, f x x x( ) –= 2 2 ...(i)

and g x f f x f f x( ) ( ( )– ) ( – ( ))= +1 5 ...(ii)

\ g x f x x f x x( ) ( – – ) ( – )= + +2 22 1 5 2

= [{ – – } – { – – }]x x x x2 2 22 1 2 2 1

+ + +[( – ) – { – }]5 2 2 5 22 2 2x x x x

Þ g x x x x x( ) – –= + +2 8 4 24 184 3 2

To show g x( ) ³ 0, we find its range.

i.e. g x x x x¢ = +( ) – –8 24 8 243 2 let g x¢ =( ) 0

Þ x = – ,1 1 and 3

Þ g x g g g( ) min { (– ), ( ), ( )}³ =1 1 3 0

Hence, g x( ) ³ 0, " Îx R.

181. Given, 2 + = + +f x f y f x f y f xy( ) ( ) ( ) ( ) ( )

or 1 1– ( )– ( ) ( ) ( ) ( )–f x f y f x f y f xy+ =
or ( – ( )) ( – ( )) ( )–1 1 1f x f y f xy=

The above result holds if and only if,

f x xn( ) = +1

If f x a x a x an
n

n
n( ) ...–

–= + + +1
1

0

Then, consider ( ( ))( – ( )) ( )–1 1 1+ =f x f y f xy

Compare constant term on either side, we have

1 10 0– –a a= Þ a0 1=
Comparing coefficient of x yn n, we get

a an n
2 = Þan = 1 or otherwise polynomial would not be of

n degree.

Comparing coefficient of x x xn, , ..., –1 1 on either sides, we have

a a an1 2 1 0= = = =... –

Þ an = 1 and f x xn( ) = + 1

Given, f ( )2 5= , i.e. 2 1 5n + =

Þ n = 2

Thus, f x x( ) = +2 1

Þ f f f( ( )) ( )2 5 5 1 262= = + =

182. Using AM ³ GM, we have
a b c

abc
+ + ³

3

1 3( ) /

Þ a b c
a b c

+ + ³ + +
3

1 3( ) / [Qa b c abc+ + = ]

Þ ( ) /a b c+ + ³2 3 3

Þ ( )a b c+ + ³ 3 3

183. Clearly, g x( ) =

x x

x x

x x

2 2 1

1
1

4
1

2

1

4
0

, – –

– , – –

, –

£ £

£ £

+ £ < as graphically if,

can be expressed as shown in the f

x x

x x

,

,

0 1

1 22

£ £
£ £ ollowing figure

ì

í

ï
ï
ï

î

ï
ï
ï

184. Let g x f x f x( ) ( )– ( )= + p ...(i)
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–2 –3/2 –1

–1

–1/2 1/20 1

1

3/2 2
X

y f x= ( )

y x= 2

(1,1) (1,1)

y x= | |

y = 1/2

y x= | |
Y

X′

Y′

Y

XO

( 0)π,

g( )π

g(0)

X′

Y′



At x g f f= =p p p p, ( ) ( )– ( )2 ...(ii)

At x g f f= =0 0 0, ( ) ( )– ( )p ...(iii)

Adding Eqs. (ii) and (iii), we have

g g f f( ) ( ) ( )– ( )0 0 2 0+ = =p p
Þ g g( ) – ( )0 = p
Þ g ( )0 and g ( )p are of opposite sign.

Þ There is a point c between 0 and p such that

g c( ) = 0 ...(iv)

From Eq. (i) putting x c= , we have

g c f c f c( ) ( )– ( )= +p ...(v)

From Eqs. (iv) and (v), we have

f c f c( )– ( )p + = 0

Hence, f c f c( ) ( )= +p
185. We have, g t t t t( ) | | | | | |= - - + +1 1

Þ g t

t t

t t

t t

t t

( )

,

,

,

,

=

- < -
+ - £ <
- £ <

³

ì

í
ïï

î
ï
ï

1

2 1 0

2 0 1

1

Graph of g t( ) is

f x g t t x x( ) max ( ) : ,= - £ £ì
í
î

ü
ý
þ

Î - ¥æ
èç

ö
ø÷

3

2

3

2

Clearly from the graph,

f x

x

x x

x

x x

( )

/ ,

,

,

,

=

- < £ -

+ - £ <

£ £
³

ì

í

ï
ïï

î

ï
ï
ï

3 2
3

2

1

2

2
1

2
0

2 0 2

2

186. n n n n1 2 1 22= – [given]

Þ n n n2 1 11 2( )+ = Þ n
n

n
2

1

1

2

1
=

+

Þ n
n

2
1

2
2

1
=

+
–

Since, n n1 2, are integers.

\ 2

11n +
ÎInteger

Þ n1 1 2 1 1 2+ = – , – , ,

Þ n1 3 2 0 1= – , – , ,

Þ n2 3 4 0 1= , , ,

Þ Integral solutions of the form ( , )n n1 2 are
(– , ), (– , ), ( , ), ( , )3 3 2 4 0 0 1 1 .

187. PLAN

(i) For such questions, we need to properly define the
functions and then we draw their graphs.

(ii) From the graphs, we can examine the function for
continuity, differentiability, one-one and onto.

f x
x x

e xx1

0

0
( )

,

,
=

- <
³

ì
í
î

Þ f x x x2
2 0( ) ,= ³

f x
x x

x x
3

0

0
( )

sin ,

,
=

<
³

ì
í
î

Þ =
<

- ³
ì
í
î

f x
f f x x

f f x x
4

2 1

2 1

0

1 0
( )

( ( )),

( ( )) ,

Now, f f x
x x

e xx2 1

2

2

0

0
( ( ))

,

,
= <

³

ì
í
î

Þ f
x x

e xx4

2

2

0

1 0
= <

- ³

ì
í
î

,

,

As, f x4( ) is continuous, f x
x x

e xx¢ =
<
>

ì
í
î

4 2

2 0

2 0
( )

,

,

f4 0¢( ) is not defined. Its range is [ , )0 ¥ , thus f4 is onto.

Also, horizontal line (drawn parallel to X-axis) meets the curve
more than once, thus function is not one-one.

188. Given, g f x x{ }( ) = Þ g f x f x¢ ¢ ={ }( ) ( ) 1

If f x( ) = 1 Þ x f= =0 0 1, ( )

Substitute x = 0 in Eq. (i), we get

g
f

¢ =
¢

( )
( )

1
1

0

Þ g ¢ =( )1 2 Q f x x e fx¢ = + Þ ¢ =é
ëê

ù
ûú

( ) ( )/3
1

2
0

1

2

2 2

Alternate Solution

Given, f x x ex( ) /= +2 2

Þ f x x ex¢ = +( ) /3
1

2

2 2

For x f f= = ¢ =0 0 1 0
1

2
, ( ) , ( ) and g x f x( ) ( )= -1

Replacing x by f x( ), we have
g f x x( ( )) = Þ g f x f x¢ × ¢ =( ( )) ( ) 1

Put x = 0, we get g
f

¢ =
¢

=( )
( )

1
1

0
2
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1

1

1

2

− 3 − 1/2 /2 O
t′

Y

Y′

g t( )

Y

X

y f= 1( )x

Y

X

y f= 3( )x

Y

X

y f= 2( )x

Y

X

y f= 4( )x

Y

X

y f= 2 o ( )f x1
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189. Given, F x x dx
x
dx( ) sin

cos= = -
òò 2 1 2

2

F x x x C( ) ( sin )= - +1

4
2 2

Since, F x F x( ) ( )+ ¹p
Hence, Statement I is false.

But Statement II is true, as sin2 x is periodic with period p.

190. Given, f x
x x

x x
( )

( )( )

( )( )
= - -

- -
1 5

2 3

The graph of f x( ) is shown as

A. If - < <1 1x Þ < <0 1f x( )

B. If 1 2 0< < Þ <x f x( )

C. If 3 5 0< < Þ <x f x( )

D. If x f x> Þ < <5 0 1( )

191. Given, 2
1 2 5

3 2 1 2 2

2

2
sin , ,t

x x

x x
t= - +

- -
Î -é

ëê
ù
ûú

p p

Put 2 2 2sint y y= Þ - £ £

\ y
x x

x x
= - +

- -
1 2 5

3 2 1

2

2

Þ ( ) ( ) ( )3 5 2 1 1 02y x x y y- - - - + =

Since, x RÎ - -{ , / }1 1 3

[ ( )( / ) ]as, 3 2 1 0 1 1 3 02x x x x- - ¹ Þ - + ¹

\ D ³ 0

Þ 4 1 4 3 5 1 02( ) ( ) ( )y y y- + - + ³

Þ y y2 1 0- - ³

Þ y -æ
èç

ö
ø÷ - ³1

2

5

4
0

2

Þ y y- -
æ
è
ç

ö
ø
÷ - +

æ
è
ç

ö
ø
÷ ³1

2

5

2

1

2

5

2
0

Þ y y£ - ³ +1 5

2

1 5

2
or

Þ 2
1 5

2
sin t £ -

or 2
1 5

2
sint ³ +

Þ sin sint £ -æ
èç

ö
ø÷

p
10

or sin sint ³ æ
èç

ö
ø÷

3

10

p

Þ t t£ - ³p p
10

3

10
or

Hence, range of t is - -é
ëê

ù
ûú

È é
ëê

ù
ûú

p p p p
2 10

3

10 2
, , .

192. Given, f x
k

x xk
k k( ) (sin cos )= +1

,

where x RÎ and k > 1

f x f x4 6( ) ( )- = +1

4

4 4(sin cos )x x - +1

6

6 6(sin cos )x x

= - ×1

4
1 2 2 2( sin cos )x x - - ×1

6
1 3 2 2( sin cos )x x

= - =1

4

1

6

1

12

193. Plan To check nature of function.

(i) One-one To check one-one, we must check whether
f x¢ >( ) 0 or f x¢ <( ) 0 in given domain.

(ii) Onto To check onto, we must check

Range = Codomain

Description of Situation To find range in given domain
[ ,a b], put f x¢ =( ) 0 and find x =a1, a2, …, an a bÎ[ , ]

Now, find { ( ), ( ), ( ), , ( ), ( )}f a f f f f bna a a1 2 K

its greatest and least values gives you range.

Now, f : [ , ] [ , ]0 3 1 29®
f x x x x( ) = - + +2 15 36 13 2

\ f x x x¢ = - +( ) 6 30 362 = - +6 5 62( )x x

= - -6 2 3( )( )x x

For given domain [0, 3], f x( ) is increasing as well as
decreasing Þ many-one

Now, put f x¢ =( ) 0

Þ x = 2 3,

Thus, for range f ( )0 1= , f ( )2 29= , f ( )3 28=
Þ Range Î[ , ]1 29

\ Hence, the function is into.

194. f x x g x x( ) , ( ) sin= =2

( )( ) singof x x= 2

go gof x x( ) ( ) sin (sin )= 2

( ) ( ) (sin (sin ))fogogof x x= 2 2

Given, ( ) ( ) ( ) ( )fogogof x gogof x=
Þ (sin (sin )) sin (sin )x x2 2 2=

Þ sin (sin ) {sin (sin ) }x x2 2 1 0- =

Þsin (sin )x 2 0= or sin (sin )x 2 1=

Þ sin x 2 0= or sin x 2

2
= p

\ x n2 = p [i.e. not possible as - £ £1 1sin ]q

x n= ± p

195. Here, f x
b x

bx
( ) = -

-1
, where 0 1 0 1< < < <b x,

For function to be invertible, it should be one-one onto.

Check Range

Let f x y( ) = Þ y
b x

bx
= -

-1

Þ y bxy b x- = - Þ x by b y( )1 - = -

Y

Y'

XX'
1 2 3 5

y = 1

0

2 3

+ − +



Þ x
b y

by
= -

-1
, where 0 1< <x

\ 0
1

1< -
-

<b y

by

Þ b y

by

-
-

>
1

0 and
b y

by

-
-

<
1

1

Þ y b< or y
b

> 1

…(i)
and

( ) ( )b y

by

- +
-

<1 1

1
0 Þ - < <1

1
y

b
…(ii)From Eqs. (i) and (ii), we get

y bÎ -( , )1 Ì codomain

196. We have, e f x t dt xx
x

- = + + " Î -ò( ) , ( , )2 1 1 14

0

On differentiating w.r.t. x, we get

e f x f x xx- ¢ - = +[ ( ) ( )] 4 1

Þ f x f x x ex¢ = + + ×( ) ( ) 4 1

Q f -1 is the inverse of f .

\ f f x x- =1 { ( )}

Þ [ ( ) ] ( )f f x f x- ¢ ¢ =1 1{ }

Þ [ ( ) ]
( )

f f x
f x

- ¢ =
¢

1 1
{ }

Þ [ ( ) ]
( )

f f x
f x x ex

- ¢ =
+ + ×

1

4

1

1
{ }

At x f x= =0 2, ( )

Þ { }f - ¢ =
+

=1 2
1

2 1

1

3
( )

197. Since, only (c) satisfy given definition,

i.e. f f B B{ ( )}- =1

Only, if B f xÍ ( )

198. Let f = -( ) ( ) ( )x f x g x =
Î

- Ï
ì
í
î

x x Q

x x Q

,

,

Now, to check one-one.

Take any straight line parallel to X-axis which will intersect
f( )x only at one point.

Þ f( )x is one-one.

To check onto

As, f x
x x Q

x x Q
( )

,

,
=

Î
- Ï

ì
í
î

, which shows

y x= and y x= - for rational and irrational values

Þ Îy real numbers.

\ Range = Codomain Þ onto

Thus, f g- is one-one and onto.

199. By definition of composition of function,

g f x x x( ( ) ) (sin cos )= + -2 1, is invertible (i.e. bijective)

Þ g f x x{ ( ) } sin= 2 is bijective.

We know, sin x is bijective, only when x Î -é
ëê

ù
ûú

p p
2 2

,

Thus, g f x{ ( ) } is bijective, if - £ £p p
2

2
2

x

Þ - £ £p p
4 4

x

200. Here, f x x( ) sin ( )= +-1 2
6

p
, to find domain we must have,

sin ( )- + ³1 2
6

0x
p

but - £ £é
ëê

ù
ûú

-p q p
2 2

1sin

- £ £-p p
6

2
2

1sin ( )x Þ sin
–

sin
p p

6
2

2

æ
èç

ö
ø÷ £ £x

– 1

2
2 1£ £x

Þ – 1

4

1

2
£ £x

Q x Îé
ëê

ù
ûú

–
,

1

4

1

2

201. Let y f x
x x

x x
x R= = + +

+ +
Î( ) ,

2

2

2

1

\ y
x x

x x
= + +

+ +

2

2

2

1

y
x x

= +
+ +

1
1

12
[i.e. y > 1]…(i)

Þ yx yx y x x2 2 2+ + = + +

Þ x y x y y x R2 1 1 2 0( ) ( ) ( ) ,- + - + - = " Î

Since, x is real, D ³ 0

Þ ( ) ( ) ( )y y y- - - - ³1 4 1 2 02

Þ ( ) {( ) ( )}y y y- - - - ³1 1 4 2 0

Þ ( ) ( )y y- - + ³1 3 7 0

Þ 1
7

3
£ £y …(ii)

From Eqs. (i) and (ii),  Range Î ù
ûú

æ
èç
1

7

3
,

202. Given, f : [ , ) [ , )0 0¥ ® ¥
Here, domain is [ , )0 ¥ and codomain is [ , )0 ¥ . Thus, to check
one-one

Since, f x
x

x
( ) =

+1

Þ f x
x

x¢ =
+

> " Î ¥( )
( )

, [ , )
1

1
0 0

2

\ f x( ) is increasing in its domain. Thus, f x( ) is one-one in its
domain. To check onto (we find range)

Again, y f x
x

x
= =

+
( )

1

Þ y yx x+ =

Þ x
y

y

y

y
=

-
Þ

-
³

1 1
0

Since, x ³ 0, therefore 0 1£ <y

i.e. Range ¹ Codomain

\ f x( ) is one-one but not onto.
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203. Given, f x x x( ) sin= +2

Þ f x x' ( ) = +2 cos

Þ f x x R' ( ) ,> " Î0

which shows f x( ) is one-one, as f x( ) is strictly increasing.

Since, f x( ) is increasing for every x RÎ .

\ f x( ) takes all intermediate values between ( , )-¥ ¥ .

Range of f x R( ) Î .

Hence, f x( ) is one-to-one and onto.

204. The number of onto functions from

E F= ={ , , , } { , }1 2 3 4 1 2to

= Total number of functions which map E Fto

- Number of functions for which map f x( ) = 1 and

f x( ) = 2 for all x EÎ = - =2 2 144

205. It is only to find the inverse.

Let y f x x= = +( ) ( )1 2 for x ³ - 1

Þ ± = + ³ -y x x1 1,

Þ y x y x= + Þ ³ + ³1 0 1 0,

Þ x y= -1

Þ f y y- = -1 1( )

Þ f x x- = -1 1( )

Þ x ³ 0

206. Let y x
x

= + 1 Þ y
x

x
= +2 1

Þ xy x= +2 1

Þ x xy2 1 0- + =

Þ x
y y

=
± -2 4

2

Þ f y
y y- =

± -1
2 4

2
( )

Þ f x
x x- =

± -1
2 4

2
( )

Since, the range of the inverse function is [1, ¥), then

we take f x
x x- =

+ -1
2 4

2
( )

If we consider f x
x x- =

- -1
2 4

2
( ) , then f x- >1 1( )

This is possible only if ( )x x- > -2 42 2

Þ x x x2 24 4 4+ - > -

Þ 8 4> x

Þ x x< >2 2, where

Therefore, (a) is the correct answer.

207. Given, f x b x bx( ) ( )= + + +1 2 12 2

= + +
+

æ
è
ç

ö
ø
÷ + -

+
( )1

1
1

1

2
2

2 2

2
b x

b

b

b

b

m b( ) = minimum value of f x
b

( ) =
+
1

1 2
is positive and m b( )

varies from 1 to 0, so range = ( , ]0 1

208. Given, f x
x

x x

x

x x
( )

( )

( )

( )

( ) ( )
= +

+ +
= +

+ +
log log2 23

3 2

3

1 22

For numerator, x + >3 0

Þ x > - 3 …(i)

and for denominator, ( ) ( )x x+ + ¹1 2 0

Þ x ¹ - -1 2, …(ii)

From Eqs. (i) and (ii), we get

Domain is ( , ) / { , }- ¥ - -3 1 2

209. Given, f x
x

x
( ) =

+
a

1

f f x f
x

x
[ ( ) ] =

+
æ
è
ç

ö
ø
÷

a
1

=
+

æ
è
ç

ö
ø
÷

+
+

a a

a

x

x

x

x

1

1
1

= +
+ +

+

=
+ +

=

a

a
a

a

2

21

1

1

1 1

x

x

x x

x

x

x
x

( ) ( )
[given] …(i)

Þ a a2 21x x x= + +( )

Þ x x[ ( ) ]a a2 1 1 0- + - =

Þ x x( )( )a a+ - - =1 1 0

Þ a - =1 0 and a + =1 0 Þ a = - 1

But a = 1 does not satisfy the Eq. (i).

210. g x x x( ) [ ]= + -1 ³ 1

since x x- ³[ ] 0

f g x[ ( )] = 1, since f x( ) = 1 for all x > 0

211. Given, 2 2 2x y x y R+ = " Î, ,

But 2 2 0x y x y R, , ,> " Î

Therefore, 2 2 2 2 0 2 2x y x= - < Þ < <

Taking log on both sides with base 2, we get

log log log2 2 20 2 2< <x Þ -¥< <x 1

212. It is given,

f ( ) sin (sin sin )q q q q= + 3

= + -(sin sin ) sinq q q q3 4 sin3

= -( sin sin ) sin4 4 3q q q = -sin ( sin )2 24 4q q

= =4 22 2 2sin ( sin )q q q qcos cos = ³(sin )2 02q

which is true for all q.
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Learning Part
Session 1
● When f (x) vertically transforms to f (x) a±
Session 2
● When f (x) horizontally transforms to f x a( )± , where a is any positive constant

● When f x( ) transforms to a f x( ) or
1

a
f x( )

● When f x( ) transforms to f ax( ) or f x a( / )
● When f x( ) transforms to f x( )−
● When f x( ) transforms to – ( )f x

Session 3
● To draw y f x= | ( )| , when y f x= ( ) is given
● To draw y f x= (| |), when f x( ) is given
● f x( ) transforms to| (| |)|f x , i.e. f x f x( ) | (| |)|→
● To draw the graph of| | ( )y f x= when y f x= ( ) is given

Session 4
● To draw y f x= [ ( )] when the graph of y f x= ( ) is given and [ ]⋅ denotes greatest integer or integral function
● To draw y f x= ([ ]) when the graph of y f x= ( ) is given
● When f x( ) transforms to y f x= ({ }), where {⋅} denotes fractional part of x, i.e. { } [ ]x x x= − or f x f x( ) ({ })→
● When f x( ) and g x( ) are two functions and are transformed to their sum

● When f x( ) transforms to f x
f x

h x( )
( )

( )→ =1

● To draw the graph for y f x x= ⋅( ) sin when graph of y f x= ( ) is given
● When f x( ) and g x( ) are given, then find h x f x g x( ) max ( ( ), ( ))= or h x f x g x( ) min ( ( ), ( ))=

Practice Part
● JEE Type Solved Examples
● Chapter Exercises

Arihant on Your Mobile !
Exercises with this symbol can be practised on your mobile. See title inside to activate for free.

04
C H A P T E R

Graphical

Transformations

#L



Graph and diagram provide a simple and powerful approach to a variety of problems, from which we can solve them in
a very short time. In this chapter, we will discuss how the graph of a function may be transformed either by shifting,
stretching or compressing or reflection.

Graphical Transformations
A graphical transformation takes whatever its basic function f x( ). The graph of new function is the graph of the
original function shifted vertically or horizontally.

For f x f x a( ) ( )→ + ,

First, draw the graph of f x( ), then shift the graph of f x( )
upwards through ‘a’ units such that the distance between
graphs of f x( ) and f x a( ) + at every point is same and is
equal to ‘a’ units.

For f x f x a( ) ( ) –→ ,

First, draw the graph of f x( ), then shift the graph of f x( )
downwards through ‘a’ units such that the distance
between the graphs of f x( ) and f x a( ) − at every point is
same and is equal to ‘a’ units.

Graphically, it could be stated as shown in figure.

y Example 1 Plot y x= | | and y x= +| | 2.

Sol. We know, y x= | | (modulus function) is define as

y
x x

x x
=

≥
− <





,

,

0

0

So, we have to plot two straight lines y x= and y x= − .
For y x x= ≥, 0

x 1 2 3 4

y 1 2 3 4

∴ Locate the points (1, 1), (2, 2), (3, 3), (4, 4) and join
them.

For y x x= − <, 0

x −1 −2 −3

y 1 2 3

∴ Locate the points ( 1, 1), ( 2, 2), ( 3, 3)− − − and join them.

So, we obtained graph of y x= .

Now, to draw the graph of y x= +| | 2 and the graph of x is
shifted upwards by 2 units as shown below.
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Y

a

a

a

a

y f x a= ( )+

y = f x – a( )
X

y f x= ( )

, where > 0a
0

Figure 4.1

Session 1

When ( ) Vertically Transforms to ( )f x f x a±
(Where is Any Positive Constant)a

Y

X

x < 0

y x x
x

=| |= ,
> 0

1 2 30–1–2–3

y x x=| |=– ,
3
2
1

4

y x x
x

=| |+ 2= + 2,
> 0

1 2 30–1–2–3

y x x
x

=| |= – ,
< 0

3

2

1

y x x+ ,
x

= | |+ 2 = – 2
< 0

y x x
x

=| |= ,
> 0

X

Y
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Exercise for Session 1

y Example 2 Plot y x= | | and y x= −| | 2.
Sol. First, we plot the graph of y x=| | as explained in Example

1, then shift the graph of | |x through 2 units downwards
as shown below.

y Example 3 Plot y e x= , y e x= +1 and y e x= – .1

Sol. We know, y e x= (exponential function) could be plotted

as shown below which cuts the Y -axis at ( , )0 1 .

⇒ y e x= +1 is shifted upward by 1 unit such that it
intersectsY -axis at (0, 2) and y e x= –1 shifted downwards
by 1 unit. Such that it intersects Y -axis at ( , )0 0 .

The graph of the given functions is shown below.

n Directions (Q. Nos. 1 to 8) Plot the following functions.

1. y x= +2 1 2. y x= −2 1

3. y x= +3 1 4. y x= −3 1

5. y x= +sin 1 6. y x= −sin 1

7. y xe= +(log ) 1 8. y xe= −(log ) 1

X

y e= +1x

0

1

2

y e= x

y e= – 1x

Y

(0
,2

)

(0,0)

(0
,1

)

X

y e= xY

0
1

(0, 1)
y=x x>0,

y=x x>0–2,

y=–x x<, 0

y=–x x<–2, 0

8

7

6

5

4

3

2
1

–8 –7 –6 –5 –4 –3 –2
0

–2

–1
–1

–3

–4

–5

–6

–7

–8

1 2 3 4 5 6 7 8
X¢ X

Y′

Y



For f x( ) → f x a( )±
For f x f x a( ) ( )→ − , First, draw the graph of f x( ),
then shift the graph of f x( ) through ‘a’ units
towards right such that distance between the graphs
of f x( ) and f x a( )− is same and is equal to ‘ ’a units.

For f x f x a( ) ( )→ + , First, draw the graph of f x( ),
then shift the graph of f x( ) through ‘a’ units
towards left such that the distance between the
graphs of f x( ) and f x a( )+ is same and is equal to
‘a’ units.

Graphically, it could be stated as shown in figure.

y Example 4 Plot y x= | | and y x= | – |2 .

Sol. First we plot the graph of y x= | | as explained in
Example 1, then shift the graph of | |x through ‘2’
units towards right as shown below.

y Example 5 Plot y x= | | and y x= +| |2 .

Sol. First we plot the graph of y x= | | as explained in Example 1, then
shift the graph of | |x through ‘2’ units towards left.

y Example 6 Plot y x= +





sin
π
4

and y x= 





sin –
π
4

.

Sol. Let us consider y x= sin , domain of sine functions is R and range

is [− 1, 1]. sin x increases strictly from −1 to 1 as x increases from

− π
2

to
π
2

, decreases strictly from 1 to −1 as x increases from
π
2

to

3

2

π
. Also, for y x= sin .

x −2 π − 3

2

π − π − π
2

0 π
2

π 3

2

π 2π

y 0 1 0 −1 0 1 0 −1 0

Locate the points ( , )−2 0π , −





− − −





3

2
1 0

2
1

π π π
, , ( , ), , , (0,0),

π
2

1,





, (π,0),

3

2
1

π
,−





and ( , )2 0π on the graph paper, then we get

the graph of sin x as shown below.Y

–1– 2– 3– 4

–1

–3

–4

0 1 2 3 4
X

y x= | |

y

x
=

|
–

2|

–2

y f x= ( ) y f x – a= ( )

y f x+a= ( )

a a

a a–a a

aa

Figure 4.2

Y

–1–2–3–4

1

2

3

4

0 1 2 3 4

y x= | + 2|

y x= | |

X

5

Session 2
When ( ) Horizontally Transforms to ( ), where is any

Positive Constant,

f x f x a a±
When ( ) Transforms to ( ) or ( ),f x af x f x1

a

When ( ) Transforms to ( ), When ( ) Transforms to – ( )f x f –x f x f x

When ( ) Transforms to ( ) or ( / ),f x f ax f x a

–2π 3

2

π
–

π π
2

0 A π
2

π 3

2

π 2πC
X

Y

π
2

– , –1

3

2

π
– , –1

–1

π
2
, –1

1
B D

y= xsin

y= –1
3

2

π, –1

–
–
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Now, for the graph of y x= +





sin
π
4

shift the graph of

y x= sin through
π
4

towards left as shown below.

And for the graph of y x= −





sin
π
4

, shift the graph of

y x= sin through
π
4

towards right as shown below.

f x( ) →{ ( )}af x , a > 1
First draw the graph of f x( ), then

stretch the graph of f x( ), ‘a’ times along Y-axis.

y Example 7 Plot y x= sin and y x= 2sin .

Sol. First we draw the graph of sin x as explained in Example
6, then stretch the graph of sin x by 2 times along the
Y -axis, we get the graph of 2 sin x as shown below.

f x a f x , a( ) ( )→ >1 1

First, draw the graph of f x( ), then shrink the graph of
f x( ), ‘a’ times along Y-axis. As shown in the figure.

y Example 8 Plot y x= sin and y x=
1

2
sin .

Sol. First we draw the graph of y x= sin as explained in

Example 6, then shrink the graph of sin x by 2 times along

Y -axis, we get the graph of
1

2
sin x as shown below.

f x( )→ f ax ,( ) a > 1
First draw the graph of f x( ), then

shrink the graph of f x( ), ‘a’ times along X-axis as shown
in figure.

– 2p –3

2

p –

2

p–p 0 p
2

p 3

2

p 2p

Y

X

1

2

–1

–2

y x= 2 sin

y x= sin

y
f x

=
(

)

X

Y

y af x= ( )

y = sin x –
p
4

sin x

p
4 4

p 5p
–2p – p

2p

X

Y

Y

y
f x

=
(

)

X

y=
1
a f x( )

y = xsin

4
3p

p 4
p

0–2p p
4
p

–

y = sin x+
p
4

7

2p
–

X

Y

y x= sin

y x= 1/2 sin
–1/2

–1

1
1/2

0

x
=

π
x

=
π 2

x
=

3 2π

Y

X

x
=

–
π

x=

–π
–π/2

π/2
π

y = – 1

y = – 1

x=

Y

y f ax= ( ) y f x= ( )

X
1/a 1

0–1/a–1–a

Figure 4.4



y Example 9 Plot y x= sin and y x= sin2 .

Sol. First draw the graph of sin x as explained in Example 6,
then shrink the graph of sin x , 2 times along X -axis, we
get the graph of sin2x as shown below.

f x( ) → f
x

a







, a > 1

First draw the graph of f x( ), then

stretch the graph of f x( ), ‘a’ times along X-axis, as shown
in figure.

y Example 10 Plot y x= sin and y
x

= ⋅sin
2

Sol. First we draw the graph of sin x as explained in
Example 6, then stretch the graph of sin x , 2 times along

X -axis, we get the graph of sin
x

2
as shown below.

f x f x( ) ( )→ −
To draw y f x= (– ), take the image of the curve y f x= ( ) in
theY-axis as plane mirror or turn the graph of f x( ) by
180° about Y-axis.

y Example 11 Draw the graph of y e x= – , when the

graph of y e x= is known.

Sol. As y e x= is given, then y e x= – is the image in Y -axis as

plane mirror. Thus, it can be drawn as shown in the
figure.

y Example 12 Draw graph of y x= log (– ), when the

graph of y x= log ( ) is given.

Sol. As y x= log ( ) is given and y x= log (– ) is the image in

Y -axis as plane mirror. Thus, it can be drawn as shown in
figure.

f x f x( ) ( )→ −
To draw y f x=– ( ) take image of f x( ) in the X-axis as
plane mirror or turn the graph of f x( ) by 180° about
X-axis.
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–2π 3

2

π
–

–π –
π
2

0 π
2

π 3

2

π 2π
X

Y

y x=sin( /2)
y x=sin

y = 1

y = –1

Y

X
0

y =f x( )y =f x(– )

Y

0

X

y f x= (– )

y f x= (– ) y f x= ( )

or

Figure 4.6

Y

X

y = e
–x

y = ex

0

(0,1)

Y

X

y x= log (– )

0 (1, 0)(–1, 0)

y x= log ( )

Y

y f x= ( )

X
1 a

0–1–a

y =f
x
a

Figure 4.5

Y

y x= sin
X

1

0

y
x

=sin 2

–p p
2

p

y = 1

y = –1

p
2

–

Y

0
X

f x( )

– ( )f x

Figure 4.7



y Example 13 Draw the graph of y e x= – , when the

graph of y e x= is known.

Sol. As y e x= is given, then y e x= – is the image of e x in the

X -axis as plane mirror.

Thus, it can be plotted as shown in figure

y Example 14 Draw the graph of y x= – log ( ), when

the graph of y x= log is known.

Sol. As y x= log is given, then y x= – log is the image of

log x in the X -axis as plane mirror. Thus, it can be drawn
as shown in figure.

1. Consider the following function f, whose graph is given below.

Draw the graph of the following functions.

(i) f x( )+ 1 (ii) f x( )− 1 (iii) −f x( ) (iv) f x( )−

(v) 2f x( ) (vi)
1

2
f x( ) (vii) f x( )2 (viii) f

x

2
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21–1–2

1

–1

X

Y

Exercise for Session 2

Y

X0
(1,0)

y = xlog

y x= – log

Y

X0

(0, 1)

(0, –1)

y e= x

y = –ex



f x f x( ) | ( )|→
When y f x= ( ) is given

We know that | ( ) |
( ), ( )

– ( ), ( )
f x

f x f x

f x f x
=

≥
≤





if

if

0

0

Hence, y f x= | ( )| is drawn in two steps

(i) In the step I, leave the positive part of f x( ), (i.e. the

part of f x( ) above X-axis) as it is.

(ii) In the step II, take the image of negative part of f x( ),
(i.e. the part of f x( ) below X-axis) in the X-axis as
plane mirror.

Or

Take the mirror image (in X-axis) of the portion of the
graph of f x( ) which lies below X-axis.

Or

Turn the portion of the graph of f x( ) lying below
X-axis by 180° about X-axis.

y Example 15 Draw the graph of y x= |log |, when the

graph of y x= log ( ) is known.

Sol. To draw the graph of y x= | log |, we have to proceed in

two steps.

(i) In the first step, leave the positive part of y x= log ,
i.e. the part of y x= log above X-axis as it is.

(ii) In the second step, take the image of negative part
of y x= log , i.e. the part below X-axis in the X-axis
as plane mirror. Thus, the graph can be

Remark

The above transformation of graph is very important in explaining
the differentiability of f x( ).

From above example we could say, y x= log is differentiable for
( , )0 ∞ .

But y x=|log |is differentiable for ( , ) –{ }0 1∞ . As, we have a sharp
edge at x = 1(which indicates that it is not differentiable at x = 1).

f x f x( ) (| |)→
When f x( ) is given

We know that, y f x
f x x

f x x
= =

≥
≤





| |
( ),

(– ),

if

if

0

0
.

Hence, again f x(| | ) could be drawn in two steps

(i) In the step I, leave the graph lying right side of the
Y-axis, as it is.

(ii) In the step II, take the image of f x( ) in theY-axis as
plane mirror.

The part of f x( ) lying left side of theY-axis (if it
exists) is omitted.

e.g. Let us assume the graph of f x( ) as shown

Now, On the right of Y-axis Plot the graph of f x( ) as such

Y Y

X X
–1 0 1 –1 0 1

y = f x( )

y = f x( )

Figure 4.8

0 1
X

Y y x= log

0 1
X

Y
y x= log

Session 3
To Draw = (| |),When ( ) is Given, ( )
Transforms to Draw | (| |)|, i.e. ( ) | (| |)| To Draw | | = ( )

y f x f x f x

f x f x f x y f x→

f x( )

Figure 4.9

y = f x( )

X

Neglected

Image of
( ) about axis

when >0
f x Y-

x

Y

Figure 4.10



On the left of Y-axis Take the mirror image of the graph
of f x( ) (of the portion lying on right of Y-axis).

y Example 16 Draw the graph of y x= log | | , when

graph of y x= log( ) is given.
Sol. We know, y x= log | | could be drawn in two steps

(i) In step I, leave the graph lying right side of Y-axis as it is.

(ii) In step II, take the image of f x( ) in the Y-axis as plane
mirror.

Thus, it can be plotted as shown in figure.

Note f x(| |) is always an even function.

f x f x( ) | (| |)|→
Here, we plot y f x= | (| | )| when graph of f x(| | ) is given, in
two steps

(i) In step I, f x( ) transforms to | ( )|f x .

(ii) In step II, | ( )|f x transforms to | (| | )|f x .
or

(i) f x f x( ) | ( )|→ (ii) f x f x( ) | (| | )|→
e.g. Let graph for f x( )

Now, f x( ) → | ( )|f x can be shown as,

Again, | ( )|f x → | (| | )|f x can be shown as,

y Example 17 Draw the graph for y x x= − −| | | |2 2 3 ,

if the graph for y x x= − −2 2 3 is given.

Sol. First we draw the graph for y x x= − −2 2 3

⇒ ( ) ( )y x+ = −4 1 2

Now, we form f x f x( ) (| | )→ ,

i.e. y x x= − −2 2 3 ⇒ y x x= − −| | | |2 2 3 as shown below

In next step, we transform f x f x( ) | (| | )|= ,

i.e. y x x x x= − − → − −| | | | | | | | | |2 22 3 2 3 as shown below

Remarks

Above mentioned transformations are very useful in explaining
continuity and differentiability of functions as, if y x= log ( ), then

(i) y x= log| |can be plotted as shown in figure (4.15).

(ii) y x=|log| ||can be plotted as shown in figure (4.16).
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While discussing the case (i), we could say that it is continuous
for all x R∈ – { }0 and differentiable for all x R∈ – { }0 . Again,
while discussing the case (ii), we could say that it is continuous
for all x R∈ – { }0 and differentiable at all x R∈ – {– , , }10 1 .

(As now it has sharp edges at {– , }11 and is broken at { }0 ).

| | ( ) ( )y f x y f x= → =
When y f x= ( ) is given

Clearly, | |y >0, if f x( ) <0, graph of | | ( )y f x= would not
exist.

And if f x( ) ≥ 0, | | ( )y f x= would be given as y f x= ± ( ).

Hence, the graph of | | ( )y f x= exists only in the regions,
where f x( ) is non-negative and will be reflected about
X-axis only when f x( ) ≥ 0. Region where f x( ) <0 will be
neglected.

Or

To draw the graph of | | ( )y f x= , we use following steps

(i) Remove the portion of the graph, which lies below X-axis.
[Q the equation | | ( )y f x= is not satisfied when

f x( ) is negative.]

(ii) Plot the remaining portion of the graph and also take
its mirror image in the X-axis.

[Qwhen f x( ) >0, then y f x= ± ( )]

Finally, it is as shown

y Example 18 Draw the graph for | | ( – )y x= 1 .

Sol. We know, here | | ( – )y x= 1 exists only when ( – )x 1 is

positive. Clearly y x= − 1 represent straight line the
passing through (0, 1) and (0, −1).

∴ Neglecting negative values and will be reflected about
X -axis. Thus, it can be drawn as shown.

Finally, it is shown as

y Example 19 Draw the graph for | | ( – ) ( – )y x x= 1 2 .

Sol. First we plot y x x= − −( ) ( )1 2

⇒ y x x= − +2 3 2 ⇒ −





= +





x y
3

2

1

4

2

It represent a parabola opening upwards having vertex
3

2

1

4
, −




.

It intersect X -axis at (0, 1) and (2, 0) and Y -axis at (0, 2).

Thus, we can plot the figure as shown below.

1

–1

11
2

X

(1, 1)

(1, –1)
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Y

Graph, | | ( )y f x=
Figure 4.18
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We know, | | ( – ) ( – )y x x= 1 2 exists only, when
( – ) ( – )x x1 2 0≥ and neglecting, if ( – ) ( – )x x1 2 0< .

Now, f x( ) will be reflected about X -axis, when
( – ) ( – )x x1 2 0> .

Thus, it can be plotted as shown.

Finally, | | ( )( )y x x= − −1 2 can be shown as

Summary
• y f x= ( ) to y f x= − ( ) Flip about the X-axis.

• y f x= ( ) to y f x= −( ) Flip about the Y-axis.

• y f x= ( ) to y f x= ( ) Reflect the parts of the graph that lie in
the lower half (negative parts) into the
upper half of the axes.

• y f x= ( ) to y f x= ( ) Discard the left part of the graph (for
x < 0) and take a reflection of the right
part of the graph into the left half of the
axes.

• y f x= ( ) to y f x= ( ) Discard the lower part of the graph
( ( ) )f x < 0 and take a reflection of the
upper part of the graph into the lower half
of the axes.

• y f x= ( ) to

y f x k= +( )

Shift the graph k units upwards or
downwards depending on whether k is
positive or negative respectively.

• y f x= ( ) to

y f x k= +( )

Advance (shift left) or delay (shift right)
the graph by k units depending on
whether k is positive or negative,
respectively.

• y f x= ( ) to y kf x= ( ) Stretch or compress the graph along the
Y-axis depending on whether k > 1 or
k < 1, respectively. Also, flip it about the

X-axis, if k is negative (this latter
statement follows from part 1).

• y f x= ( ) to y f kx= ( ) Stretch or compress the graph along the
X-axis depending on whether k < 1 or
k > 1, respectively. Also, flip it about the

Y-axis, if k is negative.

1. Consider the following function f, whose graph is given below.

Draw the graph of the following functions.

(i) | ( )|f x (ii) f x(| | ) (iii) | (| | ) |f x −1

2. Plot the following functions.

(i) y x x= − −| |2 2 3 (ii) y x x= − −2 2 3| | (iii) y x= |log |2 (iv) y x= |log | ||2

(v) y x= −log | |2 1 (vi) y x= −log ( )2
22 (vii) y x= |cos | || (viii) y x= −| |2 2

(ix) y x= sin(| |) (x) y x= cos(| |)

3. Plot the following functions.

(i) | ( )| logf x x= 2 (ii) | ( ) | log ( )f x x= −2

4. Find the number of solutions of sin |log | ||.πx xe=

5. Find the number of solutions of

(i) 2 2| | sinx x= (ii) sin x x x= + +2 1
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Exercise for Session 3
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To Draw y f x= [ ( )]
Where, [ ]⋅ denotes greatest integral function {i.e. now y

cannot be fraction}.

Here, in order to draw y f x=[ ( )]mark the integer onY-axis.
Draw the horizontal lines through integers till they intersect
the graph. Draw vertical dotted lines from these intersection
points.

Finally, draw horizontal lines parallel to X-axis from any
intersection point to the nearest vertical dotted line with
blank dot at right end in case f x( ) increases.

Or

To plot y f x=[ ( )] , we use the following steps

Step I Plot f x( ).

Step II Mark the intervals of unit length with
integers as end points on Y-axis.

Step III Mark the corresponding intervals {with
the help of graph of f x( )} on X-axis.

Step IV Plot the value of [ ( )]f x for each of the
marked intervals.

Graphically, it could be shown as

y Example 20 Draw the graph of y x= [ ]3 ,

when − ≤ ≤2 21 3 1 3/ /x .

Sol. Here, in order to draw the graph of y x= [ ]3 .

Step I First we draw the graph at y x= 3 .

The function f x x( ) = 3 is called the cube function.

The domain and range of cube function is R. Since,

y x= 3 is an odd function, so its graph is symmet-

rical in opposite quardrant.

For y x= 3 , we have following table.

x 0 1 21 3/ −1 −21 3/

y 0 1 2 −1 −2

Now, plot the points (0,0) (1,1), ( , )/2 21 3 , ( , )− −1 1 and

(−2 21 3/ , ) and join them by free hand, we get the

graph of y x= 3 .

Step II Draw horizontal lines through integers located on
Y -axis till they intersect the graph.

3

2

1

–1

–2

y = f x( )

x1 x2 x3 x4 x5 x6 x7 x8

X

Y

0

Session 4
To draw = [ ( )], when the graph of = ( ) is given and [.] denotes

greatest integer fuctions; To draw = ([ ]) when the graph of

= ( ) is given; When ( ) transforms to = ({ }); where {.} denotes

fractional part of , i.e. { } = – [ ]; When ( ) and ( ) are Two

Functions and are transformed to their Sum; To draw ( ) 1/ ( )

= ( ), To draw = ( ) . sin , When ( ) & ( ) are given, then find

( ) = max( ( ), ( )) or ( ) = min( ( ), ( ))

y f x y f x

y f x

y f x f x y f x

x x x x f x g x

f x f x

h x y f x x f x g x

h x f x g x h x f x g x

→

Y

3

2

1

0

–1

–2

x1 x2 x3
x4 x5

x6 x7 x8

X

Figure 4.19



Step III Draw vertical dotted lines from these intersection
points to intersect X -axis.

Step IV Finally, draw horizontal lines parallel to X -axis from
any intersection point to the nearest vertical dotted
line with blank dot at right end.

y Example 21 Draw the graph of y x= [sin ] .

Sol.Step I First we draw the graph of y x= sin as (explained in
Example 6) shown below.

Step II Now, draw horizontal lines through integers located
as Y-axis till they intersect the graph.

Step III Draw vertical lines from the intersection points to
intersect X -axis.

Step IV Finally, draw horizontal lines parallel to X -axis
from any intersection point to the nearest vertical
dotted line with blank dot at right end as shown
below.

To draw y f x= [ ]
when the graph of y f x= ( ) is given, following steps are
used.

Step I Plot the straight lines parallel toY-axis for integral
value of x , i.e. n = − − −... , , , , , ,3 2 1 0 1 2 3.

Step II Now, mark the points of which
x x x= − = − = −3 2 1, , , x x= =0 1, , K on the curve.

Step III Take the lower marked point for x (say) if
n x n< < +1, then take the point at x n= and draw
a horizontal line to the nearest vertical line formed
by x n= +1, proceeding in this way, we get
required curve.

Mark the integers on the X-axis. Draw vertical
lines till they intersect the graph of f x( ). From
these intersection points, draw horizontal lines
(parallel to X-axis) to meet the nearest right
vertical line with a blank dot on each nearest right
vertical line which can be shown as in the figure.
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y Example 22. Draw the curve y e x= [ ] .

Sol. Step I. First we draw y e x= as shown below by figure.

Step II. Draw straight lines parallel Y -axis for integer values
of x .

Step III. Now, mark the points as the curve for
n = − − − −4 3 2 1 0 1 2 3, , , , , , , , K

Step IV. Now, take the lower value of x ( )= − 4 and draw a
horizontal line to the nearest vertical line with a blank
dot at left end, as shown in figure given below.

To Plot y f x= ({ })
Graph of f x({ }) can be obtained from the graph of f x( ) by
following rule. ‘‘Retain the graph of f x( ) for values of x

lying between interval [0, 1). Now, it can be repeated for
rest of the points. (taking periodicity 1).

Now, obtained function is graph for y f x= ({ }).

Graphically, it could be stated as

(i) Graph for y f x= ( ) (ii) Graph for y f x= ({ })

y Example 23. Draw the graph for y x= −({ } )1 2.

Sol. First we will draw the graph for y x= −( )1 2 , clearly it

represent a parabola opening upward and having vertex
(1, 0) which could be ploted as shown below.

Now, to plot y x= −({ } )1 2 retain the graph for the
interval x ∈ [ , )0 1 and repeat for length one as shown
below.

Graph for y x= −({ } )1 2

To Plot y f x g x= +( ) ( ), when a g x b≤ ≤( )
There is no direct approach, but we can use the following
steps :

If maximum or minimum value of any one is known.

Step I Find the maximum and minimum value of g x( )
say a g x b≤ ≤( ) .

Step II Plot the curve f x( ) between f x a( ) + to f x b( ) + ,
i.e. f x a h x f x b( ) ( ) ( )+ ≤ ≤ + .

Step III
When g x( ) =0

⇒ h x f x( ) ( )=
StepIV

When g x( ) >0, then h x f x( ) ( )> , i.e. the graph of
h x( ) lies above the graph of f x( ).

Step V When g x( ) <0, then h x f x( ) ( )< , i.e. the graph of
h x( ) lies below the graph of f x( ).

The procedure is illustrated by following example.

y Example 24 Plot y x x= +sin .

Sol. Here, y f x g x= +( ) ( ) = +x xsin

where f x x( ) = and g x x( ) sin= .

As we know, g x x( ) sin [ , ]= ∈ − 1 1

∴ x y x− ≤ ≤ +1 1 …(i)

To sketch the curve between two parallel line y x= +1 and
y x= −1.

Here, g x( ) = 0 ⇒ y x= …(ii)

Also, when g x( ) > 0

⇒ x x x+ >sin …(iii)
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and when g x( ) < 0

⇒ x x x+ <sin …(iv)

Using Eqs. (i), (ii), (iii) and (iv), we have the following graph.

When f x( ) Transforms to
1

f x
h x

( )
( )=

(i) when f x( ) increases, then h x( ) decreases.

(ii) when f x( ) decreases, then h x( ) increases.

(iii) as f x( ) ,→ 0 h x( ) → + ∞.

(iv) as f x( ) ,→ ∞ h x( ) → 0.

(v) when f x( ) = ±1, then h x( ) is also equal to ± 1.

y Example 25 Plot y x= | |– 2 and hence f x
x

( )
| |–

= ⋅
1

2

Sol. First we plot y x= | |– 2 as explained in Example 2.

The graph is shown below.

Here, (i) y x= | | – 2 increases when x > 0

⇒ f x
x

( )
| |–

= 1

2
decreases when x > 0

and (ii) y x= | |– 2 decreases when x < 0

⇒ f x
x

( )
| |–

= 1

2
increases when x < 0

(iii) As, y → 0 ⇒ x = ± 2 ⇒ f x( ) → ∞ as x = ± 2

(iv) As, f x( ) → 0, i.e.
1

2
0

| |–x
→ as x → ∞

and when x → ∞ ⇒ y x= → ∞| |– 2

(v) y = ± 1 ⇒ f x( ) = ± 1

∴ f x( ) could be plotted as,

To Plot the Graph of y f x x= ⋅( ) sin ,
when Graph of y f x= ( ) is given
Clearly, – ( ) ( ) sin ( )f x f x x f x≤ ⋅ ≤ [as – sin1 1≤ ≤x ]

Hence, graph for y f x x= ⋅( ) sin would be lying between the
graph of y f x= ( ) and y f x= – ( ). It amounts to just drawing
graph of sin x in between the graphs of y f x= ± ( ).

The procedure is illustrated by following example.

y Example 26 Let f x
x

x
x

x
( )

sin ,

,
= ≠

=













1
0

0 0

and g x
x

x
x

x
( )

sin ,

,
= ≠

=













2 1
0

0 0
.

Discuss the graph for f x( ) and g x( ), and evaluate the
continuity and differentiability of f x( ) and g x( ) .

Sol. We will first try to graphically understand the behaviour
of these two functions and then verify our results
analytically. Notice that no matter what the argument of
the sine function is, its magnitude will always remain
between − 1 and 1.

Therefore, x
x

xsin
1 ≤ and x

x
x2 21

sin ≤

This means that the graph of x
x

sin
1

will always lie

between the lines y x= ± and the graph of x
x

2 1
sin will

always lie between the two curves y x= ± 2 . Also, notice

that as x increases,
1
x

decreases in a progressively slower

manner while when x is close to 0, the increase in
1
x

is

very fast (as x decreases visualise the graph of y x= 1 / ).
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This means that near the origin, the variation in the graph

of sin
1
x

will be extremely rapid because the successive

zeroes of the graph will become closer and closer. As we
keep on increasing x , the variation will become slower and
slower and the graph will ‘spread out’.

For example, for x > 1

π
there will not be finite root of the

function. Only when x → ∞, sin
1

x
will again approach 0.

Remarks

Notice how the lines y x= ± ‘envelope’ the graph of the function
in the first case and the curves y x= ± 2 ‘envelope’ the graph of

the function in the second case.

The envelopes shrink to zero vertical width at the origin in both
cases. Therefore, we must have

lim sin
x

x
x→

=
0

1
0 and lim sin

x
x

x→
=

0

2 1
0.

(This is also analytically obvious; sin
1

x
is a finite number between

− 1and 1; when it gets multiplied by x (where x → 0) the whole
product gets infinitesimally small).

Now lets try to get a ‘feel’ on what will happen to the derivatives
of these two functions at the origin.

For f x x
x

( ) sin= 1
, the slope of the envelope is constant ( )± 1 .

Thus, the sinusoidal function inside the envelope will keep on
oscillating as we approach the origin, while shrinking in width

due to the shrinking envelope. The slope of the curve also keeps
on changing and does not approach a fixed value.

However, for g x x
x

( ) sin= 2 1
, the slope of the envelope is itself

decreasing as we approach the origin, apart from shrinking in
width. This envelope will ‘compress’ or ‘harmmer out’ or ‘flatten’
the sin oscillations near the origin. What should therefore
happen to the derivative? It should become 0 at the origin!

Let us ‘zoom in’ on the graphs of both the functions around the
origin, to see what is happening.

These graphs are not very accurate and are only of an
approximate nature; but they do give us some feeling on the
behaviour of these two functions near the origin.

The x
x

sin
1

graph keeps ‘continuing’ in the same manner no

matter how much we zoom in; however, in the x
x

2 1
sin graph, the

decreasing slope of the envelope itself tends to flatten out the
curve and make its slope tend to 0. Hence, the derivative of

x
x

sin
1

at the origin will not have any definite value, while the

derivative of x
x

2 1
sin will be 0 at the origin.

Lets verify this analytically

(i) f x x
x

( ) sin= 1
at x = 0.

LHD = RHD = −
→

lim
( ) ( )

h

f h f

h0

0 =
→

lim
sin

h

h
h

h0

1

= 



→

lim sin
h h0

1

f x x( )= sin 1
x

y=x

y= x–

1
3p

1
2p

1
p

X

f x x( )= sin2 1
x

1
p

1
2p

1
3p

1
3p

1
2p

1
p

y=x2

y= x– 2

Figure 4.22

f x( ) f x( )

X

f x( )

X

f x( )

X

f x( ) f x( )

X

X

X

Figure 4.23



This limit, as we know does not exist; hence, the derivative for
f x( ) does not exist at x = 0

(ii) f x x
x

( ) sin= 2 1
at x = 0

LHD = RHD =
−

→
lim

sin

h

h
h

h0

2 1
0

=
→

lim sin
h

h
h0

1 = 0.

To Find h x( ) max ( ( ), ( ))f x g x
or h x f x g x( ) min( ( ), ( ))= when f x( ) and g x( )
are given

(i) h x f x g x( ) max { ( ), ( )}=

Q h x
f x f x g x

g x f x g x
( )

( ), ( ) ( )

( ), ( ) ( )
=

>
<





when

when

To draw the graph of y f x g x= max{ ( ), ( )}, first we draw
the graphs of both the functions f x( ) and g x( ) and find
their point of intersection.

Then, we find any two consecutive points of intersection.
In between these points f x g x( ) ( )> , then in order to draw
the graph of max { ( ), ( )f x g x }, we take those segments of
f x( ) for which f x g x( ) ( )> between any two consecutive
points of intersection of f x( ) and g x( ).

(ii) h x f x g x( ) min { ( ), ( )}=

Q h x
f x f x g x

g x g x f x
( )

( ), ( ) ( )

( ), ( ) ( )
=

<
<





when

when

Similarly, in order to draw the graph of min { ( ), ( )}f x g x

we take those segments of f x( ) for which f x g x( ) ( )< ,
between any two consecutive points of intersection of
f x g x( ) ( )and .

y Example 27 Draw graph for y x x= max{ , }2 2 and

discuss the continuity and differentiability.
Sol. Here, to draw, y x x= max { , }2 2 .

First, plot y x= 2 and y x= 2 on graph and put 2 2x x=

⇒ =x 0 2, (i.e. their point of intersection).

Clearly, y x= 2 represent a parabola open upward with

vertex (0, 0) and y x= 2 represent a straight line pointing
through (0, 0).

Now, since y x x= max { , }2 2 we have to neglect the curve

below the point of intersections thus, the required graph is,
as shown below.

Thus, from the given graph y x x= max { , }2 2 , we can say

y x x= max { , }2 2 is continuous for all x R∈ .

But y x x= max { , }2 2 is differentiable for all x R∈ – { , }0 2 . As

at x = 0 2, curve has corner point.

Remarks

One must remember the formula, we can write

max { ( ), ( )}
( ) ( ) ( ) – ( )

f x g x
f x g x f x g x= + +

2 2

and min { ( ), ( )}
( ) ( )

–
( ) – ( )

f x g x
f x g x f x g x= +

2 2
.

y Example 28 Draw the graph for y x= | – | – ||2 1 .

Sol. First we plot y x= − 1 , it is a straight line intersecting X

and Y -axes at (1, 0) and ( , )0 1− , respectively. The graph is
shown below.

⇒ Now, we plot y x= | – |1 , For this, the portion of the
graph remain same which lines above the X -axis and reflect
the negative portion of the graph about X -axis.

⇒ Now, to plot y x= − −| |1 take the mirror image of the
graph of | |x −1 in the X -axis as plane mirror.
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y = x2

2

y = x2

A

B

Y

X
(0, 0)

20

(2, 4)
B

neglecting

y = max {2 }x, x2Y

XX ′

Y ′

x – = y1

B (1, 0)
X

Y

0
(0, –1)

X ′

Y ′

Y

X
0

y = |x – |1

1

1

X ′

Y ′

Y

X

y = – |x – |1

1
0

–1

–2

3–1 2
X ′

Y ′



To find the graph of 2 1− −| |x . Shift the graph of y x= − −| |1
upward through 2 units.

To find the graph of | –| – ||2 1x , reflect the negative portion
of the graph of 2 1− −| |x in X -axis.

Thus, y x= | –| – ||2 1 can be plotted as shown below.

Remark

From above figure we could say y x=| –| – ||2 1 is not
differentiable at x = {–1, 1, 3 } as sharp edges at x =–1, 1, 3.

y Example 29 Let h x x x( ) min{ ; }= 2 for every real

number of x . Then, which one of the following is true?

[IIT  JEE 1998]

(a) h is not continuous for all x

(b) h is differentiable for all x

(c) h x′ =( ) 1, for all x

(d) h is not differentiable at two values of x

Sol. Here, h x x x( ) min { ; }= 2 can be drawn on graph in two

steps.

(a) Draw the graph of y x= and y x= 2 , also find their point

of intersection.

i.e. x x= 2 ⇒ x = 0 1,

Thus, points of intersection are (0, 0) and (1,1).

(b) To find h x x x( ) min { ; }= 2 neglecting the graph above

the point of intersection, we get

Thus, from the given graph,

h x
x x x

x x
( )

,

,
=

≤ ≥

≤ ≤





0 1

0 12

or

which shows h x( ) is continuous for all x . But not
differentiable at x = { , }0 1 .

Thus, h x( ) is not differentiable at two values of x .

Hence, (d) is the correct answer.

1. Plot the following, where [⋅] denotes greatest integer function.

(i) f x x( ) [ ]= 2 , when − ≤ ≤2 2x (ii) f x x( ) [| |]= (iii) f x x( ) [| |]= − 2 (iv) f x x( ) [| | ]= − 2

(v) f x x( ) sin (sin | |)= −1 (vi) f x x( ) [cos ]= −1 (vii) f x x x( ) cos( [ ])= − (viii) f x x( ) [sin (sin )]= −1

2. Plot the graph for f x x x x x( ) min( [ ], [ ])= − − − − .

3. Find the area enclosed by the curves

(i) max (| |, | | )x y = 1 (ii) max ( | |, | | )2 2 1x y = (iii) max (| |, | | )x y x y+ − =1
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y x= | 2 – | – 1| |

X
0 (1, 0) (2, 0)

Y

(–1,0)

(0, 2)

X ′

Y ′

Y

X
0 1

1

y = x

y = x2
Y

Y

(1, 0)

1 neglectin
g

neglecting

(0, 0)

neglecting
X

Exercise for Session 4

Y

y = –|x– |2 1

10

2

(–1, 0) (3, 0)
XX ′

Y ′



l Ex. 1 The number of real solutions of the equation

e xx + =0 is

(a) 0 (b) 1

(c) 2 (d) None of these

Sol. (b) It is evident from figure that the curves y e x= and

y x= − intersect exactly at one point. So, the equation
e xx = − or e xx + = 0 has one real solution.

l Ex. 2 The number of real solutions of the equation

log | | ,a x x= 0 1< <a , is

(a) 0 (b) 1

(c) 2 (d) None of these

Sol. (b) The number of real solutions of the equation
log | |a x x= is equal to the number of points of intersec-
tion of the curves.

y xa= log and y x= | | ( )0 1< <a

It is evident from the graph that the two curves intersect at
one point only.

∴ One real solution lying in (0, 1).

l Ex. 3 The number of solutions of the equation | | cosx x= is

(a) 0 (b) 1

(c) 2 (d) 3

Sol. (c) The number of real solutions of the equation
| | cosx x= is equal to the number of point of intersection
of the curves.

y x= | | and y x= cos shown as;

It is evident from the graph that the two curves intersect at
two points only.

∴ Two real solutions lying in −





π π
2 2

, .

l Ex. 4 How many roots does the following equation

possess 3 2 1
| |

{| | | | }
x x− = ?

(a) 1 (b) 2 (c) 3 (d) 4

Sol. (b) Here, 3 2 1| | {| | || }x x− =

⇒ 2 3− = −| | | |x x

In order to determine the number of roots, it is sufficient to
find the points of intersection of the curves y x= −2 | | and

y x= −3 | | , shown as;

We observe the two curves intersect at two points.
∴ Two real solutions ∈ −( , )2 2 .

l Ex. 5 The number of real solutions of the equation

x x2

1 5= − −| | is

(a) 1 (b) 2

(c) 4 (d) None of these

Sol. (d) The number of real solutions of the equation

x x2 1 5= − −| |

is equal to the number of points of intersection of the
curves.

y x= –
Y

X

y x= –

y = e x

O

y x= –

0

y x=

X

y x a= log (0 < < 1)a

1

Y

Single Option Correct Type Questions
JEE Type Solved Examples :

y x= – y = x

y = xcos
O

Y

X

Y

y = x2 – | |

0– 2 2
X

y = 3
|– |x

2



y x= 2 and y x= − −1 5| | , shown as;

It is evident from the graph that the two curves do not
intersect.

∴ No solution.

l Ex. 6 Number of solutions for 2 4
sin | | | cos |x x= in[ , ]−π π

is equal to

(a) 2 (b) 4

(c) 6 (d) 8

Sol. (b) The total number of solutions for the given equation is
equal to the number of points of intersection of curves

y x= 4| cos | and y x= 2sin | | .

Clearly, the two curves intersect at four points. So, there
are  four solutions of the given equation.

l Ex. 7 Number of roots of | sin | | | | |x x x= + in[ , ]−2 2π π
is

(a) 2 (b) 3

(c) 4 (d) 6

Sol. (b) The total number of solutions for the given equation is
equal to the number of points of intersection of the
curves.

y x= | sin | ||

and y x x
x x

x
= + =

≥
<





| |
,

,

2 0

0 0

Clearly, the two curves intersect at three points.

∴ There are three solutions.

l Ex. 8 The equation 3 5 34
1 1x x− −+ = has

(a) one solution (b) two solutions

(c) three solutions (d) four solutions

Sol. (a) The total number of solutions is same as the number
of points of intersection of the curves.

y x x= +− −3 51 1 and y = 34

It is evident that these two curves intersect at exactly one
point.

∴ Exactly one solution.

l Ex. 9 The number of solutions of the equation

cos[ ] , [ , ],x e xx= ∈−2 1

0 2π where [.] denotes the greatest

integer function is

(a) 1 (b) 2

(c) 3 (d) 4

Sol. (a) It is evident from the graph the two curves intersect at
only one point.
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2

– π
2

– π π
2

π

4

0

– π– 2π π0 2π
X

Y

Y

X
1/15

y = 34

0

Y

X

y = e2 1x –

y = xcos [ ]1

– 2 – 1
0

1 2 3

y = x |1 – | – 5

1

0

(5, 1)

Y ′

Y

XX ′



l Ex. 10 Let g x x k k x k( ) , ( )= − ∀ ≤ < +2 2 2 1 where,

k I∈ , then

(a) g x x x( ) ,= + − ≤ <2 2 0

(b) g x x x( ) ,= − ≤ <2 2 4

(c) g x x x( ) ,= ≤ <0 2

(d) period of g x( ) is 2

Sol. (a,b,c,d) Given, g x x k k x k( ) , ( )= − ∀ ≤ < +2 2 2 1 , ∀ ∈k I

=

+ − ≤ <
≤ <

− ≤ <
− ≤ <

.....

.....

,

,

,

,

....

x x

x x

x x

x x

2 2 0

0 2

2 2 4

4 4 6

.

.....


















The graph of g x( ) is shown below

Clearly, g x( ) is periodic with period 2.

l Ex. 11 The graph of f x( ) is given below.

Then, (a) Graph of − +f x( ) 2 is

(b) Graph of − −f x( )1 is

(c) Graph of f x(| | ) is

(d) Graph of f x( )+ −1 2 is
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√x+2 √x √x–2 √x–4

XX ′
–2 2 4 6

Y ′

Y

0
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2

1

1 2 3 4 5 6
–1

–2

–3

6–6 –5 –4 –3 –2 –1 1 2 3 4 5
–1

–2

1

2

3

4

5

–6 –5 –4 –3 –2 –1

3

2

1

1 2 3 4 5 6
–1

–2

–3

–7

–6 –5 –4 –3 –2 –1

3

2

1

1 2 3 4 5 6
–1

–6 –5 –4 –3 –2 –1

1

1 2 3 4 5

–3

–4

–7
–1

6

2

–2

–5

More than One Correct Option Type Questions
JEE Type Solved Examples :
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Sol. (a,c,d)

(a) For the graph of − +f x( ) 2, first flip the graph of y f x= ( ) about,
X -axis to get y f x= − ( )

Now, shift the above graph 2 units upward to get y f x= −2 ( )

(b) First shift the graph of f x( ), through 1 unit right to get
y f x= −( )1

Now, flip the above graph about X -axis to get y f x= − −( )1

(c) For y f x= (| | ), neglect the graph of y f x= ( )
for x < 0, and take the mirror image of
y f x= ( ) for x > 0 aboutY -axis,
keeping y f x= ( ) for x > 0

(d) For y f x= + −( ) ,1 2 shift the graph of
y f x= ( ), 1 unit left to get y f x= +( )1

Now, shift the above graph 2 units
downwards to get f x( )+ −1 2

6–6 –5 –4 –3 –2 –1 1 2 3 4 5
–1

–2

1

2

3

4

5

–6 –5 –4 –3 –2 –1

2

1

1 2 3 4 5 6
–1

–2

–3

3

7

–5 –4 –3 –2 –1

2

1

1 2 3 4 5 6
–1

–2

–3

3

7

–6 –5 –4 –3 –2 –1

2

1

1 2 3 4 5 6
–1

3

6–6 –5 –4 –3 –2 –1 1 2 3 4 5
–1

–2

1

2

3

4

–3

–6 –5 –4 –3 –2 –1

2

1

1 2 3 4 5
–1

–2

–3

–7

3

–6 –5 –4 –3 –2 –1

1

1 2 3 4 5

–3

–4

–7
–1

6

2

–2

–5



l Ex. 12 The number of solutions of the equation

[ [ ]] cosy y x+ = 2 , where y x x x= + +
1

3

[sin [sin [sin ]]],

where [⋅] denotes the greatest integer function, is

Sol. Here, [ [ ]] cosy y x+ = 2

or [ ] [ ] cosy y x+ = 2
[Q[ ] [ ]x h x h+ = + , ∀ x I∈ ]

or 2 2[ ] cosy x=
or [ ] cosy x= …(i)

Also, y x x x= + +1

3
[sin [sin [sin ]]]

y x= 1

3
3( [sin ])

y x= [sin ] …(ii)

From Eqs. (i) and (ii), we have

[[sin ]] cosx x=
or [sin ] cosx x=

The graph of y x= [sin ] and y x= cos is shown below.

∴ The number of solution zero.

l Ex. 13 The sum of the roots of the equation cos
−1

(cos ) [ ]x x= , where [x] denotes greatest integer function, is

Sol. The graph of cos (cos ) [ ]− =1 x x is shown below.

Solutions are clearly 0, 1, 2, 3 and 2 3π − .
Hence, there are 5 solutions.
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Single Integer Answer Type Questions
JEE Type Solved Examples :

Y

2

1

–1
O π/2 3 /2π 2ππ X

Y¢

X ¢

3

2

1

–1 10 2 3 p 2 –3p 2p

Y

X

–1

l Ex. 14 Sketch the graph of y x= log | | .
.0 5

Sol. As we know, y x= log .0 5 is a decreasing graph given as;

Since, f x f x( ) (| | ),→ then taking the images
aboutY -axis for x > 0

∴ y x= log | |.0 5 could be plotted as;

l Ex. 15 Sketch the graph for y
x

=
1

3– .

Sol. Here, we follow certain steps to plot

y
x

= 1
3– , as first we plot

1

x

and then successively
1

x
,

1
3

x
– ,

1
3

x
– .

(i) The graph of
1

x
is shown below

1

0
X

Y

y x x= log ( ), > 00.5

1
0 X

–1

Y
y x= log | |0.5

X

Y

y x=
1

0

Subjective Type Questions
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(ii)
1 1

x x
→ To draw the graph of

1

x
taking mirror

images about X -axis for negative values of
1

x
in the

graph of
1

x
.

(iii)
1 1

3
x x

→ –

Shift the graph of
1

x
through 3 units downward.

(iv)
1

3
1

3
x x

– –→

To draw the graph of
1

3
x

− , taking mirror images

about X -axis for negative value of
1

3
x

− in the graph

of
1

3
x

− .

l Ex. 16 Find the number of solutions of the equations

y x=| sin | and x y2 2

1+ = .

Sol. To find the number of solutions of two curves we should
find the point of intersection of two curves.

As we know, x y2 2 1+ = is a circle and y x=|sin | is the

image of negative values of y x= sin about X -axis. Thus,
we can plot them as; which shows the two curves intersects
at two points.

∴ Number of solutions is 2.

l Ex. 17 Find the number of solutions of 4 { } [ ]x x x= + .

Sol. Here, 4 { } [ ]x x x= +
⇒ 4 ( –[ ]) [ ]x x x x= + [ { } [ ]]Q x x x= −
⇒ 3 5x x= [ ]

⇒ [ ]x x= 3

5

To find their solution we plot the graph of both y x= [ ]

and y x= 3

5
,

i.e. The two graphs intersects when [ ]x = 0 and 1

⇒ x = 0 and x = 5

3

l Ex. 18 Sketch the graph of sin x +
1

2

.

Sol. We follow certain steps to plot sin x + 1

2
,

i.e. sin sin sinx x x→ + → +1

2

1

2

(i) (ii) (iii)

X

Y

y
x

=
1

–3

– 1
3

1
3

0

y
x

=
1

–3

x = –3

X

Y

– 1
3

1
3

0

y x=
1 – 3

Y

0
Xπ– π

y = | x|sinx y2 2+ = 1

–4 –3 –2 –1 1 2 3 40

3

2

1

y x=
3
5

Y

X

–1

–2

X

Y

y x=
1

y x=
1

0

2π–2π π–π 0

Y

X

y = sin x
1

(i)
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Remarks

Plotting graph of f x x( – [ ]):

Graph of f x x( – [ ])can be obtained from the graph of f x( )by the
following rule.

“Retain the graph of f x( )for values of x lying between interval
[0, 1). Now, it can be repeated for rest of points. Now,
obtained function is periodic with period 1.”

l Ex. 19 Sketch the graph of y
x

x
= ⋅

2

2
[ ]

Sol. As we know, 2x is exponential function and we want to
transform it to 2x x–[ ], it retains, the graph for x ∈ [ , )0 1

and repeat for rest points.

Here, to retain graph between x ∈ [ , )0 1 , so we get

l Ex. 20 Sketch the region for y x x= sin ( –[ ]) .

Sol. We know, y x= sin is the periodic function. So, to plot
the graph between x ∈ [ , )0 1 and repeat for all values of x.

i.e. To retain the graph between x ∈ [ , )0 1 .

l Ex. 21 Sketch the region for | | siny x= .

Sol. We know, y x= sin is a periodic function. So, to plot
| | siny x= neglect all the points for which y is negative
and take the image for positive values of y about X-axis
shown as;

Now, plotting, | | siny x= .

l Ex. 22 Consider the following function f whose graph is

given below.
Y

X
0

2

1 2 3–1–2

1

y =
2x

2[ ]x
—

0 π

1

Y

Xπ
2

—

Y

X
0 1 2 3 4–1–2

sin ( –[ ])x x

π0 2π 3π–π–2π–3π

1

–1
neglecting

Y

y x= sin

X
Y

X

2

0

1

y = 2x

1

π0 2π 3π–π–2π–3π

1

–1

4π–4π 5π

Y

X

Y

X0

1

–1

–1–2 1 2 3

0

Y

X

y = sin +x 1
2

– 1
2

3
2

1
2

(ii)

Y

X

(iii)

y = 1
y = 1/2

y x= sin + 1
23/2

1/2

y = 3/2

0



Draw the graph of following functions.

(a) f x( ) +1 (b) f x( )–1 (c) – ( )f x

(d) | ( )|f x (e) f x(– ) (f) f x(| | )

(g) 2f x( ) (h) f x( )2 (i) [ ( )]f x

(j) f x x( –[ ])

Sol. (a) f x f x( ) ( )→ +1

To draw the graph of f x( ) +1, shift the graph of f x( )
through 1 unit upward.

(b) f x f x( ) ( )–→ 1

To draw the graph of f x( ) −1, shift the graph of f x( )
through 1 unit downward.

(c) f x f x( ) – ( )→
To draw the graph of − f x( ). Take the image of f x( )
in the X -axis as plane mirror.

(d) f x f x( ) | ( )|→ , To draw the graph of f x( ) taking
image for negative values of f x( ) about X-axis.

(e) f x f x( ) (– )→
To draw the graph of f x( )− take the image of the
curve f x( ) in theY -axis as plane mirror.

(f) f x f x( ) (| | )→
To draw the graph of f x| | neglecting the graph for
negative values of f x( ) and taking image for positive
values of x about Y-axis.

(g) f x f x( ) ( )→ 2

To draw the graph of 2f x( ) stretch the graph of f x( ),
2 times along Y -axis.

(h) f x f x( ) ( )→ 2

To draw the graph of f x( )2 , stretch the graph of f x( )
, 2 times along X-axis.

(i) f x f x( ) [ ( )]→
To draw [ ( )]f x mark the integer onY -axis. Draw the
horizontal lines till they intersect the graph, now
draw vertical dotted lines from these intersection
point. Finally, draw horizontal lines parallel to X -axis
from any intersection point to the nearest vertical
dotted line with blank dot at right end.
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Y

X
0

1

–1

–1–2 1 2 3

2

f x( ) + 1

f x( )

Y

X
0

1

–1

–1–2
1 2 3

f x( )

–2

f x( ) – 1

Y

X0

1

–1

–1–2
1 2 3

f x( )

– ( )f x

Y

X0

1

–1

–1–2
1 2 3

| ( )f x |

f x( )

Y

X0

1

–1

–1–2 1 2 3

f (x)f –x( )

–3

Y

X0

1

–1

–1–2 1 2 3

f x( )

–3

Y

X
0

1

–1

–1–2
1 2 3

f x( )

2 ( )f x

2

–2

Y

X0

1

–1

–1–2 1 2

f x( )

f x(2 )



( j) f x f x x( ) ( –[ ])→
Retain the graph of f x( ) for values of x lying between
interval [ , )0 1 . Now, it can be repeated for rest of the
point taking periodicity ‘1’.

l Ex. 23 Sketch the graph of y x x=max(sin , cos ),

∀ ∈ 





x – , .π
π3

2

Sol. First plot both y x= sin and y x= cos by a dotted curve as

can be seen from the graph in the interval – ,π π3

2







and

then darken those dotted line for which f x g x( ) ( )> or
g x f x( ) ( ).>

∴ Graph of max {sin , cos }x x

As from the above graph,

max (sin , cos )

sin , – –

cos , –

sin ,

x x

x x

x x

x

=

< ≤

≤ ≤

π π

π π

π

3

4
3

4 4

4
≤ ≤

≤ ≤

















x

x x

5

4

5

4

3

2

π

π π
cos ,

l Ex. 24 Sketch the graph for y x x=min {tan , cot }.

Sol. First plot both f x x( ) tan= and g x x( ) cot= by a dotted
curve as can be seen from the graph and then darken
those dotted lines for which f x g x( ) ( )< and g x f x( ) ( ).<

∴ Graph of min {tan , cot }x x

As from the graph, we have

min {tan , cot }

............................

.......

x x =

.....................

tan , – –

cot ,

tan

x x

x x

π π

π
2 4

4
0

< ≤

− ≤ <

x x

x x

,

cot ,

............................

..

0
4

4 2

≤ ≤

≤ ≤

π

π π

..........................
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Y

X
0

1

–1

–1–2 1 2

f x x( – [ ])

3

1

A

X

cos x

–π
–

π
2

π
2

3
2
π

Y

–1

sin x

O

B

π C

–π
– π

2
π
2

Y

X
O 3

2

ππ

y x x= max (sin , cos )

A C

B

3 /4π

Y

X

1

–1

–π
5 /4π

3 /2π
–3 /4π π/4

π
– /4π

– /2π–5 /4π–3 /2π π/20

Y

1

–1

3

2

π
–

–π
–

π
2

O π
2

π 3

2

π X

Y

X
–2 –1

–1

0 1 2 3
[ ( )]f x
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l Ex. 25 Sketch the graph of y x x x= +min {| | , | – |, | | }1 1 .

Sol. First plot the graph for, y x= | |, y x= | – |1 and y x= +| |1 by
a dotted curve as can be seen from the graph and then
darken those dotted lines for | | {| – |, | | }x x x< +1 1 ,
| – | {| |, | | }x x x1 1< + and | | {| |, | – | }x x x+ <1 1 .

As from the above graph,

min {| |, | – |, | | }

– ( ), –

( ), – –

– ( )
x x x

x x

x x

x
1 1

1 1

1 1
1

2

+ =

+ ≤

+ ≤ ≤

, –

,

– ( – ),

( – ),

1

2
0

0
1

2

1
1

2
1

1 1

≤ ≤

≤ ≤

≤ ≤

≤

















x

x x

x x

x x

Remark

To plot the graph of f x
–

( )
1

, take reflection of f x( ) in y x= line as a

mirror.

l Ex. 26 Sketch the graph of y x= sin
–1 , ∀ ∈x [– , ]1 1 .

Sol. As, – 1 1≤ ≤x ⇒ – sin–π π
2 2

1≤ ≤x ⇒ –
π π
2 2

≤ ≤y

sin–1 x is the reflection of sin x about y x= (as a mirror)

when x ∈ 





– ,
π π
2 2

.

l Ex. 27 Sketch the graph for y x= cos ,
–1 ∀ ∈x [– , ].1 1

Sol. As, –1 1≤ ≤x

⇒ 0 1≤ ≤cos– x π ⇒ 0 ≤ ≤y π

∴ cos–1 x is reflection of the graph of cos ,x 0 ≤ ≤x π in

y x= line as a mirror.

l Ex. 28 Sketch the graph for y x= tan ,
–1 ∀ ∈x R.

Sol. As, x R∈ ⇒ –
tan–π π

2 2

1< <x ⇒ –π π
2 2

< <y

∴ tan–1 x is the reflection of the graph of tan x ,
–π π
2 2

< <x

in y x= as a mirror.

l Ex. 29 Sketch the graph for y x= sin (sin ) .
–1

Sol. As, y x= sin (sin )–1 is periodic with period 2π.

∴ To draw this graph we should draw the graph for one
interval of length 2π and repeat it for entire values of x. As we
know,

sin (sin )

( ),
–

( ), – ––1

2 2

2

3

2 2
x

x x

x x x=

≤ ≤

− ≤ ≤ ≥ ≥

π π

π π π π π π πor –

– –

3

2

2 2

π

π π π
or ≤ ≤












 x

Thus, it has been defined for
–π π
2

3

2
≤ ≤x , that has length

2π. So, its graph could be plotted as;

π
2

1

y x=

f x =
x

( )
sin

X

–1

π
2

–

O

(– )π (– /2,0)π (–1,0) (1,0)( /2,0)π ( /0)π

Y

y

x
=

si
n

–1

X′

Y′

X
1

1

π/2
π

π/2

π

–1

cos–1 x

Y

cos x

0

y x=

–1
X

1

π/2

π

–1

Y

y=cos x

0–1
X′ X′

Y′ Y′

1 2 3–1–2–3 0

1/2

y

x
=

|
+

1|

y

x

=
|

|

y

x
=

|
–1

|
Y

X1—
2

1—
2

–

Y
y = xtan

y = x

y = xtan–1

X

π/2

– /2π

– /2π

π/2

0– /2π π/2 π 3 /2π 2π 5 /2π 3π–π–3 /2π–2π

π/2

– /2π

y x= sin–1(sin )

X

Y



l Ex. 30 Sketch the graph for y x= cos (cos ) .
–1

Sol. As, we have that y x= cos (cos )–1 is periodic with

period 2π.

∴ To draw this graph we should draw the graph for one
interval of length 2πand repeat it for entire values of x of
length 2π.

As we know,

cos (cos )
,

( – ),

–1 0

2 2 2
x

x x

x x
=

≤ ≤
< ≤





π
π π π π πor 0 < – x <

Thus, it has been defined for 0 2< <x π, that has length 2π.
So, its graph could be plotted as;

l Ex. 31 Sketch the graph for y x= tan (tan ) .
–1

Sol. As, we have that y x= tan (tan )–1 is periodic with period π.

∴ To draw this graph we should draw the graph for one
interval of length πand repeat for entire values of x .

As we know, tan (tan ) ,
––1

2 2
x x x= < <




π π

Thus, it has been defined for
–π π
2 2

< <x that has length π.

So, its graph could be plotted as;

l Ex. 32 Find the values of x graphically which satisfy

x

x

2

1

1

–

.≤

Sol. We have,
x

x

2

1
1

–
≤

⇒ | | | – |,x x2 1≤ ∀ ∈x R – { }1

or x x2 1≤ | – |, ∀ ∈x R – { }1

Thus, to find the points for which f x x( ) = 2 is less than or

equal to g x x( ) | – |= 1 .

Where the two functions f x( ) and g x( ) could be plotted as;

Thus, from the graph f x g x( ) ( )≤ , when x A B∈ [ , ]. So that,

A and B are point of intersection of x 2 and 1– x .

∴ Solving x x2 1= – , we get x A= =– –1 5

2

and x B= + =–1 5

2
.

∴ x

x

2

1
1

–
≤ is satisfied, ∀ ∈ +







x

– –
,
–1 5

2

1 5

2
.

l Ex. 33 Find the values of x graphically satisfying

[ ] –x x1 0
2+ ≥ ; where [⋅] denotes the greatest integer

function.

Sol. We have, [ ]–x x1 02+ ≥ ⇒ x x2 1– – [ ]≥
Thus, to find the points for which f x x( ) –= 2 1 is greater

than or equal to g x x( ) – [ ]= .

Where the two functions f x( ) and g x( ) could be plotted as;

Finally.

Chap 04 Graphical Transformations 229

–π–2π 2π 3π 4π0 π

π

X

Y

y x=cos (cos )–1

0– /2π π/2 π 3 /2π 2π 5 /2π–π–3 /2π–2π

π/2

– /2π

Y

X

y x= tan
–1

(tan )

g x = |x– |( ) 1
Y

A

1 B

10
X

f x = x( ) 2

–1+ 5
2

√–1– 5
2
√

1
X

2–1–2

Y
f x x( ) = – 12

g x x( ) = –[ ]
B

1

2

3

A

–4 –3 3√–

Y

X
0 1

2

Ö3–
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Thus, from the above graph f x g x( ) ( )≥ when
x A B∈ ∞ ∪ ∞(– , ] [ , ), where A is point of intersection of

x 2 1– and – [ ]x when – [ ]x = + 2.

∴ x 2 1 2– = + , i.e. x A= =– 3 and B = 1

∴ [ ]–x x1 02+ ≥ is satisfied, ∀ x ∈ ∞ ∪ ∞(– , – ] [ , ).3 1

l Ex. 34 Find the values of x graphically which satisfy;

– [ ] – ,1 4 2
2≤ + ≤x x where [.] denotes the greatest integer

function.

Sol. We have, – [ ]–1 4 22≤ + ≤x x ⇒ x x x2 25 2– [ ] –≤ ≤

Thus, to find the points for which f x x( ) –= 2 5 is less than

or equal to g x x( ) [ ]= and g x x( ) [ ]= is less than or equal to

h x x( ) –= 2 2.

Where the three functions f x g x( ), ( ) and h x( ) could be
plotted as;

Thus, from the above graph; x x x2 25 2– [ ] –≤ ≤ ,  when

x A B C D∈ ∪[ , ] [ , ].

Where A and D is point of intersection of x 2 5 2– = ±
⇒ x = – ,3 7 B and C is point of intersection of x 2 2 1– = ±
⇒ x = 3

∴ – [ ]–1 4 22≤ + ≤x x is satisfied, x ∈ ∪[– , – ] [ , ]3 1 3 7 .

l Ex. 35 Find the number of solutions of 2 cos | sin |x x=
when x ∈ [ , ]0 4π .

Sol. As we know, the graph of both f x x( ) cos= 2 and
g x x( ) |sin |=
∴ Their point of intersection are number of solutions.

Thus, from the above graph the two functions intersect at
two points between [ , ]0 2π and we know that cos x is
periodic with period 2π, so it has same number of solutions
for the interval [ , ]2 4π π.

∴ Total number of solutions of 2cos |sin |x x= when
x ∈ [ , ]0 4π is 4.

l Ex. 36 Sketch the curves

(i) y x x= – [ ] (ii) y x x x= +[ ] – [ ]

(iii) y x x x= +|[ ] – [ ]|

(where [ ]⋅ denotes the greatest integer function).

Sol. (i) Here, 0 1≤ < ∀ ∈x x x R– [ ] , and

x x x x2 0 1≤ ≤ ∀ ∈, [ , )

∴ x x x x– [ ] – [ ]≤

⇒ y x x

x x

x x

x x

= =

≤ <

≤ <

+ ≤ <









– [ ]

– ,

,

, –

1 1 2

0 1

1 1 0

and so on.

In general,y x x x= =– [ ] , when 0 1≤ <x

y x x x= =– [ ] – 1, when 1 2≤ <x

i.e. Shifting x by 1 unit on right side of X -axis

y x x x= =– [ ] – 2, when 2 3≤ <x ,

then graph of y x x= – [ ] .

i.e. Shifting x – 1 by 1 unit on right side of X -axis

and so on. Thus, the graph for y x x= – [ ] is shown

as in figure, which is periodic with period 1.

–1

–2

–3

–4

–5

1

2

3

4

1

2

3–1–2–3

x – 22

x – 52

√5

√7

√3

√2–√2

–√5

0 π/2 3 /2ππ 2π

1

2

–1

–2

f x x( ) = 2 cos

g x x( ) = |sin |

X

Y

0–2 –1 1 2 3 4

x
+

2

x
+

1

x
–

1x

x
–

2

x
–

3



(ii) Again, y x x x= +[ ] – [ ] ⇒ y k x k= + – ,

k x k≤ < + 1 ; k ∈ integer − + + − ≤ <1 1 1 0x x,

⇒ y

x x

x x

x x

=

≤ <

+ ≤ <

+ ≤ <









,

– ,

– ,

0 1

1 1 1 2

2 2 2 3 and so on.

Thus, the graph for y x x x= + −[ ] [ ] is obtained by

the graph of y x x= −[ ] by translating it by [ ]x units

in upward or downward directions according as
[ ]x > 0 or [ ]x < 0. The graph is shown as

(iii) Graph for y x x x= +|[ ] – [ ]| is obtained by

reflecting the portion lying below X -axis of the graph

of y x x x= +[ ] – [ ]. About X -axis and keeping the

portion lying above the X -axis (as it is).

Thus, the graph for y x x x= + −[ ] [ ] is shown

below.
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X

Y

0–1 1 2 3

–1
+

x+
1

x

1+
x–1

2+
x–2

3+
x–3

1

2

3

4

X

Y

0–1 1 2 3

1

2

3

4

–2–3



1. The number of real solutions of the equation

e xx| | | |− =0 is

(a) 0 (b) 1 (c) 2 (d) None of these

2. The number of real solutions of the equation

3 2 0− − =| | | |x x is

(a) 0 (b) 1 (c) 2 (d) 3

3. The number of solutions of 3 2| | | | | |x x= − is

(a) 0 (b) 2 (c) 4 (d) infinite

4. The total number of solutions of the equation

| | | |x x x x− − = − −2 21 2 3 is

(a) 0 (b) 1

(c) 2 (d) infinitly many

5. The equation e m mx = +( )1 , m < −1 has

(a) no real root

(b) exactly one real root

(c) two real roots

(d) None of the above

6. The number of real solutions of the equation
1 − =x x[cos ] is
(a) 1 (b) 2
(c) 3 (d) 4

7. The number of roots of the equation 1 3 22+ =x x/ is

(a) 0
(b) 1
(c) 2
(d) None of the above

8. The equation x x2 2− = [sin ], where [⋅] denotes the

greatest integer function, has
(a) infinity many roots

(b) exactly one integer root

(c) exactly one irrational root

(d) exactly two roots

9. Consider the functionf x
x x x I

x I

( )
[ ] ,

,
,= − − ∉

∈







1

2
0

if

if

where [ ]⋅ denotes greatest integer function and I is the

set of integers, then g x x f x x( ) max{ , ( ), | | }= 2 , − ≤ ≤2 2x

is defined as

(a) x 2, − ≤ ≤ −2 1x

(b) 1 − x, − < ≤ −1
1

4
x

(c)
1

2

1

4
0+ − < <x x,

(d) 1 0 1+ ≤ <x x,

10. If f x( ) is defined on [ , ]− 2 2 and is given by

f x
x

x x
( )

,

,
=

− − ≤ <
− < ≤





1 2 0

1 0 2
and g x f x f x( ) | | | ( )|= + , then

g x( ) is defined as
(a) − x, − ≤ ≤2 0x (b) x, − ≤ ≤2 0x

(c) 0, 0 1< ≤x (d) 2 1( )x − , 1 2< ≤x
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Single Option Correct Type Questions
Graphical Transformations Exercise 1 :

More than One Option Correct Type Questions
Graphical Transformations Exercise 2 :

n Directions (Q. Nos. 11 to 12) This section is based on
Statement I and Statement II. Select the correct answer

from the code given below.

(a) Both Statement I and Statement II are correct and Statement

II is the correct explanation of Statement I

(b) Both Statement I and Statement II are correct but Statement II

is not the correct explanation of Statement I

(c) Statement I is correct but Statement II is incorrect

(d) Statement II is correct but Statement I is incorrect

11. Statement I The graph of y x= sec2 is symmetrical

about theY -axis.

Statement II The graph of y x= tan is symmetrical
about the origin.

12. Statement I The equation |( ) |x a− + =2 4 can have four

distinct real solutions for x if a belongs to the interval
( , )− ∞ − 4 .

Statement II The number of point of intersection of the
curve represent the solution of the equation.

Statements I and II Type Questions
Graphical Transformations Exercise 3 :



Passage I (Q. Nos. 13 to 14)

Let f x f x f x( ) ( ) ( )= −1 22 , where

f x
x x x

x x x
1

2

2

1

1
( )

min { , | | }, | |

max { , | | }, | |
= ≤

>





f x
x x x

x x x
2

2

2

1

1
( )

min { , | | }, | |

max { , | | }, | |
= >

≤





,

and let g x
f t t x x

f t t x x
( )

min{ ( ), , }

max{ ( ), , }.
=

− ≤ ≤ − ≤ <
≤ < ≤ ≤
3 3 0

0 0 3





13. For x ∈ −( , )1 0 , f x g x( ) ( )+ is

(a) x x2 2 1− + (b) x x2 2 1+ −
(c) x x2 2 1+ + (d) x x2 2 1− −

14. The graph of y g x= ( ) in its domain is broken at

(a) 1 point (b) 2 points (c) 3 points (d) None of these

Passage II (Q. Nos. 15 to 16)

Consider the functions f x
x x

x x
( )

,

,
=

− − ≤ ≤
≤ ≤





1 1 0

0 12

and g x x( ) sin= .

If h x f g x1( ) (| ( )| )=
and h x f g x2 ( ) | ( ( ))|= .

15. Which of the following is not true about h x1( )?

(a) It is a periodic function with period π
(b) The range is [0, 1]

(c) Domain R

(d) None of the above

16. Which of the following is not true about h x2 ( )?

(a) The domain is R (b) It is periodic with period 2π
(c) The range is [0, 1] (d) None of these

n Directions (Q.No. 17) Choices for the correct combination of elements from Column I and Column II are given as option
(a), (b), (c) and (d) out of which are correct.

17.
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Matching Type Questions
Graphical Transformations Exercise 5 :

Column I
(Equation)

Column II
(Number of Roots)

A. x x2 1tan = , x ∈ [ , ]0 2π p. 5

B. 2cos |sin |x x= , x ∈ [ , ]0 2π q. 2

C. If f x( ) is a polynomial of degree 5 with real coefficient such that
f x( ) = 0 has 8 real roots, then the number of roots of f x( ) = 0

r. 3

D. 7| |x ( | | )5 1− =x s. 4

Codes
A B C D A B C D

(a) p q r s (b) q s p s
(c) q p s r (d) s p q r

Passage Based Questions
Graphical Transformations Exercise 4 :



18. Let f x x x x( ) | | |= + + + −2 1 2 1| . If f x k( ) = has exactly one real solution, then the value of k is

19. The number of roots of the equation x xsin = 1, x ∈ − ∪[ , ] ( , )2 0 0 2π π is

20. The number of solutions of tan ,x mx− =0 m > 1 in −





π π
2 2

, is

21. Find the number of solutions of the equation

x

x

2

1 2
1

− −
=

| |
, graphically.

22. Find the number of solutions for tan cos4x x= , when
x ∈ ( , )0 π .

23. Find number of solutions for equation [sin ] [ ],− = −1 x x x

where [ ]⋅ denotes the greatest integer function.

24. If x and y satisfy the equations

max (| | , | | )x y x y+ − =1 and | | [ ]y x x= − , the number of

ordered pairs ( , ).x y

25. Find the area enclosed by | | | |x y x y+ − + + + =1 2 1 1.

26. Find f x( ) when it is given by

f x x x x( ) max , , , [ , )= 







∀ ∈ ∞3 2 1

64
0 .

27. Find a formula for the function f graphed as

28. Find the domain for f x
x x

( )
[ ] [ ]

,=
− + − −

1

1 5 4

graphically.

29. Draw the graph for y x= { } and y x= { }.

30. Draw the graph for y x x= − +[ ] { }.
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Subjective Type Questions
Graphical Transformations Exercise 7 :

(1, 1)

0 1 2 3 4

Y

1

X

Single Integer Answer Type Questions
Graphical Transformations Exercise 6 :



Answers
Exercise for Session 1

1.

2.

3.

4.

5.

6.

7.

8.

Exercise for Session 2

1. (i) f x( )+ 1 is shown as

(ii) f x( )−1 is shown as

Y

y x= 3

X
0

y x= +13

1

1

X

–1

1

2 y x=sin +1

y x=sin

3π2ππ0–π

Y

X

–1

1

2

y x=sin

y x=sin –1

Y

–2

0

X′

Y′

Y

X
–1–2–3–4–5 1 2 3 4 5

5

4

3

2

1

–1

–2

–3

–4

–5

y x= –12

0

Y y x= 3

X
0

y x= –13

1
–1

X′

Y′

Y

X
–1–2–3–4–5 1 2 3 4 5

5

4

3

2

1

–1

–2

–3

–4

–5

6 7–6–7

y x= +12

y x= 2

0

Y

X

y x=log +1e

y x=log

0 1

Y

X

y x=log –1e

y x=loge

10

21–1–2

1

–1

X

Y

–3 0

–2 –1 1 2

1

–1

X

Y

30



(iii) − f x( ) is shown as

(iv) f x( )− is shown as

(v) 2 f x( ) is shown as

(vi)
1

2
f x( ) is shown as

(vii) f x( )2 is shown as

(viii) f
x

2







is shown as

Exercise for Session 3

1. Graph for f x( )

(i) | ( )|f x is shown as

(ii) f x(| |) is shown as

(iii)

2. (i) y x x x x= − − = − +| | |( )( )|2 2 3 3 1

(ii) y x x x x= + − = − −( )( ) ,1 3 2 32
y x x= − −2 2 3| |
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11/2–1

1
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X
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X

Y
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2 4
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21–1
—
2

–1
0

1
—
2

X

Y

1

2

–1

0–1–2
X

Y

–1/2

–1

1 2

1/2

1

21–1

1

X

Y

–1

–2

0

2

21–1–2

1

–1

X

Y

0

0 3
X

Y

–3

–3

21
–1–2

–1

1

X

Y

0

21–1
—
2

–1 0 1
—
2

X

Y

1

2

Y

X
–2 –1 2 1 2

2

1

O

–1

–2

1/

21–1 0
X

Y

–2

1

21–1 0 X

Y

–1

–2

1

Graph for f x(| |) − 1 Graph for | f x(| |) − 1 |

3–1 0
X

Y



(iii) y x=|log |2

(iv) y x=| | | |log2

(v) y x= −log ( )2 1 ⇒ y x= −log | |2 1

(vi) y x= −log ( )2
22 = −2 22log | |x

(vii) y x=|cos| ||

(viii) y
x= −2 2 ⇒ y

x= −| |2 2

(ix) y x= sin| |

(x) y x= cos | |

3. (i) | ( )| logf x x= 2

(ii) | ( )| log ( )f x x= −2

4. sin |log | ||πx xe=

∴ Number of solutions is 6.

5. (i) 2 2| | sinx
x=

∴ No solution

(ii) sin x x x= + +2 1

∴ No solution
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Exercise for Session 4

1. (i) Here, f x x( ) [ ]= 2

(ii) Here, f x x( ) [| |]=

(iii) f x x( ) [( )]= − 2

(iv) f x x( ) [| | ]= −2

(v) y x= −sin (sin | |)1

(vi) y x= −[cos ]1

(vii) f x x x( ) cos ( [ ])= −

(viii) f x x( ) [sin (sin )]= −1
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π
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y x= cos
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–
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2. Here, f (x)= min(x – [x],–x–[–x])

3. (i) 4 sq units (ii) 1 sq unit (iii) 2 sq units

Chapter Exercises

1. (a) 2. (b) 3. (b) 4. (b) 5. (b)

6. (b) 7. (b) 8. (b, c, d) 9. (a, b, c, d)

10. (a, c, d) 11. (a) 12. (a) 13. (b)

14. (a) 15. (d) 16. (c) 17. (b) 18. (3)

19. (4) 20. (3) 21. 0 22. 5 23. 1

24. 0 25. 4 sq units 26. f x

x

x x

x x

( )

,

,

,

=

< ≤

< ≤

>














1

64
0

1

8

1

8
1

1

2

3

27. f x

x x

x x

x

( )

,

,

,

=
≤ ≤

− < ≤
>








0 1

2 1 2

0 2

28. D R= / {( , ], , , , [ , }.0 1 2 3 4 5 6
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1. Given, e x
x − = 0 ⇒ e x

x =

Now, the number of solution will be the point of intersection

of y e
x= and y x= .

Both of the curves shown below

Clearly, from the graph we see that the both curves do not
intersect.
∴ No solution.

2. Given, 3 2 0
− − =x x ⇒ 3 2

− =x x

Now, we plot the graph y
x= −

3

and y
x= 2 as shown below

Clearly, the two curves intersect at one points.

Hence, the number of solutions is 1.

3. Given, 3 2
x

x= −

The graph of y
x= 3 and y x= −2 is shown below

Clearly, both the curve intersect of two points.

∴ Number of solutions is 2.

4. Given, x x x x− − = − −2 21 2 3

Let f x x x( ) = − −2 1 and g x x x( ) = − −2 3 2

First we draw the graph of f x( ) and g x( )

then, transforms it into | ( )|f x and | ( )|g x .

Here, f x x x y( ) = − − =2 1 ⇒ x y−



 = − +





1

2

3

4

2

Clearly, it represents a parabola having vertex − −





1

2

3

4
, .

Also, g x x x y( ) = − − =2 3 2 ⇒ ( ) ( )x y− = − +1 22

It also represent a parabola having vertex ( , )1 2− .

The graph of both curve is given below

Clearly, both the curves intersect at only one point.

∴ Number of solutions is 1.

Y

Y′

X′ X

e–x ex

y = x

(0, 1)

(0, 0)

Solutions

X′

Y

–2

1

–5 –4 –3 –2 –1 1 2 3 4
X

–2

–1

Y′

Y

O

2
x

3
x–

Y′

XX′

Y

Y′

XX′
–2 2O

3
x

2– x

Y

X′

Y′

X
–3 –2 –1 1 2 3

3

2

1

–1

–3

1
2

–3
4

,

(1, –2)
–2x x– –12

2 –3–x x2



5. Given, e m mx = +( )1

Clearly, for m < −1, it will represent a straight line parallel to
X -axis which intersect the ex at only one point.

Hence, exactly one real root.

6. Given, 1 − =x x[cos ]

The graph of both the curves is given below

y x= −1 intersect the graph of y x= [cos ] at exactly two
points.

∴ Number of solutions is 2.

7. Given, 1 3 22+ =x x/

The graph is shown below

Clearly, both the curves intersect at one point.

8. Given, x x2 2− = [sin ]

The graph of two curves is given below

Clearly, the curve y x= −2 2 intersect the curves y x= [sin ] at

two points ( , )2 0 and ( , )− −1 1 .

∴ Therefore, the solution has exactly one integer root and one
irrational root.

9. Given, f x
x x x I

x I
( )

[ ] ,

,
= − − ∉

∈







1

2
0

and g x x f x x( ) max{ , ( ), | | }= 2

First we draw the graph of x 2, f x( ) and | |x as shown below

Clearly, from the graph

g x

x x

x x

x x

x x

x

( )

,

,

,

,

=

− ≤ ≤ −

− − < ≤ −

+ − < <

+ ≤ <

2

2

2 1

1 1
1

4
1

2

1

4
0

1 0 1

, 1 2≤ ≤















x

10. f x
x

x x
( )

,
=

− − ≤ <
− < ≤





1 2 0

1 0 2

g x f x f x( ) (| | ) | ( )|= +
The graph of f x( ) is shown below

∴ g x f x f x( ) | ( )| (| | )= + is shown below
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Clearly, from the graph

g x

x x

x

x x

( )

,

,

( )

=
− − ≤ ≤

< <
− < ≤







2 0

0 0 1

2 1 1 2

11. We have the graph of y x= tan as shown below

Clearly, from the graph it is symmetrical about the origin.

Also, derivative of an odd function is an even function and

sec2 x is derivative of tan x.

Hence, both the statements are true and Statement II is a
correct explanation of Statement I.

12. We know that, the number of point of intersection of two
curve is the real solutions of the equation involving these
functions.

Also, || | |x a− + =2 4

⇒ | |x a− = ± −2 4

For four real roots 4 0− >a and − − >4 0a

⇒ a ∈ − ∞ −( , )4

Both Statement I and Statement II are correct and Statement II
is the correct explanation of Statement I

Sol. (Q.Nos. 13 to 14)

Here, f x x1
2( ) =

f x x2( ) | |=
or f x f x f x( ) ( ) ( )= −1 22

= −x x2 2| |

Graph for f x( )

Now, g x

f x x

x

x

f x x

( )

( ),

,

,

( ),

=

− ≤ < −
− − ≤ <

≤ ≤
< ≤










3 1

1 1 0

0 0 2

2 3

The graph of g x( ) is shown below

g x

x x x

x

x

x x x

( )

,

,

,

,

=

+ − ≤ < −
− − ≤ <

≤ ≤
− < <








2

2

2 3 1

1 1 0

0 0 2

2 2 3



13. For x ∈ −( , )1 0 , f x g x x x( ) ( )+ = + −2 2 1

14. Obviously, the graph is broken at x = 0, i.e. in one point.

15. Clearly, h x f g x x1
2( ) (| ( )| ) sin= = has period π, range [ , ]0 1 and

domain R.

16. h x f g x2( ) | ( ( ))|=
The graph for h x2( ) is

It is clear from the graph that the function is periodic with
period 2π and has range [0, 2].

17. Let y x
x

= =tan
1

2

We plot the graph for tan x and
1

2x
as shown below

From the graph, it is clear that, it will have two real roots.

(b) 2cos |sin |x x= , x ∈ [ , ]0 2π
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Plotting the graph ofy x= 2cos andy x= |sin |, as shown below

From the graph we see that the two curve meet at four
points for x ∈ [ , ]0 2π .

So, the equation 2cos |sin |x x= has four solutions.

(c) Given, f x(| | ) = 0 has a real root or f x( ) = 0 has four
positive roots. Since, f x( ) is a polynomial of degree 5,
f x( ) cannot have even number of real roots. Hence, f x( )
has all the five roots real and one root is negative.

(d) Here, 7 5 1| | (| | || )x x− = or | | || | |5 7− = −x x

Draw the graph of y x= −7 | | and y x= −| | ||5

From the graph, the number of real roots is 4.

Hence, a → q; b → s; c → p; d → s.

18. Let f x x x x( ) | | | |= + + + −2 1 2 1

=
− + − − < −
+ + − − − ≤ ≤
+ +

x x x x

x x x x

x x

2 1 2 1 1

2 1 2 1 1 1

2 1

( ) ( ),

( ) ( ),

( ) ( ),+ − >





 2 1 1x x

=
− < −

+ − ≤ ≤
>







3 1

4 1 1

5 1

x x

x x

x x

,

,

,

The graph of f x( ) is shown below

Clearly, from the graph, y k= can intersect y f x= ( ) at exactly
one point only if k = 3.

19. Here, x xsin = 1 or y x
x

= =sin
1

The roots of Eq. (i) will be given by the points of intersection

of the graphs y x= sin and y
x

= 1
, which is shown below.

Graphically, it is clear that the given equation has four roots.

20. In −





π
2

0, , the graph of y x= tan lies below the line y x= ,

which is the tangent at x = 0 and in 0
2

,
π



 , it lies above the

line y x= .

For m > 1, the line y mx= lie, below y x= in −





π
2

0, and

above y x= in 0
2

,
π



 .

Thus, graph of y x= tan and y mx= , m > 1, meet at three

points including x = 0 in −





π π
2 2

, independent of m.

21. We have,
x

x

2

1 2
1

− −
=

| |

(i) When x ≥ 2,
x

x

2

1 2
1

− −
=

( )
⇒ x

x

2

3
1

−
=

⇒ x x x2 3 3= − ≠,

No point of intersection.
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(ii) When x < 2,
x

x

2

1 2
1

− −
=

( )
⇒ x

x

2

1
1

− +
=

⇒ x x x2 1 1= − + ≠,

No point of intersection.

Here, the number of solution is zero.

22. Given, tan cos4x x=

The number of solutions will be the point of intersection of
curves y x= tan 4 and cos x

The graph of y x= tan 4 and y x= cos is given below.

From the graph, it is clear that both curve intersect at five points.

∴ Number of solutions is 5.

23. Given, [sin ] [ ]− = −1 x x x

The number of solution will be the point of intersection of
y x= −[sin ]1 and y x x x= − =[ ] { }

The graph is shown below

Clearly, the two graphs intersect at only one point.

∴ Number of solutions is 1.

24. Now, | |x y+ =1

⇒ x y+ = ±1 …(i)

and | |x y− =1

⇒ x y− = ±1 …(ii)

Also, | | [ ]y x x= −
⇒ ± = −y x x[ ]

Here, we see that there is no point of intersection between the
two curves.

Here, no ordered pair of ( , )x y satisfy the given equations.

25. We have, | | | |x y x y+ − + + + =1 2 1 1

⇒ ± + − ± + + =( ) ( )x y x y1 2 1 1

(i) ( ) ( )x y x y+ − + + + =1 2 1 1

⇒ 3 2 1x y+ = …(i)

(ii) + + − − + + =( ) ( )x y x y1 2 1 1

⇒ − =x 3 …(ii)

(iii) − + − + + + =( ) ( )x y x y1 2 1 1

⇒ x = −1 …(iii)

(iv) − + − − + + + =( ) ( )x y x y1 2 1 1

⇒ − − =3 2 1x y …(iv)

∴ Area of shaded region = + − − + +
−

−

∫ [( ) ( )]3 2 1 3 2 1
1

3
x y x y dx

= − = − = − − + =
−

−
−
−∫ 2 2 2 3 1 4

1

3

1
3dx x[ ] [ ] sq units
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26. Given, f x x x( ) max , ,= 







3 2 1

64
, ∀ ∈ ∞x ( , )0

Now, we draw the graph for the curves y x= 3, y x= 2 and y = 1

64

Clearly, from the graph f x

x

x x

x x

( )

,

,

,

=

< ≤

< <

>













1

64
0

1

8
1

8
1

1

2

3

27. The line through ( , )0 0 and ( , )1 1 has slope m = 1 and y-intercept

b = 0, so its equation is y x= . Thus, for the part of the graph f
that joins ( , )0 0 to ( , )1 1 , we have f x x( ) = , if 0 1≤ ≤x

The line through ( , )1 1 and ( , )2 0 has slope m = −1, so its point
slope form is y x− = − −0 1 2( ) ( ) or y x= −2 .

So, we have f x x( ) = −2 , if 1 2< ≤x

We also see that the graph of f coincides with the X -axis for
x >2. Putting this information together, we have the following

three-piece formula for f x

x x

x x

x

( )

,

,

,

=
≤ ≤

− < ≤
>







if

if

if

0 1

2 1 2

0 2

28. The denominator is a bit complicated and we need to analyse it
in detail to determine, where it can become zero.

The fastest and easiest way would be to visualise the graph.
Draw the graphs for x − 1 and 5 − x , apply the greatest
integer function of these graphs separately, then add them and
find the values of x for which this sum becomes 4. For these
values of x, the denominator of f x( ) becomes 0.

Now, add the graphs of A and B point by point

We see that the value of (graph A + graph B) is 4 for the
following values of x : ( , ], { , , }0 1 2 3 4 , [ , )5 6 .
Hence, domain D R= / {( , ], , , , [ , )}0 1 2 3 4 5 6 .

29. Let us first draw the graph for y x= { }. Now, { }x is the same

as x for 0 1≤ <x . In this interval, { }x will be the same as x .

We can easily see that this same curve will be repeated in every
previous and subsequent unit interval, since { }x is the same in all
such intervals. Hence, we obtain the graph of y x= { }.

Now, we can easily draw y x= { } by taking a reflection in

the X -axis.

30. In any interval n x n≤ < +1 , (where n is an integer) [x] has
the value n. In any interval, therefore the graph of

y x x= − +[ ] { } will be the graph of { }x − integer n.

e.g. 0 1≤ <x ⇒ y x= { } ; 1 2≤ <x ⇒ y x= − +1 { } ;

− ≤ <1 0x ⇒ y x= +1 { }. The graph is drawn below
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Definition of Limits
Let lim ( ) .

x a
f x l

®
= It would mean that when we approach

the point x a= from the values which are just greater than
or smaller than x a= , f x( ) would have a tendency to move
closer to the value ‘ ’l .

This is same as saying ‘difference between f x( ) and l can
be made as small as we feel like by suitably choosing x in
the neighbourhood of x a= ’.

Mathematically, we write this, as lim ( ) ,
x a

f x l
®

= which is

equivalent of saying that, | ( ) – | ,f x l x< "e whenever
0 < - <| |x a d and e and d sufficiently small +ve
numbers.

It is clear from the above discussion that, if we are
interested in finding the limit of f x( ) at x a= , the first
thing we have to make sure that f x( ) is well defined in
the neighbourhood of x a= and not necessarily at x a=
(that means x a= may or may not be in the domain of
f x( )), because we have to examine its behaviour or
tendency in the neighbourhood of x a= .

Following possibilities may arise :

(a) Left tendency is same as its right tendency As
shown in figure 5.1, when we approach x a= from
the values which are just less than a f x, ( ) has a
tendency to move towards the value l (left tendency).

Similarly, when we approach x a= from the values
which are just greater than a f x, ( ) has a tendency to
move towards the value l (right tendency).

In this case, we say f x( ) has limit l at x a= ,
i.e. lim ( ) .

x a
f x l

®
=

(b) When the left tendency is not the same as its

right tendency Here, left tendency is l1 and right

tendency is l2 , clearly left tendency ( )l1 is not same as

right tendency ( )l2 . In this case, we say that the limit of

f x( ) at x a= will not exist.

i.e. lim ( )
x a

f x
®

= Doesn’t exist.

(c) When the left tendency and/or right tendency is
not fixed As shown in the figure 5.3, it is clear that
in this case, the function has erratic behaviour in the
neighbourhood of x a= and it will not be possible to
talk about the left and right tendencies of the function
in the neighbourhood of x a= .

In this case, we conclude that the limit of f x( ) at
x a= will not exist.

i.e. lim ( )
x a

f x
®

= Doesn’t exist.

Y

X
O

y = f x( )
y = f x( )

x = a

y = l

Figure 5.1

Y

X
O

y = l2

x = a
x = a + h

x = a – h

y = l1

Figure 5.2

Session 1
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x a

Y
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Remarks
1. Normally, students have the

perception that limit should be a
finite number. But, it is not always
so. It is quite possible that f x( ) has
infinite limit at x a= .

If lim ( ) ,
x a

f x® = ¥ it would simply

mean that function has tendency to
assume very large positive values in
neighbourhood of x a= (as shown in
figure 5.4).

For example lim
| |x x®

= ¥
0

1

which indicates the left tendency as
well as right tendency are the same.

Again, if lim ( ) ,
x a

f x
®

= - ¥ it would

simply mean that the function has
tendency to assume very large
negative values in the neighbourhood of x a= as shown in
figure 5.5.

For example (as shown in figure 5.5) lim
–

| |
–

x x®
= ¥

0

1

At the end we discuss the case when left tendency is (– )¥ and
right tendency is ( )+ ¥ (i.e. f x( ) does not have unique
tendency).

Thus, in this case limit does not exist.

For example lim
x x® 0

1
does not exist,

since left tendency is (– )¥ and right
tendency is ( )+ ¥ as shown in
figure 5.6.

2. If f x( ) is well defined at x a= , it

doesn’t imply that

lim ( ) ( ).
x a

f x f a
®

= Because, it is quite

possible that f x( ) is well

defined at x a= but not in the neighbourhood of x a= or f x( ) is
well defined in the neighbourhood of x a= , but doesn’t have a
unique tendency.

Indeterminate Forms
If direct substitution of x a= while evaluating lim ( )

x a
x

®
leads to one of the following forms

0

0
1 0 00 0, , – , , , ,

¥
¥

¥ ¥ ¥ ¥ ´¥ then it is called

indeterminate form.

e.g. lim
–

–x

x

x®
=

1

2 1

1

0

0
indeterminate form.

lim
–

–x a

n nx a

x a®
= 0

0
indeterminate form.

lim
sin

x

x

x®
=

0

0

0
indeterminate form.

Infinity ( )¥ is a symbol and not a number. It is a symbol
for the behaviour of a variable which continuously
increases and passes through all limits. Thus, the
statement x = ¥ is meaningless, we should write x ® ¥.

Similarly, – ¥ is a symbol for the behaviour of a variable
which continuously decreases and passes through all
limits. Thus, the statement x = ¥– is meaningless, we
should write x ® ¥– .

Also,
1

0
x

® , if x ® + ¥ and
1

0
x

® , if x ® ¥– .

We cannot plot ¥ on paper. Infinity does not obey laws of
elementary algebra.

(i) ¥ + ¥ = ¥ is indeterminate

(ii) ¥ ¥– is indeterminate.

L’Hospital’s Rule
This rule states that, if lim

( )

( )
,

x a

f x

g x®
reduces to

0

0
or

¥
¥

×

Then, differentiate numerator and denominator till this
form is removed.

i.e. lim
( )

( )
lim

( )

( )x a x a

f x

g x

f x

g x® ®
= ¢

¢
, provided the later limit exists.

But, if it again take form
0

0
or

¥
¥

æ
èç

ö
ø÷

,

then lim
( )

( )
lim

( )

( )x a x a

f x

g x

f x

g x® ®
= ¢

¢
= ¢¢

¢¢®
lim

( )

( )x a

f x

g x

and this process is continued till
0

0
or

¥
¥

æ
èç

ö
ø÷

form is removed.

Remark

L’Hospital’s rule is applicable to only two indeterminate

forms
0

0
or

¥
¥

æ
èç

ö
ø÷
.

e.g. Evaluate lim
– –

–x

x x

x x® +
×

2

6

3

24 16

2 12

Sol. We have, lim
– –

–x

x x

x x® +2

6

3

24 16

2 12

0

0
form

é
ëê

ù
ûú

=
+®

lim
–

x

x

x2

5

2

6 24

3 2
[by L’Hospital’s rule]

=
+

6 2 24

3 2 2

5

2

( ) –

( )
= =168

14
12
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Frequently Used Series Expansions
1. e

x x xx = + + + +1
1 2 3

2 3

! ! !
...

2. a
x a a xx = + × + +1

1 2

2 2log

!

(log )

!
...

[where, a RÎ + ]

3. ( )
!

( – )

!
1 1

1

1

2

2

+ = + +x
nx n n xn

+ +n n n x( – ) ( – )

!
...

1 2

3

3

n RÎ and| |x < 1

4. log ( ) – – ...1
2 3 4

2 3 4

+ = + +x x
x x x

[where –1 1£ £x ]

5.
x a

x a
x x a x a a

n n
n n n n–

–
...– – – –= + + + +1 2 3 2 1

6. ( ) – ...1 1
2

11

24

1
2

+ = + +
æ

è
çç

ö

ø
÷÷x e

x x/x

7. sin –
! !

–
!

...x x
x x x= + +

3 5 7

3 5 7

8. cos –
! !

–
!

...x
x x x= + +1
2 4 6

2 4 6

9. tan ...x x
x

x x= + + + +
3

5 7

3

2

15

17

315

10. sin
! ! !

...–1
2

3
2 2

5
2 2 2

71

3

1 3

5

1 3 5

7
x x x x x= + + × + × × +

11. tan – ...–1
3 5

3 5
x x

x x= + +

12. sec
! ! !

...–1
2 4 6

1
2

5

4

61

6
x

x x x= + + + +

13. (sin )
! ! !

...–1 2 2
2

4
2 2

62

2

2 2

4

2 2 4

6
x x x x= + × + × × +

14. x x
x x x

cot – – ...= + +1
3 45

2

945

3 4 6

15. sec ...x
x x x= + + + +1
2

5

24

61

720

2 4 6

16. x x
x x x

cosec = + + + +1
6

7

360

31

15120

2 4 6

...

y Example 1 Evaluate lim
tan – tan

( – cos )x

x x x x

x®
×

0 2

2 2

1 2

[IIT JEE 1999]

Sol. We have, lim
tan – tan

( – cos )x

x x x x

x® 0 2

2 2

1 2

=
+ + +

é

ë
ê

ù

û
ú + + +

®
lim

... – .

x

x x
x x

x x
x x

0

3 3 5 5 3 5

2
2

3
2

2

15
2

3
2

15
..

( sin )

é

ë
ê

ù

û
ú

2 2 2x

=
-æ

èç
ö
ø÷

+ -æ
èç

ö
ø÷

+

- +
®

lim

...

!

x

x x

x
x x

0

4 6

3

8

3

2

3

64

15

4

15

4
3

5
4

5!
– ...

æ

è
ç

ö

ø
÷

= + +

- +
æ

è
ç

ö

ø
÷

®
lim

...

!
...

x

x

x
0

2

2
4

2 4

4 1
3

= =2

4

1

2

Evaluation of Limits
Now, according to our plan, first of all we shall learn the
evaluation of limits of different forms and then learn the
existence of limits.

There are eight indeterminate or meaningless forms,
which are

(i)
0

0
(ii)

¥
¥

(iii) ¥ ¥– (iv) ¥ ´ ¥

(v) ¥ × 0 (vi) 0 0 (vii) ¥0 (viii) 1¥

We will divide the problems of evaluation of limits in five
categories, which are

1. Limit of algebraic functions

2. Trigonometric limits

3. Logarithmic limits

4. Exponential limits

5. Miscellaneous forms

Now, we discuss one by one in details.

Limit of Algebric Functions
In this section, we evaluate limit of algebraic functions
when variable tends to a finite or infinite value. While

evaluating algebraic limits the form
0

0
,
¥
¥

and ¥ - ¥ arise,

which we will discussed here.

(i)
0

0
Form

This form can be resolved by factorisation method,
rationalisation method or by using the formula

lim ,
x a

n n
nx a

x a
na

®

--
-

= 1 which are discussed below.
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(a) Factorisation Method

In this method, numerators and denominators are
factorised. The common factors are cancelled and the rest
output is the result.

y Example 2 Evaluate lim
x

x x

x –®

- +
×

1

2 3 2

1

Sol. Method I We have, lim
–

–x

x x

x®

+
1

2 3 2

1

0

0
form

é
ëê

ù
ûú

=
®

lim
( – )( – )

( – )x

x x

x1

1 2

1

[as x x x x2 3 2 1 2- + = - -( )( )]

=
®

lim ( – )
x

x
1

2 [as x –1 0¹ ]

= = -1 2 1–

Method II We have, L
x x

xx
= +

®
lim

–

–1

2 3 2

1

0

0
form

é
ëê

ù
ûú

So, applying L’Hospital’s rule,

L
x

x
=

®
lim

–

1

2 3

1
= 2 3

1

– =–1

[i.e. differentiating numerator and
denominator separately]

y Example 3 Evaluate lim
log log

x

x – x x + x –

x –®1

3 2

2

1

1
.

Sol. We have, lim
– log log –

–x

x x x x

x®

+
1

3 2

2

1

1

=
®

lim
( – )–( – ) log

( – )x

x x x

x1

3 2

2

1 1

1

0

0
form

é
ëê

ù
ûú

= + + +
+®

lim
( – ){ – ( ) log }

( – )( )x

x x x x x

x x1

21 1 1

1 1

Q x x x x

x x x

3 2

2

1 1 1

1 1 1

- = - + +

- = - +

é

ë
ê
ê

ù

û
ú
ú

( ) ( ),

( ) ( )

= + + +
+®

lim
– ( ) log

( )x

x x x x

x1

2 1 1

1

= + + +
+

=1 1 1 1 1 1

1 1

3

2

2 – ( ) log
[as log 1 = 0]

(b) Rationalisation Method

Rationalisation is followed when we have fractional

powers (like
1

2

1

3
, etc.) on expressions in numerator or

denominator or in both. After rationalisation the terms are
factorised which on cancellation gives the result.

y Example 4 Evaluate lim
–

h

x h x

h®

+
0

.

Sol. Method I We have, lim
–

h

x h x

h®

+
0

=
+

´
+ +
+ +®

lim
–

h

x h x

h

x h x

x h x0

0

0
form

é
ëê

ù
ûú

= +
+ +®

lim
( )–( )

( )h

x h x

h x h x0
=

+ +®
lim

( )h

h

h x h x0

=
+ +®

lim
h x h x0

1 = 1

2 x

Method II (L’Hospital’s rule) We have,

L
x h x

hh
=

+
®

lim
–

0

0

0
form

é
ëê

ù
ûú

\ Applying L’Hospital’s rule,

L
x h

h
=

+
®

lim

–

0

1

2
0

1

[differentiating numerator and denominator w.r.t. h]

= 1

2 x

y Example 5 Evaluate lim
x a

x a x a

x a®

- + -

-2 2 2

2 2

4
.

Sol. We have, lim
x a

x a x a

x a®

- + -

-2 2 2

2 2

4

0

0
form

é
ëê

ù
ûú

=
- + -

+
- +®

lim
x a

x a
x a

x a

x a x a2

2
2

2

2 2

=
+

+ -
+ +®

lim
( )x a x a

x a

x a x a2

1

2

2

2 2

= =1

4

1

2a a

(c) Based on Standard Formula

lim
–

–

–

x a

n n
nx a

x a
na

®
= 1 , where n is a rational number.

Proof Let f x
x a

x a

n n

( )
–

–
=

= + + + +x ax a x an n n n– – – –...1 2 2 3 1

\ lim ( )
x a

f x
®

= + + + +
®

lim ( ... )– – – –

x a

n n n nx ax a x a1 2 2 3 1

= + × + × + +a a a a a a

n

n n n n– – – –...1 2 2 3 1

terms

1 24444444 34444444

= + + +a a a nn n n– – –1 1 1
K upto terms = ×n an – 1



y Example 6 Evaluate lim
–

–x

x

x® 2

3 32

2
.

Sol. We have, lim
–

–x

x

x® 2

3 32

2

0

0
form

é
ëê

ù
ûú

= 3 2 3 1( ) –
Q lim

–

–

–

x a

n n
nx a

x a
n a

®
= ×

é

ë
ê

ù

û
ú

1

= 3 2 2( ) = 12

y Example 7 Evaluate lim
...

x

nx x x n

x®

+ + + -
-1

2

1
.

Sol. We have, lim
...

x

nx x x x n

x®

+ + + + -
-1

2 3

1

= - + - + - + + -
-®

lim
( ) ( ) ( ) ... ( )

( )x

n nx x x x

x1

2 2 3 31 1 1 1

1

= -
-

+ -
-

+ -
-

+ + -
-

ì
í
î

ü
ý
þ®

lim ...
x

n nx

x

x

x

x

x

x

x1

2 2 3 31

1

1

1

1

1

1

1

= + + + +- - -1 2 1 3 1 12 1 3 1 1( ) ( ) ... ( )n n

= + + + +1 2 3 ... n

= +n n( )1

2

y Example 8 The value of lim
x
y

y

x y®
®

- -1
0

3

3 2 1
as

( , )x y ® (1, 0) along the line y x= - 1 is

(a) 1

(b) -1

(c) 0

(d) Doesn’t exist

Sol. As, y x® - 1 or x y® + 1

\ lim
( )

( )y

y

y y® + - -0

3

3 21 1

Using L, Hospital’s rule,

lim
( )

lim
( )y y

y

y y

y

y® ®+ -
=

+ -0

2

2 0

3

3 1 2

6

6 1 2

= =0

6
0

Hence, (c) is the correct answer.

(ii) Algebraic Function of ¥ Type

(a)
¥
¥

Form

First we should know the limiting values of a ax ( )> 0 as

x ® ¥. See the graphs of this function.

Now, see the graph for a x , when a > 1 . This graph appears

to touch X-axis in the negative side of X-axis and
thereafter it increases rapidly. This is why because

lim ,
x

xa
® - ¥

® 0 again you will also find the result,

lim
x

xa
® ¥

® ¥

Thus, we have lim

, if

,

, if
x

xa

a

a

a
® ¥

=
¥ >

=
£ <

ì

í
ï

îï

1

1 1

0 0 1

if

This type of problems are solved by taking the highest
power of the terms tending to infinity as common from
numerator and denominator. That is after they are
cancelled and the rest output is the result (or apply
L’Hospital’s rule).

y Example 9 Evaluate lim
x

x

x x® ¥

+
+ +

2

2

5

4 3
.

Sol. Let L
x

x xx
= +

+ +® ¥
lim

2

2

5

4 3

Dividing numerator and denominator by x 2 , we get

L x

x x

x
=

+

+ +® ¥
lim

1
5

1
4 3

2

2

= +
+ +
1 0

1 0 0
= 1

[because
K

x
® 0, when x ® ¥, where K is any constant]

Aliter We have, L
x

x xx
= +

+ +® ¥
lim

2

2

5

4 3

¥
¥

é
ëê

ù
ûú

form

Applying L’Hospital’s rule, L
x

xx
=

+® ¥
lim

2

2 4

¥
¥

é
ëê

ù
ûú

form

Again, applying L’Hospital’s rule, L
x

= =
® ¥

lim
2

2
1
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y Example 10 Evaluate lim
( )! ( )!

( )! – ( )!n

n n

n n® ¥

+ + +
+ +

2 1

2 1
.

Sol. We have, lim
( )( ) ! ( ) !

( )( ) ! – ( ) !n

n n n

n n n® ¥

+ + + +
+ + +

2 1 1

2 1 1

= + + +
+ +® ¥

lim
( ) ![ ]

( ) ![ – ]n

n n

n n

1 2 1

1 2 1
= +

+® ¥
lim

( )

( )n

n

n

3

1

¥
¥

é
ëê

ù
ûú

form

= +
+® ¥

lim
n

/n

/n

1 3

1 1
= +

+
1 0

1 0
= 1 Q

1
0

n
n® ® ¥é

ëê
ù
ûú

, as

(b) ¥ - ¥ Form
Such problems are simplified (generally rationalised) first,

thereafter they generally acquire
¥
¥

æ
èç

ö
ø÷

form.

y Example 11 Evaluate lim ( – )
x

x x x
® ¥

+2 .

Sol. We have, lim ( – )
x

x x x
® ¥

+2

=
+

´ + +

+ +® ¥
lim

–

x

x x x x x x

x x x

2 2

21
[ –¥ ¥ form]

= +

+ +® ¥
lim

– ( )

x

x x x

x x x

2 2

2
=

+ +® ¥
lim

–

x

x

x x x2

=
+ +

ì
í
î

ü
ý
þ

® ¥
lim

–

x

x

x
x

1 1
1

=
+ +

® ¥
lim

–

x

x

1

1 1
1

=–
1

2
Q

1
0

x
x® ® ¥é

ëê
ù
ûú

, as

y Example 12 Evaluate lim ( – ).
x

x x x
® ¥

+ + +2 21 1

Sol. We have, lim ( – )
x

x x x
® ¥

+ + +2 21 1 [ – ]¥ ¥ form

=
+ + +

´
+ + + +

+ + + +® ¥
lim

( – ) ( )

( )x

x x x x x x

x x x

2 2 2 2

2 2

1 1

1

1 1

1 1

= + + +

+ + + +® ¥
lim

( ) – ( )

x

x x x

x x x

2 2

2 2

1 1

1 1

=
+ + + +® ¥

lim
x

x

x x x2 21 1

=
+ + + +

® ¥
lim

x

x x x

1

1
1 1

1
1

2 2

=
+

=1

1 1

1

2

Q

1
0

x
x® ® ¥é

ëê
ù
ûú

, as

An Important Result
If m n, are positive integers and a b0 0 0, ¹ and non-zero real
numbers, then

lim
–

–

–
–

x

m m
m m

n n
n n

a x a x a x a

b x b x b x b® ¥

+ + + +

+ + + +
0 1

1
1

0 1
1

1

K

K

=

<

=

¥ > >
¥ > <

ì

í

ï
ïï

0

0

0

0

0

0 0

0 0

,

,

,

– ,

m n

a

b
m n

m n a b

m n a b

when

whenî

ï
ï
ï

y Example 13 Evaluate lim
x

ax b

x® ¥

+
+

2

1
, when a ³ 0.

Sol. Here, if a ¹ 0 ; lim
x

ax b

x® ¥

+
+

2

1

[as degree of numerator > degree of denominator]

= +
+

= ¥
® ¥

lim
x

ax b

x

2

1
[as a > 0]

Again, if a = 0 ; lim
x

x b

x® ¥

× +
+

0

1

2

=
+® ¥

lim
x

b

x 1
= 0

[as degree of numerator < degree of denominator]

\ lim
,

,x

ax b

x

a

a® ¥

+
+

=
¥ >

=
ì
í
î

2

1

0

0 0

y Example 14 If lim – – ,
x

x

x
ax b

® ¥

+
+

æ

è
ç

ö

ø
÷ =

2 1

1
0 find the

values of a and b.

Sol. Given, lim – –
x

x

x
ax b

® ¥

+
+

æ

è
ç

ö

ø
÷ =

2 1

1
0

Þ lim
– – – –

x

x ax ax bx b

x® ¥

+
+

=
2 21

1
0

Þ lim
( – ) – ( ) ( – )

x

x a x a b b

x® ¥

+ +
+

=
2 1 1

1
0

Since, the limit of above expression is zero.

\ Degree of numerator < Degree of denominator.
So, numerator must be a constant, i.e. a zero degree
polynomial.

\ 1 0– a = and a b+ = 0

Hence, a = 1 and b = –1

y Example 15 If lim – – ,
x

x

x
ax b

® ¥

+
+

æ

è
ç

ö

ø
÷ =

2 1

1
2 find the

values of a and b.

Sol. We have, lim – –
x

x

x
ax b

® ¥

+
+

æ

è
ç

ö

ø
÷

2 1

1

= + + -
+

=
® ¥

lim
( – ) – ( ) ( )

( )x

x a x a b b

x

2 1 1

1
2
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Since, limit of above expression is a finite non-zero number.

\ Degree of numerator = Degree of denominator

Þ 1 0– a = Þ a = 1

Putting a = 1 in above limit, we get

lim
( ( )

x

x b b

x® ¥

- +
+

=
+ ) +1 1

1
2

Þ – ( )1 2+ =b Þ b = –3

Hence, a = 1 and b = - 3.

y Example 16 If lim – –
x

x

x
ax b

® ¥

+
+

æ

è
ç

ö

ø
÷ = ¥

2 1

1
, find a and

b.

Sol. Given, lim – –
x

x

x
ax b

® ¥

+
+

æ

è
ç

ö

ø
÷ = ¥

2 1

1

Þ lim
( – ) – ( ) ( – )

x

x a x a b b

x® ¥

+ +
+

= ¥
2 1 1

1

The limit of above expression is infinity.

\ Degree of numerator > Degree of denominator

Þ 1 0– a > Þ a ¹ 1

Hence, a < 1 and b can assume any real value.

y Example 17 Let S nn = + + + +1 2 3 L

and P
S

S

S

S

S

S

S

S
n

n

n

=
-

×
-

×
- -

2

2

3

3

4

41 1 1 1
K ,

where n N nÎ ³( )2 . Find lim
n

nP
® ¥

.

Sol. As, S
n n

n = +( )1

2

Þ S
n n n n n n

n - = + - = + - = + -
1

1

2
1

2

2

2 1

2

2( ) ( ) ( )

\ S

S

n

n

n

n

n

n -
=

-
æ
èç

ö
ø÷

+
+

æ
èç

ö
ø÷1 1

1

2

Þ P
n

n

n

n
n = × ×

-
æ
èç

ö
ø÷

× × +
+

æ
èç

ö
ø÷

2

1

3

2

4

3 1

3

4

4

5

5

6

1

2
K K

= æ
èç

ö
ø÷ +

æ
èç

ö
ø÷

n

n1

3

2

\ lim lim
n

n
n

P
n

n® ¥ ® ¥
=

+
=3

2
3

y Example 18 If lim
(sin )n nx® ¥ - +

=
1

11
1, x lies in the

interval
(a) ( sin sin )- 1, 1 (b) ( , )- 1 1

(c) (0, 1) (d) ( )- 1, 0

Sol. Here, lim
(sin )n nx® ¥ - +

=1

1
1

1
is possible only, if

- < <-1 11sin x

Þ x Î -( sin , sin )1 1

Hence, (a) is the correct answer.

1. If f a , f a g a g a ,( ) ( ) ( ) ( )= ¢ = = - ¢ = -2 1 1 2, , then lim
( ) ( ) ( ) ( )

x a

g x f a g a f x

x a®

-
-

is

(a) - 5 (b) 3 (c) - 3 (d) 5

2. The value of lim
cos log ( )

x

x x x

x®

- +
0 2

1
is

(a) 1 (b)
1

4
(c)

1

2
(d) None of these

3. The value of lim
cos

x

xe x

x®

-
0 2

2

is

(a)
3

2
(b) - 3

2
(c)

1

2
(d) - 1

2

4. The value of lim
cos cos

cot cotx a

x a

x a®

-
-

is

(a) - sin3 a (b) cos3 a (c) sin3 a (d) cot a

Exercise for Session 1



5. The value of lim cot
x x

x
®

-æ
èç

ö
ø÷0 2

1
is

(a) 0 (b) 1

(c)
1

4
(d) None of these

6. The value of lim ( ),
x

a x ax a x
® ¥

+ + - +2 2 2 21 1 ( )a > 0 is

(a)
1

2
(b) - 1

2

(c) Doesn’t exist (d) None of these

7. The value of lim
. . .

( )n

n

n® ¥

+ + + +
+

1 2 3

1

3 3 3 3

2 2
is

(a)
1

4
(b)

1

2

(c)
1

2 2
(d) None of these

8. The value of lim
( ) ( ) . . .

. . .n

n n n n

n® ¥

× + × - + × - + + ×
+ + +

1 2 1 3 2 1

1 22 2 2
is

(a) 1 (b) -1

(c)
1

2
(d)

1

2

9. The value of lim ,
n

n n

n n

a b

a b® ¥

+
-

(where a b )> > 1 is

(a) 1 (b) -1

(c)
1

2
(d)

1

2
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Trigonometric Limits
To evaluate trigonometric limits the following results are
given below

(i) lim
sin

x

x

x®
=

0
1 (ii) lim

tan

x

x

x®
=

0
1

(iii) lim
sin–

x

x

x®
=

0

1

1 (iv) lim
tan–

x

x

x®
=

0

1

1

(v) lim
sin

x

x

x®
=

°0

0

180

p
(vi) lim cos

x
x

®
=

0
1

(vii) lim
sin( – )

–x a

x a

x a®
= 1 (viii) lim

tan( – )

–x a

x a

x a®
= 1

y Example 19 Evaluate lim
– cos

x

x

x® 0 2

1
.

Sol. We have, lim
–cos

x

x

x® 0 2

1

=
®

lim
sin

x

x/

x0

2

2

2 2 =
®

lim
sin

x

x/

x /0

2

2

2

4

2

4

0

0
form

é
ëê

ù
ûú

= æ
èç

ö
ø÷®

lim
sin

x

x /

x /0

2
1

2

2

2
= 1

2
1 2( ) = 1

2

y Example 20 Solve lim
cos ( cos )

sinx

x

x®

- -
0 4

1 1

Sol. lim
cos ( cos )

sinx

x

x®

- -
0 4

1 1 =
- æ

èç
ö
ø÷

®
lim

cos sin
sin

x

x

x

x

x0

2

4

4

4

1 2
2

=
- æ

èç
ö
ø÷ æ

èç
ö
ø÷® ®

lim

cos sin

lim
sin

x x

x

x

x

x0

2

4 0

41 2
2

=

æ
èç

ö
ø÷

®
lim

sin sin

x

x

x0

2 2

4

2
2

1

= ×

æ
èç

ö
ø÷

×
×

æ

è

ç
ç
ç
ç

ö

ø
®

lim

sin sin

sin

sin

x

x

x

x

x0

2

2

2

2
2

2

2

2

4
4

÷
÷
÷
÷

2

= ´ =2
1

4

1

82

y Example 21 Evaluate lim sin ( ).–

x

x x

® ¥
2 2

Sol. Since, 2
1

2

–x

x
= . We know that, as x x® ¥ ® ¥, 2

\ The given limit = ´0

[A finite number between –1 and +1] =0

Hence, lim
sin ( )

( )x

x

x® ¥
=2

2
0

y Example 22 Evaluate lim sin( ).
x

x xe d /e
® ¥

Sol. When x e x® ¥ ® ¥,

But,  angle of sine = =
¥

=d

e x

finite
0

\ The given limit =
® ¥

lim
sin ( )

x

x

x

d/e

/e1
= ´

®
lim

sin

d

e

x

x

x

d/e

d/e
d

0

= ´ =1 d d

y Example 23 Evaluate lim
– sin

cosx

x x

x x® ¥ + 2
.

Sol. We have, lim
– sin

cosx

x x

x x® ¥ + 2
=

æ
èç

ö
ø÷

+
æ

è
ç

ö

ø
÷

® ¥
lim

–
sin

cosx

x
x

x

x
x

x

1

1
2

=
+

=
+

=
® ¥

lim
–

sin

cos

–

x

x

x

x

x

1

1

1 0

1 0
1

2

y Example 24 Evaluate lim
sin – sin

–x y

x y

x y®

2 2

2 2
.

Sol. lim
sin – sin

–x y

x y

x y®

2 2

2 2
= +

+®
lim

sin ( ) sin ( – )

( ) ( – )x y

x y x y

x y x y

= +
+

´
® ®

lim
sin( )

( )
lim

sin( – )

( – )x y x y

x y

x y

x y

x y
= ´sin( )2

2
1

y

y

[as x y x y® Þ ®( – ) 0, but x y y+ ® 2 ]

= sin 2

2

y

y

Session 2
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y Example 25
lim [( ) tan ( ) ( ) tan ( )]

x
x x x x

®¥

- -+ + - + +5 5 1 11 1 isequal to

(a) p (b) 2p

(c)
p
2

(d) None of these

Sol. Here, lim (( ) tan ( ) ( ) tan ( ))
x

x x x x
® ¥

- -+ + - + +5 5 1 11 1

= + - +ì
í
î

ü
ý
þ

- +
® ¥

-lim ( ) cot ( ) ( )
x

x x x5
2

5 11p

p
2

11- +ì
í
î

ü
ý
þ

-cot ( )x

= -
+

æ
èç

ö
ø÷

+
æ
èç

ö
ø÷

+
+

æ
èç

ö
ø

® ¥

- -

lim

tan tan

x

x

x

x
2

1

5

1

5

1

1

1 1

p
÷

+
æ
èç

ö
ø÷

1

1x

= 2p

Hence, (b) is the correct answer.

y Example 26 Evaluate lim
sin ( cos )

x

x

x® 0

2

2

p
.

[IIT JEE 2001]

Sol. lim
sin ( cos )

x

x

x® 0

2

2

p =
®

lim
sin { ( –sin )}

x

x

x0

2

2

1p

=
®

lim
sin ( – sin )

x

x

x0

2

2

p p

=
®

lim
sin ( sin )

x

x

x0

2

2

p = ´ ´
ì
í
î

ü
ý
þ®

lim
sin ( sin )

sin

sin

x

x

x

x

x0

2

2

2

21

p
p

p

= ´ ´
® ®

lim
sin ( sin )

sin
lim

sin

x x

x

x

x

x0

2

2 0

2

2

p
p

p

= ´ ´1 1p = p

y Example 27 Let a x x x R= + + Îmin{ , }2 2 3 and

b =
®

lim
– cos

q

q
q0 2

1
. The value of S

r

n
r n ra b

=
×

0

– is

Sol. Here, a x x x R= + + Îmin { , }2 2 3

i.e. x x x x2 22 3 2 1 2+ + = + + +

= + +( )x 1 22

\ a is minimum, when x = –1, i.e. a = 2

Again, b
/ /

/
= = ×

® ®
lim

sin
lim

sin

q q

q
q

q
q0

2

2 0

2

2

2 2 2

4

2

4

= × =
®

lim
sin

)q

q
(q0

2

2

2

4

2

2

1

2

/

/

Hence, a br n r

r

n
r

n r

r

n
–

–

= =
å å= × æ

èç
ö
ø÷

0 0

2
1

2

Þ 1

2
2 2 2 20 2 4 2

n

n{ ... }+ + + +

Þ 1

2

1 4 1

4 1

1

n

n( – )

–

+ì
í
î

ü
ý
þ

=
4 1

2 3

1n

n

+

´
–

[i.e. sum of ( )n + 1 terms of GP]

\ a br n r

r

n n

n

–

=

+

å =
´0

4

2 3

1 – 1

y Example 28 Evaluate

lim cos cos cos ... cos
n n

x x x x

®¥

æ
èç

ö
ø÷

æ
èç

ö
ø÷

æ
èç

ö
ø÷

æ
è2 4 8 2
ç ö

ø÷
.

Sol. Here, lim cos cos ...cos cos
n n n

x x x x

®¥ -
æ
èç

ö
ø÷

æ
èç

ö
ø÷

æ
èç

ö
ø÷2 2 81 4

æ
èç

ö
ø÷

cos
x

2

æ
èç

ö
ø÷

We know, cos cos cos ...cos
sin

sin
A A A A

A

A

n
n

n
2 2 2

2

2

2 1- =

Thus, lim cos cos ...cos cos
n n n

x x x x

®¥ -
æ
èç

ö
ø÷

æ
èç

ö
ø÷

æ
èç

ö
ø÷2 2 81 4 2

æ
èç

ö
ø÷

æ
èç

ö
ø÷

cos
x

=

æ
èç

ö
ø÷

æ
èç

ö
ø÷

=
®¥ ®¥

lim

sin

sin

lim
sin

si
n

n

n

n

n

n n

x

x

x
2

2

2
2

2 n
x
n2

æ
èç

ö
ø÷

= ×
æ
èç

ö
ø÷

×
®¥

sin lim

sin

x
x

x

xn n

n

1

2
2

= ×
æ
èç

ö
ø÷

×
®¥

sin
lim

sin

x

x x
x

n n

n

1

2
2

= ×sin x

x
1 = sin x

x
n

x
n

® ¥ ® =é
ëê

ù
ûú®

, lim
sin2

0 1
0

and
q

q
q
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1. If lim ( sin )
x

x x ax b
®

- -+ +
0

3 23 exists and is equal to zero, then

(a) a = - 3, b = 9

2
(b) a b= =3

9

2
,

(c) a b= - = -
3

9

2
, (d) None of these

2. The value of lim
sin sin

x a

x a a x

x a®

-
-

is

(a) a a asin cos- (b) sin cosa a a-
(c) cos sina a a+ (d) sin cosa a a+

3. The value of lim
cos

( )x

x

x®

+ -
-p p

2 1
2

is

(a)
1

4
(b)

1

2

(c) 2 (d) Doesn’t exist

4. The value of lim
( cos sin )

( )/q p

q q
q p®

- -
-4 2

2

4
is

(a)
1

16 2
(b)

1

16

(c)
1

8 2
(d)

1

2 2

5. The value of lim
(cos sin )

sin/x

x x

x®

+ -
-p 4

3 2 2

1 2
is

(a)
3

2
(b) - 3

2

(c)
1

2
(d) - 1

2
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Logarithmic Limits
In this section, we will deal with the problems based on
expansion of logarithmic series, which is given below

log ( ) –1
2 3

2 3

+ = + + ¥x x
x x

...

where, –1 1£ £x and it should be noted that the expansion
is true only if the base is e. To evaluate the logarithmic

limit, we use lim
log ( )

x

x

x®

+ =
0

1
1.

y Example 29 Evaluate lim
log { ( – )}

( – )x a

x a

x a®

+
×

1

Sol. We have, lim
log { ( )}

( )x a

x a

x a®

+ -
-

1

Let x a y– ,= when x a y® ®; 0

\ The given limit = + =
®

lim
log { }

y

y

y0

1
1

y Example 30 Evaluate lim
log ( )

h

h

h®

+
×

0

10 1

Sol. We have, lim
log ( )

h

h

h®

+
0

10 1 = + ´
®

lim
log ( ) log

h

e h e

h0

101

= + ´
®

lim
log ( )

log
h

e h

h
e

0
10

1

= ´log10 1e = log10 e Q lim
log( )

x

x

x®

+ =é
ëê

ù
ûú0

1
1

y Example 31 Evaluate lim
log ( )– log ( – )

x

x x

x®

+
0

5 5
.

Sol. We have, lim

log – log –

x

x x

x®

+æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

0

5 1
5

5 1
5

=
+ +æ

èç
ö
ø÷

æ
èç

ö
ø÷

®
lim

log log – log –log –

x

x x

x0

5 1
5

5 1
5

=
+æ

èç
ö
ø÷

æ
èç

ö
ø÷

æ
èç

ö
ø÷

æ
è

®
lim

log

–

log –

– –
x

x

x

x

x0

1
5

5
5

1
5

5
5

ç
ö
ø÷

= +1

5

1

5
= 2

5

Q lim
log ( )

x

x

x®

+ =é
ëê

ù
ûú0

1
1

y Example 32 Evaluate lim
log ( )– log ( )

h

e eh h

h®

+ +
0 2

1 2 2 1
.

[IIT JEE 1999]

Sol. We have, lim
log ( ) – log ( )

h

e eh h

h®

+ +
0 2

1 2 2 1

=
+ ¥

é

ë
ê

ù

û
ú +

®
lim

( ) –
( ) ( )

– ... – – – ..

h

h
h h

h
h h

0

2 3 2 3

2
2

2

2

3
2

2 3
.

æ

è
ç

ö

ø
÷

h 2

= +
®

lim
– – ...

h

h h

h0

2 3

2

2

= +
®

lim
{– – ... }

h

h h

h0

2

2

1 2

= +
®

lim {– – ... }
h

h
0

1 2 = - 1

y Example 33 Solve lim log
x

x x
x® ¥

- × +æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

2 1
1

.

Sol. Here, put x
y

= 1
in lim log

x
x x

x®¥
- × +æ

èç
ö
ø÷

ì
í
î

ü
ý
þ

2 1
1

= - +ì
í
î

ü
ý
þ®

lim
log ( )

y y

y

y0 2

1 1

= - +
®

lim
log( )

y

y y

y0 2

1

=
- - + - +

ì
í
î

ü
ý
þ

®
lim

y

y y
y y y

y0

2 3 4

2

2 3 4
K

=
- +ì

í
î

ü
ý
þ

®
lim

y

y
y

y0

2

2

1

2 3
K

= - +ì
í
î

ü
ý
þ

=
®

lim
y

y

0

1

2 3

1

2
K

Remark
If we solve above question as

lim
log ( )

lim
log ( )

y yy

y

y y

y

y y® ®
- +ì

í
î

ü
ý
þ

= - + ×ì
í
î0 2 0

1 1 1 1 1 ü
ý
þ

as lim
log ( )

y

y

y®

+ =é
ë
ê

ù
û
ú0

1
1

= -æ
è
ç

ö
ø
÷ =

®
lim

y y y0

1 1
0, then it is not correct.
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Exponential Limits
There are two types of exponential limits discussed below

(i) Based on Series Expansion

e x
x xx = + + + + ¥1
2 3

2 3

! !
...

To evaluate the exponential limit, we use the following
results.

(a) lim
–

x

xe

x®
=

0

1
1 (b) lim

–
log

x

x

e
a

x
a

®
=

0

1

y Example 34 Evaluate lim
–

x

x xa b

x®
×

0

Sol. We have, lim
–

lim
( – ) – ( – )

x

x x

x

x xa b

x

a b

x® ®
=

0 0

1 1

=
® ®

lim
–

– lim
–

x

x

x

xa

x

b

x0 0

1 1 = log – loga b = log ( / )a b

y Example 35 Evaluate lim
( ) – –

x

x x xab a b

x®

+
×

0 2

1

Sol. We have, lim
( ) – –

x

x x xab a b

x®

+
0 2

1 = +
®

lim
– –

x

x x x xa b a b

x0 2

1

=
®

lim
( – )–( – )

x

x x xa b b

x0 2

1 1

= ´
® ®

lim
( – )

lim
( – )

x

x

x

xa

x

b

x0 0

1 1 = ´log loga b

Q lim log
x

x

e
a

x
a

®

- =
é

ë
ê

ù

û
ú

0

1

y Example 36 Evaluate lim
–

tan –

tan

x

x xe e

x x®
×

0

Sol. We have, lim
–

tan –

tan

x

x xe e

x x® 0
= ´

®
lim

–

( tan – )

(tan – )

x

x x x xe e e

x x0

=
®

lim
{ – }

(tan – )

tan –

x

x x xe e

x x0

1

= ´e 0 1 [as x ® 0, tan –x x ® 0]

= ´ =1 1 1

y Example 37 Evaluate lim
–

x

xae b

x®
=

0
2 . Find a and b.

Sol. Given, lim
x

xae b

x®

-
0

=

+ + + ¥
æ

è
ç

ö

ø
÷

=
®

lim
! !

... –

x

a
x x

b

x0

2

1
1 2

2

Þ lim

( – )
!

...

x

a b xa
ax

x®

+ + + ¥
=

0

2

2
2

Since, limit is finite, so ( – )a b b a= Þ =0

\ lim
!

...

x

xa
ax

x®

+ + ¥
=

0

2

2
2

Þ lim
!

...
x

a
ax

®
+ + ¥ =

0 2
2 Þ a = 2

\ b = 2

y Example 38 Solve lim
sin

log ( )
,

x

a x bx cx x

x x x x®

- + +
+ - +0

2 3

2 3 42 1 2
if it

exists and is finite, also find a b, and c.

Sol. Let L
a x bx cx x

x x x xx
= - + +

+ - +®
lim

sin

log ( )0

2 3

2 3 42 1 2

=
-

3
+ -

æ

è
ç

ö

ø
÷ - + +

- +
®

lim
! !

...

x

a x
x x

bx cx x

x x
x x0

3 5
2 3

2
2 3

5

2
2 3 4

2
4

3 4- +
æ

è
ç

ö

ø
÷ - +x

x x...

=
- + + -æ

èç
ö
ø÷

+ +

-®
lim

( )
! !

...

x

a b x cx
a

x
a

x

x x
0

2 3 5

5 6

1
3 5

2

3

1

2
+ ...

For finite limit, a b c
a- = = - =0 0 1
3

0, ,
!

, i.e. a b c= = =6 0, ]

\ L

a
x

x
x

=
+

- +®
lim !

0

5
1

2

higher powers of

2

3
L

= × = = =a a

5

3

2 80

6

80

3

40!
[Qa = 6]

So, lim
sin

log ( )x

a x bx cx x

x x x x®

- + +
+ - +

=
0

2 3

2 3 42 1 2

3

40

Where, a b= =6 , c = 0

y Example 39 Find the values of a b, and c such that

lim
– log ( )

sin
.

–

x

x xaxe b x cxe

x x®

+ +
=

0 2

1
2

Sol. We have, lim
log ( )

sinx

x xaxe b x c xe

x x®

-- + + =
0 2

1
2

Using the expansion, we have

lim

!
... – – –...

x

ax x
x

b x
x x

cx

®

+ + +
æ

è
ç

ö

ø
÷ +

æ

è
ç

ö

ø
÷

+

0

2 2 3

1
2 2 3

1
1 2 3

3

2 3

2
3 5

–
! ! !

...

–
!

x x x

x x
x x

+ - +
æ

è
ç

ö

ø
÷

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

+
5!

–...
æ

è
ç

ö

ø
÷

= 2
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lim

( – )– – – .

x

x a b c x a
b

c x
a b c

®

+ +
æ

è
çç

ö

ø
÷÷ + +æ

èç
ö
ø÷

+

0

2 3

2 2 3 2
..

–
! !

–...x x
x x2

3 5

3 5

2

+
æ

è
ç

ö

ø
÷

=

Now, above limit would exist, if least power in numerator is
greater than or equal to least power in denominator, i.e.

Coefficient of x and x 2 must be zero and coefficient of x 3

should be 2.

i.e. a b c– + = 0, a
b

c+ =
2

0– ,
a b c

2 3 2
2– + =

On solving, we get a b c= = =3, 12, 9.

(ii) Evaluation of Exponential Limits
of the Form 1¥

To evaluate the exponential limits of the form 1¥ , we use
the following results.

If lim ( ) lim ( ) ,
x a x a

f x g x
® ®

= = 0

then lim { ( )} ( )
lim

( )

( )

x a

/g x

f x

g xf x e
x a

®
+ = ®

1 1

or  when lim ( )
x a

f x
®

= 1 and lim ( )
x a

g x
®

= ¥

Then, lim { ( )} lim [ ( ) – ]( ) ( )

x a

g x

x a

g xf x f x
® ®

= +1 1

= ®e x a
f x g xlim ( ( )– ) ( )1

Particular Cases

(i) lim ( )
x

/xx e
®

+ =
0

11 (ii) lim
x

x

x
e

® ¥
+æ

èç
ö
ø÷

=1
1

(iii) lim ( )
x

/xx e
®

+ =
0

11 l l (iv) lim
x

x

x
e

® ¥
+æ

èç
ö
ø÷

=1
l l

y Example 40 Evaluate lim
x

x

x® ¥
+æ

èç
ö
ø÷

1
2

.

Sol. We have, lim
x

x

x® ¥
+æ

èç
ö
ø÷

1
2 = =® ¥

×
e e

x x
xlim

2

2 [1¥ form]

y Example 41 Evaluate lim (log )log

x
x x

®1
3

33 .

Sol. We have, lim (log )
log

x
x x

® 1
3

3
3 = +

®
lim (log log )log

x
x x

1
3 3

33

= +
®

lim ( log )
log

x

/ x
x

1
3

1
1 3 as log

logb
a

a
b

=é

ë
ê

ù

û
ú

1

= ®
´

e
x

x
x

lim log
log1

3
3

1

= e1

y Example 42 Evaluate lim –
tan

x a

x

aa

x®
æ
èç

ö
ø÷

2
2

p

.

Sol. We have, lim –

tan

x a

x

aa

x®

æ
èç

ö
ø÷

2
2

p

= + æ
èç

ö
ø÷

ì
í
î

ü
ý
þ®

lim –

tan

x a

x

aa

x
1 1

2

p

= ®

æ
èç

ö
ø÷

×
e x a

a

x

x

a
lim – tan1

2

p

[1¥ form]

= ®

æ
èç

ö
ø÷

×
e x a

x a

x

x

a
lim

–
tan

p
2 = ®e x a

f xlim ( )

…(i)

Let x a h– = , we get

e
h

h

a h a
a hlim tan ( )

® +
æ
è
ç

ö
ø
÷ × +

0 2

p

= ® +
× +æ

èç
ö
ø÷

e
h

h

a h

h

a
lim tan

0 2 2

p p

= ® +
- æ

èç
ö
ø÷

é

ëê
ù

ûúe
h

h

a h

h

a
lim cot

0 2

p

= ® +
× ×

e
h

h

a h h/ a a / a
lim

–

( ) tan ( )0 2 2

1

2p
p

p

= ® +
×

eh

a

a h

h/ a

h/ a
lim

–

( ) tan ( )0

2 2

2p
p

p = e

a

a

–

( )

2

p = e– /2 p as lim
tanx

x

x®
=é

ëê
ù
ûú0

1

y Example 43 Evaluate lim
x

x
x

x® ¥

+
+
+

æ
è
ç

ö
ø
÷

6

1

4

.

Sol. We have, lim
x

x
x

x®¥

++
+

æ
èç

ö
ø÷

6

1

4

As x ® ¥, lim
x

x

x® ¥

+
+

=6

1
1 and ( )x + ® ¥4 [1¥ form]

\ lim lim –
x

x

x

x

x

x

x® ¥

+

® ¥

+
+

æ
èç

ö
ø÷

= + +
+

æ
èç

ö
ø÷

é

ë
ê

ù

û
ú

6

1
1

6

1
1

4 x + 4

= +
+

é

ë
ê

ù

û
ú® ¥

+

lim
x

x

x
1

5

1

4

= ® ¥ +
æ
è
ç

ö
ø
÷× +

e
x x

xlim

5

1
4( )

= ® ¥
× +

+e
x

x

x
lim 5

4

1 = ×e 5 1( ) =e 5 as x
x

xx
® ¥ +

+
=é

ë
ê

ù

û
ú®¥

; lim
4

1
1

y Example 44 Evaluate lim ( tan )
x

xx
®

+
0

2
1

21 .

Sol. We have, lim ( tan )
x

xx
®

+
0

2

1

21 = ®
×

e x
x

x
lim tan

0

2 1

2

= ®

æ
è
ç

ö
ø
÷

e
x

x

x

1

2 0

2

lim
tan

= e1 2/ as lim
0x

x

x®
=é

ëê
ù
ûú

tan
1

y Example 45 Evaluate lim tan
x

x
x

®
+æ

èç
ö
ø÷

ì
í
î

ü
ý
þ0

1

4

p
.

[IIT JEE 1993]

Sol. We have, lim tan
x

x
x

®
+æ

èç
ö
ø÷

ì
í
î

ü
ý
þ0

1

4

p =
+ì

í
ï

î
ï

ü

ý
ï

þ
ï®

lim
tan tan

– tan tan
x

x
x

x
0

1

4

1
4

p

p
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= +ì
í
î

ü
ý
þ®

lim
tan

– tanx

xx

x0

1

1

1
= +

-
ì
í
î

ü
ý
þ®

lim
tan

tanx

xx

x0

1

1
2

1

= ®

æ
è
ç

ö
ø
÷×

e
x

x

x x
lim

tan

– tan0

2

1

1

= ®
× ×

e
x

x

x x
lim

tan

– tan0
2

1

1 = e 2

y Example 46 Evaluate lim
x

/x
x

x®

+
+

æ

è
ç

ö

ø
÷

0

2

2

1
1 5

1 3

2

.
[IIT JEE 1996]

Sol. We have, lim
x

/x
x

x®

+
+

æ

è
ç

ö

ø
÷

0

2

2

1
1 5

1 3

2

= +
+

æ

è
ç

ö

ø
÷

®
lim

x

/x
x

x0

2

2

1

1
2

1 3

2

[1¥ form]

=
® +

æ

è
ç

ö

ø
÷

e
x

x

x x
lim .

0

2

2 2

2

1 3

1

= +e

2

1 0 = e 2

y Example 47 Evaluate lim
–

x

x
x

x® ¥ +
æ
è
ç

ö
ø
÷

3

2
. [IIT JEE

2000]

Sol. We have, lim
–

x

x
x

x® ¥ +
æ
èç

ö
ø÷

3

2
= +

+
æ
èç

ö
ø÷® ¥

lim
(– )

x

x

x
1

5

2

= ® ¥ +
æ
è
ç

ö
ø
÷×

e
x x

xlim
– 5

2 =
® ¥

+
e

x

x

lim
– 5

1
2

= e – 5

y Example 48 The value of

lim sin

sec

x

bx

ax®

-

-
æ
è
ç

ö
ø
÷

ì
í
î

ü
ý
þ0

2
2

2

2

p
p

is equal to

(a) e a b- / (b) e a b- 2 2/ (c) a a b2 / (d) e a b4 /

Sol. Here, lim sin

sec

x

bx

ax®

-
æ
è
ç

ö
ø
÷

-
æ
èç

ö
ø÷

æ
è
ç

ö
ø
÷

0

2
2

2

2

p
p

= -
-

æ
èç

ö
ø÷

ì
í
î

ü
ý
þ®

-
æ
è
ç

ö
ø
÷

lim cos

sec

x

bx

ax0

2
2

1
2

2

p
p

[ ]1¥ form

=

®
-

-
æ
è
ç

ö
ø
÷ ×

-
æ
è
ç

ö
ø
÷

ì

í
ï
ï

î
ï
ï
ï

ü

e

x ax

bx

lim cos

cos
0

2

22

1

2

p
p

ý
ï
ï

þ
ï
ï

=

®
-

-
æ
è
ç

ö
ø
÷

-
æ
è
ç

ö
ø
÷

-
æ
è
ç

e

x

ax ax

bx

lim

sin cos

sin
0

2
2 2

2
2

p p

p ö
ø
÷

-
æ
è
ç

ö
ø
÷

×
´

-

´
-

ì

í
ï
ï

î
ï
ï
ï

ü

ý
ï
ï

cos

( )

( )

p

p

p

2

2

2

2

2
bx

a

ax

b

bx þ
ï
ï

[using L’Hospital’s rule]

=

-
-

æ
è
ç

ö
ø
÷

-
æ
è
ç

ö
ø
÷

× × -
®

e

x

ax

bx

a

b

bx
lim

sin

sin

( )

0

2

2

2

2

2

2

p

p ( )2 2- ax

=
- × -

-®
e

x

a

b

bx

ax
lim

( )

( )0

3

3

2

2 =
-

e

a

b

Hence, (a) is the correct answer.

y Example 49 The value of

lim ( )
/

cot ( )

x

xx x
®

-- +
7 2

2 2 72 9 8 is equal to

(a) e 5 2/ (b) e -5 2/

(c) e 7 2/ (d) e 3 2/

Sol. Here, lim ( )
/

cot ( )

x

xx x
®

-- +
7 2

2 2 72 9 8 [1¥ form]

= + - +
®

-lim { ( )}
/

cot ( )

x

xx x
7 2

2 2 71 2 9 7

= ®
- + × -

e x
x x xlim ( ) cot ( )

/7 2

22 9 7 2 7

=
®

-

-
e

x

x

x

lim
sec ( )/ .7 2 2

4 9

2 7 2 = e 5 2/

Hence, (a) is the correct answer.

y Example 50 The value of lim tan log
log

x

x
x

®
+æ

èç
ö
ø÷

æ
èç

ö
ø÷1

1

4

p

is equal to

(a) e (b) e -1

(c) e 2 (d) e -2

Sol. Here, lim tan log
log

x

x
x

®
+æ

èç
ö
ø÷

æ
èç

ö
ø÷1

1

4

p
[1¥ form]

= +
-

æ
èç

ö
ø÷®

lim
tan (log )

tan (log )

log

x

xx

x1

1

1
2

1
= ® -

×
e

x

x

x x
lim

tan (log )

{ tan (log )} log1

2

1

1

= ®
×

-e
x

x

x x
2

1

11
lim

tan (log )

log tan (log ) = =×e e2 1 2( )

[as x ® 1, log x ® 0]

Hence, (c) is the correct answer.

y Example 51 The value of lim sin cos
x

m

xx

m

x

m®
+æ

èç
ö
ø÷0

2

3

is equal to

(a) e (b) 1 (c) e -1 (d) e 2

Sol. Here, lim sin cos
x

m

xx

m

x

m®
+æ

èç
ö
ø÷0

2

3

= + + -æ
èç

ö
ø÷

ì
í
î

ü
ý
þ®

lim sin cos
x

m

xx

m

x

m0

2

1
3

1 [ ]1¥ form

= ®
+ -æ

èç
ö
ø÷

e
x

m

x

x

m

x

m
lim sin cos

0

2 3
1

= ®

æ
èç

ö
ø÷

-
æ
èç

ö
ø÷

e x

m
m

x

m m

x

m
lim

cos sin

0

2
1 3 3

1 = e e
m

m
2

1

2

æ
èç

ö
ø÷ =

Hence, (d) is the correct answer.
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y Example 52 The value of lim
n

n n
a b

a® ¥

- +æ

è
ç

ö

ø
÷

1

( , )a b> >0 0 is equal to
(a) ba (b) ab (c) b (d) a

Sol. Here, lim
n

n
n

a b

a® ¥

- +æ
è
ç

ö
ø
÷

1 = + -æ
è
ç

ö
ø
÷

® ¥
lim

n

n
n

b

a
1

1

=
® ¥

-æ

è
ç

ö

ø
÷ ×

e
n

n b

a
nlim

1

[ ]1¥ form

= ® ¥
× -

en

n

a

b

n
lim

/

/1 1

1

1

= ® ¥
×

-æ
èç

ö
ø÷

-e
n

n

a

b b
n

n
lim

log

/

/

1

1

1

1

2

2

= = =e e ba
b

b ae
e

a
1

11log
log //

Hence, (a) is the correct answer.

1. The value of lim
sin

cos

x

x x xe e

x x®

-
+0

is

(a) 0 (b) 1 (c) -1 (d) None of these

2. The value of lim
x y

y x

x y

x y

x y®

-
-

is

(a)
1

1

-
+

log

log

x

x
(b)

1

1

-
+

log

log

y

y
(c)

log log

log log

x y

x y

-
+

(d) None of these

3. The value of lim
x

x x

x x

p q

r s®

-
-0

is

(a)
1

1

-
+

log

log

p

p
(b)

log log

log log

p q

r s

-
-

(c)
log log

log log

p q

r s

×
×

(d) None of these

4. The value of lim ( ) tan ( ) ( tan )
x

x x x x
® ¥

- -+ + -2 21 1 is

(a)
p
2

(b) Doesn’t exist (c)
p
4

(d) None of these

5. The value of lim
(cos ) (sin ) cos

, ,
x

x x

x®

- -
-

Îæ
èç

ö
ø÷4

2

4
0

2

a a a a p
is

(a) log (cos ) (sin ) log (sin )a a a+ 4 (b) (cos ) log (cos ) (sin ) log (sin )4 4a a a a-

(c) (cos ) log (cos )4 a a (d) None of these

6. The value of lim
. . .

/

x

x x x x
a x

n

n®

+ + + +æ
è
ç

ö
ø
÷

0

1 2 3
is

(a) ( !) /n a n (b) n ! (c) an! (d) Doesn’t exist

7. If lim ( ) ,/

x

xax bx e
®

+ + =
0

2 2 31 the values of a and b are

(a) a b R= Î3

2
, (b) a b R= Î1

2
, (c) a R b RÎ Î, (d) None of these

8. If a and b are roots of ax bx c2 0+ + = , the value of lim ( ) /

x

xax bx c
®

-+ + +
a

a1 2 2 is

(a) e a2 ( )a b- (b) ea( )a b- (c) e

a2

3
( )a b-

(d) None of these

9. The value of lim (( . ) [( ) ] ) /

n

n n n.
® ¥

+ +15 1 0000110000 1 , where [×] denotes the greatest integer function, is

(a) 1 (b)
1

2
(c) Doesn’t exist (d) 2

10. The value of lim | | , [ ][cos ]

x

xx
®

×
0

where denotes the greatest integer function, is

(a) 0 (b) Doesn’t exist (c) 1 (d) None of these
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Miscellaneous Forms

(i) 00 Form

When lim ( )
x a

f x
®

¹ 1 but f x( ) is positive in the

neighbourhood of x a= .

In this case, we write { ( )} ( ) log { ( )}
( )

f x eg x f xe
g x

=

Þ lim [ ( )] ( )
lim ( ) log ( )

x a

g x
g x f x

f x e x a
e

®
= ®

y Example 53 Evaluate lim | |sin

x

xx
® 0

.

Sol. lim | |sin
x

xx
® 0

=
®

lim sin log | |

x

x xe e

0
= ®e x

e x

x
lim

log | |

cos0 ec [0° form]

= ® -e
x

x

x x
lim

/

cos cot0

1

ec [by L’ Hospital’s rule]

= ®
-

e x

x

x x
lim

sin

cos0

2

= ®
- æ

èç
ö
ø÷

×æ
èç

ö
ø÷

e
x

x

x

x

x
lim

sin

cos0

2

= = =- ×e e( ) ( )1 0 02

1

y Example 54 Evaluate lim ( )
n

/nn
® ¥

p 2 .

Sol. Let A n
n

/n=
® ¥

lim ( )p 2 [¥0 form]

\ log lim
log ( )

A
n

nn
=

® ¥

2 p ¥
¥

é
ëê

ù
ûú

form

=
× ×

® ¥
lim

n

n
2

1

1
p

p
[by L’Hospital’s rule]

= =
® ¥

lim
n n

2
0

\ loge A = 0 Þ A = 1

y Example 55 Evaluate lim
n

n /n
e

® ¥

æ

è
ç

ö

ø
÷

p

1

.

Sol. Let A
e

n

n
/n

=
æ

è
ç

ö

ø
÷

® ¥
lim

p

1

[¥0 form]

\ log lim logA
n

e

n

n

=
æ

è
ç

ö

ø
÷

® ¥

1

p

=
® ¥

lim
log – log

n

n e

n

p ¥
¥

é
ëê

ù
ûú

form

=
® ¥

lim
log –

n

e 0

1
[by L’Hospital’s rule]

log A = 1

Þ A e= 1 or lim
n

n
/n

e
e

® ¥

æ

è
ç

ö

ø
÷ =

p

1

y Example 56 Evaluate lim ( ) .
x

xx
® 0

cosec

Sol. Let A x
x

x=
®

lim ( )
0

cosec [¥0 form]

Þ log lim log ( )A x x
x

=
® 0

cosec

=
®

lim
log ( )

x

x

x

0 1

cosec ¥
¥

é
ëê

ù
ûú

form

=
×

®
lim

(– cot )

–
x

x
x x

x

0

2

1

1

cosec
cosec

[by L’Hospital’s rule]

= =
®

lim
tanx

x

x0

2

0

\ log A = 0 or A = 1 Þ lim ( )
x

xx
®

=
0

1cosec

(ii) 10 Form

y Example 57 Solve lim
( ) /

x

xx e

x®

+ -
0

11
.

Sol. Let L
x e

xx

x

= + -
®

lim
( ) /

0

11

= - =

ì
í
ï

îï

ü
ý
ï

®

+

®

+ -

lim lim
log ( )

log ( )

/

x

x

x

x

x

e e

x

e e
x

0

1

0

1
1

1

þï
x

= - × + -
® ®

lim
{ }

lim
log( )

x

M

x

e e

M

x x

x0 0 2

1 1
,

where M
x

x
= + -log( )1

1

\ L
e e

M

x

xM

M

x
= × - × +

-

® ®
lim

{ }
lim

0 0

1

1

1
1

2

= ´ ´ -
+®

e
x

x xx
1

2 10
lim

( )
= - e

2
[as x ® 0 Þ M ® 0]
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1. Evaluate lim (sin )
x

xx
® +0

. 2. Evaluate lim (sin )tan

x

xx
® +0

.

3. Evaluate lim
n

n
/n

e

® ¥

æ
è
ç

ö
ø
÷

p

1

.

4. The value of lim
( )

tan

/

x

xe x

x®

- +
0

11
is

(a) e (b)
11

24

e
(c)

e

2
(d) None of these

Left Hand and Right Hand Limits
Let y f x= ( ) be a given function and x a= is the point
under consideration. Left tendency of f x( ) at x a= is
called its left hand limit and right tendency is called its
right hand limit.

Left tendency (left hand limit) is denoted by f a( – )0 or
f a( –) and right tendency (right hand limit) is denoted by
f a( )+ 0 or f a( )+ and are written as

f a f a h

f a f a h

h

h

( – ) lim ( – )

( ) lim ( )

0

0

0

0

=

+ = +

ü
ý
ï

þï

®

®

where, h is a small positive number.

Thus, for the existence of the limit of f x( ) at x a= , it is
necessary and sufficient that

f a f a( – ) ( )0 0= + , if these are finite or f a( – )0 and
f a( )+ 0 both should be either + ¥ or –¥.

y Example 58 Evaluate the right hand limit and left
hand limit of the function

f x

x

x
x

x

( )

| – |

–
,

,

=
¹

=

ì
í
ï

îï

4

4
4

0 4

.

Sol. Given, f x

x

x
x

x

( )

| – |

–
,

,

=
¹

=

ì
í
ï

îï

4

4
4

0 4

Now, RHL of f x( ) at x = 4

= = +
® ®+
lim ( ) lim ( )

x h
f x f h

4 0
4

= +
+

= =
® ®

lim
| – |

–
lim

| |

h h

h

h

h

h0 0

4 4

4 4
1

LHL of f x( ) at x = 4
= =

® ®-
lim ( ) lim ( – )

x h
f x f h

4 0
4

=
®

lim
| – – |

– –h

h

h0

4 4

4 4
= =

-
= -

® ®
lim

| |

–
lim

h h

h

h

h

h0 0
1

Thus, RHL ¹ LHL. So, lim ( )
x

f x
® 4

does not exist.

y Example 59 If f x
x x

x x x
( )

– ,

– ,
=

< £

< <
ì
í
î

5 4 0 1

4 3 1 23
, show that

lim ( )
x

f x
®1

exists.

Sol. We have, f x
x x

x x x
( )

– ,

– ,
=

< £

< <

ì
í
î

5 4 0 1

4 3 1 23

LHL of f x( ) at x = 1 = =
® ®-

lim ( ) lim ( – )
x h

f x f h
1 0

1

= = =
® ®

lim ( – )– lim –
h h

h h
0 0

5 1 4 1 5 1

RHL of f x( ) at x = 1 = = +
® ®+

lim ( ) lim ( )
x h

f x f h
1 0

1

= + + = =
®

lim ( ) – ( ) ( ) – ( )
h

h h
0

3 34 1 3 1 4 1 3 1 1

Thus, RHL = LHL = 1. So, lim ( )
x

f x
® 1

exists and is equal to 1.
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y Example 60 Show that lim
–

x

/x

/x

e

e® +0

1

1

1

1
does not exist.

Sol. Let f x
e

e

/x

/x
( )

–=
+

1

1

1

1
.

Then, LHL = =
® ®-
lim ( ) lim ( – )

x h
f x f h

0 0
0

=
+®

lim
––

–h

/h

/h

e

e0

1

1

1

1

=
+

=
+

=
®

lim
( – )

( )

–
–

h

/h

/h

/e

/e0

1

1

1 1

1 1

0 1

0 1
1

[as h
h

® Þ ® ¥0
1 Þ ® ¥ Þ ®e /e/h /h1 11 0 ] ...(i)

RHL = = +
® ®+
lim ( ) lim ( )

x h
f x f h

0 0
0

=
+

=
+® ®

lim
–

lim
( – )

( )h

/h

/h h

/h

/h

e

e

/e

/e0

1

1 0

1

1

1

1

1 1

1 1

[dividing numerator and denominator both by e /h1 ]

=
+

=1 0

1 0
1

–
[using Eq. (i)]

Clearly, lim ( ) lim ( )
x x

f x f x
® ®- +

¹
0 0

Hence, lim ( )
x

f x
® 0

doesn’t exist.

y Example 61 Evaluate lim
– cos ( – )

( – )x

x

x®1

1 2 1

1
.

[IIT JEE 1998]

Sol. We have, lim
– cos ( – )

( – )x

x

x® 1

1 2 1

1

=
®

lim
sin ( – )

( – )x

x

x1

22 1

1
=

®
lim

|sin ( – )|

( – )x

x

x1

2 1

1

\ LHL =
® -

lim
|sin ( – )|

( – )x

x

x1

2 1

1

=
®

lim
|sin (– )|

(– )h

h

h0

2 = =
®

lim
sin

–h

h

h0

2
– 2

Again, RHL =
® +

lim
|sin ( – )|

( – )x

x

x1

2 1

1

=
®

lim
|sin ( )|

h

h

h0

2

= =
®

lim
sin

h

h

h0

2
2

Clearly, lim ( ) lim ( )
x x

f x f x
® ®+ -

¹
1 1

Hence, lim ( )
x

f x
®1

doesn’t exist.

y Example 62 Solve (i) lim sin
x

– x
®1

1
[ ] (ii) lim

sin

x

x

x® +

é
ëê

ù
ûú0

(iii) lim
sin

x

x

x® -

é
ëê

ù
ûú0

(where [ ]× denotes greatest integer function.)

Sol. (i) Here, L x
x

=
®

lim [sin ]–

1

1

Put sin–1 x t=

\ x t= sin and t ® p
2

as x ® 1

Þ L t
t

=
®
lim [ ]

/p 2
= é

ëê
ù
ûú

=p
2

1

\ lim [sin ]–

x
x

®
=

1

1 1

(ii) Here, L
x

xx
= é

ëê
ù
ûú® +

lim
sin

0

Put
sin x

x
t= Þ t ® 1– as x ® +0 and [ ]t = 0

Þ L t
t

=
® -
lim [ ]

1
= [ – ]1 h = 0

[as x h® +0 Þ t h® 1 – ]

(iii) Here, L
x

xx
= é

ëê
ù
ûú® -

lim
sin

0

Put
sin x

x
t=

Þ t ® 1– as x ® 0–

\ L t
t

=
® -
lim [ ]

1
= [ – ]1 h = 0

[as x h® 0 – Þ t h® 1 – \ [ ]t = 0]

y Example 63 Solve (i) lim [tan ]
x

x
® ¥

-1

(ii) lim [tan ]
x

x
® - ¥

-1

(where [ ]× denotes greatest integer function.)

Sol. (i) Here, lim [tan ]–

x
x

® ¥

1

Put tan–1 x t= Þ t ® p
2

as x ® ¥

\ lim [ ]
/t

t
® p 2

= é
ëê

ù
ûú

p
2

= 1

(ii) Here, lim [tan ]–

x
x

® - ¥

1

Put tan–1 x t= Þ t ® –
p
2

as x ® ¥–

\ lim [ ]
/t

t
® - p 2

= é
ëê

ù
ûú

–
p
2

= [–1.57] = – 2
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y Example 64 Solve (i) lim
tan

x

x

x® +

é
ëê

ù
ûú0

(ii) lim
tan

x

x

x® -

é
ëê

ù
ûú0

(where [ ]× denotes greatest integer function.)

Sol. (i) Here, lim
tan

x

x

x® +

é
ëê

ù
ûú0

Put
tan x

x
t= Þ t ® +1 as x ® +0

\ lim [ ]
t

t
® +1

= + =[ ]1 1h [as x h® +0 Þ t h® +1 ]

(ii) Here, lim
tan

x

x

x® -

é
ëê

ù
ûú0

Put
tan x

x
t= Þ t ® +1 as x ® 0–

\ lim [ ]
t

t
® +1

= +[ ]1 h = 1 [as x h® 0 – Þ t h® +1 ]

y Example 65 Solve

(i) lim [sin (sin )]
x

x
®

-
-1

1 (ii) lim [sin (sin )]
/x

x
®

-

p 2

1

(where [ ]× denotes greatest integer function.)

Sol. (i) Here, lim [sin (sin )]–

x
x

® -1

1

=
® -

lim [ ]
x

x
1

[as sin (sin ) ,–1 x x= if –1 £ £x 1]

=
®

lim [ – ]
h

h
0

1 [as x ® 1– Þ x h= 1 – ]

= 0

\ lim [sin (sin )]–

x
x

® 1

1 = lim [sin (sin )]–

x
x

® -1

1

and no need to check for lim [sin (sin )]–

x
x

® +1

1

(ii) lim [sin (sin )]–

x

x
® p

2

1 =
®

-
lim [sin (sin )]–

x

x
p
2

1

=
®

-
lim [ ]

x

x
p
2

= é
ëê

ù
ûú®

lim –
h

h
0 2

p = 1

Remark

If lim [sin (sin )–

x
x

® 1

1 ], it means you have to calculate only left

hand limit and not right hand limit as for x > 1, sin (sin )–1 x is

not defined.

y Example 66 Solve (i) lim [cot ]
x

x
® 0

(ii) lim [cot ]
x

– x
® + ¥

1

(where [ ]× denotes greatest integer function.)

Sol. (i) Here, lim [cot ]
x

x
® 0

Put cot x t= , now as x ® 0 ; cot x exhibits two values

for x ® +0 and x ® 0–. i.e. cot x ® + ¥ and

cot –x ® ¥, respectively.

\ We should apply right hand and left hand limit;

i.e. lim [cot ]
x

x
® +0

= lim [ ]
t

t
® + ¥

= ¥

[Q cot x t= Þ t ®+ ¥ as x ® +0 ]

and lim [cot ]
x

x
® -0

= lim [ ] –
t

t
® - ¥

= ¥

[Q cot x t= Þ t ® ¥– as x ® 0–]

\ Limit doesn’t exist.

(ii)  Here, lim [cot ]
x

x
® + ¥

–1 =
® +
lim [ ]

t
t

0

[Q cot–1 x t= Þ t ® +0 as x ® + ¥]

= + = =
® ®

lim [ ] lim
h h

h
0 0

0 0 0

y Example 67 Solve lim sin
| |

x

x

x®

é
ëê

ù
ûú0

, where [ ]× denotes

greatest integer function.

Sol. Here, lim sin
| |

x

x

x®

é
ëê

ù
ûú0
, since we have greatest integer

function, we must define function.

Now, RHL (put x h= +0 ) = lim
sin | |

h

h

h®

+
+

é

ë
ê

ù

û
ú0

0

0

We know that,
sin h

h
® 1 as h ® 0 but less than 1.

\ RHL = =
®

lim
h 0

0 0 Q

sin h

h
h

æ
èç

ö
ø÷

= ®é

ëê
ù

ûú
0 0as

Again, LHL (put x h= 0 – ) = é

ë
ê

ù

û
ú®

lim sin
| – |

–h

h

h0

0

0
,

we know
sin

–
–

h

h
® 1 as h ® 0 but greater than –1.

\ LHL = =
®

lim – –
h 0

1 1 Q

sin h

h
h

æ
èç

ö
ø÷

= - ®é

ëê
ù

ûú
1 0as

Thus, Limit doesn’t exist, as RHL = 0 and LHL = –1.

y Example 68 Solve lim
sin| |

| |x

x

x®

é

ë
ê

ù

û
ú

0
, where [ ]× denotes

greatest integer function.

Sol. Here, lim
sin | |

| |x

x

x®

é

ë
ê

ù

û
ú0

...(i)

We know that,
sin x

x
® 1 as x ® 0 or

sin | |

| |

x

x
® 1 as x ® 0

from right or left,

i.e. at x h= +0 or x h= 0 – ,
sin| |

| |

–x

x
® 1
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\ sin | |

| |

x

x

é

ë
ê

ù

û
ú =0 as

sin | |

| |

x

x
< 1

From Eq. (i) whether we find RHL or LHL

lim
sin | |

| |x

x

x®

é

ë
ê

ù

û
ú0

= =
®

lim
x 0

0 0 Þ lim
sin | |

| |x

x

x®

é

ë
ê

ù

û
ú0

,

exists and is 0.

y Example 69 lim
tan

,
x

x

x®

-é

ë
ê

ù

û
ú

0

2
where [ × ] denotes

greatest integer function is

(a) -1 (b) 4
(c) 5 (d) None of these

Sol. We know, when x ® 0

Þ x

xtan
< 1 Þ - > -x

xtan
1

Þ - > -2
2

x

xtan

So, lim
tanx

x

x®

-é

ë
ê

ù

û
ú = -

0

2
2

Hence, (d) is the correct answer.

1. The value of lim { [ [ ]}
x

x x x
®

- + - + -
1

1 11] (where [ × ] denotes the greatest integral function) is

(a) -1 (b) Doesn’t exist

(c) 1 (d) None of these

2. The value of lim
sin [ ]

[ ]x

x

x® 0
(where [ × ] denotes the greatest integer function) is

(a) 1 (b) sin 1

(c) Doesn’t exist (d) None of these

3. The value of lim sin { }
x

x
®

-

0

1 (where { × } denotes fractional part of x ) is

(a) 0 (b)
p
2

(c) Doesn’t exist (d) None of these

4. The value of lim
sin tanx

x

x x®

é

ë
ê

ù

û
ú

0

2

(where [ × ] denotes the greatest integer function) is

(a) 0 (b) 1

(c) Doesn’t exist (d) None of these
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Use of Standard
Theorems/Results

Theorem 1 :
Sandwich/Squeeze Play Theorem
General The Squeeze principle is used on limit problems
where the usual algebraic methods, factorisation or
algebraic manipulation etc., are not effective. However, it
requires to “squeeze” our problem in between two other
simpler function, whose limits can be easily computed and
equal. Use of Squeeze principle requires accurate analysis,
indepth algebra skills and careful use of inequalities.

Statement If f g, and h are three functions such that

f x g x h x( ) ( ) ( )£ £ for all x in some interval containing
the point x c= and if

lim ( ) lim ( )
x c x c

f x h x L
® ®

= =

Then, lim ( )
x c

g x L
®

=

From  the figure, note that lim ( )
x

g x
®

=
0

1.

Remark
The quantity c may be a finite number, + ¥ or - ¥. Similarly, Lmay
also be finite number, + ¥ or - ¥.

Theorem 2 :
Limits of Trigonometric Functions
If x is small and is measured in radians, then

lim
sin

lim
sinx x

x

x

x

x® ®
= =

0 0
1

= = =
® ®

-

® -
lim lim

sin
lim

sinx x x
x x

x

x

x

x0 0

1

0 1
cosec

Proof Consider a circle with unit radius.

Area of DOAP < Area of sector OAP < Area of DOAT

sin tanx x x

2 2 2
< < Þ 1

1< <x

x xsin cos
[ ]Q0 2< <x p/

Þ cos
sin

x
x

x
< < 1

Now, using Sandwich theorem,

lim cos lim
sin

x x
x

x

x® ®
< <

+0 0
1

Obviously, we have lim
sin

x

x

x® +
=

0
1

Put x y= - , lim
sin

y

y

y® -
=

0
1

Hence, lim
sin

x

x

x®
=

0
1

–

(0, 1)

f x = –( ) 1
4
x2

–h x = +( ) 1
2
x2

y = g x( )

Y

YN

XN O X

Figure 5.10

O

P

T

1

x
cos x A

1
ta

n
x

si
n

x
XX′

Y

Y′

x

Figure 5.11
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Similarly, lim
sin

lim
sin

lim
x x x

x

x

x

x
x x

® ® ®
= = =

0 0 0
1 cosec

= =
®

-

® -
lim

sin
lim

sinx x

x

x

x

x0

1

0 1
…(i)

Using Eq. (i), we can deduce

lim
tan

lim
tan

lim cot
x x x

x

x

x

x
x x

® ® ®
= = =

0 0 0
1

= =
®

-

® -
lim

tan
lim

tanx x

x

x

x

x0

1

0 1

Important Results

The lim
sin

x

x

x® 0
always approaches 1 from its left hand,

i.e. 0.9999....

Þ lim
sin

x

x

x®

é
ëê

ù
ûú

=
0

0, where [ × ] denotes step up function.

Note that lim
sin

x

x

x®

æ
èç

ö
ø÷

=é
ëê

ù
ûú0

1

Note that the lim
tan

x

x

x® 0
approaches 1 from RHS.

Þ lim
tan

x

x

x®

é
ëê

ù
ûú

=
0

1, where [ × ] denotes step up function.

y Example 70 Evaluate lim cos
x

x
x®0

3 2
.

Sol. Here, lim cos
x

x
x®0

3 2

As, - £ £1
2

1cos
x

Þ - £ £x x
x

x3 3 32
cos for x > 0

and x x
x

x3 3 32£ £ -cos for x < 0,

Thus, lim cos ,
x

x
x®

=
0

3 2
0 as in both the cases limit is zero.

y Example 71 Evaluate lim
( sin )

.
x

x x

x®¥

+
+

2 22

100

Sol. We have, lim
( sin )

x

x x

x®¥

+
+

2 22

100

Now,
2

100

2

100

3

100

2 2 2 2x

x

x x

x

x

x+
£ +

+
£

+
( sin )

, as 0 12£ £sin x

\ lim lim
( sin )

x x

x

x

x x

x® ¥ ®+
£ +

+
2

100

2

100

2

0

2 2

£
+® ¥

lim
x

x

x

3

100

2

Þ lim
( sin )

x

x x

x® ¥

+
+

= ¥
2 22

100

Q lim lim
x x

x

x

x

x®¥ ®¥+
=

+
= ¥

é

ë
ê

ù

û
ú

2

100

3

100

2 2

y Example 72 Evaluate

lim ...
n

n

n

n

n

n

n

n

n n®¥ +
+

+
+

+
+ +

+

æ

è
ç

ö

ø
÷

2 2 2 21 2 3
.

Sol. Let f n
n

n

n

n

n

n

n

n n
( ) ...=

+
+

+
+

+
+ +

+2 2 2 21 2 3

Note that f n( ) has n terms which are decreasing.

Suppose

h n
n

n

n

n

n

n

n

n
n( ) ... ,=

+
+

+
+

+
+ +

+
æ
è
ç

ö
ø
÷

2 2 2 21 1 1 1
terms

=
+

n

n

2

2 1
[obviously f n h n( ) ( )]<

and

g n( ) = n

n n

n

n n

n

n n

n

n n2 2 2 2+
+

+
+

+
+ +

+
æ
è
ç

ö
ø
÷... , n terms

=
+

n

n n

2

2
[obviously g n f n( ) ( )]<

Hence, lim ( ) lim ( ) lim ( )
n

g n
n

f n
n

h n
® ¥

<
® ¥

<
® ¥

Since, lim ( ) lim ( )
n n

g n h n
® ¥ ® ¥

= =1

Hence, using Sandwich theorem, lim ( )
n

f n
® ¥

= 1.

y Example 73 The value of the lim ( )
x

x

a

b

x
a

®

é
ëê

ù
ûú

¹
0

0

(where [ × ] denotes the greatest integer function) is

(a) a (b) b

(c)
b

a
(d) 1 - b

a

Sol. Since,
b

x

b

x

b

x
- < é

ëê
ù
ûú

£1

Now, we have two cases depending upon the value of
x

a
.

Case I For
x

a
> 0

Þ lim lim lim
x x x

b

x

x

a

b

x

x

a

b

x

x

a® ® ®
-æ

èç
ö
ø÷

< é
ëê

ù
ûú

£ ×
0 0 0

1

Using Squeeze play theorem, we have = é
ëê

ù
ûú

=
®

lim
x

x

a

b

x

b

a0

Case II For
x

a
< 0

Þ lim lim lim
x x x

b

x

x

a

b

x

x

a

b

x

x

a® ® ®
-æ

èç
ö
ø÷

> é
ëê

ù
ûú

³ ×
0 0 0

1

Using Squeeze play theorem, we have

lim
x

x

a

b

x

b

a®

é
ëê

ù
ûú

=
0

Hence, (c) is the correct answer.
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y Example 74 Evaluate

lim
[ ] [ ] [ ] ... [ ]

n

x x x nx

n® ¥

+ + + +2 3
2

,

where [ × ] denotes the greatest integer function.

Sol. We know that, x x x– [ ]1 < £
Þ 2 1 2 2x x x– [ ]< £
Þ 3 1 3 3x x x– [ ]< £

.............................

.............................
Þ nx nx nx– [ ]1 < £
\ ( ... ) – [ ] [ ] ... [ ]x x x nx n x x nx+ + + + < + + +2 3 2

£ + + +( ... )x x nx2

Þ xn n
n r x

x n n

r

n( )
– [ ]

( )+ < £ × +

=
å1

2

1

21

Thus, lim
[ ] [ ] ... [ ]

n

x x nx

n® ¥

+ + +2
2

Þ lim – lim
[ ] [ ] ... [ ]

n n

x

n n

x x nx

n® ¥ ® ¥
+æ

èç
ö
ø÷

< + + +
2

1
1 1 2

2

£ +æ
èç

ö
ø÷® ¥

lim
n

x

n2
1

1

Þ x x x nx

n

x

n2

2

22
< + + + £

® ¥
lim

[ ] [ ] ... [ ]

\ lim
[ ] [ ] ... [ ]

n

x x nx

n® ¥

+ + + =2
2

x

2

Aliter We know that, [ ] – { }x x x=

r x x x nx
r

n

=
å = + + +

1

2[ ] [ ] ... [ ]

= + + +x x x x nx nx– { } – { } ... –{ }2 2

= + + + + + + +( ... ) – ({ } { } ... { })x x x nx x x nx2 3 2

= + + + +xn n
x x nx

( )
– ({ } { } ... { })

1

2
2

\ 1

2
1

1 2
2

1
2n

rn
x

n

x x nx

nr

n

[ ] –
{ } { } ... { }

=
å = +æ

èç
ö
ø÷

+ + +

Since, 0 1£ <{ }rx

\ 0
1

£ <
=
å { }rx n

r

n

Þ lim

{ }

n

r

n

rx

n® ¥

=
å

=1

2
0

\ lim

[ ]

lim – lim

{ }

n

r

n

n n

r

rx

n

x

n

rx

® ¥

=

® ¥ ® ¥

=
å

= +æ
èç

ö
ø÷

1

2

1

2
1

1

n

n

å
2

Þ lim

[ ]

n

r

n

rx

n® ¥

=
å

=1

2

x

2

Use of Newton-Leibnitz’s Formula
in Evaluating the Limits
Let us consider the definite integral,

I x f t dt
x

x
( ) ( )

( )

( )
=

fò
y

Newton-Leibnitz’s formula states that,

d

dx
I x f x

d

dx
x f x

d

dx
x{ ( )} { ( )} ( ) – { ( )} ( )= × ì

í
î

ü
ý
þ

f fì
í
î

üy y ý
þ

y Example 75 Evaluate

lim ––

x

tx

x
e dt

x x® ò +æ
èç

ö
ø÷0 5 0 4 2

1 1 1

3

2

.

Sol We have, lim
x

tx

x
e dt

x x®

-ò - +æ
èç

ö
ø÷0 5 0 4 2

1 1 1

3

2

=
+

®

ò
lim

––

x

tx
e dt x x

x0

0

3

5

3 3

3

2

0

0
form

é
ëê

ù
ûú

=
+

®

ò
lim

––

x

txd

dx
e dt x

x0

0

2

4

3 3 3

15

2

[by L’Hospital’s rule]

Applying Newton-Leibnitz’s formula,

d

dx
e dttx – 2

0ò = ×e
d

dx
x e

d

dx

x– –( ) – ( )
2 0 0 = e x– 2

\ lim
––

x

txd

dx
e dt x

x®

ò +

0

0

2

4

3 3 3

15

2

= +
®

lim
––

x

xe x

x0

2

4

3 3 3

15

2

0

0
form

é
ëê

ù
ûú

= +
®

lim
– ( ) –

x

xx e x

x0
3

3 2 6

60

2

[again, apply L’Hospital’s rule]

=
®

lim
– ( – )–

x

xx e

x0
3

6 1

60

2

=
®

lim
–( – )–

x

xe

x0
2

2

1

10
=

æ

è
çç

ö

ø
÷÷®

1

10

1

0
2

2

lim
–

–

–

x

xe

x

= ´ =1

10
1

1

10
Q lim

x

xe

x®

-æ

è
ç

ö

ø
÷ =

é

ë
ê
ê

ù

û
ú
ú0

1
1

y Example 76 Evaluate lim
– cos

–x

x
x t dt

x x®

ò
0

2

0

3 6
.

Sol. Let L
x t dt

x xx

x

=
®

ò
lim

– cos

–0

2

0

3 6

0

0
form

é
ëê

ù
ûú

Applying L’Hospital’s rule, we get

L

d

dx
t dt

xx

x

=
®

ò
lim

– cos

–0

2

0

2

1

3 6
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Applying Newton-Leibnitz’s rule,

d

dx
t dt x

x
(cos ) cos ( ) –2

0

2 1 0ò = × = cos( )x 2

\ L

d

dx
t dt

xx

x

=
®

ò
lim

– cos

–0

2

0

2

1

3 6
=

®
lim

– cos ( )

( – )x

x

x0

2

2

1

3 2

= =1 0

3 0 2

1 1

3 2

– cos

( – )

–

(– )
= =0

6
0

–

y Example 77 Evaluate lim
cos

sin
.

x

x
t dt

x x®

ò
0

2

0

2

[IIT JEE 1997]

Sol. Applying Newton-Leibnitz’s rule, followed by L' Hospital’s
rule, we get

lim
cos ( ) { }

cos sin
lim

cos

cos
sx x

x x

x x x

x

x
® ®

× -
+

=
+

0

2 2

0

42 0 2

in x

x

æ
èç

ö
ø÷

=
+

=
+

=2 0

0 1

2

1 1
1

cos

cos

Summation of Series Using
Definite Integral as the Limit
The expression of the form,

lim ( )
( )

( )

n
r x

x

a

b

n
f

r

n
f x dx

® ¥
= f

æ
èç

ö
ø÷

=å ò
1

y

where, (i) S is replaced by ò,
(ii)

r

n
is replaced by x ,

(iii)
1

n
is replaced by dx ,

(iv) To obtain, a
x

nn
= f

® ¥
lim

( )
and b

x

nn
=

® ¥
lim

( )y

The value so obtained is the required sum of the given
series.

y Example 78 Evaluate lim
n

r

n

n

r

n r® ¥ = +
å1

2 2
1

2

.

[IIT JEE 1997]

Sol. Let L
n

r

n rn
r

n

=
+® ¥ =

ålim
1

2 2
1

2

dividing numerator and

denominator both by n, we get

L
n

r/n

r/nn
r

n

=
+® ¥ =

ålim
( )

1

1 2
1

2

Put
r

n
x

n
dx= =; ;

1
lim

n r

n

® ¥ =
å

1

2

= òa

b

where, a
nn

= =
® ¥

lim
1

0 and b
n

nn
= =

® ¥
lim

2
2

\ L
n

r/n

r/nn
r

n

=
+® ¥ =

ålim
( )

1

1 2
1

2

=
x

x
dx

1 20

2

+
ò

= +( )1 2
0

2
x = 5 1–

y Example 79 Evaluate

lim .
n

n

n

n

n

n

n n® ¥ +
+

+
+ +

+

æ

è
ç

ö

ø
÷

2 2 2 2 2 21 2
K

Sol. Let S
n

n

n

n

n

n nn
=

+
+

+
+ +

+
æ
è
ç

ö
ø
÷

® ¥
lim ...

2 2 2 2 2 21 2

=
+® ¥ =

ålim
n r

n n

n r2 2
1

=
+® ¥ =

ålim
n r

n

n

n

n r

1 2

2 2
1

[dividing numerator and denominator both by n]

=
+® ¥ =

ålim
( )n

r

n

n r/n

1 1

1 2
1

Replace
r

n
x= ;

1

n
dx= ; lim

n a

b

r

n

® ¥ =
= òå

1

where, a
nn

= =
®¥

lim
1

0 and b
n

nx
= =

®¥
lim 1

we get, S
n r/nn

r

n

=
+® ¥ =

ålim
( )

1 1

1 2
1

=
+ò
1

1 20

1

x
dx =[tan ]–1

0
1x = tan ( ) – tan ( )– –1 11 0 = p

4

y Example 80 The value of lim
!

/

n n

n
n

n® ¥

æ
èç

ö
ø÷

1

is equal to

(a)
1

e
(b) e (c) e 2 (d)

1
2e

Sol. Let A
n

nn n

n

= æ
èç

ö
ø÷® ¥

lim
!

/1

\ log lim log
( ) ( )

. . .A
n

n

n

n

n

n

n n n nn
= × - × - × ×æ

èç
ö
ø÷® ¥

1 1 2 3 2 1

= -æ
èç

ö
ø÷® ¥ =

-

ålim log
n

r

n

n

n r

n

1

0

1

= × - = -ò 1 1 1
0

1
log ( )x dx

[replace
r

n
by n and

1

n
by dx lim

n
r

n

a

b

®¥ =

-

å ò=
0

1

, where
0

0
n

= ,

a
n

=
®¥

lim , b
n

nn
= - =

®¥
lim

1
1]

Þ loge A = - 1 Þ A e= -1

Hence, (a) is the correct answer.
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1. The value of lim ([ ] [ ] . . . [ ])
n n

x x n x n
® ¥

+ + + + + +1
1 1 2 2

3

2 2 2 2 2 2 (where [ × ] denotes the greatest integer

function) is

(a)
x

3
(b) x + 1

3

(c)
x

3

1

3
+ (d) None of these

2. The value of lim lim
[ (sin ) ] [ (sin ) ] . . . [ (sin )

x n

x x xx x n x

® ¥ ® ¥

+ + +1 22 2 2 ]

n3

ì
í
î

ü
ý
þ

(where [ × ] denotes the greatest integer

function) is

(a)
x x

3 3
+ sin

(b)
x

x x

3
+ (sin )

(c)
1

3
(d) 0

3. The value of lim
| |

sin ( )x

x
t dt

x® +

ò -

-1

1
1

1
is

(a) 0 (b) 1

(c) Doesn’t exist (d) None of these

4. The value of lim log

/

n
K

n n
K

n® ¥ =
å +æ

èç
ö
ø÷

1

1

1 is

(a) loge
e

4

æ
èç

ö
ø÷

(b) loge
e

4æ
èç

ö
ø÷

(c) loge 4 (d) None of these

5. The value of lim . . .
n na na na nb® ¥

+
+

+
+

+ +
æ
è
ç

ö
ø
÷

1 1

1

1

2

1
is

(a) log
a

b

æ
èç

ö
ø÷

(b) log
b

a

æ
èç

ö
ø÷

(c) log ( )ab (d) None of these
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l Ex. 1 The value of lim

sin (sin ) sin

x

x x x

x®

-
0

2

6

equals

(a)

1

6

(b)

1

12

(c)

1

18

(d)

1

24

Sol. (c) Here, lim
sin (sin ) sin

x

x x x

x®

-
0

2

6

= × -
®

-

-lim
sin ( ) sin

(sin )t

t t t

t0

1 2

1 6
[put sin x t= ]

= × - ×
®

-

-lim
sin ( ) sin

(sin )t

t t t

t

t

t0

1 2

6

6

1 6

=
+ + + +

ì
í
î

ü
ý
þ

× - + -
ì
í

®
lim

! !

t

t
t t t

t
t t

0

3 5 7 3 5

6

9

120

5

112 3 5
K K

î

ü
ý
þ

-
´

t

t

2

6
1

=
-

×
+æ

èç
ö
ø÷

+

®
lim

! ( !)

t

t t

0

6 1

5

1

6 3

9

120
higher powers to

t 6

= + -1

120

9

120

1

36
= 1

18

l Ex. 2 If lim

log cot

tanx

e K x

K x®

-æ
èç

ö
ø÷

=
0

1

2

4

1

p

, then

(a) K K
1 2

= (b) 2
1 2

K K=
(c) K K

1 2
2= (d) K K

1 2
4=

Sol. (b) Here, lim

log cot

tanx

e K x

K x®

-æ
èç

ö
ø÷

é

ëê
ù

ûú =
0

1

2

4

p

1

Þ lim

log cot

tanx

K x

K x®

-æ
èç

ö
ø÷

- +é

ëê
ù

ûú =
0

1

2

4
1 1

1

p

Þ lim

log
tan

tan

tanx

K x

K x

K x®

+
-

æ
èç

ö
ø÷

=
0

1

1

2

1
2

1
1

Þ lim

log
tan

tan

tan

tan

t

x

K x

K x

K x

K x

®

+
-

æ
èç

ö
ø÷

-

×
0

1

1

1

1

1
2

1

2

1

2 an

tan

tan

K x

K x

K x

1

1

2

1
1

- =

Þ lim
tan

tanx

K x

K x®
=

0

1

2

2
1 Þ lim

tan

tanx

K x

K x
K x

K x

K x
K x

®

×

×
=

0

1

1
1

2

2
2

2

1

Þ 2
11

2

K

K
= Þ 2 1 2K K=

l Ex. 3 Let f ( )

tan

{( tan ) ( tan ) ...q
q

q q= + + + +1

1 2
2

3 3

+ + -( tan ) } tan10 10
3q q.

Then, lim ( )

q p -
q

®
2

f is equal to

(a) 170 (b) 166 (c) 165 (d) None of these

Sol. (c) Here,

lim
( tan )

tan
lim

tan tan tan

q p q p

q
q

q q

® ®
- -

+ = + + +

2

3

2

2

2 31 1 3 3 q
qtan2

[( ) ]a b a b a b ab+ = + + +3 3 3 2 23 3

= + + +æ
èç

ö
ø÷

®
-

lim tan
tan

tanq p
q q

q
2

2
3

3 1 = +
®

-
lim ( tan )

q p
q

2

3

as = 0

0

lim
tan

tan®
-

+æ
è
ç

ö
ø
÷

é

ë

ê
ê
ê

ù

û

ú
ú
ú

p

q
q

2

2

3 1

Þ lim ( ) lim [( tan ) ( ( ) tan )

q p q p
q q q

® ®
- -

= + + + +

2 2

3 3 2f K

+ + -
®

-
( ( ) tan )] lim tan3 10 10

2

q q
q p

= + + + + + × - ×
® ®

- -
lim ( ... ) lim (tan ) lim

q p q p q

q

2 2

3 1 2 3 10 10 10

®
-p

q

2

(tan )

= ´ ´ =3 10 11

2
165

l Ex. 4 For positive integers K , , , n=1 2 3 ..., . Let Sk denotes

the area of DOABK (where ‘O’ is the origin) such that

Ð = =AOB
K

n
OAK

p
2

1, and OB KK = . The value of the

lim

n
K

K

n

n
S

® ¥ =
× å1

2

1

is

(a)

2

2p
(b)

4

2p
(c)

8

2p
(d)

1

2
2p

Single Option Correct Type Questions
JEE Type Solved Examples :



Sol. (a) Here, OB KK = and Ð =AOB
K

n
K

p
2

\ S K
K

n
K = × æ

èç
ö
ø÷

1

2
1

2
( ) ( ) sin

p
using, D =é

ëê
ù
ûú

1

2
ab sinq

Then, L
n

K K

nn
= × × æ

èç
ö
ø÷® ¥

lim sin
1

2 22

p

= × × ×æ
èç

ö
ø÷

= × × æ
èç

ö
ø÷® ¥ ò

1

2 2

1

2 20

1

n

K

n

K

n
x x d

n
lim sin sin

p p
x

= - × ×
æ

è

ç
ç
ç

ö

ø

÷
÷
÷

+ ×ò
1

2

2

2

2

2
0 0

1

0

1

p
p

p
p

x
x x

dxcos cos
1 244 344

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

= × × æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

=1

2

2 2

2

2

0

1

2p p
p

p
sin

x

l Ex. 5 If

Sn n
= -æ

èç
ö
ø÷

-æ
èç

ö
ø÷

-æ
èç

ö
ø÷

1

2

1

2

1

2

4

3

4

4

4

tan tan tan

p p p
K .

The value of lim ,

n
nS is

® ¥

(a)

p3

4

(b)

p3

16

(c)

p3

32

(d)

p3

256

Sol. (c) Here,

Sn n
= -æ

èç
ö
ø÷

-æ
èç

ö
ø÷

-æ
èç

ö
ø÷

1
2

1
2

1
2

4

3

4

4

4tan tan tan
p p p

K

=

-æ
èç

ö
ø÷

-æ
èç

ö
ø÷

cos sin cos sin

cos

2

3

2

3

2

4

2

4

2

2 2 2 2

2

p p p p

p
K

n n

n

-æ
èç

ö
ø÷

×æ
èç

ö
ø÷

sin

cos cos cos

2

4

3

4

4

4

2

2 2 2

p

p p p
K

=

æ
èç

ö
ø÷

× æ
èç

ö
ø÷

æ
èç

ö
ø÷

×

-cos cos cos

cos c

p p p

p
2 2 2

2

2 3 1

4

3

K
n

os cos4

4

4

2 2

p p
K

n

æ
èç

ö
ø÷

=

×æ
èç

ö
ø÷

×

-

1

2

2 2 2

1

23 3 1

3
4

cos cos cos cosp p p p
K

n
n

…(i)

Let M
n

= × -cos cos cos
p p p
2 2 23 4 1

K

=
×æ

èç
ö
ø÷

× æ
èç

ö
ø÷

=

æ
èç

-
-

-
-

sin

sin

sin
`

2
2

2
2

2

3

1

3

1

2

n

n

n

n

p

p

p ö
ø÷

× æ
èç

ö
ø÷

-
-2

2

3

1

n

n
sin

p

\ Sn
n

n

n
n

n

=
æ
èç

ö
ø÷

´ ×ì
í
î

ü
ý
þ

´
® ¥

-
-lim sin

cos

1

2

1

2

2
2

1

2

3

3

1

3p
pæ

èç
ö
ø÷

= ×

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

× æ
èç

ö
ø÷

´
® ¥

-

-

lim

sin

cos
n

n

n
n

2 2

2

4

11

1

3

3
p

p
p

p
2n

æ
èç

ö
ø÷

= æ
èç

ö
ø÷

×2
4

1

1

3p = p3

32

l Ex. 6 The value of lim

x

x x

x x®

+ - -
+ - -2

3 3

7 3 2 3

6 2 3 5

is

(a)

33

23

(b)

34

23

(c)

54

25

(d) None of these

Sol. (b) We have, L
x x

x xx
= + - -

+ - -®
lim

2 3 3

7 3 2 3

6 2 3 5

0

0
form

é
ëê

ù
ûú

Let x t- =2 , such that x ® 2 Þ t ® 0

\ L
t t

t tt
= + - +

+ - +®
lim

( ) ( )

( ) ( )

/ /

/ /0

1 2 1 2

1 3 1 3

9 3 2 1

8 2 3 1

= × + - +

+æ
èç

ö
ø÷

- +
®

3

2

1 9 2 1

1
8

1 3
0

1 2 1 2

1 3
lim

( / ) ( )

( )

/ /

/t

t t

t
t 1 3/

0

0
form

é
ëê

ù
ûú

= ×
+ ×æ

èç
ö
ø÷

- + ×æ
èç

ö
ø÷

+ ×æ
èç

ö®

3

2

1
1

2 9
1

1

2
2

1
1

3 8

0
lim

( )

t

t
t

t

ø÷
- + ×æ

èç
ö
ø÷

1
1

3
3( )t

;

[using ( )1 1+ = +x nxn , as x ® 0]

= ×
-

-
=

-æ
èç

ö
ø÷

-æ
èç

ö
ø÷

=
®

3

2
18

24

3

2

1

18
1

1

24
1

34

230
lim
t

t
t

t
t

l Ex. 7 Let D ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

x

f x f x f x

f f f

f f

=
+ + +

¢ ¢

a a a
a a a
a a

2 3

2 3

2 f ¢ ( )3a
for

some real values differential function f and constant a,

lim

( )

x

x

x® 0

D
is equal to

(a) 0 (b) 1 (c) 2 (d) 3
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Sol. (a) Here, D ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

0

2 3

2 3

2 3

=
¢ ¢ ¢

f f f

f f f

f f f

a a a
a a a
a a a

Thus, lim
( )

x

x

x® 0

D 0

0

form
é
ëê

ù
ûú

= ¢ = ¢
®

lim
( )

( )
x

x

0 1
0

D D [applying L’Hospital’s rule]

\ lim
( )

( )
x

x

x®
= ¢

0
0

D D ...(i)

Given, D ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

x

f x f x f x

f f f

f f

=
+ + +

¢ ¢

a a a
a a a
a a

2 3

2 3

2 f ¢( )3a

Using definition of differentiation of determinant,

D¢ =
¢ + ¢ + ¢ +

¢ ¢
( )

( ) ( ) ( )

( ) ( ) ( )

( )

x

f x f x f x

f f f

f f

a a a
a a a
a

2 3

2 3

( ) ( )2 3a af ¢

+
+ + +

¢ ¢ ¢

f x f x f x

f f f

( ) ( ) ( )

( ) ( ) ( )

a a a

a a a

2 3

0 0 0

2 3

+
+ + +f x f x f x

f f f

( ) ( ) ( )

( ) ( ) ( )

a a a
a a a

2 3

2 3

0 0 0

[as a is constant Þ d

dx
( )a = 0]

\ D¢ =
¢ + ¢ + ¢ +

¢ ¢
( )

( ) ( ) ( )

( ) ( ) ( )

( )

x

f x f x f x

f f f

f f

a a a
a a a
a

2 3

2 3

( ) ( )2 3a af ¢

or D¢ =
¢ ¢ ¢

¢ ¢ ¢
( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( )

0

2 3

2 3

2

f f f

f f f

f f f

a a a
a a a
a a ( )3

0

a
=

[QR1 and R3 are identical]

Hence, lim
( )

( )
x

x

x®
= ¢ =

0
0 0

D D

l Ex. 8 Let lim

( )

( )

x

ax ax a

x
f a

®

- + -
-

=
1

2

1

1

. The value of f ( )101

equals

(a) 5050

(b) 5151

(c) 4950

(d) 101

Sol. (a) We have, lim
( )x

ax ax a

x®

- + -
-1 2

1

1
Put x h= +1 , we have

lim
( ) ( )

h

ah a h a

h®

+ - + + -
0 2

1 1 1

=
+ + - +æ

èç
ö
ø÷

- - + -

®
lim

( )

!
...

h

ah
a a

h a ah a

h0

2

2

1
1

2
1

\ f a
a a

( )
( )

;= - 1

2
f ( )101 5050=

l Ex. 9 lim

( )

( ) sin
x

n n

x

nx n x

e e x®

+ - + +
-1

1

1 1

p
, where n =100 is equal to

(a)

5050

pe
(b)

100

pe
(c) - 5050

pe
(d) - 4950

pe

Sol. (c) Let l
nx x x

e e xx

n n

x
= - - -

-®
lim

( ) ( )

( ) sin1

1 1

p

Put x h= +1 , so that as x h® ®1 0,

\ l
h n h h

e e hh

n n

h
= - × + - + -

-®
lim

( ) {( ) }

( ) sin0

1 1 1

1 p

Þ l
x

= -
®

lim
1

n h C h C h C h C h

C h C h

n n n n

n n

× + + + + - +

+ + + -

( ... ) (1 11 2
2

3
3

1

2
2

3
3

K 1

12

)

( )
sinp p

p
e h

e

h

h

h

h -æ

è
ç

ö

ø
÷ æ

èç
ö
ø÷

= - - = - - -é

ë
ê

ù

û
ú

n C

e

n n n

e

n2
2

22 1

2p p
( ) = - + = - +n n

e

n n

e

2

2

1

2( )

( )

( )p p

If n = 100 Þ l
e

= - æ
èç

ö
ø÷

5050

p

l Ex. 10 lim

( ) ( ) ...

...
n

n n n n

n® ¥

+ - + - + + ×
+ + + +

1 2 1 3 2 1

1 2 3

2 2 2 2

3 3 3 3

is

equal to

(a)

1

3

(b)

2

3

(c)

1

2

(d)

1

6

Sol. (a) We have,

lim
( ) ( ) ... { ( )}

n

n n n n n n

n® ¥

+ - + - + + - -1 2 1 3 2 12 2 2 2

3S
Numerator = + + +n n( ... )1 22 2 2

- × + × + × + + -{ ... ( ) }1 2 2 3 3 4 12 2 2 2n n

= - - ×
=

n n r r
r

n

S S2

2

21( )

= - -
=

n n r r
r

n

S S2

1

3 2( )

= - -n n n nS S S2 3 2[ ] = + -( )n n n1 2 3S S
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\ l
n n n

nn
= + -

® ¥
lim

( )1 2 3

3

S S
S

= + + +
+ +

-
® ¥

lim
( ) ( ) ( )

( ) ( )n

n n n n

n n n n

4 1 1 2 1

6 1 1
1 = - =4

3
1

1

3

Aliter l
n n n

n
= + - + + ×

+ + + +
+ -1 2 1 1

1 2 3
1 1

2 2 2

3 3 3 3

( ) ...

...
1 2444 3444

l
n n n n

n
= + + + + + + -1 1 2 1 1

1
2 2 2

3

( ) ( ) ... ( )

S

l
n n

n
= + -( )1

1
2

3

S
S

Þ lim
( ) ( ) ( )

( )n

n n n n

n n® ¥

+ × + +

× +
- = - =1 1 2 1

6
1

4

1
4

3
1

1

32 2

l Ex. 11 The value of lim

cot ( log )

sec ( log )

( )

x

a
a

x
x

x x

a a
a

® ¥

- -

-
>

1

1

1 is

equal to

(a) 1 (b) 0 (c)

p
2

(d) Doesn’t exist

Sol. (a) We have, lim

cot
log

log

x

a

a

x

a

x

x

a

x

® ¥

-

-

æ
èç

ö
ø÷

æ

è
ç

ö

ø
÷

1

1sec

;

as lim
log

x

a

a

x

x® ¥

æ
èç

ö
ø÷

® 0 and
a

x

x

alog

æ

è
ç

ö

ø
÷ ® ¥

[using L’ Hospital’s rule]

\ l = =

p

p
2

2

1

l Ex. 12 Suppose that a and b b a( )¹ are real positive

numbers, thene the value of lim

/

t

t t
t

b a

b a®

+ +-
-

æ

è
ç

ö

ø
÷

0

1 1
1

is equal

to

(a)

a b b a

b a

ln ln-
-

(b)

b b a a

b a

ln ln-
-

(c) b b a aln ln- (d)

b

a

b

a

b aæ

è
ç

ö

ø
÷

-
1

Sol. (d) Here, lim
t

t t tb a

b a®

+ +-
-

æ

è
ç

ö

ø
÷

0

1 1
1

.

Obviously, limit is of the form 1¥.

Hence, l e
t

t t

t

b a

b a
= ®

+ +-
-

-
é

ë
ê
ê

ù

û
ú
ú

lim
0

1 11
1

= ®

+ +- - +
-

æ

è
çç

ö

ø
÷÷

e
t

t tb a b a

t b a
lim

( )0

1 1

= =®

- - -
-

æ

è
çç

ö

ø
÷÷

-
-e e

t

t tb b a a

t b a
b b a a

b
lim

( ) ( )

( )
ln ln

0

1 1

a

= = = =
-
- -

æ

è
çç

ö

ø
÷÷

-

e e e
b

a

b a

b a

b

a

b a

b

a
b

a

b a

b

a
b

a

b aln ln
ln

ln

1

æ

è
ç

ö

ø
÷

-
1

b a

l Ex. 13 lim

cot ( )

sec

x x

x x

x

x

® ¥

-

-

+ -

+
-

æ
è
ç

ö
ø
÷

ì
í
ï

îï

ü
ý
ï

þï

1

1

1

2 1

1

is equal to

(a) 1 (b) 0 (c)

p
2

(d) None of these

Sol. (a) As, lim
x

x x
® ¥

+ - =1 0 Þ cot ( )- =1 0
2

p

lim
x

x
x

x® ¥

+
-

æ
èç

ö
ø÷

® ¥2 1

1
Þ ¥ =-sec 1

2
( )

p

\ l = 1

l Ex. 14 lim cos ( )

n
n n

® ¥
+p 2

(when n is an integer) is

equal to

(a) 1 (b) - 1 (c) 0 (d) Doesn’t exist

Sol. (c) Let l n n n
n

= ± - +
® ¥

lim cos ( )p p 2

= ± - +
® ¥

lim cos ( ( ))
n

n n np 2

= ± +

+ +

æ

è
ç
ç

ö

ø
÷
÷® ¥

lim cos
( ( ))

n

n

n n n

p
2

= ±
+ +

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

® ¥
lim cos

n

n

n n
n

p

1
1

= ±
+ +

æ

è

ç
ç
çç

ö

ø

÷
÷
÷÷

= ®
® ¥

lim cos cos
n

n

p p

1 1
1 2

0

Aliter

We have, p n n2 +

= +æ
èç

ö
ø÷

= + + -æ
èç

ö
ø÷

+é

ëê
p pn

n
n

n n
1

1
1

1

2

1

2

1

2
1

1

2

1
1 2

2

/

!
...

ù

ûú

= + + -æ
èç

ö
ø÷

+é

ëê
ù

ûú
p n

n

1

2

1

2

1

2
1

1

2

1

!
...

As n ® ¥;
p
2

× + + -æ
èç

ö
ø÷

+é

ëê
ù

ûú
2 1

1

2
1

1

2

1
n

n!
... = +( )2 1

2
n

p

\ lim cos ( )
n

n
® ¥

+æ
èç

ö
ø÷

=2 1
2

0
p
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l Ex. 15 The value of lim

(tan({ } )) sin { }

{ } ({ } )x

x x

x x®

-
-0

1

1

, where { }x

denotes the fractional part function is

(a) 1 (b) tan 1 (c) sin 1 (d) Doesn’t exist

Sol. (d) Let f x( ) = lim
(tan({ } )) sin { }

{ } ({ } )x

x x

x x®

-
-0

1

1

lim ( ) lim
tan ( ) sin

( )

tan ( )
t

x h

f x
h h

h h® ®+ +
= - ×

-
= -

-
=

0 0

1

1

1

1
an1

LHL = - - -
- - -

= =
®

lim
tan (( ) ) sin ( )

( ) ( )

sin
sin

h

h h

h h0

1 1 1

1 1 1

1

1
1

Hence, lim ( )
x

f x
® 0

doesn’t exist.

l Ex. 16 lim ( ln({ } |[ ]| ))
{ }

x

xx x
® -

- +
0

is equal to

(a) 0 (b) 1 (c) ln2 (d) ln

1

2

Sol. (d) We have, lim ( ln ({ } |[ ]| )){ }

x

xx x
® -

= - +
0

= - - + -
®

-
-

lim ( ln ({ } |[ ]| )){ }

x

hh h
0

0

= - - + = - = æ
èç

ö
ø÷®

-
-

lim ( ln ( )) ln ln
x

hh
0

11 1 2
1

2

l Ex. 17 lim

sin

( sin )
sinx x

x x

x x e® ¥

+ +
+

2 2 2

2 2

is equal to

(a) 0 (b) 1 (c) - 1 (d) Non-existent

Sol. (d) We have, lim
sin

( sin ) sinx x

x x

x x e®¥

+ +
+

2 2 2

2 2

=
+ +

+æ
èç

ö
ø÷

® ¥
lim

sin

sin sinx x

x

x

x
x

x
e

2
2

2

2
2

, as x ® ¥

Þ l
ex x

=
×

=
® ¥

lim
sin

2

2
oscillatory between

1

e
and

1
1e - Þ Non-existent

l Ex. 18 The value of lim (cos )

x

bxax
® 0

2
cosec is

(a) e

b

a
-

æ

è
çç

ö

ø
÷÷

8
2

2

(b) e

a

b
-

æ

è
çç

ö

ø
÷÷

8
2

2

(c) e

a

b
-

æ

è
çç

ö

ø
÷÷

2

2
2

(d) e

b

a
-

æ

è
çç

ö

ø
÷÷

2

2
2

Sol. (c) Let l ax
x

bx=
®

lim(cos )
0

cosec 2

Þ l e bx axx= -® ¥
lim

(cos )cosec2 1

Now, - - = - ×
+® ®

lim
cos

sin
lim

sin

sin cosx x

ax

bx

ax

bx ax0 2 0

2

2

1 1

1

= - a

b

2

22
, l e

a

b=
-

2

22

l Ex. 19 lim

n
r

n r

n n r® ¥ = + +
å

2

1

equals

(a) 0 (b) 1/3 (c) 1/2 (d) 1

Sol. (c) Let f n
n n n n

n

n n n
( ) ...=

+ +
+

+ +
+ +

+ +
1

1

2

22 2 2

Consider g n
n n n n n n

n

n n n
( ) ...=

+ +
+

+ +
+ +

+ +
1 2

2 2 2

= + + + +
+

= +
+

1 2 3

2

1

2 22 2

... ( )

( )

n

n n

n n

n n

g n f n( ) ( )< ...(i)

Similarly, h n
n n n n

n

n n
( ) ...=

+ +
+

+ +
+ +

+ +
1

1

2

1 12 2 2

= +
+ +

n n

n n

( )

( )

1

2 12

\ f n h n( ) ( )< …(ii)

From Eqs. (i) and (ii), g n f n h n( ) ( ) ( )< <

But lim ( ) lim ( )
n n

g n h n
® ¥ ® ¥

= = ×1

2

Hence, using Sandwich theorem, lim ( )
n

f n
® ¥

= 1

2
.

l Ex. 20 The value of lim ( [ ])

n
n n n n

® ¥
+ + - + +2 2

1 1 ,

where [×] denotes the greatest integer function is

(a) 0 (b) 1/2 (c) 2/3 (d) 1/4

Sol. (b) We know that, n n n n< + + < +2 1 1.

Hence, [ ]n n n2 1+ + =

\ l n n n
n

n n nn n
= + + - = +

+ + +
=

® ¥ ® ¥
lim ( ) lim2

2
1

1

1

1

2

l Ex. 21 lim

sin ( )

cos ( )
x

x x x

x x®

+ + -
- - +1

2 3 2

2

3

1 4 3

has the value equal to

(a) 18 (b) 9/2 (c) 9 (d) None of these

Sol. (a) We have, lim
sin ( )

cos( )x

x x x

x x®

+ + -
- - +1

2 3 2

2

3

1 4 3

= + + -
+ + -

× + + -
-®

lim
sin ( )

( )

( )

cx

x x x

x x x

x x x

1

2 3 2

3 2 2

3 2 23

3

3

1 os ( )x x2 4 3- +

= - +
- - +

× + + -
®

( ) lim
( )

cos ( )

( )

(
1

4 3

1 4 3

3

1

2 2

2

3 2 2

2x

x x

x x

x x x

x - +4 3 2x )
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= + + -
- +

æ

è
ç

ö

ø
÷ =

®
( ) ( ) lim1 2

3

4 3
2

1

3 2

2

2

2

x

x x x

x x
l

where, l
x x

xx
= + +

-®
lim

1

23 2 1

2 4
[using L’ Hospital’s rule]

=
-

= -6

2
3 Þ l = - =2 3 182( )

l Ex. 22 The graph of function y f x= ( ) has a unique

tangent at ( , )ea
0 through which the graph passes, then

lim
log ( ( )) sin ( ( ))

( )x ea

f x f x

f x®

+ -1 7

3

equals

(a) 1 (b) 2

(c) 7 (d) None of these

Sol. (b) Here, lim
log ( ( )) sin ( ( ))

( )x ea

f x f x

f x®

+ -1 7

3

0

0
form

é
ëê

ù
ûú

= ¢ - × ¢ +
¢ ×®

lim
( ) {cos ( ( )) ( )} { ( )}

( ) {x ea

f x f x f x f x

f x

7 1 7

3 1 + 7 f x( )}

[using L’Hospital’s rule]

= - +
+®

lim
cos ( ( )) { ( )}

{ ( )}x ea

f x f x

f x

7 1 7

3 1 7
= - =7 1

3
2
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l Ex. 23 If f x
x ax a

x x
( ) = + + +

+ -
3 1

2

2

2

, which of the following

can be correct?

(a) lim ( )

x
f x

® 1

exists Þ a = - 2

(b) lim ( )

x
f x

® - 2

exists Þ a = 13

(c) lim ( ) /

x
f x

®
=

1

4 3

(d) lim ( ) /

x
f x

® -
= -

2

1 3

Sol. (a, b, c, d) Given, f x
x ax a

x x
( )

( ) ( )
= + + +

+ -
3 1

2 1

2

As x ® ®1 0, Dr. , hence as x ® ®1 0, Nr.

\ 3 2 1 0+ + =a Þ a = - 2

As x ® - ®2 0, Dr. , hence as x ® - ®2 0, Nr.

\ 12 2 1 0- + + =a a Þ a = 13

Now, lim ( ) lim
( ) ( )x x

f x
x x

x x® ®
= - -

+ -1 1

23 2 1

2 1

= + -
+ -

=
®

lim
( ) ( )

( ) ( )x

x x

x x1

3 1 1

2 1

4

3

and lim
( ) ( )

lim
( ) ( )

(x x

x x

x x

x x

x® - ® -

+ +
+ -

= + +
+2

2

2

3 13 14

2 1

3 7 2

2) ( )x -
= -

1

1

3

l Ex. 24 Let f x

x

x x

x x

for x

for x

for x
( )

tan { }

[ ]

,

{ } cot { }

=
-

>

=
<

2

2 2

1

0

0,

, 0

ì

í

ï
ïï

î

ï
ï
ï

,  where [ ]x is

the step up function  and { }x is the fractional part function

of x, then

(a) lim ( )

x

f x
® +

=
0

1 (b) lim ( )

x

f x
® -

=
0

1

(c) cot lim ( )
-

® -

æ
èç

ö
ø÷

=1

0

2

1

x

f x (d) None of these

Sol. (a, c) We have, f x

x

x x

x x

x

x

x

( )

tan { }

[ ]

{ } cot { }

=
-

>

=
<

ì

í

ï
ï

î

ï
ï

2

2 2

1

0

0

0

,

,

,

RHL = =
-

= =
® ® ®+
lim ( ) lim

tan { }

[ ]
lim

tan

x h h
f x

h

h h

h

h0 0

2

2 2 0

2

2
1

LHL = = - -
® ®-
lim ( ) lim { } cot { }

x h
f x h h

0 0

= - -
®

lim ( ) cot ( )
h

h h
0

1 1 = cot1

\ cot lim ( ) cot ( cot )-

®

-
-

æ
èç

ö
ø÷

= =1

0

2

1 21 1
x

f x

l Ex. 25 Given that the derivative f a¢ ( ) exists. Indicate

which of the following statement(s) is/are always true?

(a) f a
f h f a

h ah a
¢ = -

-®
( ) lim

( ) ( )

(b) f a
f a f a h

hh
¢ = - -

®
( ) lim

( ) ( )

0

(c) f a
f a t f a

tt
¢ = + -

®
( ) lim

( ) ( )

0

2

(d) f a
f a t f a t

tt
¢ = + - +

®
( ) lim

( ) ( )

0

2

2

More than One Correct Option Type Questions
JEE Type Solved Examples :



Sol. (a, b) Here, options (a) and (b) are true by definition.

Option (c) is false, as

lim
( ) ( )

( )
t

f a t f a

t
f a

®

+ - = ¢
0

2
2

and lim
( ) ( )

[ ( ) ( )]
t

f a t f a t

t
f a f a

®

+ - + = ¢ - ¢
0

2

2

1

2
2 = ¢1

2
f a( )

Hence, option (d) is false.

l Ex. 26 Let f x
x

rx r xn
r

n

( ) lim

( ) {( )

.=
+ + +® ¥ =

å
1 1

0
1}

Then,

(a) f ( )0 0= (b) f x( )0 =
(c) f ( )0 1

+ = (d) f ( )0 1
- =

Sol. (a, c, d) Given, f x
x

rx r xn
r

n

( ) lim
( ) {( ) }

=
+ + +® ¥ =

å
1 1 10

= + + - +
+ + +® ¥ =

ålim
[( ) )] ( )

( ) [( ) ]n
r

n r x rx

rx r x

1 1 1

1 1 10

=
+

-
+ +

æ
èç

ö
ø÷® ¥ =

ålim
( )n

r

n

rx r x

1

1

1

1 10

=
-

+
æ
èç

ö
ø÷

+
+

-
+

æ
èç

ö
ø÷

+ +
+

-
® ¥

lim

...
(

n

x x x

nx

1

1

1

1

1

1

1

2 1

1

1

1

n x+ +
æ
èç

ö
ø÷

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

1 1)

= -
+ +

é

ë
ê

ù

û
ú = +

+ +® ¥ ® ¥
lim

( )
lim

( )

( )n nn x

n x

n x
1

1

1 1

1

1 1

\ f x
x

x
( )

,

,
=

=
¹

ì
í
î

0 0

1 0
Þ f f f( ) , ( ) ( )0 0 0 0= = =+ - 1.

Passage I

(Q. Nos. 27 to 29)

Let f x

e
x x x

x x x

xx

( )

sin tan cos

ln( ) tan

,

{ }

=

-
- + -

+ + +

>
2

1

2 2
2

1,

0,

0

0

0

x

x

<

=

ì

í
ïï

î
ï
ï

,

where { } represents fractional part function. Suppose lines L
1

and L
2

represent tangent and normal to curve y f x= ( ) at

x = 0 . Consider the family of circles touching both the lines

L
1

and L
2
.

l Ex.27 Ratio of radii of two circles belonging to this

family cutting each other orthogonally is

(a) 2 3+ (b) 3

(c) 2 2+ (d) 2 2-

l Ex.28 A circle having radius unity is inscribed in the

triangle formed by L
1

and L
2

and a tangent to it. Then, the

minimum area of the triangle possible is

(a) 3 2+ (b) 2 3+
(c) 3 2 2+ (d) 3 2 2-

l Ex.29 If centres of circles belonging to family having

equal radii r are joined, the area of figure formed is

(a) 2
2r (b) 4

2r

(c) 8
2r (d) r 2

n Sol. (Q. Nos. 27 to 29)

LHD =

- + + -
+ - -

-

-®
lim

sin tan cos

ln ( ) tan

h

h h h

h h h

h0

2

1

2 2
0

=
- + - ´

+ - -
=

®
lim

sin tan cos

ln ( ) tanh

h

h

h

h

h

h
h

h h h0

2

2

1

2 2
0

f
e

h
h

e

hh

h h

¢ = = - - = ´ - =+

®
( ) lim0

1 0 1
0

0 2

2 2

RHD

L y1 0º = and L x2 0º =
27. (a) ( ) ( )x r y r r- + - =2 2 2 [family of circle]

x y rx ry r2 2 22 2 0+ - - + =

Q 2 1 2 1 2 1
2

2
2( )r r r r r r+ = +

or 4 1 2 1
2

2
2r r r r= +

r

r

r

r

2

1

2

2

1

4 1 0
æ
èç

ö
ø÷

- æ
èç

ö
ø÷

+ =

Þ r

r

2

1

4 12

2
2 3= ± = ±
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28. (c) 2
1 2 3

[ ]D D D+ +

D = ´ -æ
èç

ö
ø÷

+ +æ
èç

ö
ø÷

2
1

2 4 2 2
1cot cot

p q q
using,

1

2
ab

é
ëê

ù
ûú

D =
-æ

èç
ö
ø÷

-æ
èç

ö
ø÷

+ +
cos

sin

cos

sin

p q

p q

q

q
4 2

4 2

2

2

1

Þ D = +
× -æ

èç
ö
ø÷

1
2

4

2
2 4 2

sin

sin sin

p

q p q

D = +
-æ

èç
ö
ø÷

- æ
èç

ö
ø÷

1
2

4 4
cos cosq p p

D is minimum, if denominators is maximum when q p=
4

,

Dmin = +
-

= +
-

1
2

1
1

2

1
2

2 1
= + + = +1 2 2 1 3 2 2( )

29. (b) Area = =( )2 42 2r r

Passage II

(Q. Nos. 30 to 32)

Let A be n n´ matrix given by

A

a a a a
a a a a

a a a a

n

n

n n n nn

=

é

ë

ê
ê

11 12 13 1

21 22 23 2

1 2 3

K

M M

K

M

...

ê

ù

û

ú
ú
ú

Such that each horizontal row is arithmetic progression and

each vertical column is a geometrical progression. It is

known that each column in geometric progression have the

same common ratio. Given that a a
24 42

1

8

= =1, and a
43

3

16

= .

l Ex.30 Let S an j

j

n

=
=

å 4

1

, lim

n

nS

n® ¥ 2

is equal to

(a)

1

4

(b)

1

8

(c)

1

16

(d)

1

32

Sol. (d) Here, a a d43 42= +

Þ 3

16

1

8
= + d Þ d = 1

16
[common difference of 4th row]

\ a a d41 42
1

8

1

16

1

16
= - = - =

\ a a a a
n

n41 42 43 4
1

16

2

16

3

16 16
= = = =, , ,...,

Now, all elements of 4th row are known

S a
n n S

n
n j

n

n

j

n

= = + =
® ¥=

å 4 2
1

1

2 16

1

32

( )

( )
; lim

l Ex.31 Let d i be the common difference of the elements in

ith row, then d i

i

n

=
å

1

is

(a) n (b)

1

2

1

2
1

- +n
(c) 1

1

2

-
n

(d)

n
n

+ 1

2

Sol. (c) Also, a r a24
2

44
4

16
= =

Þ r 2 4

16
= Þ r = 1

2
common ratio of all GP is

1

2

é
ëê

ù
ûú

\ A

n

n

n=

1

2

2

2

3

2 2
1

2

2

2

3

2 2
1

2

2

2

3

2 2

1

2

2 2 2 2

3 3 3 3

...

...

...

M M M M M

n n n n
n n

n2

2

3

2 2
...

é

ë

ê
ê
ê
ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú
ú
ú
ú

´

Now, di = common difference in i th row = 1

2i

\ di

i

n

i
i

n n

n
= =
å å= =

-æ
èç

ö
ø÷

-
= -

1 1

1

2

1

2
1

1

2

1
1

2

1
1

2
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2r

Y

X

Y'

X'

OO X

Y

r

q/2
q

D3

D2

D1

p q/2 –

p q/4 – /2

r

r cot ( /2)q

( )r, r

r
c
o

t
p 4

q 2
–

èè

èè

q/2



l Ex.32 The value of lim

n
ii

i

n

a
® ¥ =

å
1

is equal to

(a)

1

4

(b)

1

2

(c) 1 (d) 2

Sol. (d) Given, a S
n

ii

i

n

n
=
å = = + + + +

1
2 3

1

2

2

2

3

2 2
K …(i)

Þ 1

2

1

2

2

2

3

2

1

2 22 3 4 1
S

n n
n n n

= + + + + - + +... …(ii)

On subtracting Eq. (ii) from Eq. (i), we get

1

2

1

2

1

2

1

2

1

2 22 3 1
S

n
n n n

= + + + +æ
èç

ö
ø÷

- +K

Þ 1

2

1

2
1

1

2

1
1

2

2 1
S

n
n

n

n
=

-æ
èç

ö
ø÷

-
- + Þ S

n
n n n

= -æ
èç

ö
ø÷

-2 1
1

2 2

\ lim lim
n

ii

i

n

n n n
a

n

® ¥ = ® ¥
å = - - = - - =

1

2
2

2

2

2
2 0 0 2

Þ lim
n

ii

i

n

a
® ¥ =

å =
1

2

Passage III

(Q. Nos. 33 to 35)

To evaluate lim [ ( )],

x a
f x

®
we must analyse the f x( ) in right

hand neighbourhood as well as in left hand neighbourhood

of x a= . e.g. In case of continuous function, we may come

across following cases.

If f a( ) is an integer, the limit will exist in Case III and

Case IV but not in Case I and Case II. If f a( ) is not an

integer, the limit exists in all the cases.

l Ex.33 If f ¢ = -( )1 3 and lim ( )

x
f x

®
-é

ëê
ù
ûú1

1

2

does not exist,

(where [ ]× denotes the greatest integer function), then

(a) f ( )1 may be integer

(b) { ( )} ,f x x R= " Î1

2

({ }× fractional part of x )

(c) f ( )1 is not an integer

(d) None of the above

Sol. (c) lim ( )
x

f x
®

-é
ëê

ù
ûú1

1

2
does not exist, when f ( )1 is not an

integer, as f ¢ = -( )1 3, i.e. decreasing in the neighbour-

hood at x = 1.

l Ex.34 lim ( )

sin

| |x

xe
x

x®
- ×é

ë
ê

ù

û
ú

0

1 (where [ ]× denotes the great-

est integer function), equals

(a) 0 (b) 1 (c) -1 (d) Doesn’t exist

Sol. (c) Let f x
e

x

x
x

e
x

x
x

x

x
( )

( )
sin

,

( )
sin

,

.=
- × >

- × <

ì

í
ï

î
ï

1 0

1 0

\ f x
x

x
( )

,

,
=

< >
< <

ì
í
î

0 0

0 0

for

for
Þ lim [ ( )]

x
f x

®
= -

0
1

l Ex.35 lim

/( )

x

x
x

®

- -
é
ëê

ù
ûú1

1 1

2

cosec

p
is equal to (where [ ]×

denotes the greatest integer function).

(a) 0 (b) 1 (c) ¥ (d) Doesn’t exist

Sol. (b) Let f x
x

( ) = æ
èç

ö
ø÷

cosec
p
2

Þ f h
h

( ) lim ( )1
2

1 1
0

+

®
= +æ

èç
ö
ø÷

>cosec
p

and f h
h

( ) lim ( )1
2

1 1
0

-

®
= -æ

èç
ö
ø÷

>cosec
p

\ lim
x

x

®

é
ëê

ù
ûú

=
1 2

1cosec
p Þ lim

x

xx

®

-
-é

ëê
ù
ûú

=
1

1

1

2
1cosec

p
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f a( )

O a X

Y

f a( )

O a X

Y

Case I

Case II

f a( )

O a X

Y

Case III

f a( )

O a X

Y

Case IV



n Directions (Ex. Nos. 36 to 38) This section is based on

Statements I and II. Select the correct answer from the

codes given below.

(a)  Statement I is true, Statement II is true;  Statement II
is correct explanation for Statement I

(b)  Statement I is true, Statement II is true; Statement II
is not the correct explanation for Statement I

(c)  Statement I is true, Statement II is false

(d)  Statement I is false, Statement II is true

l Ex. 36

Statement I lim

sin(cot )

( )
/x

x

x® -
=

p p2

2

2

2

1

2

.

Statement II lim

sin

q

q
q®

=
0

1 and lim

tan

q

q
q®

=
0

1 , where q

is measured in radians.

Sol. (d) lim
sin (cot )

cot

cot

( )
;

/x

x

x

x

x®
×

-p p2

2

2

2

22
put x h= -p

2

Þ lim
tan

h

h

h®
=

0

2

24

1

4

\ Statement I is false and Statement II is true.

l Ex. 37 Statement I lim lim {sin ! }

m n

m n n
® ¥ ® ¥

=2

0p m n N, Î ,

when x is rational.

Statement II When n ® ¥ and x is rational n x! , is integer.

Sol. (a) When n ® ¥ and x is rational x
b

q
= .

Where p and q are integers and q ¹ 0 n x n
p

q
! != ´ is integer

as n ! has factor q, when n ® ¥
Also, when n x! is integer, sin( ! )n xp = 0.

Therefore, the given limit is zero.

l Ex. 38 Statement I If lim ( )

sin

x
f x

x

x®
+ì

í
î

ü
ý
þ0

does not exist,

then lim ( )

x
f x

®0

does not exist.

Statement II lim

/

/x

x

x

e

e®

-
+

æ

è
ç

ö

ø
÷

0

1

1

1

1

does not exist.

Sol. (b) If lim ( )
x

f x
®0

exist, then lim ( )
sin

x
f x

x

x®
+æ

èç
ö
ø÷0

always exist as

lim
sin

x

x

x®0
exists finitely.

Hence, lim ( )
x

f x
®0

must not exist.

l Ex. 39 Match the following.

Column I Column II

(A) lim
x

x
x

x® ¥ +
æ
è
ç

ö
ø
÷

1
equals

(p) e
2

(B) lim sin cos
x

x

x x® ¥
+æ

èç
ö
ø÷

1 1
equals

(q) e
-1 2/

(C) lim (cos )cot

x

x
x

® 0

2

equals (r) e

(D) lim tan

/

x

x

x
®

+æ
èç

ö
ø÷

é
ëê

ù
ûú0

1

4

p
equals

(s) e
-1

Sol. (A) ® (s); (B) ® (r); (C) ® (q); (D) ® (p)

(A) Put x
y

= 1
, lim

/

y

y

y® +
æ
èç

ö
ø÷0

1
1

1
= =®

- -
+ -e ey

y

y y
lim

( )0

1 1

1 1

(B) lim (sin cos ) /
lim

sin cos

y

y

y y

yy y e y

®

+ -

+ = ®

0

1

1

0 = e

(C) e e

x

x

x

x
x

lim
cos

tan®

-

× -
=

0 2

2

2

1

1

2

(D) e x

x

x
lim

tan (( / ) ) tan( / )

®

+ -
0

4 4p p

= =®

+ + ×

e ex

x x

x
lim

tan [ tan (( / ) ) ]

0

1 4 1

2

p

Statements I and II Type Questions
JEE Type Solved Examples :

Matching Type Questions
JEE Type Solved Examples :



l Ex. 40 Match the following.

Column I Column II

(A) lim ( )
x

x x x x
® ¥

+ - - equals
(p) - 2

(B) The value of the lim
sin tan

ln ( )x

x x

x®

-
+0 3

2 2

1
is

(q) - 1

(C) lim (ln sin ln( )
x

x x ex
® +

- +
0

3 4 3 ) equals (r) 0

(D) Let tan ( | sin |) cot ( | cos |)2 2p q p q= ,

where q ÎR and f x( ) = (| sin | |cos |)q q+ x.

The value of lim
( )x f x® ¥

é

ë
ê

ù

û
ú

2
equals (here, [×]

represents greatest integer function)

(s) 1

Sol. (A) ® (s); (B) ® (p); (C) ® (q); (D) ® (r)

(A) lim
( ) ( )

x

x x x x

x x x x® ¥

+ - -
+ + -

=
+ + -® ¥

lim
x

x

x x x x

2 = 1

(B) lim
sin tan

x

x x

x®

-
0 3

2 2
lim

log ( )x

x

x® +0

3

31

= -
×

×
®

lim
sin (cos )

cosx

x x

x x0

2

3

2 1
1 = - = -

®
lim

tan

x

x

x0

3

3

2
2

(C) lim [ln sin ln ( )]
x

x x ex
® +

- +
0

3 4 3 =
+

æ

è
ç

ö

ø
÷

®
lim ln

sin

( )x

x

x x e0

3

3

= æ
èç

ö
ø÷

= -ln
1

1
e

(D) tan( | sin | ) tan | cos |2
2

2p q p q p= -æ
èç

ö
ø÷

Þ 2
2

2p q p p q p|sin | | cos |= + -n

Þ 2
2

p q q p p
(|sin | | cos | )+ = +n

Þ |sin | | cos |q q+ = +n

2

1

4
…(i)

Since, 1 2£ + £|sin | | cos |q q ; 1
2

1

4
2£ + £n

4 2 1 4 2£ + £n

Þ 3

2

4 2 1

2
£ £ -

n

Thus, n = 2 is only possible value. Putting in Eq. (i),

| sin | | cos |q q+ = 5

4
,

g x
x

x

( ) lim= æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

=
® ¥

2
4

5
0

l Ex. 41 If lim ( sin )

x
x x ax b

®

- -+ +
0

3 2

3 exists and is equal

to zero, the value of a b+ 2 is ……… .

Sol. (6) We have, lim
sin

x

x

x

a

x
b

®
+ +

0 3 2

3 = + +
®

lim
sin

x

x ax bx

x0

3

3

3

=
+ +

®
lim

sin

x

x

x
a bx

x0

2

2

3
3

3 for

existence of limit 3 0+ =a Þ a = - 3

\ l
x x bx

xx
= - +

®
lim

sin

0

3

3

3 3

= × - + =27 0
3

sint t

t
b [ ]Q3x t=

= - + =27

6
0b Þ b = 9

2

Hence, a b+ = - + ´ =2 3 2
9

2
6

[using L’ Hospital’s rule]

l Ex. 42 For a certain value of c,

lim [( ) ]

x

cx x x
® - ¥

+ + - =5 4

7 2 l, is finite and non-zero.

The value of 3c + l is ……… .

Sol. (2) We have, lim [( ) ]
–x

cx x x
® ¥

+ + -5 47 2

= + +æ
èç

ö
ø÷

-
æ

è
çç

ö

ø
÷÷® - ¥

lim
x

c
c

x
x x

x5

5
1

7 2

= + +æ
èç

ö
ø÷

-
æ

è
çç

ö

ø
÷÷® - ¥

-lim
x

c
c

x x
x x

5 1

5
1

7 2
1

This will be of the form ¥ ´ 0 only, if

5 1 0c - = Þ c = 1

5
substituting c = 1

5
, l becomes

l = + -
® - ¥
lim [( ) ]/

x
x x1 11 5 , where x

x x
= +7 2

5

= + + -é
ëê

ù
ûú® - ¥

lim ....
x

x
x

1
5

1 = +æ
èç

ö
ø÷

× =
® - ¥
lim

x
x

x x

7 2 1

5

7

55

Hence, c = 1

5
and l = 7

5
Þ 3 2c + =l
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l Ex. 43 Consider the curve y x= -
tan

1 and a point

A 1

4

,

pæ
èç

ö
ø÷

on it. If the variable point P x yi i i( , ) moves on the

curve for i n n N= Î1 2 3, , , , ( )K such that

y
m

r

m

r

= æ
èç

ö
ø÷

-

=
å tan

1

1

2

1

2

and B x y( , ) be the limiting position

of variable point Pn as n ® ¥, the value of

reciprocal of the slope of AB will be …......... .

Sol. (2) Here, y y
mn

n
n

m

n

= = æ
èç

ö
ø÷® ¥ ® ¥

-

=
ålim lim tan 1

1
2

1

2

=
+ + -

æ
èç

ö
ø÷® ¥

-

=
ålim tan

( ) ( )n
m

n

m m

1

1

2

1 2 1 2 1

= + - -
+ + -

é

ë
ê

ù

û
ú® ¥

-

=
ålim tan

( ) ( )

( )( )n
m

n m m

m m

1

1

2 1 2 1

1 2 1 2 1

= + - -
® ¥ =

- -ålim (tan ( ) tan ( ))
n

m

n

m m
1

1 12 1 2 1

= - + -
® ¥

- - - -lim (tan tan ) (tan tan )
n

1 1 1 13 1 5 3

+ + + - -- -... (tan ( ) tan ( ))1 12 1 2 1n n

= + -
® ¥

- -lim (tan ( ) tan ( ))
n

n1 12 1 1

= - =p p p
2 4 4

QB ® é
ëê

ö
ø÷

1
4

,
p

, i.e. coordinates of B approaches towards

those of A.

Chord AB approaches to the tangent to y f x= ( ) at A.

\ Slope of AB
d

dx
x

x

= æ
èç

ö
ø÷

-

=
tan 1

1at

=
+

æ
è
ç

ö
ø
÷ =

=

1

1

1

22
1

x
xat

Þ (Slope of AB)- =1 2

l Ex. 44 If lim

( )

x
x

x t dt

e x
a t®

- - - +
=ò

0 0

2

1

2

3 2

104

1

19

,

then
a

2010

equals  ........... .

Sol. (1) Here, lim
x

x

x

t

a t
dt

e x®

- +

- -
=

ò

0

0

2

2

3 2
104

1

1

19

[using L’Hospital’s rule]

Þ lim

( )
x x

x

a x
e

®
- + -

=
0

2

2

3 2
104 1

1

19

Þ 2
1

2

3 2
104

1

1

190 0
lim lim

x x xa x

x

e® ®
- +

×
-

=

Þ 2
1

2

3
104

1
1

19
×

+
× =

a

Þ 2

3
104 1444

a + = Þ 2 4020a = Þ a

2010
1=

l Ex. 45 Evaluate lim log sin
sin

x
x x

® +
0

2 .

Sol. (1) Here, lim log sinsin
x

x x
® +0

2 =
® +
lim

log sin

logsinx

x

x0

2

–

–

¥
¥

é

ë
ê

ù

û
úform

=
×

×® +
lim

sin
cos

sin
cosx

x
x

x
x0

1

2
2 2

1
[using L’Hospital’s rule]

=

é

ë
ê

ù

û
ú

æ
èç

ö
ø÷

® +
lim

( )

sin( )
cos

sin
cos

x

x

x
x

x

x
x

0

2

2
2

= =
® +
lim

cos

cosx

x

x0

2
1

Q lim
sin

x

x

x®
=é

ëê
ù
ûú0

1
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l Ex. 46 Evaluate a b c, , and d, if

lim (

x
x ax x bx

® ¥
+ + + +4 3 2

3 2

– – – )x x cx x d4 3 2

2 3 4+ + = .

Sol. Here, lim (
x

x ax x bx
® ¥

+ + + +4 3 23 2

– – – )x x cx x d4 3 22 3 4+ + = [ –¥ ¥ form]

Rationalising

lim
( – ) ( ) ( – ) ( )

x

a x c x b x d

x ax x bx® ¥

+ + + + +

+ + + +

+

2 3 3 2

3 2

3 2

4 3 2

x x cx x d4 3 22 3

4

+ +

é

ë
ê
ê

ù

û
ú
ú

=

– –

Since, limit is finite, the degree of the numerator must be 2.
So, a – 2 0= , i.e. a = 2.

Þ lim
( ) ( – ) ( )

–

x

c x b x d

x ax x bx

x x c

® ¥

+ + + +

+ + + +

+ +

3 3 2

3 2

2

2

4 3 2

4 3 x x d2 3

4

+

é

ë
ê
ê

ù

û
ú
ú

=

–

On dividing numerator and denominator by x 2 , we get

lim
( ) ( – ) ( )

–
x

c b /x d /x

a

x x

b

x x x

® ¥

+ + + +

+ + + + + +

3 3 2

1
3 2

1
2

2

2 3 4

c

x x

d

x2 3 4

3+ –

= 4 Þ + =3

2
4

c

Þ c = 5

\ c = 5, a = 2

Hence, a = 2, c = 5 and b d, are any real numbers.

l Ex. 47 If x is a real number in [0, 1]. Find the value of

lim lim [ cos ( ! )]

m n

m n x
® ¥ ® ¥

+1
2 p .

Sol. If x is a real number in [0, 1], then we have two cases
either.

Case I x QÎ [rational number]

As x QÎ , we have x = 0
1

2

1

3

1

4
1, , , , ...,

which shows ( ! )n xp is integral multiple of p for large
values of n.

\ cos ( ! )n xp = ± 1

Thus, lim lim [ cos ( ! )]
m n

m n x
® ¥ ® ¥

+1 2 p = +
® ¥ ® ¥

lim lim ( )
m n

1 1 = 2

Case II x QÏ [irrational number]

As x QÏ , we have x = 1

2

1

3

1

5
, , , ...

which shows ( ! )n xp is not an integral multiple of p and so,

cos ( ! )n xp will lie between –1 and +1.

Thus, lim lim [ cos ( ! )]
m n

m n x
® ¥ ® ¥

+1 2 p

= +
® ¥ ® ¥

lim lim [
m n

1 (a value between - +1 1 2and ) ]m

= + =
® ¥

lim [ ]
n

1 0 1 [as 0 1 0< < Þ =¥x x ]

Thus, lim lim [ cos ( ! )]
,

,m n

m n x
x Q

x Q® ¥ ® ¥
+ =

Î
Ï

1
2

1

2 p ì
í
î

l Ex. 48 If a
1

1= and a
a

a
n

n

n
+ = +

+1

4 3

3 2

, n ³1 , show that

a an n+ +>
2 1

and if an has a limit l as n ® ¥, then evaluate

lim .

n
na

® ¥

Sol Here, a1 1=

\ a2
4 3

3 2

7

5
1= +

+
= >

\ a a2 1>
Assuming a an n+ >1

\ a a
a

a

a

a
n n

n

n

n

n
+ +

+

+
=

+
+

+
+2 1

1

1

4 3

3 2

4 3

3 2
– –

=
+ + + +

+ +
+ +

+

( ) ( ) – ( ) ( )

( ) ( )

4 3 3 2 4 3 3 2

3 2 3 2

1 1

1

a a a a

a a

n n n n

n n

=
+ +

>+

+

a a

a a

n n

n n

1

13 2 3 2
0

–

( ) ( )
[ ]Qa an n+ >1

\ a an n+ + >2 1 0–

Þ a an n+ +>2 1

whenever a an n+ >1 .

\ The sequence of values an is increasing and since a1 1= ,
an > 0, for all n.

Now, let l a a
n

n
n

n= =
® ¥ ® ¥

+lim lim 1

\ l
a

an

n

n

= +
+® ¥

lim
4 3

3 2

Þ l
l

l
= +

+
4 3

3 2
Q lim

n
na l

® ¥
=é

ëê
ù
ûú

Þ 3 2 4 32l l l+ = +

Þ l 2 2=

\ l = 2 [ – , ]neglecting asl l= >2 0

Subjective Type Questions



l Ex. 49 Let a a an1 2
, , ,K be sequence of real numbers

with a a an n n+ = + +
1

2

1 and a
0

0= . Prove that

lim

n

n

n –

a

® ¥

æ
èç

ö
ø÷

=
2

4

1 p
.

Sol. Here, a a an n n+ = + +1
21 , let an n= cot ( )a

Þ an n n+ = +1 cot ( ) ( )a acosec

Þ an
n

n
+ = +

1
1cos ( )

sin ( )

a
a

= = æ
èç

ö
ø÷

2 2

2 2 2 2

2cos ( )

sin ( ) cos ( )
cot

a
a a

an

n n

n/

/ /

Putting n = 1,a1 1= cot ( )a

and a a a1 0 0
21 1= + + =

Þ cot ( )a1 1= or a p
1

4
=

Again, a2
1

2 8
= æ

èç
ö
ø÷

= æ
èç

ö
ø÷

cot cot
a p

a3
2

22 4 2
= æ

èç
ö
ø÷

=
×

æ
èç

ö
ø÷

cot cot
a p

a4
3

32 4 2
= æ

èç
ö
ø÷

=
×

æ
èç

ö
ø÷

cot cot
a p

................................................

................................................

an n
=

×
æ
èç

ö
ø÷

cot ;
–

p
4 2 1

Hence,

lim lim

cot

lim
–

–

–n

n

n n

n

n x

a

® ¥ ® ¥

æ
èç

ö
ø÷

= ×
æ
èç

ö
ø÷

=
2

4 2

21

1

1

p

® æ
èç

ö
ø÷

0

1

4
tan

p
x

x

put
1

2 1n
x

–
=é

ëê
ù
ûú

\ lim
–n

n

n

a

® ¥

æ
èç

ö
ø÷

=
2

4
1 p

l Ex. 50 A square is inscribed in a circle of radius R, a

circle is inscribed in this square then a square in this circle

and so on, n times. Find the limit of the sum of areas of all

the squares as n ® ¥.

Sol. Let the side of a square, S1 be ‘a’ units.

Then, a R2 2= Þ R
a=
2

is radius of circle C1.

If a1 be the side of another square, then

a a1 2 = Þ a
a

1
2

=

a a2 12 = Þ a
a a

2
1

2 2
= = ×

................................................

................................................

So, sum of areas of all the squares,
S a a an = + + +2

1
2

2
2 . . . upto n terms

= + + +a
a a2

2 2

2 4
. . . upto n terms

= + + + +æ
èç

ö
ø÷

a n2 1
1

2

1

4

1

8
K upto terms =

ì

í
ï

î
ï

ü

ý
ï

þ
ï

a
n

2
1

1

2

1
1

2

–

–

= æ
èç

ö
ø÷

2 1
1

2

2a
n

–

\ lim lim –
n

n
n n

S a
® ¥ ® ¥

= æ
èç

ö
ø÷

2 1
1

2

2 = =2 42 2a R

as n
n

® ¥ Þ ®é
ëê

ù
ûú

1

2
0
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1. lim
sin ( cos (tan (sin )))

x

x

x® 0

2

2

p
is equal to

(a) p (b)
p
4

(c)
p
2

(d) None of these

2. lim
( )

ln ( )t

tt

t t®

- +
+ -0

1 1

1
is equal to

(a)
1

2
(b) - 1

2
(c) 2 (d) - 2

3. If I x x x
x

1
1 1= -

® ¥

- -lim (tan tan ) cosp and

I x x x
x

2
0

1 1= -
®

- -lim (tan tan ) cos ,p then ( , )I I1 2 is

(a) ( , )0 0

(b) ( , )0 1

(c) ( , )1 0

(d) None of the above

4. If f x( ) = 0 is a quadratic equation such that

f f( ) ( )- = =p p 0 and f
p p
2

3

4

2æ
èç

ö
ø÷

= - ,

then lim
( )

sin (sin )x

f x

x® - p
is equal to

(a) 0 (b) p
(c) 2p (d) None of these

5. lim
sin tan

sin tanx

x x

x x®

+ - -

+0

23 4

2

1 1 2
is equal to

(a) - 1 (b) 1

(c)
1

2
(d) - 1

2

6. If x
x

n
n

+ = +
1

1

2
and | | ,x 0 1< n ³ 0, then

lim
.. .n n

x

x x x x® ¥ +

-æ

è
ç
ç

ö

ø
÷
÷

1 0
2

1 2 3 1

is equal to

(a) - 1

(b) 1

(c) cos ( )- +1
0 1x

(d) cos ( )-1
0x

7. For n NÎ , let f x
x

xn ( ) tan ( sec )= +
2

1 ( sec )1 2+ x

( ). . .1 4+ sec x ( )1 2+ sec n x . Then, lim
( )

x

nf x

x® 0 2
is

(a) 0 (b) 2n

(c) 2 1n - (d) 2 1n +

8. Let f x( ) be a real valued function defined for all x ³ 1,

satisfying f ( )1 1= and f x
x f x

¢ =
+

( )
( ( ))

1
2

; then

lim ( )
x

f x
® ¥

(a) doesn’t exist

(b) exists and less than
p
4

(c) exists and less than 1
4

+ p

(d) exists and equal to 0

9. The quadratic equation whose roots are the minimum

value of sin sin2 1

2
q q- + and lim ( ) ( )

x
x x x

® ¥
+ + -1 2 is

(a) 3 7 3 02x x- + = (b) 8 14 3 02x x- + =
(c) x x2 7 3 0- + = (d) 2 7 3 02x x- + =

10. If x 1 3= and x
x

x
n Nn

n

n

+ =
+ +

" Î1
21 1

, , then

lim
x

n
nx

® ¥
2 equal to

(a)
3

2p
(b)

2

3p
(c)

2

3

p
(d)

3

2

p

11. lim
( )

, ( )
x a

x b a b

x a
a b

® -

- - -

-
>

2 2
is

(a)
1

4a
(b)

1

a a b-

(c)
1

2a a b-
(d)

1

4a a b-

12. lim (sin cos )
n

n n n

® ¥
+1 1 is equal to

(a) cot 1 (b) tan 1 (c) cos 1 (d) sin 1

13. The value of lim (sin tan )
/

x

x

x
x x

®

- --æ
èç

ö
ø÷0 3

1 1
2

2
2

equals

(a) e (b) e (c)
1

e
(d)

1

e

14. The value of lim cos
n

k

n n K

n

K

n® ¥ =

- æ
èç

ö
ø÷å 2

1

4

equals

(a)
1

4
4

1

16
4

1

16
sin cos+ -

(b)
1

4
4

1

16
4

1

16
sin cos- +

(c)
1

16
1 4( sin )-

(d)
1

16
1 4( cos )-

#L Single Option Correct Type QuestionsLimits Exercise 1 :



15. If lim
cos cos cos .. . cos

x

nx x x nx

x®

- × ×
0

3 4

2

1 2 3 4
has the

value equal to 10, the value of n is
(a) 6 (b) 7 (c) 8 (d) 9

16. lim
[ cot ]

,
/

/

z

z

z

x dx

x
dx

® ¥

-ò

ò +é
ëê

ù
ûú

1 2

1

1 2
1

1
where [ ]× denotes the greatest

integer function, equals
(a) 0 (b) 1

(c) cot 1 (d) not defined

17. If a and b are roots of x x2 1 2 0- - + =( cos )q q , where

0
2

< <q p
. Then, lim

q a b® +
+

æ
è
ç

ö
ø
÷

0

1 1
is

(a)
1

2
(b) - 2

(c) 2 (d) None of these

18. If f x f x
f x

( ) ( )
( )

= + +
+

æ
è
ç

ö
ø
÷

1

3
1

5

2
and f x( ) > 0, " Îx R,

then lim ( )
x

f x
®¥

is

(a) 0 (b)
2

5
(c)

5

2
(d) ¥

19. Let f R:( , )1 2 ® satisfies the inequality

cos ( )
( )

2 4 33

2

4 8

2

2
x

f x
x x

x

+ - < <
-

-
, " Îx (1, 2). Then,

lim ( )
x

f x
® -2

is

(a) 16 (b) -16

(c) 8 (d) doesn’t exist

20. Let f x( ) be polynomial of degree 4 with roots 1, 2, 3, 4

and leading coefficient 1 and g x( ) be the polynomial of

degree 4 with roots 1
1

2

1

3
, , and

1

4
with leading coefficient

1. Then, lim
( )

( )x

f x

g x®1
equals

(a)
1

24
(b) -24 (c)

1

12
(d) - 1

12

21. The value of lim
(cos sin )

sinx

x x

x®

- +
-p

4

54 2

1 2
is

(a) 2 (b) 3 5

(c) 5 2 (d) -5 2

22. If lim
( )

,
n

n

n n n

n

n x n®¥ +
×

- + × -
=3

2 3 3

1

31
where n NÎ , the

number of integer(s) in the range of ‘x’ is
(a) 3 (b) 4

(c) 5 (d) infinite

23. If f x

x
n n

( ) lim

tan

=
æ
èç

ö
ø÷

+
® ¥

-

1

3
2 51

2

p

, then the set of values

of x for which f x( ) ,= 0 is
(a) | |2 3x > (b) | |2 3x <
(c) | |2 3x ³ (d) | |2 3x £

24. The integer ‘n’ for which the

lim

cos cos cos

x

x x

n

x x e x e
x

x®

- - + -

0

2
3

2 is a finite

non-zero number, is
(a) 2 (b) 3

(c) 4 (d) None of these

25. If I
x

x

x

xx
1

0

1 1

= -
®

- -
lim

tan sin

and I
x

x

x

xx
2

0

1 1

= -
®

- -
lim

sin tan
,

where | | ,x < 1 which of the following statement is true?
(a) Neither I1 nor I 2 exist

(b) I1 exists and I 2 doesn’t exist

(c) I1 doesn’t exist and I 2 exists

(d) None of the above

26. The value of lim
log (sin )/x

x

x®

é
ëê

ù
ûú

p 2

2
is equal to

(a) 0 (b) 1

(c) -1 (d) doesn’t exist

27. The value of lim .. . ,
n

na a a® ¥
+æ

è
ç

ö
ø
÷ +æ

è
ç

ö
ø
÷ +æ

è
ç

ö
ø
÷1

1
1

1
1

1

1 2

where

a1 1= and a n a nn n= + " ³( ),–1 21 , is

(a) e (b)
e

2

(c) 2e (d) 3e

28. If f x y f x f y( ) ( ) ( )+ = + for all x y R, Î and f ( )1 1= ,

then lim
–

(sin )

(tan ) (sin )

x

f x f x

x f x® 0 2

2 2
equals

(a) log 2 (b) log 4 (c) log 2 (d) log 8

29. The value of lim ( )–

n

nn n n n
® ¥

+ +æ
èç

ö
ø÷

+æ
èç

ö
ø÷

é

ë
ê

2

1
1

2

1

22

. . .
–

n
n

n

+æ
èç

ö
ø÷
ù

û
ú

1

2 1
is

(a) e

(b) e 2

(c) e 3

(d) e 4
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30. If f x

x

x
x

x

( )

sin [ ]

[ ]
, [ ]

, [ ]

=
¹

=

ì
í
ï

îï

for

for

0

0 0

, where [ ]x denotes the

greatest integer less than or equal to x, then

lim ( )
x

f x
® 0

equals

(a) 1 (b) 0

(c) -1 (d) doesn’t exist

31. Let f x
x x x

x x x
( )

| – – |

– –
= +

+

3 2

3 2

6 11 6

6 11 6
, then the number of

solutions of ‘a’,  where lim ( )
x a

f x
®

doesn’t exist is
(a) 3 (b) 2 (c) 1 (d) 4

32. Let the rth term, t r of a series is given by

t
r

r r
r =

+ +1 2 4
. The value of lim

n
r

r

n

t
® ¥ =

å
1

is

(a) 2 (b)
1

2
(c) 1 (d)

1

4

33. The value of lim cot

–
–

n
r

n r r
r

® ¥ =

+æ

è

ç
ç
ç

ö

ø

÷
÷
÷

å 1

3

1

1

2
is

(a) p (b)
p
4

(c)
p
2

(d) p

34. Let (tan ) (sin )a a ax y+ = and

( ) (cos )a a acosec x y+ = 1 be two variable straight
lines, a being the parameter. Let P be the point of
intersection of the lines. In the limiting position, when
a ® 0, the point of intersection of straight lines is
(a) ( , )2 1- (b) ( , )2 1

(c) ( , )-2 1 (d) ( , )- -2 1

35. The polynomial of least degree, such that

lim
( )

x

/x
x f x

x
e

®
+ +æ

è
ç

ö

ø
÷ =

0

2

2

1

21 is

(a) x 2 (b) x x3 22+
(c) - +x x2 32 (d) None of these

36. Let [ ] represents the greatest integer function less than

or equal to x. The value of lim
sin tan

x

n x

x

n x

x®

é
ëê

ù
ûú

+ é
ëê

ù
ûú

æ
è
ç

ö
ø
÷

0

is
(a) n + 1 (b) 2n

(c) n - 1 (d) 2 1n -

37. The value of lim [ – ]
x a

x x
®

+ +2 1 , where a Îé
ëê

ù
ûú

0
1

2
, and

[ × ] denotes the greatest integer function is
(a) 1 (b) 2
(c) 3 (d) 4

38. The value of

lim

– (tan – sin )

(tan – sin )

(tan sin )

.

x

x x

x x

x x

® +

+ +
+

-
+

0

1

..

– .. .

¥

+ + + + ¥1 3 3 3x x x

is

(a)
1

2
(b)

1

4

(c)
1

8
(d) 1

39. The value of

lim
cos ( – cos ( – cos ( . . . cos )). . . )

sin
(q

q
p q® +0

2 2 2 21 1 1

4 – )2

q
æ

è
çç

ö

ø
÷÷

is

(a) 2 (b) 2

(c)
1

2
(d)

1

2

40. The value of lim
n

na
® ¥

when a an n+ = +1 2 ,

n = 1 2 3, , , K is
(a) 1 (b) 2
(c) 3 (d) 4

41. If lim tan
x

x
x

x
y y

® ¥

-- +
+

æ
è
ç

ö
ø
÷ = + +4

4

1

2
4 51 2p

, then y can

be equal to
(a) 1 (b) - 1

(c) - 4 (d) - 3

42. lim
cos ( )

( )x x

x

x®

-
-0

2

3

1

4 1
is equal to

(a)
1

2
2ln (b) ln2

(c) ln4 (d) 1
1

2 4

2

-
æ
è
ç

ö
ø
÷ln

e
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43. If f x e x( ) [cot ]= , where [ ]y represents the greatest

integer less than or equal to y, then

(a) lim ( )

x

f x

®
+

=
p
2

1 (b) lim ( )

x

f x
e

®
+

=
p
2

1

(c) lim ( )

x

f x
e

®
-

=
p
2

1
(d) lim ( )

x

f x

®
-

=
p
2

1

44. lim
sin

x
m

x

x®

é
ëê

ù
ûú0

is equal to (where m IÎ and [ × ] denotes

greatest integer function)

(a) m, if m < 0

(b) m - 1, if m > 0

(c) m - 1, if m < 0

(d) m, if m > 0

45. If lim ( ) /

x

xax bx e
®

+ + =
0

2 2 31 , then

(a) a b= =3 0, (b) a b= =3

2
1,

(c) a b= =3

2
4, (d) a b= =2 3,

46. The graph of the function y f x= ( ) is shown in the

adjacent figure, then correct statement is

(a) lim ( )
x

f x
® +

=
0

1 (b) lim ( )
x

f x
®

=
1

2

(c) lim ( )
x

f x
®

=
3

does not exist (d) lim ( )
x

f x
®

=
4

4

47. For lim

cot

x

x

x®

- æ
èç

ö
ø÷

0

1 1

(a) RHL exists (b) LHL does not exist

(c) limit does not exist as RHL is 1 and LHL is -1

(d) limit does not exist as RHL and LHL both are non-existent

48. If l
x

xx

x

= +
-

æ
è
ç

ö
ø
÷

®¥
lim

1

1
, the value of { }l and [ ]l are

(a) 7 (b) 7 2-e (c) -7 (d) e 2 7-

49. If f x

x

x
x

x

( )

sin [ ]

[ ]
,[ ]

, [ ]

=
¹

=

ì
í
ï

îï

0

0 0

,

where [×] denotes the greatest integer less than or equal
to x, then

(a) lim ( ) sin
x

f x
® -

=
0

1

(b) lim ( )
x

f x
® +

=
0

0

(c) limit does not exist at x =0

(d) limit exists at x =0

50. lim ( )
x c

f x
®

does not exist when

(a) f x x x( ) [[ ]] [ ]= - -2 1 , c =3 (b) f x x x( ) [ ]= - , c =1

(c) f x x x( ) { } { }= - -2 2, c =0 (d) f x
x

x
( )

tan(sgn )

(sgn )
= , c =0

(where [ ]× and { }× denotes greatest integer and fractional
part of x)

51. Identify the correct statement.

(a) lim
n r

n

r®¥ =

é
ëê

ù
ûú

=S
1

1

2
1

(b) If f x x x( ) ( ) { }= -1 , where [ ]× and { }× denotes greatest integer

function and fractional part of x respectively, the limit of

f x( ) does not exist at x =1

(c) lim
tan

x

x

x® +

é
ëê

ù
ûú

=
0

1

(d) lim
tan

x

x

x® +

é
ëê

ù
ûú

=
0

1

52. For a > 0, let l
a a

x xx

x x

= -
-®

lim
cot cos

cot cos

p
2

and

m x ax x ax
x

= + - -
®-¥
lim ( )2 2 , then

(a) l m> , for all a >0 (b) l m> , only when a ³1

(c) l m> , for all a e a> - (d) e ml + =0

53. Consider the function f x
ax

bx

x

( ) = +
+

æ
è
ç

ö
ø
÷

1

2
, where a, b > 0 ,

the lim ( )
x

f x
®¥

is

(a) exists for all values of a and b

(b) zero for a b<
(c) non-existent for a b>
(d) e a-( / )1 or e b-( / )1 , if a b=

54. If f x
x x

x

x

( )
cos

= × -
-
2

1
and g x x

x
( ) sin

log= × æ
èç

ö
ø÷

2
2

2
, then

(a) lim ( ) log
x

f x
®

=
0

2 (b) lim ( ) log
x

g x
®¥

= 4

(c) lim ( ) log
x

f x
®

=
0

4 (d) lim ( ) log
x

g x
®¥

= 2

55. If lim
x

x cx x

x x
l

®

+ + +
- +

=
3

3 2

2

5 12

7 12
(finite real number), then

(a) l = 4 (b) c = - 6
(c) c = 4 (d) x RÎ
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Passage I (Q. Nos. 56 to 58)

If lim ( )
x a

f x
®

= 1 and lim ( )
x a

g x
®

= ¥,then

lim { ( )} ( )
lim ( ( ) ) ( )

x a

g x
f x g x

f x e x a

®

- ´
= ®

1

.

56. lim
sin

sin

sin

x

x

x xx

x®

-æ
èç

ö
ø÷0

is equal to

(a) 1/e (b) - 1/e

(c) e (d) - e

57. lim
cos

x

xx x

x®

- +æ
èç

ö
ø÷0

1

1
is equal to

(a) e1 2/ (b) e-1 2/ (c) e1 (d)
1

e

58. lim
x

x x x xa b c

®

+ +æ

è
ç

ö

ø
÷

0

2

3
is equal to

(a) a b c2 3 2 3 2 3/ / /+ + (b) abc

(c) ( ) /abc 2 3 (d) 1

Passage II (Q. Nos. 59 to 61)

Let f x
x

nn

n

( ) lim cos=
æ
è
ç

ö
ø
÷

® ¥
, g x x x e

n

n n( ) lim ( – )= +
® ¥

1 .

Now, consider the function y h x= ( ), where

h x g f x( ) tan ( ( ))= - - -1 1 1 .

59. lim
ln ( ( ))

ln ( ( ))x

f x

g x® 0
is equal to

(a)
1

2
(b) - 1

2

(c) 0 (d) 1

60. Domain of the function y h x= ( ) is

(a) ( , )0 ¥ (b) R

(c) ( , )0 1 (d) [ , ]0 1

61. Range of the function y h x= ( ) is

(a) 0
2

,
pæ

èç
ö
ø÷ (b) -æ

èç
ö
ø÷

p
2

0,

(c) R (d) -æ
èç

ö
ø÷

p p
2 2

,

Passage III (Q. Nos. 62 to 63)

Let K1 = Total number of ways of selecting of ball from a bag

which contains n balls of first colour, ( )n + 1 balls of second colour,

( )n + 2 balls of third colour, …, ( )2 1n - balls of n colour.

K 2 = number of n-digit numbers using the digits 1, 2, 3, …, n and

K 3 = number of ways of arranging ( )n + 1 objects on a circle.

62. The value of lim

/

n

n
K

K® ¥

æ
è
ç

ö
ø
÷1

2

1

is

(a) e 2 (b) log 4 1- (c)
4

e
(d)

1

e

63. The value of lim
n

K

K K® ¥ +
æ
è
ç

ö
ø
÷1

2 3

is

(a) e (b) 1

(c) 0 (d) does not exist

Passage IV (Q. Nos. 64 to 65)

Let f N R: ® and g N R: ® be two functions and

f g( ) . , ( ) . ;1 0 8 1 06= = f n f n g n g n( ) ( ) cos( ( )) ( )+ = -1 sin( ( ))g n

and g n f n g n( ) ( ) sin( ( ))+ =1 + g n g n( )cos( ( )) for n ³ 1.

64. lim ( )
n

f n
®¥

is equal to

(a) -1 (b) 0

(c) 1 (d) does not exist

65. lim ( )
n

g n
®¥

is equal to

(a) -1 (b) 0

(c) 1 (d) does not exist

Passage V (Q. Nos. 66 to 68)

A circular arc of radius 1 subtends an angle of x radian as shown

in figure. The centre of the circle is O and the point C is the

intersection of two tangent lines at A and B. Let T x( ) be the area

of DABC and S x( ) be the area of shaded region.

66. lim
( )

x

T x

x® 0 3
is

(a)
1

2
(b)

1

3
(c)

1

4
(d)

1

8

67. lim
( )

x

S x

x® 0
is

(a) 0 (b)
1

2
(c) 1 (d) None of these

68. lim
( )

( )x

T x

S x® 0
is

(a)
1

4
(b)

3

4
(c)

3

2
(d) 0

B

C

A

O

x

Passage Based QuestionsLimits Exercise 3 :



69. Match the statements of Column I with values of Column II.

Column I Column II

(A) lim tan (tan )

x

x

®

-
+p
2

1 (p) 0

(B) lim
n r

r

n

® ¥ =
å

é

ë
ê
ê

ù

û
ú
ú

1

21

([ × ] denotes the

greatest integer function)

(q) Doesn’t exist

(C) lim
x

x

x® ¥

-

+
æ
è
ç

ö
ø
÷sec 1

1

(r) - p
2

(D) lim
cos

( sin ) /
x

x

x® -p
2

2 31

(s) p
2

70. A right angled triangle has legs 1 and x. The hypotenuse
is y and the angle opposite to the side x is q. Shown as

Match the column.

Column I Column II

(A) lim ( )
q p®

-
2

y x (p) 0

(B) lim ( )
q p®

-
2

y x (q) 1

2

(C) lim ( )
q p®

-
2

2 2
y x (r) 1

(D) lim ( )
q p®

-
2

3 3
y x (s) ¥

71. Match the column.

Column I Column II

(A)
lim

cos

x x x

x

e e x®

-

- +0

1 2
2

equals
(p) 1

(B) If the value of lim
( / )

( / )

/

x

x
x

x® +

+
-

æ
è
ç

ö
ø
÷

0

1
3 1

3 1
can be

expressed in the form of e
p q/ , where p and

q are relative prime, then ( )p q+ is equal to

(q) 2

(C) lim
tan tan

x

x x

x®

-
0

3 3

5
equals

(r) 4

(D) lim
sin

sin sinx

x x

x x x x®

+

+ + - - +0 2 2

2

2 1 1

equals

(s) 5

72. Match the column.

Column I Column II

(A) lim cos ( ( )),
n

n n n n
® ¥

+ + -2 3 23 2p

where n is an integer, equals

(p) 1

2

(B) lim sin ( ) ( )
n

n n n N
® ¥

+ Î2 1 2p

equals

(q) 1

4

(C) lim ( ) sin ( . )
n

n
n n

® ¥
- + +1 0 5 12p

sin
( )n

n

+æ
èç

ö
ø÷

1

4

p
is (where n NÎ )

(r) p

(D) If lim
x

x
x a

x a
e

® ¥

+
-

æ
è
ç

ö
ø
÷ = , where a is some

real constant, the value of a is equal to

(s) non

-existent

73. Let L x x x
xx

= + × æ
èç

ö
ø÷

æ
è
ç

ö
ø
÷

® ¥
lim log log sin ,2

1
then the

value of -æ
èç

ö
ø÷

2

L
is ………… .

74. For n NÎ , let xn be defined as 1
1+æ

èç
ö
ø÷

=
+

n
e

n xn( )

, then

2 lim ( )
n

nx
® ¥

equals ………… .

75. Let f n n( ) = +é
ëê

ù
ûú

1

2
, where [ ]× denotes greatest integer

function, " În N .

Then,
n

f n f n

n
=

¥ -

å +

1

2 2

2

( ) ( )

is equal to ……… .
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76. If the arithmetic  mean of the product of all distinct pairs

of positive integers whose sum is n, is Sn , then lim
n n

n

S® ¥

2

must equal to ………… .

77. If k
n

n n n n
n

=
- -+ +

=

¥

å 6

3 2 3 21 1
1 ( )( )

, the value of k is ………… .

78. The value of lim
tan – sin {tan (tan )}

tan cos (tan )

–

x

x x

x x® +p
2

1

2
is ……… .

79. The figure shows two regions in the first quadrant. A(t)

is the area under the curve y x= sin 2 from 0 to t and

B t( ) is the area of the triangle with vertices 0, P and

M t( , )0 . If lim
( )

( )t

A t

B t® 0
= m

n
, then ( )m n+ is ………… .

80. If the two lines AB
x

x
dx x y t

t
:

sin +æ
èç

ö
ø÷

æ
èç

ö
ø÷

+ =ò 1 3
0

2
and

AC tx y: 2 0+ = intersect at a point A, the x-coordinate of

a point A as t ® 0, is equal to
p

q
(p and q are in their

lowest form), the ( )p q+ is ………… .

81. Consider a parabola y
x=

2

4
and the point F( , )0 1 . Let

A x y A x y A x y1 1 1 2 2 2 3 3 3( , ), ( , ), ( , ), K, A x yn n n( , ) are
‘n’ points on the parabola such that xk > 0 and

Ð = =OFA
k

n
k nk

p
2

1 2( , , , )K . If the value of

lim ,
n

k

n

k
n

FA
m

® ¥ =
× =å1

1 p
then m is ………… .

82. If L
x

x
x

=
-

®

-

+
lim

cos (tan (tan ))

/p p
2

1

2
, then cos ( )2 p L is ……… .

83. Number of solutions of the equation cosecq = k

in [0, p], where k
r

rn r

n

= -
+

æ

è
ç

ö

ø
÷

®¥ =
lim P

2

3

3

1

1
, is ………… .

84. If C satisfies the equation

lim
x

x
x c

x c® ¥

+
-

æ
è
ç

ö
ø
÷ = 4, then

e c

2
is ……... .

85. If lim

( ) sin

x

x x
x

x

x x x
k

® -¥

+ × æ
èç

ö
ø÷

+ +

+ + +
=

3 2
1

5

1

4 2 3

3 2
, then

k

2
is

……........ .

86. If f x
x x

tt
( ) lim tan= × æ

èç
ö
ø÷

é

ë
ê

ù

û
ú®

-

0

1

2

2

p
, then f ( )1 is ……...... .

87. The value of lim
n n n n n®¥

+
+

+ ¼ +
+

æ

è
ç
ç

ö

ø
÷
÷

1 1

1

1

22 2 2
is

88. If l
x

x=
®

-
+

-
lim

1

22

1

1
and m

x x x

xx

= -
-® +

lim
sin ( [ ])

1 1
(where

[×] denotes greatest integer function). Then, ( )l m+ is …… .

89. The value of lim
sin tan

x

x x

x®

×é
ëê

ù
ûú0 2

is …….......

(where [×] denotes greatest integer function).

90. If lim
( ) ( )n r

n kr

r r®¥ = ´ ´ ´ ¼ ´ - ´ +
=S

1 1 3 5 2 1 2 1
1, then k 2 is

……...... .

91. If f x x x x
n n

n( ) lim sin sin sin ( )= + + ¼+ ×
®¥

4 4 41

4
2

1

4
2 and

g x( ) is a differentiable function satisfying g x f x( ) ( )+ = 1,

then the maximum value of ( ( ) ( ))f x g x+ 4 is ……...... .

92. If f x y z f x f y f z( ) ( ) ( ) ( )+ + = + + with f ( )1 1= and

f ( )2 2= and x, y, z ÎR, the value of lim
( ) ( )

n r

n r f r

n®¥ =1
S 4 3

3
is ….

93. If lim
( )n

n

n n n

n

n x n®¥ +
×

× - + × -
=3

1 3 3

1

31
, the number of the

integral values of x is ............ .

94. The value of

lim ((( )( )( )( )( )) )/

x
x x x x x x

® ¥
- - + + + -1 2 3 10 15 1 5 is ...... .

95. If lim ([ ( )] ){ ( )}
x

f x x f x k
® ¥

+ =2 , where f x
x

x
( )

tan= and [ ]×

, { }× denotes greatest integer and fractional part of x

respectively, the value of [ / ]k e is ............. .

96. The value of lim {( ) }
n

n

® ¥
+3 1 2 is ......... (where { }× denotes

fractional part of x).

97. If f x( ) is a polynomial of degree 4, having extremum at

x = 1 2, and lim
( )

x

f x

x®
+æ

èç
ö
ø÷

=
0 2

1 2 .

Then, f ( )2 is ............ .
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Y
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98. If a is the number of solutions of | | log( [ ])x x x= - ,

(where [ ]× denotes greatest integer function) and

lim
sin

x

axx e b x

x®

-
a 3

is finite, the value of ( )a b+ is

99. Suppose x x x1
1

2 32= > > > ¼-tan are the real

numbers satisfying sin ( ) sin( )x x xn n
n

n+
- +- + ×1

12

× =+sin xn 1 0 for all n > 1 and l x
n

n=
® ¥

lim , the value of
[ ]4l is ........ (where [ ]× denotes greatest integer function).

(i) JEE Advanced & IIT-JEE

100. Let a b, ÎR be such that lim
sin ( )

sinx

x x

x x® -
=

0

2

1
b

a
. Then,

6 ( )a b+ equals [Integer Answer Type, 2016 Adv]

101. Let m and n be two positive integers greater than 1. If

lim
cos ( )

a

a

a®

-æ

è
ç
ç

ö

ø
÷
÷ = - æ

èç
ö
ø÷0 2

e e e
n

m
, then the value of

m

n
is

[Integer Answer Type, 2015 Adv]

102. Let f R R: ® be a continuous odd function, which

vanishes exactly at one point and f ( )1
1

2
= .  Suppose that

F x f t dt
x

( ) ( )
–

= ò 1
for all x Î -[ , ]1 2

and G x t f f t dt
x

( ) | { ( )}|
–

= ò 1
for all x Î -[ , ]1 2 .

If lim
( )

( )x

F x

G x®
=

1

1

14
, then the value of f

1

2

æ
èç

ö
ø÷

is

[Integer Answer Type, 2015 Adv]

103. The largest value of the non-negative integer a for

which lim
sin( )

sin( )x

x

xax x a

x x®

-
-- + - +

+ - -
ì
í
î

ü
ý
þ

=
1

1

11

1 1

1

4
, is

[Integer Answer Type , 2014 Adv]

104. Let L

a a x
x

x
a

x
=

- - -
>

®
lim , .

0

2 2
2

4

4 0 If L is finite, then

[More than One Correct Option, 2009]

(a) a = 2 (b) a = 1

(c) L = 1

64
(d) L = 1

32
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Questions Asked in Previous 10 Years’ ExamsLimits Exercise 6 :

(ii) JEE Main & AIEEE

105. The lim
cot cos

( )x

x x

x®

-
-p p

2

32
equals

[2017 JEE Main]

(a)
1

4
(b)

1

24
(c)

1

16
(d)

1

8

106. Let p x
x

x= +
® +
lim ( tan ) /

0

2 1 21 , then log p is equal to

[2016 JEE Main]

(a) 2 (b) 1 (c)
1

2
(d)

1

4

107. lim
( )( )

/

n n

n
n n n

n® ¥

+ +é
ëê

ù
ûú

1 2 3
2

1
K

is equal to
[2016 JEE Main]

(a)
18

4e
(b)

27
2e

(c)
9
2e

(d) 3 3 2log -

108. lim
sin( cos )

x

x

x® 0

2

2

p
is equal to

[2014 JEE Main]

(a)
p
2

(b) 1 (c) -p (d) p

109. lim
( – cos )( cos )

tanx

x x

x x®

+
0

1 2 3

4
is equal to

[2013 JEE Main]

(a) 4 (b) 3 (c) 2 (d)
1

2

110. If lim
x

x x

x
ax b

® ¥

+ +
+

- -
æ

è
ç

ö

ø
÷ =

2 1

1
4, then

[2012 AIEEE]

(a) a b= =1 4, (b) a b= = -1 4,

(c) a b= = -2 3, (d) a b= =2 3,

111. Let a ( )a and b ( )a be the roots of the equation

( ) ( )1 1 1 13 2+ - - + -a x a x + + - =( )1 1 06 a , where

a > - 1. Then, lim ( )
a

a
® +0

a and lim ( )
a

a
® +0

b are
[2012 AIEEE]

(a) - 5

2
and 1 (b) - 1

2
and -1

(c) - 7

2
and 2 (d) - 9

2
and 3

112. If lim [ log ( )] sin
x

xx b b
®

+ + =
0

2

1

21 1 2 q, b > 0

and q p pÎ -( , ] , then the value of q is [2011 AIEEE]

(a) ± p
4

(b) ± p
3

(c) ± p
6

(d) ± p
2



113. For x > 0, lim (sin ) /
sin

x

x
x

x
x®

+ æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú0

1 1
is

[2006 AIEEE]

(a) 0 (b) – 1 (c) 1 (d) 2

114. lim
( ) ( )

( ) ( )h

f h h f

f h h f®

+ + -
- + -0

2

2

2 2 2

1 1
, given that f ¢ =( )2 6 and

f ¢ =( )1 4, [2003 AIEEE]

(a) does not exist (b) is equal to -3/2

(c) is equal to 3/2 (d) is equal to 3

115. If lim
{( ) tan } sin

x

a n nx x nx

x®

- - =
0 2

0, where n is

non-zero real number, then a is equal to [2003 AIEEE]

(a) 0 (b)
n

n

+ 1
(c) n (d) n

n
+ 1

116. The integer n for which lim
(cos ) (cos )

x

x

n

x x e

x®

- -
0

1
is a

finite non-zero number, is [2002 AIEEE]

(a) 1 (b) 2 (c) 3 (d) 4

117. Let f R R: ® be such that f f( ) ( )1 3 1 6= ¢ =and . Then,

lim
( )

( )

/

x

x
f x

f®

+é

ë
ê

ù

û
ú

0

1
1

1
equals

[2002 AIEEE]

(a) 1 (b) e

1

2 (c) e 2 (d) e 3

118. For x R
x

xx

x

Î -
+

æ
è
ç

ö
ø
÷

® ¥
, lim

3

2
is equal to

[2000 AIEEE]

(a) e (b) e-1

(c) e-5 (d) e 5
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1. lim
sin( sin tan (sin ))

x

x

x®

-
0

2

2

p p

=
®

lim
sin( sin tan(sin ))

sin tan (sin )

sin tan (s

x

x

x0

2

2

2p
p

p in )

tan (sin )

x

x2

æ
è
ç

ö
ø
÷

tan (sin )

sin

sin2

2

2

2

x

x

x

x

æ
è
ç

ö
ø
÷

æ
è
ç

ö
ø
÷ = p

2. lim
( )

ln( )t

tt

t t®

- +
+ -0

1 1

1
=

- +

+ -®
lim

( )

ln ( )t

tt

t
t t

t

0

2

2

1 1

1

= -

-
®

+
lim

/

(ln ( ))

t

t te

t0

1

2

1

1 2

= 2

3. I x x
x

1
1 1= -

® ¥

- -lim (tan tan )p

= -
+

æ
è
ç

ö
ø
÷ =

® ¥

-lim tan
( )

x

x

x

1
2

1

1
0

p
p

Þ I1 0= and I 2 0=

4. From given f x x( ) = -2 2p ,

lim
sin (sin )

lim
( )

sin sin (x x

x

x

h

h® - ® -

- = - + -
- +p p

p p p
p

2 2 2 2

)

= - +
-®

lim
sin (sin )h

h h

h0

22 p = -
- ´

=
®

lim
sin (sin )

sin

sinh

h

h

h

h

h

0

2
2

p p

5. Using approximations

L

x x

x xx
=

+

+®
lim

sin tan

sin tan0

2

2
3

2

4 =
+

+®
lim

x

x x

x x0

2

2
3

2

4

=
+æ

èç
ö
ø÷

+
=

®
lim

( )x

x
x

x x0

3

1

2

1

1

2

6. Let x x x0 1 2 22 2
= = =cos , cos , cosq q q

=
-
¼

æ

è
ç
ç

ö

ø
÷
÷ =

® ¥ + ® ¥
lim lim

sin

cos cos
n n n

x

x x x x

1

2

0
2

1 2 3 1

q
q q q

2 22 1
... cos

n +

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

=
×æ

è

ç
ç
ç

ö

ø

÷
÷
÷

=
® ¥

+
® ¥

lim

sin

cos

lim

sin

n

n

n

n

n

n

n

2
2

2

2

21

q

q

q

q

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

+

q
q

cos
2 1n

= = -q cos ( )1
0x

7. f x
x x

x
x xn( ) tan

cos

cos
( ) ( )= +æ

èç
ö
ø÷ + +

2

1
1 2 1 4sec sec

...( )1 2+ sec n x

= +æ
è
ç

ö
ø
÷ + +tan

cos

cos
( ) ... ( )x

x

x
x xn1 2

2
1 4 1 2sec sec

= + +tan ( ) ( )2 1 2 1 22x x xnsec secK

= + =-tan ( ) tan2 1 2 21n n nx x xsec

Now, lim
( )

lim
tan

x

n

x

n

n

n nf x

x

x

x® ®

- -= × =
0 0

1 1

2

2

2
2 2

8. As, f x¢ >( ) 0 Þ f x( ) is increasing.

So, for t f t> >1; ( ) 1

Now, f t
t f t t

¢ =
+

<
+

( )
( )

1 1

12 2

\ f x f t dt
dt

t

x x
( ) ( )= + ¢ < +

+ò ò1 1
11 1 2

Þ lim ( )
x

f x
dt

t® ¥

¥
< +

+ò1
1 21

Þ lim ( )
x

f x
® ¥

< +1
4

p

9. E = - + = -æ
èç

ö
ø÷ +sin sin sin2

2
1

2

1

2

1

4
q q q

Þ Minimum value is
1

4
.

Let K x x= + +( ) ( ),1 2 then K x
K x

K x

x

K x
- = -

+
= +

+

2 2 3 2

lim ( ) lim
x x

K x x
K

x

® ¥ ® ¥
- =

+

+

3
2

1

Þ lim
x

K

x® ¥
= 1

\ lim ( )
x

K x
® ¥

- = +
+

=3 0

1 1

3

2
lim

x

K

x® ¥
=é

ëê
ù
ûú

1

The required equation is x x2 7

4

3

8
0- + = ,

i.e. 8 14 3 02x x- + = .

10. Let xn n= tanq

Now, tanqn n
n

n

x
x

x
+ += =

+ +
1 1

21 1
=

+ +

tan

tan

q

q1 1 2
n

Þ tan
tanq q

qn
n

n
+ =

+1
1 sec

=
+

=sin

cos
tan

q
q

qn

n

n

1 2

Þ q q
n

n
+ =1

2
Þ q

q
n

n= - 1

2

Now, q p
1

3
= Þ q p

n n
=

× -3 2 1
Þ xn n

=
×

æ
èç

ö
ø÷tan

2

3 2

p

Þ lim lim

tan

n

n
n

n

n

n

x
® ¥ ® ¥

= ×
æ
èç

ö
ø÷

æ
èç

ö
ø÷

=2

2

3 2
1

2

2

3

p
p

11. L
x b a b

x b a b x ax a

= = - - -
- + -

´
-® -

lim
( ) ( )

( )

1
2 2

=
+ - + -® -

lim
( ) { }x a x a x b a b

1 =
-

1

4a a b

12. lim (sin cos ) sin lim ( cot )
n

n n n

n

n n

® ¥ ® ¥
+ = +1 1 1 1 1

= × = × =® ¥ ® ¥ ×sin sin si
lim

tan
lim

tan ln (tan )1 11

1

1 1e e
n n n n

n

n 1

Solutions



13. As, sin- = + + + +1
3 5

7

6

3

40

5

112
x x

x x
x L

and tan- = - + - +1
3 5 7

3 5 7
x x

x x x
L

\ lim (sin tan )
x x

x x
®

- --
0 3

1 12

= + + +
æ
è
ç

ö
ø
÷ - - + +

æ
è
ç

ö
ø
÷

é

ë
ê

®
lim

x x
x

x x
x

x x

0 3

3 5 3 52

6

3

40 3 5
L L

ê

ù

û
ú
ú

= æ
èç

ö
ø÷ + -æ

èç
ö
ø÷ +é

ëê
ù
ûú

=
®

lim
x x

x x
0 3

3 52 1

2

3

40

1

5
1L

\ lim (sin tan )
/

x

x

x
x x

®

- --é
ëê

ù
ûú0 3

1 1
2

2
2

[1¥ form]

= ®
- -- -

é

ë
ê

ù

û
ú×

e x x
x x

x
lim (sin tan )

0 3
1 1

2

2
1

2

= ®

+ + +
æ

è
ç
ç

ö

ø
÷
÷ - - + -

æ

è
ç
ç

ö

ø

e x x

x
x x

x
x x

lim
0 2

3 5 3 5

2
2

6

3

5 3 5
L L

÷
÷

é

ë
ê
ê

ù

û
ú
ú
-x

x

3

3

= ®
- +é

ëê
ù
ûúe x x

x xlim
0 5

52 1

4
higher powers of

= -e 1 2/ = 1

e

14. We have, S
n

k

n

k

nk

n

= × -æ
èç

ö
ø÷ × æ

èç
ö
ø÷

=
å1

1 4
1

cos

S x x dx= - ×ò ( ) cos1 4
0

1
= - ×æ

èç
ö
ø÷ + ò( )

sin
sin1

4

4

1

4
4

0

1

0

1
x

x
x dx

= + ×
-

0
1

4

1

4
4 0

1

( )
(cos )x = - -1

16
4 0(cos cos ) = -1

16
1 4( cos )

15. Let y x x x nxn= × ×cos cos cos cos2 3 43 4 K

log log cos log cos log cose y x x x= + +1

2
2

1

3
3

1

4
4

+ +... log cos
1

n
nx

On differentiating both sides, we get

1 1

2

2 2

2

1

3

3 3

3y
dy dx

x

x

x

x
× = × - + × -æ

è
ç

ö
ø
÷/

( sin )

cos

sin

cos
+ + -é

ë
ê

ù

û
ú...

( sin

cos

1

n

n nx

nx

\dy

dx
rx rxr

r

n

r

n

= × -
= =

Õ å(cos ) [ tan ( )]/1

2 2

...(i)

\ L

rx

xx

r

r

n

=

-

®

=
Õ

lim

[cos( )] /

0

1

2

2

1

=
- -

®
= =

Õ å
lim

(cos ) [ tan ( )]/

x

r

n

r

n

rx rx

x0

1 2

2 2

2
[using L’ Hospital’s rule]

= × + + +é
ëê

ù
ûú®

lim
tan tan tan

x

x x nx

x0

1

2

2 3 L

= + + + = + - =1

2
2 3

2

4
10

2

[ ]L n
n n

[given]

Þ ( )( )n n+ - =7 6 0 Þ n = 6

16. Here, lim
[cot ]

/

/

z

z

z

x dx

x
dx

®¥

-ò
ò +é

ëê
ù
ûú

1

1 2

1 2
1

1
=

× + ×

× + ×

ò ò
ò ò

1 0

2 1

1 2

1

1

1 2

1

1

dx dx

dx dx

z

z

/

cot

cot

/

As,

Q [cot ]- =1 1x , when 1 2 1/ cot< <x

and [cos ]- =1 0x , when cot1 < <x z

Þ lim lim
(cot //

cot

/

z z z

dx

dx dx®¥ ®¥

×

× + ×
= -ò

ò ò

1

2 1

1 11 2

1

1 2

1

1

2

2 1 1 2 1
0

)

( / ) ( )- + -
=

z

17. lim lim
q qa b

a b
ab® ®+ +

+æ
èç

ö
ø÷

= +
0 0

1 1 = =
® +
lim

sin

q

q
q0

2
2

18. Here, lim ( ) lim
x x

f x
®¥ ®¥

= 1

3
f x

f x
( )

( )
+ +

+
é

ë
ê

ù

û
ú1

5

2

Þ l l
l

= × +æ
èç

ö
ø÷

1

3

5 Þ l l2 21

3
5= +( )

Þ 2 52l = Þ l = 5

2

19. lim
cos ( )

x

x

® -

+ - = -
2

2 4 33

2
16 and lim ( )

x

x x

® -

-
= - = -

2

2 4 8

2
4 4 16

By Sandwich theorem, lim ( )
x

f x
® -

= -
2

16

20. As, f x( ) being polynomial having roots 1, 2, 3, 4 and leading

coefficient 1.

\ f x x x x x( ) ( ) ( ) ( ) ( )= - - - -1 2 3 4

Similarly, g x x x x x( ) ( )= - -æ
èç

ö
ø÷ -æ

èç
ö
ø÷ -æ

èç
ö
ø÷1

1

2

1

3

1

4

\ lim
( )

( )
lim

( ) ( ) ( ) ( )

( )
x x

f x

g x

x x x x

x x
® ®

= - - - -

- -1 1

1 2 3 4

1
1

2

æ
èç

ö
ø÷ -æ

èç
ö
ø÷ -æ

èç
ö
ø÷x x

1

3

1

4

= - - -
æ
èç

ö
ø÷

æ
èç

ö
ø÷

æ
èç

ö
ø÷

= -( ) ( ) ( )1 2 3

1

2

2

3

3

4

24

21. We have, lim
(cos sin )

sinx

x x

x®

- +
-p

4

54 2

1 2

= + -
+ -®

lim
[(cos sin ) ] ( )

( sin )

/ /

x

x x

xp
4

2 5 2 5 22

1 2 2
= + -

+ -®
lim

( sin ) ( )

( sin )

/ /

x

x

xp
4

5 2 5 21 2 2

1 2 2

Put y x= +1 2sin

= -
-®

lim
/ /

x

y

yp
4

5 2 5 22

2
= =

-5

2
2 5 2

5

2
1

( ) asx y® Þ ®é
ëê

ù
ûú

p
4

2

22. We have, lim
( )n

n

n n n

n

n x n®¥ +
×

- + × -
=3

2 3 3

1

31

Þ lim
n n

x

n

®¥ -æ
èç

ö
ø÷ + -

=1

2

3
3

1

1

3
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Y

π

1

z
X

0



For, limit to exists and is equal to
1

3
.

We must have, - < - <1
2

3
1

x
.

Þ - < - <3 2 3x Þ - < <1 5x , as x Îinteger

\ x Î { , , , , }0 1 2 3 4

Þ Number of integer solutions = 5.

23. Given, f x

x
n n

( ) lim

tan

=
æ
èç

ö
ø÷ +

® ¥ -

1

3
2 51

2

p

Now, f x( ) = 0, if and only if
3

2 11
2

p
tan-æ

èç
ö
ø÷ >x

Þ tan- >1 2
3

x
p

or tan- < -1 2
3

x
p

Þ 2 3x > or 2 3x < - Þ | |2 3x >

24. We have, lim
cos cos cos

x

x x

n

x x e x e
x

x®

- - + -

0

2
3

2

=
- - -

®
lim

(cos )(cos )

x

x

n

x x e
x

x0

3

1
2

=

- + - + -
æ
è
ç

ö
ø
÷

- + -

®
lim

! ! !
. . .

! !
. . .

x

x x x

x x

0

2 4 6

2 4

1
2 4 6

1

1
2 4

æ
è
ç

ö
ø
÷

- + + +
æ
è
ç

ö
ø
÷

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

-

1
1 2

22

3

x x

x

xn

! !
. . .

=

- + - +
æ
è
ç

ö
ø
÷

- - - - -

®
lim

! ! !
. . .

! !
.

x

x x x

x x
x x

0

2 4 6

2
3 5

2 4 6

3

2

5
. .

æ
è
ç

ö
ø
÷ - x

xn

3

2

=
+ + -

æ
è
ç

ö
ø
÷ -

®
lim

. . .

x n

x x x x

x0

3 4 5 3

2 2 12 2
=

+ -

®
lim

x n

x x x

x0

4 5 5

2 12 24

= a non-zero finit number, if n = 4.

25. We know that,
tan-

<
1

1
x

x
and

sin
,

-
> " Î

1

1
x

x
x R

\ tan sin- -
- <

1 1

0
x

x

x

x
and

sin tan- -
- >

1 1

0
x

x

x

x

Þ I1 doesn’t exist and I 2 exists.

26. Here, lim
[ / ]

log(sin )x

x

x® p
2

2

As, x ® p
2

Þ x

2 4
® p

, where
x

2 4
1® <p

for x ®
+p

2
or x ®

-p
2

\ x

2
0

é
ëê

ù
ûú

= , since 0
2 4

1< ®æ
èç

ö
ø÷ <x p

Þ lim
log sin

lim
/ /x x

x

x® ®

é
ëê

ù
ûú = =

p p2 2

2
0 0

27. We have, lim ...
n

n

n

a

a

a

a

a

a® ¥

+æ
èç

ö
ø÷

+æ
èç

ö
ø÷

+æ
èç

ö
ø÷

1

1

2

2

1 1 1

and a
a

n
n

n
– 1 1+ = …(i)

\ lim
n

na a a a

n a® ¥

+æ
èç

ö
ø÷

æ
èç

ö
ø÷

æ
èç

ö
ø÷ +

æ
è
ç

ö
ø
÷ ×2 3 4 1

2 3 4 1

1
K

1 2×a an...

=
+® ¥

+
lim

( ) !n

na

n

1

1
= +

® ¥
lim

!n

na

n

1
[using Eq. (i)]

= +
æ
è
ç

ö
ø
÷

® ¥
lim

! !n

n

n

a

n

1 = + +
æ
è
ç

ö
ø
÷

® ¥
lim

! ( – ) ! ( – ) !

–

n

n

n n

a

n

1 1

1 1

1
[using Eq. (i)]

= + + + + + +
æ
è
ç

ö
ø® ¥

lim
! ( – ) ! ( – ) !

...
( ) ! ! !n n n n

a1 1

1

1

2

1

2

1

1 1

1 ÷

[a1 =1, given]

= + + + + + +
æ
è
ç

ö
ø
÷

® ¥
lim

! ( – ) ! ( – ) !
...

( ) ! !n n n n

1 1

1

1

2

1

2

1

1

1

1

= e as e = + + + + ¥
é

ë
ê

ù

û
ú1

1

1

1

2

1

3! ! !
...

28. Here, f x y f x f y( ) ( ) ( )+ = +
f f f( ) ( ) ( )2 1 1 2= + =
f f f f( ) ( ) ( ) ( )3 1 2 1 2 3= + = + =

f f f f( ) ( ) ( ) ( )4 1 3 1 3 4= + = + =
MMMMMMMMMMMMMMMMMMMMMMMMMMMMMM

f x x( ) = ,  for all x RÎ
Þ f x x(tan ) tan ,= f x x(sin ) sin=

\ lim
–

(sin )
lim

–(tan ) (sin ) tan sin

x

f x f x

x

x x

x f x® ®
=

0 2 0

2 2 2 2

x x2 sin

= ×
×

´
®

lim
{ – }

sin

tan – sin

tan – s

sin tan – sin

x

x x x

x x

x x

x0 2

2 2 1

in x

= ´
ì
í
î

ü
®

lim
{ – }

tan – sin

tan – sin

sin

tan – sin

x

x x

x x

x x

x x0 2

2 1
ý
þ

´ 2sin x

= ´ ´
®

lim
–

tan – sin

– cos

cos

tan – sin
sin

x

x x
x

x x

x

x x0 2

2 1 1
2

= ´ ´
®

lim
–

tan – sin

sin

( )

tan – sin
sin

x

x x
x

x x

x/

x/0

2

2

2 1 2 2

4 2
2 ´ 1

cos x

= ´ ´ =log log2
1

2
1

1

2
2

29. We have, lim ( ) ...–
–

n

n

n

n

n n n n
® ¥

+ +æ
èç

ö
ø÷ +æ

èç
ö
ø÷

é
ëê

ù
ûú

2

1
1

2

1

2 1

=
+ +æ

èç
ö
ø÷ +æ

èç
ö
ø÷

é

ë

ê
ê
ê
ê

ù

û

ú
ú

® ¥
lim

( ) ...
–

n

n

n

n n n

n

1
1

2

1

2 1

ú
ú

n

= +æ
èç

ö
ø÷ ×

+æ

è

ç
ç
ç

ö

ø

÷
÷
÷

+æ

è

ç
ç

® ¥
lim ...

–

n

n

n

nn

n

n

n

n

n

1
1

2

1

2 1

ç

ö

ø

÷
÷
÷

n
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= +æ
èç

ö
ø÷ × +æ

èç
ö
ø÷ +æ

èç
ö
ø÷® ¥

lim ...
–n

n n

n

n

n n n
1

1
1

1

2
1

1

2 1
[1¥ form]

= +æ
èç

ö
ø÷ × +æ

èç
ö
ø÷ +æ

èç
ö
ø÷® ¥

lim ...
–n

n
n

nn n n
1

1
1

1

2
1

1

2

2

2

1

2

2

1

1

n

n

n–

–

×

= × × ¥e e e e/ / /
n1 1 2 1 4 1 2 1

...
–

K using lim
n

an
a

n
e

® ¥
+æ

èç
ö
ø÷ =

é

ë
ê
ê

ù

û
ú
ú

1
1

= + + +e / /( )1 1 2 1 4 K =e

1

1
1

2
–

= e 2

30. Here, limit can be calculated only after removing greatest
integral function (i.e. [ ]x ).

\ LHL at x = 0

= =
® ®
lim ( ) lim

sin [ ]

[ ]– –x x
f x

x

x0 0
=

®
lim

sin [ – ]

[ – ]h

h

h0

0

0

= =
®

lim
sin (– )

(– )
sin

h 0

1

1
1

[as – [ – ]1 0 0£ <h \ [ – ] –0 1h = , i.e. [ ]x ¹ 0]

Again, RHL at x = 0

= = =
® ®+ +
lim ( ) lim

x x
f x

0 0
0 0 as f x

x

x
x

x

( )

sin [ ]

[ ]
, [ ]

, [ ]

=
¹

=

ì
í
ï

îï

é

ë

ê
ê
ê

ù

û

ú
ú
ú

0

0 0

\ lim ( )
x

f x
® +

=
0

0

Here, 0 0 1£ + <[ ]h

\ [ ] ( )x f x= Þ =0 0

So, lim ( ) lim ( )
x x

f x f x
® ®- +

¹
0 0

. Thus, limit doesn’t exist.

31. We write, f x
x x x

x x x
( )

|( – ) ( – ) ( – )|

( – ) ( – ) ( – )
= 1 2 3

1 2 3

f x

x

x

x

x

( )

– ,

,

– ,

,

=

<
< <
< <

>

ì

í
ïï

î
ï
ï

1 1

1 1 2

1 2 3

1 3

[leaving x =1 2 3, , as denominator ¹0]

Using Wavy-curve method, as shown in figure

When x > 3, then
|( – ) ( – ) ( – )| ( – ) ( – ) ( – )x x x x x x1 2 3 1 2 3= +
When 2 3< <x , then
|( – ) ( – ) ( – )| – ( – ) ( – ) ( – )x x x x x x1 2 3 1 2 3=
When 1 2< <x , then
|( – ) ( – ) ( – )| ( – ) ( – ) ( – )x x x x x x1 2 3 1 2 3=+
When x < 1, then
|( – ) ( – ) ( – )| – ( – ) ( – ) ( – )x x x x x x1 2 3 1 2 3=

Thus, f x

x

x

x

x

( )

– ,

,

– ,

,

=

<
< <
< <

>

ì

í
ïï

î
ï
ï

1 1

1 1 2

1 2 3

1 3

Shows limit exists at all points except at x = 1 2 3, , .

Graphically, this is shown in given figure.

which shows limit doesn’t exist at x = 1 2, , 3.

32. Here, t
r

r r
r =

+ +1 2 4

=
+ +

æ
è
ç

ö
ø
÷ =

+
é

ë
ê

ù

û
ú

1

2

2

1 2

1

2

2

12 4 2 2 2 2

r

r r r

r

r r– ( ) –( )

=
+ + +

é

ë
ê

ù

û
ú

1

2

2

1 12 2

r

r r r r( )( – )

= + + +
+ + +

é

ë
ê

ù

û
ú

1

2

1 1

1 1

2 2

2 2

( )–( – )

( )( – )

r r r r

r r r r
[ ( )–( – )]Q 2 1 12 2r r r r r= + + +

=
+ + +

é

ë
ê

ù

û
ú

1

2

1

1

1

12 2r r r r–
– =

+ + +
é

ë
ê

ù

û
ú

1

2

1

1 1

1

1 1r r r r( – )
–

( )
...(i)

Thus, t
r r r r

r =
+ + +

æ
è
ç

ö
ø
÷

1

2

1

1 1

1

1 1( – )
–

( )

t1
1

2

1

1 0

1

1 2

1

2
1

1

3
=

+ +
æ
è
ç

ö
ø
÷ = æ

èç
ö
ø÷– –

t2
1

2

1

1 2

1

1 2 3

1

2

1

3

1

7
=

+ + ×
æ
è
ç

ö
ø
÷ = æ

èç
ö
ø÷– –

t3
1

2

1

7

1

13

1

2

1

7

1

13
= æ

èç
ö
ø÷ = æ

èç
ö
ø÷– –

....................................................

....................................................

t
n n n n

n =
+ + +

æ
è
ç

ö
ø
÷

1

2

1

1 1

1

1 1( – )
–

( )

\ lim –
( )n

r

r

n

t
n n® ¥ =

=
+ +

æ
è
ç

ö
ø
÷å 1

2
1

1

1 11

…(ii)

Hence, lim lim –
( )n

r
n

r

n

t
n n® ¥ ® ¥=

=
+ +

æ
è
ç

ö
ø
÷å 1

2
1

1

1 11

=
¥

æ
èç

ö
ø÷

1

2
1

1
–

\ lim
n

r

r

n

t
® ¥ =

=å 1

21

33. Here, lim cot
–

–

n
r

n r r
r

® ¥ =

+æ

è

ç
ç
ç

ö

ø

÷
÷
÷

å 1

3

1

1

2
=

+
æ
è
ç

ö
ø
÷

® ¥ ålim tan
–

–

n
r

n r

r r

1
2 4

2

1
=1

=
+ +

æ
è
ç

ö
ø
÷

® ¥ =
ålim tan

( – ) ( )

–

n
r

n r

r r r r

1
2 2

1

2

1
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= +
+ +

æ
è
ç

ö
ø
÷

® ¥ =
ålim tan

( )–( – )

( ) ( – )

–

n
r

n r r r r

r r r r

1
2 2

2 2
1 1

= +
® ¥ =

ålim {tan ( ) – tan ( – )}– –

n
r

n

r r r r1 2 1 2

1

= +
® ¥
lim [ tan – tan ) tan –tan )– – – –

n
( (

1 1 1 12 0 6 2 + (tan –tan )– –1 112 6

+ + +... { tan ( )– tan ( – )}]– –
(

1 2 1 2n n n n

= +
® ¥
lim {tan ( )– tan ( )}– –

n
n n1 2 1 0

= ¥tan ( )– tan ( )– –1 1 0 =
p
2

\ lim cot
–

n
r

n r r
r

® ¥

-

=

+æ

è

ç
ç
ç

ö

ø

÷
÷
÷

=å 1

3

1

1

2 2

p

34. Here, two straight lines (tan ) (sin )a a ax y+ = and

( cos ) (cos )a a aec x y+ = 1

have their point of intersection, as

x = a a a
a a

cos – sin

sin –
and y

x= a a
a

– tan

sin

\ When a ® 0, we obtain the point P .

i.e. lim lim
cos – sin

sin –a a

a a a
a a® ®

=
0 0

x
0

0
form

é
ëê

ù
ûú

= + -
®

lim
– sin cos cos

cos –a

a a a a
a0 1

[applying L’Hospital’s rule]

=

æ
èç

ö
ø÷

®
lim

sin cos

sin
a

a a a

a0 2

2
2 2

2
2

= = =
® ®

lim

tan

lim

tan
a a

a
a

a

a0 0

2

2

2

2

2

Again, as lim lim
– tan

sina a

a a
a® ®

=
0 0
y

x

=
æ
è
ç

ö
ø
÷

®
lim

sin
–

cosa

a
a a0

x =
® ®

lim
sin

– lim
cosa a

a
a a0 0

x

= 1 2– as lim
a ®

=é
ëê

ù
ûú0

2x

\ lim –
a ®

=
0

1y

Hence, in limiting position P ( , – )2 1 .

35. Here, lim
( )

x

/x
x f x

x®
+ +æ

è
ç

ö
ø
÷

0

2

2

1

1

Þ lim
( )

x

/x
x f x

x
L

®
+ +æ

è
ç

ö
ø
÷ =

0

2

2

1

1 (say)

exists only when

lim
( )

x

x f x

x®

+ =
0

2

2
0 [it converts to 1¥ form]

So, the least degree in f x( ) is of degree 2.

i.e. f x a x a x( ) ...= + +2
2

3
3

Now, lim
( )

x

/x
x f x

x®
+ +æ

è
ç

ö
ø
÷

0

2

2

1

1 = e 2

Þ e
x

x f x

x x
lim

( )

®

+æ

è
ç
ç

ö

ø
÷
÷×0

2

2

1

=e 2 Þ e x

x f x

x
lim

( )

®

+
0

2

3 =e 2

\ lim
( )

x

x f x

x®

+
0

2

3
= 2 Þ lim

...

x

x a x a x

x®

+ + +
0

2
2

2
3

3

3
= 2

Þa2 1= – ,a3 2= and a4 , a5 are any arbitrary constants. Since,
we want polynomial of least degree.

Hence, f x x x( ) –= +2 32

36. We know, n x n£ < +[ ] 1 Þ [ ]x n=

Here,
n x

x
n

sin ® , as x ® 0 but less than n.

Also,
n x

x
n

tan ® , as x ® 0 but more than n.

Thus, n
n x

x
n–

sin
1 < é

ëê
ù
ûú

< , as x ® 0

Þ n x

x
n

sin
–

é
ëê

ù
ûú

= 1

Again, n
n x

x
n£ é

ëê
ù
ûú

< +tan
1, as x ® 0

Þ n x

x
n

tané
ëê

ù
ûú

=

Thus, lim
sin tan

x

n x

x

n x

x®

é
ëê

ù
ûú

+ é
ëê

ù
ûú

æ
èç

ö
ø÷0

= +( – ) ( )n n1 =( – )2 1n

\ lim
sin tan

)
x

n x

x

n x

x
n

®

é
ëê

ù
ûú

+ é
ëê

ù
ûú

æ
èç

ö
ø÷

= -
0

2 1(

37. Here, lim [ – ]
x a

x x
®

+ +2 1 and we know, we could only

apply limit after defining greatest integral function.

Thus, finding range of [ – ]2 1x x+ + , when x Îé
ëê

ù
ûú

0
1

2
, .

i.e.  Let f x x x( ) –= + +2 1

For range f x
x x

¢ = +
+

æ

è
ç

ö

ø
÷( ) –

–

1

2

1

2

1

1

=
+

× +
æ

è
ç

ö

ø
÷

1

2

2 1

2 1

– –

–

x x

x x

Þ f x¢( ) will be the +ve for 2 1– x x> + .

Þ f x¢( ) will be the +ve for 2 1– x x> + .

Þ f x¢( ) will be the +ve for 2 1x < .

Þ x < 1

2

\ f x( ) will be increasing for x < ×1

2

\ f ( )0 2 1= +

Þ f /( )1 2 6=

which shows range of f x( ) is [ , ]1 2 6+ , when x Î é
ëê

ù
ûú

0
1

2
, .

\ [ – ]2 1 2x x+ + =

Þ lim [ – ]
x a

x x
®

+ +2 1 = =
®

lim
x a

2 2
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38. Let y = (tan – sin )
(tan – sin )

(tan – sin ) ...
x x

x x

x x
+

+ + ¥

Þ y x x y= +(tan – sin )

Þ y y x x2 0– –(tan – sin )=

Þ y
x x

=
+ +1 1 4

2

(tan – sin )
[as y > 0]  ...(i)

Again, let Z x x x= + + + ¥3 3 3 ...

Þ Z x Z= +3

Þ Z Z x2 3 0– – =

Þ Z
x

=
+ +1 1 4

2

3( )
[as Z > 0]  ...(ii)

\ lim
– (tan – sin ) (tan – sin ) ...

–x

x x x x

x x x® +

+ + + ¥

+ + + +0 3 3 3

1

1 ... ¥

=

+
+ +æ

è
ç

ö

ø
÷

+
+ +æ

è
ç
ç

ö® +
lim

–
(tan –sin )

–
x

x x

x0 3

1
1 1 4

2

1
1 1 4

2 ø
÷
÷

[from Eqs. (i) and (ii)]

=
+ +

+ +® +
lim

– (tan –sin )

–x

x x

x0 3

1 1 4

1 1 4

Rationalising numerator and denominator, we get

lim
(tan – sin )( )

( (tan –sin ) )x

x x x

x x x® +

+ +
+ +0

3

3

4 1 1 4

4 1 1 4

=

æ
è
ç

ö
ø
÷ + +

+ +® +
lim

sin

cos
–

sin
( )

( (tanx

x

x

x
x

x x0

3

3

1
1 1 4

1 1 4 –sin ) )x

= ×
+ +

+ +® +
lim

sin ( – cos )

cos

( )

( (tan –six

x x

x x

x

x0
3

3
1 1 1 4

1 1 4 n ) )x

= × × ×
+ +

+ +® +
lim

sin
sin

cos

( )

( (tax

x

x

x

x x

x

0

2

2

32
2

4

4

1 1 1 4

1 1 4 n –sin ) )x x

= × × × +
+

1
1

2
1

1 1

1 1

( )

( )
=

1

2

\ lim

– (tan – sin )

(tan – sin )

(tan – sin )

...

x

x x

x x

x x

® +

+ +
+

+ ¥

0

1

– ...1 3 3 3+ + + + ¥x x x

=1

2

39. Here, lim
cos ( – cos ( – cos ( ... cos ))... )

sin
( –q

q
p q® +0

2 2 2 21 1 1

4 2)

q
æ

è
ç

ö

ø
÷

=
+æ

è

®
lim

cos (sin (sin ... (sin )) ... )

sin
( – )q

q
p q

q

0

2 2 2 2

4 2
ç

ö

ø
÷

=
®

®

lim
cos (sin (sin ... (sin )) ... )

sin lim
(

q

q

q

p q
q q

0

2 2 2 2

0 + +
æ

è
ç

ö

ø
÷

4 2)

=
æ
èç

ö
ø÷

cos ( )

sin

2 0

4

p
= 2

40. Here, lim lim
n

n
n

na a
® ¥ ® ¥

+= 1.

So, let l a a
n

n
n

n= =
® ¥ ® ¥

+lim lim 1

\ l a a
n

n
n

n= = +
® ¥

+
® ¥

lim lim1 2

or l l= +2 Q lim
n

na l
® ¥

=é
ëê

ù
ûú

Þ l l2 2= + Þ l l2 2 0– – =

Þ ( ) ( )l l- + =2 1 0 Þ l = 2 1, –

\ lim
n

na
® ¥

= 2 or –1

Þ lim
n

na
® ¥

= 2 neglecting aslim – ,
n

n na a
® ¥

= >é
ëê

ù
ûú

1 0

41. lim

tan

x
x

x

x

x® ¥

-

+
æ
è
ç

ö
ø
÷

+
æ
è
ç

ö
ø
÷

´
+

=4

1

2 3

1

2 3

1

2 3
2

1

Þ y y2 4 5 2+ + =
Þ y = - -1 3, .

42. lim

sin

( )
ln l

x x

x x

x

x®

æ
è
ç

ö
ø
÷

×

æ
è
ç

ö
ø
÷

-
× = =

0

2
2 2 2

4

2
2

2

2

4 1

1

2
4 n 2 = -

æ
è
ç

ö
ø
÷1

1

2 4

2

ln
e

43. f x e x( ) ,[cot ]= as cot x is negative in the II quadrant and

cot
p
2

0= [cot ]x = - 1 Þ lim ( )

x

f x e
e

®

-
+

= =
p
2

1 1

As x x®
-p

2
, cot is positive (being in I quadrant) and hence

[cot ]x = 0 Þ lim ( )

x

f x e

®
-

= =
p
2

0 1

44. If m < 0, then for values of x sufficiently close to  0.

1
1

1+ < <
m

x

x

sin Þ m m
x

x
m+ > >1

sin

\ m
x

x
m

siné
ëê

ù
ûú

= Þ lim
sin

x
m

x

x
m

®

é
ëê

ù
ûú

=
0

If m > 0, then for values of x sufficiently close to 0, we can
have

1
1

1- < <
m

x

x

sin

\ m m
x

x
m- < <1

sin

\ lim
sin

x
m

x

x
m

®

é
ëê

ù
ûú

= -
0

1
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45. lim ( )
x

xax bx e
®

+ + =
0

2
2

31 Þ e ex x
ax bxlim ( )

® ¥
+

=
2

3

2

Þ e ea2 3=

Since, limit value does not involve b.

\ b can have any value. Thus, a b R= Î3

2
,

46. (a) lim ( )
x

f x
® +

=
0

1

(b) lim ( )
x

f x
®

=
1

2, as RHL = LHL = 2 (at x =1)

(c) lim ( )
x

f x
® -

®¥
3

and lim ( )
x

f x
® +

®-¥
3

\ lim ( )
x

f x
®3

does not exists.

(d) lim ( )
x

f x
®

=
4

0

47. RHL = = =
®

-

®

-

+ +
lim

cot ( / )
lim

tan

x x

x

x x0

1

0

11
1

LHL = = + =¥
®

-

®

-
lim

cot ( / )
lim

tan

x x

x

x

x

x0

1

0

11 p

\ RHL exists and LHL does not exists.

48. As, l
x

x xx

x

x

x

= +
-

æ
è
ç

ö
ø
÷ = +

-
æ
è
ç

ö
ø
÷

®¥ ®¥
lim lim

1

1
1

2

1
= =

® ¥
-e e

x x

x

lim
2

1 2

\ [ ]l =7 and { }l e= -2 7.

49. (a) lim ( ) lim
sin[ ]

[ ]x x

f x
x

x® ®- -
=

0 0
= -

-
=

®
lim

sin ( )

( )
sin

h 0

1

1
1

(b) lim ( ) lim[ ]
x h

f x h
® ®+

= + =
0 0

0 0

\ Limit does not exist at x =0.

50. (a) lim[[ ]] [ ]
x

x x
®

- -
3

2 1

RHL = + - + -
®

lim[[ ]] [ ]
h

h h
0

3 6 2 1 = - =-
®

lim
h 0

3 5 2

LHL = - - - -
®

lim[[ ]] [ ]
h

h h
0

3 6 2 1 = lim
h®

- =-
0
2 4 2

\ Limit exists.

(b) lim[ ]
x

x x
®

-
1

RHL = + - + = - - =
® ®

lim[ ] ( ) lim( )
h h

h h h
0 0

1 1 1 1 0

LHL = - - + = - + =-
® ®

lim[ ] ( ) lim
h h

h h h
0 0

1 1 0 1 1

\Limit does not exist.

(c) lim { } { }
x

x x
®

- -
0

2 2

RHL = - - = - - =-
® ®

lim{ } { } lim ( )
h h

h h h h
0

2 2

0

2 21 1

LHL = - - = - - =
® ®

lim { } { } lim( )
h h

h h h h
0

2 2

0

2 21 1

\ Limit does not exist.

(d) lim
tan(sgn )

sgnx

x

x®0
; RHL = =

®
lim

tan( )
tan

h 0

1

1
1

LHL = -
-

=
®

lim
tan( )

tan
h 0

1

1
1

\ Limit exists.

51. (a) lim
n n®¥

+ +¼+é
ëê

ù
ûú

1

2

1

2

1

22

=
-æ

èç
ö
ø÷

-

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

= -é
ë®¥ ®¥

lim lim
n

n

n n

1

2
1

1

2

1
1

2

1
1

2ê
ù
ûú

=0

(b) lim ( ) { }
n

x x
®¥

-1

RHL = + - +
®

lim( ) { }
h

h h
0

1 1 1 = =
®

lim ( )
h

h h
0

0

LHL = - - -
®

lim( ) { }
h

h h
0

1 1 1 = - - =
®

lim ( )
h

h h
0

1 0

\ lim( ) { }
x

x x
®

- =
1

1 0

(c) As,
tanx

x
>1

\ tanx

x

é
ëê

ù
ûú

®1, as x ® +0 Þ lim
tan

x

x

x® +

é
ëê

ù
ûú

=
0

1

(d) lim
tan

[ ]
x

x

x
h

® +

é
ëê

ù
ûú

= + =
0

1 1

52. Put x h= -p
2

l
a a

h hh

h h

= -
-®

lim
tan sin

tan sin

0
= -

-
=

®¥

-
lim

( )

tan sin
log

sin tan sin

h

h h h

e

a a

h h
a

1

and m x ax x ax
x

= + - -
®-¥
lim ( )2 2

= + - -

+ + -®-¥
lim

( ) ( )

x

x ax x ax

x ax x ax

2 2

2 2

=
+ + -

æ
è
ç

ö
ø
÷

=-
®-¥
lim

x

ax

x
a

x

a

x

a
2

1 1

53. f x
ax

bxx

x

( ) lim= + +
+

-
é

ë
ê

ù

û
ú®¥

1
1

2
1

= + - -
+

é

ë
ê

ù

û
ú®¥

lim
( )

x

x
a b x

bx
1

1

2
= ® ¥

- -
+

é

ë
ê

ù

û
ú

e x

x
a b x

bx
lim

( ) 1

2

When a b= , f x e ex

x

bx b( )
lim

= =® ¥
-

+ -
2

1

or e a
-1

.

When a b> , f x e( )= =¥¥ , does not exist.

When a b< , f x e( )= =-¥ 0.

54. lim ( ) lim
( )

sin /x x

x

f x
x

x® ®
= × -

0 0 2

2 1

2 2
=

×
× -

®
lim

sin
x

xx

x x0

2

2

2
1

4

2

2 1 = × =2 2 4log loge e

and lim sin (log / )
x

x x

®¥
×2 2 2 = ×

®¥
lim

sin (log / )

(log / )
log

x

x

x e

2 2

2 2
2 = loge 2

55. As, lim
x

x cx x

x x
l

® 2
+ + +

- +
=

3

3 2 5 12

7 12
. [finite]

\ 27 9 15 12 0+ + + =c

Þ 9 54 0c + = Þ c =-6

\ lim
x

x cx x

x x®

+ + +
- +3

3 2

2

5 12

7 12
= + +

-®
lim
x

x cx

x3

23 2 5

2 7
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= + +
-

= - +
-

27 6 5

9 7

27 36 5

1

c

\ c =-6 and l =4

56. lim
sin

sin
lim

sin

sinx x

x

x x

x

x
x

x

® ®-
=

-
= ¥

0 0
1

Hence, L e x

x

x

x

x x= ®
-æ

è
ç

ö
ø
÷

-
lim

sin sin

sin0
1

= ®

-

e x

x

x
lim

sin

0 = -e 1 = 1

e

57. lim
cos

lim
sin

x x

x x

x

x

x® ®

- + = - =
0 0

2

1
1

2
2 1

Hence, L e x

x x

x x= ®

- +
-

æ
è
ç

ö
ø
÷ ´lim

cos

0

1
1

1

= = =
®

-æ

è

ç
ç
ç
ç

ö

ø

÷
÷
÷
÷ - -e e e

x

x

x
lim

sin

/
0

2

2

2
2

2

4 1 2

58. L e
x

x x xa b c

x= ®

+ +
-

æ

è
ç
ç

ö

ø
÷
÷lim

0 3
1

2

= ®

-
+

-
+

-æ

è
ç
ç

ö

ø
÷
÷

e
x

x x xa

x

b

x

c

x
lim

0

1 1 1 2

3

=
+ +

e
a b c

2

3
(log log log )

= e
abc

2

3
log

= ( ) /abc 2 3

Sol. (Q. Nos. 59 to 61)

f x
x

n

x

nn

n

n
( ) lim cos lim cos=

æ
è
ç

ö
ø
÷ = + -

æ
è
ç

ö
ø
÷

æ

è
ç

ö

ø® ¥ ® ¥
1 1 ÷

n

= =® ¥

® ¥
-

æ

è
çç

ö

ø
÷÷

-

æ

è
çç

ö

ø
÷÷

e en

nx

n
n

x

n

lim cos

lim

sin

1

2

1

2

2 ×

æ

è
çç

ö

ø
÷÷

´
æ

è
çç

ö

ø
÷÷

n

x

n

x

n1

2

1

22

2

= = =

-

æ

è
çç

ö

ø
÷÷

- -® ¥
® ¥e e e

n

n

x

n

n

x n

n

x
2

1

2

1 2
1

4 1 2

2

lim
lim

/

/

y f x e xx= = ³-( ) ,/2 0, range = ( , ]0 1

Þ g x x x e
n

n n( ) lim ( )= - +
® ¥

1

= = " Î® ¥

-

e e x Rn

n

x
e

n x
lim

( )

/

/

,

1 1

1

Þ h x g f x( ) tan ( ( ( ))= - - -1 1 1

Let y f x2 = ( ) Þ y e x= - /2

- = Þ =x
y x

y2
2

1
ln ln

Þ = < £-f x
x

x1 2
1

0 1( ) ln , for

y g x ex= =( ) Þ x y g x x= =-ln , ( ) ln1

\ g
x x

- æ
èç

ö
ø÷ = æ

èç
ö
ø÷

æ
èç

ö
ø÷

1 2
1

2
1

ln ln ln , for 0 1< <x

\ h x
x

( ) tan ln ln= æ
èç

ö
ø÷

æ
èç

ö
ø÷

-1
2

1
, for 0 1< <x

59. lim
ln ( ( ))

ln ( ( ))
lim

/

x x

f x

g x

x

x® ®+
= - = -

0 0

2 1

2

60. Domain of h x( ) is (0, 1).

61. h x x x( ) tan (ln (ln / )),= < <-1 21 0 1for

1
1

2
< < ¥

x
Þ 0

1
2

< < ¥ln
x

Þ - ¥ < < ¥ln (ln ( / ))1 2x

\ Range of h x( ) is ( / , / ).- p p2 2

Sol. (Q. Nos. 62 to 63)

Here, K n n n n1 1 2 3 2= + + +( )( )( ) ... ( )

K n n n n2 = ´ ´ ´ ´
L

times = nn and K n3 = ( )!

62. L
K

K

n n n

n n nn

n

n
=

æ
èç

ö
ø÷

= + +
´ ´ ´®¥ ®¥

lim lim
( )( ) ( )

/

1

2

1
1 2 2K

K times

æ
è
ç

ö
ø
÷

1/n

Taking log on both sides, we get

log L
n

r

nn
r

n

= × +æ
èç

ö
ø÷®¥ =

ålim log
1

1
1

= + =ò log ( ) log( / )1 4
0

1
x dx e

\ L e= 4/

63. Also, M
K

K Kn
=

+®¥
lim 1

2 3

= + + +
+®¥

lim
( )( ) ( )

!n n

n n n n

n n

1 2 K

= + + +

+ × ×
×

é®¥
lim

(( / )( / ) ( / ))

n

n

n

n n n n n

n
n

n n n

1 1 1 2 1

1
1 2 3

K

K

Kë
ê

ù

û
ú

= 1

Sol. (Q. Nos. 64 to 65)

Here, f ( )1 0 8= × and g( )1 0 6= × Þ ( ( )) ( ( ))f g1 1 12 2+ =

\ Let f ( ) cos1 = a and g( ) sin1 = a, then

f f g g g( ) ( ) cos( ( )) ( )sin( ( ))2 1 1 1 1= -
= × - ×cos cos( ( )) sin sin( ( ))a ag g1 1 = +cos ( ( ))a g 1

Similarly, f n g g g n( ) cos ( ( ) ( ) ( ))+ = + + + +1 1 2a K ...(i)

Here, for all x Î( , )0 p
sinx x< -p Þ x x+ <sin p

Þ a p+ + + + <g g g n( ) ( ) ( )1 2 K

\ As n ® ¥, a p+ + + + ®g g g n( ) ( ) ( )1 2 K ...(ii)

64. lim ( ) lim cos( ( ) ( ) ( ))
n n

f n g g g n
®¥ ®¥

= + + + +a 1 2 K

= = -cosp 1

65. Similarly, g n g g g n( ) sin( ( ) ( ) ( ))= + + + + -a 1 2 1K

Again, g g( ) sin( ( ))2 1= +a
As, lim ( ) lim sin( ( ) ( ) ( ))

n n
g n g g g n

®¥ ®¥
= + + + + -a 1 2 1K

= =sin( )p 0 [using Eq. (ii)]

Sol. (Q. Nos. 66 to 68)

Here, T x
x x x

( ) sin tan cos= æ
èç

ö
ø÷ × æ

èç
ö
ø÷ × -æ

èç
ö
ø÷

æ
èç

ö
ø

1

2 2 2 2 2

p
÷ ´2
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π

π
sin x

y x= –π

0
X

Y



= æ
èç

ö
ø÷ × æ

èç
ö
ø÷sin tan2

2 2

x x

\ S x x x( ) ( ) ( sin )= × -1

2
1 2

66. lim
( )

lim
sin tan

x x

T x

x

x x

x® ®
=

×
=

0 3 0

2

3
2 2 1

8

67. lim
( )

lim
( sin )

x x

S x

x

x x

x® ®
= - =

0 0

1

2
0

68. lim
( )

( )
lim

sin ( / ) tan( / )

( sin )
x x

T x

S x

x x

x x
® ®

= ×

-0 0

2 2 2

1

2

= ×
-

=
®

lim
( sin )x

x

x x0

31

4

3

2

69. (A) lim tan (tan ) ,

x

x

®

-
+

= -
p

p

2

1

2
as lim (tan )

x

x

®
+

= - ¥
p
2

(B)
r

n

r n
=
å = -æ

èç
ö
ø÷ <

1

1

2
1

1

2
1, for all n NÎ .Thus, lim

n
r

n

r® =
å

é

ë
ê
ê

ù

û
ú
ú

=
0

1

1

2
0

(C) As x ® ¥,
x

x +
® -

1
1

and hence lim sec
x

x

x® ¥

-

+
æ
è
ç

ö
ø
÷1

1
doesn’t exist.

(D) Put
p q
2

- =x , then the given limit is

lim
sin

( cos )
lim

sin

sin
/

/ /q q

q
q

q
q® ®-

=
×0 2 3 0 2 3 4 31 2

2

=
×®

lim
sin cos

sin/ /q

q q

q0 2 3 4 3

2
2 2

2
2

=
®

2 2

2

1 2

0 1 3

/

/
lim

cos

sin

,
q

q

q

which doesn’t exist as for lim
q ® +0

limit is ¥ and for

lim
q ® +0

limit is - ¥.

70. Here, y = sec q and x = tanq

(A) lim ( ) lim ( sec tan )
q p q p

q q
® ®

- = -
2 2

y x

= -

®
lim

sin

cosq p

q
q

2

1

=
æ
è
ç

ö
ø
÷ =

®
lim

cos

sin

/

q p

q
q

2

3 2

0 [using L’Hospital’s rule]

(B) lim ( ) lim (sec tan ) lim
sin

cosq p q p q p
q q q

q® ® ®
- = - = -

2 2 2

1
y x

= =
®
lim

cos

sinq p

q
q

2

0 [using L’Hospital’s rule]

(C) lim ( ) lim (sec tan )
q p q p

q q
® ®

- = - =
2

2 2

2

2 2 1y x

(D) lim ( ) lim (sec tan )
q p q p

q q
® ®

- = -
2

3 3

2

3 3y x

= -

®
lim

sin

cosq p

q
q

2

3

3

1

= -
-

=
®

lim
sin cos

cos sin

sin

cosq p

q q
q q

q
q

2

2

2

3

3
[using L’ Hospital’s rule]

= = ¥
®

lim tan
q p

q
2

71. (A) l
e x e

x

x
x

x

x x

= - + - +

×
®

lim
sin0 2

2
2

2

1 1

2

= - + - +é

ë
ê
ê

ù

û
ú
ú® ®

1

2

1 1

0 2 0 2

2

lim lim
x

x

x

xe

x

x e

x

= - - -é

ë
ê

ù

û
ú

®

1

2
1

1

0 2
lim

x

xe x

x

= -é
ëê

ù
ûú

=1

2
1

1

2

1

4
Þ 1

4
l

=

(B) l
x

x
e

x

x

x

x

xx= +
-

æ
è
ç

ö
ø
÷ =

®

+
-

-
æ

è
çç

ö

ø
÷÷®lim

/ lim

0

1 1 3

3
13

3

0

= =® -e ex

x

x x
lim

( ) /0

2

3 2 3 Þ2 3 5+ =

(C) lim
(tan ) (tan )

x

x x x x

x®

- - -
0

3 3 3 3

5

= - - -
® ®

lim
tan

lim
tan

x x

x x

x

x x

x0

3 3

5 0

3 3

5

zero (by expansion)
1 244 344

= - × + + = ´ =
®

lim
(tan ) (tan tan )

x

x x

x

x x x x

x0 3

2 2

2

1

3
3 1

(D) Rationalising gives

lim
( sin ) [ ( sin ) sin ]

( sinx

x x x x x x

x x®

+ + + + - +
+ +0

2 2

2

2 2 1 1

2 1) (sin )- - +2 1x x

= × +
- + +®

2
2

20 2 2
lim

sin

sin sinx

x x

x x x x

= ×
+

- + +
= +æ

èç
ö
ø÷ =

®
2

1
2

2 1

2
1 2

3
2

0 2
lim

sin

sinx

x

x

x
x

x

72. (A) l n n n n
n

= + + -
® ¥
lim cos ( ( ))2 3 23 2p

Consider lim [( ) ]/

n
n n n n

® ¥
+ + -3 2 1 32

= + +æ
èç

ö
ø÷

æ
èç

ö
ø÷

-
é

ë
ê
ê

ù

û
ú
ú® ¥

lim

/

n
n

n n
n1

1 2
2

1 3

= + +æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

-
é

ë
ê
ê

ù

û
ú
ú® ¥

lim

/

n
n

n n
1

1 2
1

2

1 3
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= + +æ
èç

ö
ø÷ + -é

ëê
ù
ûú® ¥

lim ...
n

n
n n

1
1

3

1 2
1

2

= +1

3
terms containing

1 1 1
2 3n n n

, , , … = 1

3

\ l = æ
èç

ö
ø÷ =cos2

3

1

4

p

(B) l n n n
n

= + -
® ¥
lim sin ( )2 1 22p p

=
+ -

+ +
+ +

é

ë
ê
ê

ù

û
ú
ú® ¥

lim sin
( )

( )
( )

n
n

n n

n n
n n

2 1

1
1

2

2

2p

=
+ +

æ

è
ç
ç

ö

ø
÷
÷

+ +

æ

è
ç
ç

ö

ø
÷
÷

+ +® ¥
lim

sin

n

n
n n

n n

n

2

1

2

1

2

1

2

2

2

p

p

p

n

æ

è
ç
ç

ö

ø
÷
÷

é

ë

ê
ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú
ú

=
+ +

æ
è
ç

ö
ø
÷

= =
® ¥
lim

n

n

n
n

2

1
1

1

2

2
2

p p p

(C) l n n
n

n

n n= - - - + +
æ
è
ç

ö
ø
÷

® ¥

-lim ( ) ( ) sin1 1
2

11 2p p

= -
® ¥

-lim ( ) sin
n

n1 2 1 p

n n
n

n n
n

n n
n

- + +
æ
è
ç

ö
ø
÷ + + +

æ
è
ç

ö
ø
÷

+ + +

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú

2 2

2

2
1

2
1

2
1 ú

= -
- - -

+ + +
æ
è
ç

ö
ø
÷

æ

è

ç

® ¥

-lim ( ) sin
n

n
n n

n

n
n n

1 2
1

1 1
1

2

1

2 1

2 2

2

p ç
ç
ç

ö

ø

÷
÷
÷
÷

= -
+

+ + +

æ

è

ç
ç
ç
ç

ö

ø

÷
÷
÷
÷

® ¥
lim ( ) sin

n

n n

n n

1

1

2

1

1 1
1

2

1

2

2

p

= =( ) sin1
4

1

2

p

Also, as n ® ¥, sin
( )n

n

+ ®1

4

1

2

p

\ Final answer is
1

2
.

(D) l e ex x
x

x a

x a
x

a

x a= =® ¥ ® ¥

+
-

-
æ

è
çç

ö

ø
÷÷ -

æ

è
çç

ö

ø
÷÷lim lim1

2

= =® ¥ -
æ

è
çç

ö

ø
÷÷

e ex
x

a

a x a
lim

( / )

2

1 2

\ e ea2 = Þa = 1 2/

73. Here, L x x x
xx

= + × æ
èç

ö
ø÷®¥

lim log logsin2
1

,

= × æ
èç

ö
ø÷ + ×

®
lim log log(sin )
q q q q

q
0 2 2 2

1 1 2
[put x = 1

2q
]

= -
®

lim
log(sin ) log

q

q q
q0 2

2 2

=
-é

ëê
ù
ûú

®
lim

cot

q

q
q

q0

2
1

2
[using L’ Hospital’s rule]

= - = -
®

lim
[ cot ] tan

tanq

q q
q

q q
q q0 2 2

2 1

2

= - × = -
® ®

lim
tan

tan
lim

tan

q q

q q
q

q
q

q q
q0 3 0 3

L = - + + = -
®

lim
( / )

/
q

q q q
q0

3

3

3
1 3

L

\ - =2
6

L

74. We have, 1
1+æ

èç
ö
ø÷ =

+

n
e

n xn

...(i)

On taking log both sides of Eq. (i), we get

( ) logn x
n

n e+ +æ
èç

ö
ø÷ =1

1
1

Þ n x

n

n+ =
+æ

èç
ö
ø÷

1

1
1

log

Þ x

n

nn =
+æ

èç
ö
ø÷

-1

1
1

log

Let
n

n

+ =1 m Þ n nm = + 1

Þ n =
-
1

1m

\ lim lim
logn

nx
®¥ ®

= -
-

æ
è
ç

ö
ø
÷

m m m1

1 1

1

= - -
-®

lim
( ) log

( ) logm

m m
m m1

1

1

0

0
form

é
ëê

ù
ûú

=
-

- × +®
lim

( ) log
m

m

m
m

m1

1
1

1
1

[using L’ Hospital’s rule]

=
+

=
®

lim
/

/ /m

m
m m1

2

2

1

1 1

1

2

\2 1lim
n

nx
®¥

=

75. Let n K+é
ëê

ù
ûú

=1

2
Þ K n K£ + < +1

2
1( )

Þ ( / ) ( / )K n K- £ < +1 2 1 22 2

Þ K K n K K2 21 4 1 4- + £ < + +/ / , K NÎ , n NÎ
Þ K K n K K2 21- + £ £ +

So, S
f n f n

n
n

K K

n
n

= + = +-

=

¥ -

=

¥

å å2 2

2

2 2

21 1

( ) ( )

= + + +æ
è
ç

ö
ø
÷

- -2 2

2

2 2

2

1 1 1

2

+ + + + + + + +æ
è
ç

ö
ø
÷

- - - -2 2

2

2 2

2

2 2

2

2 2

2

2 2

3

2 2

4

2 2

5

2 2

6

304 Textbook of Differential Calculus



As,

K n

K n

K n

= Þ £ £
= Þ £ £
= Þ £ £

ì

í
ïï

î
ï
ï

1 1 2

2 3 6

3 7 12

M M

\ S
K n K K

K K K K

n
= +

=

¥

= - +

+ -

å å
1 12

2

2 2

2
= + ×-

=

¥

= - +

+

å å( )2 2
1

21 12

2

K K

K n K K

K K

n

= + × + + +
é

ë
ê

ù

û
ú

-

=

¥

- + - + +å( )2 2
1

2

1

2

1

21
1 22 2 2

K K

K
K K K K K K

L

= +
-ì

í
î

ü
ý
þ

-
-

=

¥ - +
å( )

/
2 2

1

2
1

1

2

1 1 21

1 22
K K

K

K K K

= + × --

=

¥
- + - -å( ) ( )2 2 2 2

1

2 2K K

K

K K K K

= - + -- + - - - -

=

¥

å( )2 2 2 2
2 2 2 22 2

1

K K K K K K

K

= -- + - -

=

¥

å( )2 2
2 22 2

1

K K K K

K

= -- - - +

=

¥

å( )( ) ( )2 22 2

1

K K K K

K

= - + - + - + - + ¥- - - - - -( ) ( ) ( ) ( ) ...2 2 2 2 2 2 2 21 3 0 8 3 15 8 24

= +2 1 = 3

76. Arithmetic mean = × - + × - + + - ×
-

1 1 2 2 1 1

1

( ) ( ) ( )

( )

n n n

n

K

S

r n r

n

n r r

n
n

r

n

r

n

r

n

=
-

-
=

× -

-
=

-

=

-

=

-

å å å( )

( ) ( )
1

1

1

1
2

1

1

1 1

=
× - - - -

-

n
n n n n n

n

( )

!

( )( )

( )

1

2

1 2 1

6
1

Þ S
n n n

n = - -2

2

2 1

6

( )

\ lim
( ) / /n n

n

S

n

n n n®¥
=

- -
=

-
=

2 2

2

2

2 1

6

1

1 2 2 6
6

77. Here, k
n

n n n n
n

=
- -+ +

=

¥

å 6

3 2 3 21 1
1( )( )

=

- æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

× æ
èç

ö
ø÷ -

é

ë
ê
ê

ù

û
ú
ú

=

¥

å 1

1
2

3
3

3

2
2

1
n n

n

=

- æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

× æ
èç

ö
ø÷ × - × æ

èç
ö
ø÷

é

ë
ê
ê

ù
1

1
2

3

3

2
3 2

2

3

n n n

û
ú
ú

=

¥

å
n 1

= × -

- æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

- × æ
èç

ö
ø÷

é

ë
ê
ê

ù
( / ) ( )2 3 3 2

1
2

3
3 2

2

3

n

n n

û
ú
ú

=

¥

å
n 1

=

- æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

- - æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

- æ
èç

ö

3 2
2

3
3 1

2

3

1
2

3

n n

ø÷
é

ë
ê
ê

ù

û
ú
ú

- × æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

=

¥

å n n
n

3 2
2

3

1

=
- æ

èç
ö
ø÷

-
- × æ

èç
ö
ø÷

®¥ =
ålim

n n n
n

n 1

1
2

3

3

3 2
2

3

1

=
-

-
- ×

é

ë
ê

ù

û
ú®¥

lim
( / ) ( / )n

1

1 2 3

3

3 2 2 3
+

-
-

- ×
é

ë
ê

ù

û
ú +1

1 2 3

3

3 2 2 32 2( / ) ( / )
K

+
-

-
- ×

é

ë
ê

ù

û
ú

1

1 2 3

3

3 2 2 3( / ) ( / )n n

=
-

-
-

é

ë
ê

ù

û
ú = - =

®¥ +lim
/ ( / )n n

1

1 2 3

1

1 2 3
3 1 2

1

78. We have, lim
tan – sin {tan (tan )}

tan cos (tan )

–

x

x x

x x® +p
2

1

2

Now, RHL at x = p
2

,

=
+®

+
lim

tan – sin {tan (tan )}

tan cos (tan )

–

x

x x

x xp
2

1

2

=
+®

+
lim

tan – sin ( – )

tan cos (tan )
x

x x

x xp

p

2

2

Q tan (tan ) – ,–1

2
x x x= >é

ëê
ù
ûú

p p
when

=
+

+®
+

lim

sin

tan

cos (tan )

tan
x

x

x

x

x

p
2

2

1

1

= +
+

1 0

1 0
= 1

Again, LHL at x = p
2

,

=
+®

lim
tan – sin {tan (tan )}

tan cos (tan )–

–

x

x x

x xp
2

1

2

=
+®

lim
tan – sin ( )

tan cos (tan )–

x

x x

x xp
2

2
Qtan (tan ) ,–1

2
x x x= <é

ëê
ù
ûú

when
p

=
+®

lim

–
sin

tan

cos (tan )

tan

–

x

x

x

x

x

p
2

2

1

1

= +
+

1 0

1 0
= 1

\ lim
tan – sin {tan (tan )}

tan cos (tan )

–

x

x x

x x® +p
2

1

2
= 1

79. We have, A t x dx B t
t tt

( ) sin ; ( )
sin= × = ×ò0

2
2

2

\ lim
( )

( )
lim

sin

sin
lim

sin

t t

t

t

A t

B t

x dx

t t® ® ®
=

×
=ò

0 0

0

2

2 0

2 2
0

2

3
2

2

t
x dx

t
t

t

ò
× sin

=
×

= ×
® ®

ò
lim

sin
lim

sin ( )

t

t

t

x dx

t

t

t0

0

2

3 0

2

2

2 2

3

[applying Newton-Leibnitz’s rule followed

by L’ Hospital’s rule]
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\ lim
( )

( )t

A t

B t®
=

0

2

3

Then, m n+ = + =2 3 5

80. Here, AB
x

x
dx x y t

t
:

sin +æ
èç

ö
ø÷

é
ëê

ù
ûú

+ =ò 1 3
0

2

and AC tx y: 2 0+ =
On solving, we get

AB
x

x
dx t x t

t
:

sin +æ
èç

ö
ø÷ -é

ëê
ù
ûú

=ò 1 2 3
0

2
[ ]Q y tx= -2

\ x
t

x

x
dx t

A
t

=
+æ

èç
ö
ø÷ -ò

3

1 2
0

2 sin

=
+æ

èç
ö
ø÷ -

3

2

2
1 2 2

sin t

t

=
×

3

2
2

2

sin t

t

Now, lim
sint t

t

® × æ
èç

ö
ø÷

=
0

3

2
2

2

3

2
[using L’Hospital’s rule]

\ p

q
= 3

2
Þ p q+ = 5

81. Let A t tk = ( , )2 2

\ Slope of FA
t

t
k = -

-

2 1

2 0

= +æ
èç

ö
ø÷tan

p q
2

k

tan( ) tan( )q fk

t

t
=

-
=2

1
2

2
, where t = ftan

\ f = =q pk k

n2 4
, where tanf = t.

Also, FA t tK = - +( ) ( )2 2 21 2

= + = + ft 2 21 1 tan

= æ
èç

ö
ø÷sec2

4

k

n

p

\ lim lim sec
n

k

n

k
n

k

n

n
FA

n

k

n® ¥ = ® ¥ =
× = × æ

èç
ö
ø÷å å1 1

41 1

2 p

= æ
èç

ö
ø÷ò sec2

0

1

4

px
dx

= × æ
èç

ö
ø÷

é
ëê

ù
ûú

=4

4

4

0

1

p
p

p
tan

x

Hence, m = 4.

82. Here, L
h

hh
= +

®

-
lim

cos(tan (tan( / )))

0

1 2p

= -
®

-
lim

cos(tan ( cot ))

h

h

h0

1

=
- +æ

èç
ö
ø÷

= =
®

lim

cos
sin

h

h

h

h

h0

2
1

p

\ cos( ) cos( )2 2 1p pL = =

83. Here, k
r r r

r r rn r

n

= - + +
+ - +®¥ =

lim
( )( )

( )( )
P

2

2

2

1 1

1 1

=
+

´ + + =
®¥
lim

( )n n n

n n2

1

1

3

2

3

2

.

So, cosec q=2

3
Þ Number of solution is zero.

84. Here, lim
x

x
x c

x c®¥

+
-

æ
è
ç

ö
ø
÷ = 4 Þ e

x c

x c

lim
® ¥

-
æ

è
çç

ö

ø
÷÷ =2

4

Þ e c2 4= Þ ec =2 [only positive value]

\ ec

2
1=

85. lim

( ) sin

x

x x
x

x

x x x
k

®-¥

+ × æ
èç

ö
ø÷ - +

- + - +
=

3 2
1

5

1

4 2 3

3 2

Þ lim

sin

x

x

x

x

x

x x x

®-¥

+æ
èç

ö
ø÷ ×

æ
èç

ö
ø÷

- +

- + - +

3
2

1

1
1

5

1
1 1 1

2 3

2 3

Þ ( )3 1

1

-
-

= k Þ k

2
= 1

86. f x
x x

tt
( ) lim tan= æ

èç
ö
ø÷®

-

0

1
2

2

p
Case I When x >0,

f x
x x

t

x
x

t
( ) lim tan= × æ

èç
ö
ø÷ = ´ =

®

-

0

1
2

2 2

2p p
p

Case II When x <0,

f x
x x

t

x
x

t
( ) lim tan= × æ

èç
ö
ø÷ = × -æ

èç
ö
ø÷ = -

®

-

0

1
2

2 2

2p p
p

Case III When x = 0 Þ f x( ) = 0

\ f x x( ) ( )= Þ f ( )1 1=

87. Let f x
n n n n n

( )= +
+

+
+

+¼+
+

æ

è
ç
ç

ö

ø
÷
÷

1 1

1

1

2

1

22 2 2 2

As,
1

2

1 1
2 2 2n n n n+

< =

1

2

1

1

1
2 2 2n n n n+

<
+

<

M

On adding, we get

2 1

2

1 1

12 2 2

n

n n n n

+

+
< +

+
+¼+

+
< +1

2

2 1
2 2n n

n

n
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On applying, limit n ®¥

2
1 1

1

1

2

1

2
2

2 2 2 2
< +

+
+

+
+¼+

+

æ

è
ç
ç

ö

ø
÷
÷ <

®¥
lim

n n n n n n

\ lim
n n n n n®¥

+
+

+¼+
+

æ

è
ç
ç

ö

ø
÷
÷ =1 1

1

1

2
2

2 2 2

88. l
x

x=
®

-
+

-
lim

1

22

1

1 = = =
®

- -
lim
h

h

0

2 02 2 1

1

and m
h h

hh
= + × =

®
lim

( ) sin

0

1
1

\ l m+ =2

89. As,
sin tan

tan

( tan / )

x x

x

x

x x2

4

2 4

4
2

1 2
=

×

× -

Hence, when x ®0,
sin tanx x

x

× ®
2

1. But
sin tanx x

x

× >
2

1

\ lim
sin tan

x

x x

x®

é
ëê

ù
ûú

=
0 2

1

90. Let S
k r

r r
n

r

n

=
´ ´ ´¼ ´ - ´ +=2

2

1 3 5 2 1 2 11
S

( ) ( )

=
´ ´ ´¼´ -

-
´ ´ ´¼´ +

é

ë
ê

ù

û
ú=

k

r rr

n

2

1

1 3 5 2 1

1

1 3 5 2 11
S

( ) ( )

= -
´ ´ ´¼´ +

é

ë
ê

ù

û
ú

k

n2
1

1

1 3 5 2 1( )
, as n ®¥.

lim
n

nS
k

®¥
= =

2
1 Þ k2 4=

91. Here, sin sin sin4 2 21

4
2x x x= - ×

\ S x x x xn = - ×æ
èç

ö
ø÷ + × - ×æ

èç
ö

sin sin sin sin2 2 2
2

2 21

4
2

1

4
2

1

4
2 ø÷

+¼+ × - ×æ
èç

ö
ø÷+

+1

4
2

1

4
22

1
2 1

n

n

n

nx xsin sin

= - ×+
+sin sin2

1
2 11

4
2x x

n

n Þ f x x( ) sin= 2 , g x x( ) cos= 2

\ [ ( ) ( ) ]f x g x+ =4 4

92. Here, f f( ) ( )3 3 1 1= =
f f f f f( ) ( ) ( ) ( ) ( )4 2 1 1 2 1 1 2 1 1 4= + + = + + = + + = and so on.

In general, f x x( )= , for x NÎ

\ lim
( ) ( ) ( )( )

n r

n r f r

n

n n n

n®¥ =
= + + =S

1 3 3

4 3 12 1 2 1

6
4

93. As, 0
1

3
1£ - <x Þ1 4£ £x

Then, lim
n n

n

n
x

n
®¥

× -æ
èç

ö
ø÷ + × -

=
1

3
3 1

1

3
, when 0

1

3
1£ - <x

Þ x =1, 2, 3

\ Number of integral values = 3.

94. As, x y x y x x y x y xy y5 5 4 3 2 2 3 4- = - + + + +( )( )

and the coefficient of xn in

( )( )( )( )( )x x x x x x- - + + + -1 2 3 10 15 5

= - - + + + =1 2 3 10 15 25

\ lim (( )( )( )( )( ) )/

x
x x x x x x

® ¥
- - + + + -1 2 3 10 15 1 3

= =25

5
5

95. Here, k f x x f x
x

= + + -
® ¥

lim ( [ ( )] ) { ( )}1 12

=
® ¥

é
ëê

ù
ûú

+ -

ì
í
î

ü
ý
þe

x

x

x
x

x

x

lim

tan

tan

2 1

=
® ¥

+ -

- é
ëê

ù
ûúe

x

x

x

x

x

x

lim
tan tan

1 12

= =

® ¥
+ + -

æ

è
ç
ç

ö

ø
÷
÷

e e

x

x

x x
lim

2

2 4

1
3 15

1
3

\ [ / ] [ ]k e e= =2 7

96. Here, ( )3 1 2+ = +n I f …(i)

Let f n= -( )3 1 2 …(ii)

\ I f F+ + = even integer, 0 1< <f f,

Þ f F+ = 1 Þ 0 2< + <f F

Þ f F+ = 1

Þ {( )}3 1 12+ = = -n f f

\ lim lim
n n

f f
® ¥ ® ¥

= -1 = - -
® ¥

1 3 1 2lim ( )
n

n = - =1 0 1

97. Here, f x a x a x a x a x a( ) = + + + +0
4

1
3

2
2

3 4 .

As, lim
( )

x

f x

x®
+ =

0 2
1 2 Þ lim

( )

x

f x

x®
=

0 2
1

So, a a3 4 0= = and a2 1=
f x a x a x x( ) = + +0

4
1

3 2

Þ f x a x a x x¢ = + +( ) 4 3 20
3

1
2

As, f x( ) has extremum at x = 1 and x = 2.

f a a¢ = + +( )1 4 3 20 1

and f a a¢ = + +( )2 32 12 40 1

So, a0
1

4
= and a1 1= -

Þ f ( )2 0=
98. Here, | | log({ })x x= has no solution.

Hence, a = 0

\ lim
sin

x

axx e b x

x®

-
0 3

=
- + + -

æ
è
ç

ö
ø
÷

®
lim

( )

x

b x ax x
a b

x0

2 3
2

3

1
2 6

Þ a = 0, b = 1

Þ a b+ = 1

99. Here, sin( ) sin sin( )x x x xn n
n

n n+
- +

+- + × =1
1

12 0

Þ cot cot ( )x xn n
n

+
- +- =1

12

Þ cot cotx xn n
n- =-

-
1 2

Þ cot cotx xn n+ +- = + + ¼ +1 1 2 3 1

1

2

1

2

1

2

Þ cot xn n+ += + + ¼1 2 1

1

2

1

2

1

2
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Þ lim cot
n

nx
® ¥

+ =1 1

\ lim
n

nx
® ¥

+ =1
4

p

l = p
4

Þ 4l = p

\ [ ]4 3l =

100. Here, lim
sin ( )

sinx

x x

x x® -
=

0

2

1
b

a

Þ lim

( )

!

( )

!

! !

x

x x
x x

x x
x x®

- + -
æ
è
ç

ö
ø
÷

- - + -
0

2
3 5

3 5

3 5

3 5

b b b

a

K

K

æ
è
ç

ö
ø
÷

= 1

Þ lim
! !

( )
! !

x

x
x x

x
x x®

- + -
æ
è
ç

ö
ø
÷

- + + -
=

0

3
3 2 4

3 5

3 5

1
3 5

b b b

a

5
K

K

1

Limit exists only, when a - =1 0

Þ a = 1 …(i)

\ lim
! !

! !

x

x
x x

x
x®

- + -
æ
è
ç

ö
ø
÷

- -
æ
è
ç

ö
ø
÷

=
0

3
3 2 5 4

3
2

3 5

1

3 5

b b b
K

K

1

Þ 6 1b = …(ii)

From Eqs. (i) and (ii), we get

6 6 6( )a b a b+ = + = + =6 1 7

101. Given, lim
cos ( )

a 0

a

a®

-é

ë
ê
ê

ù

û
ú
ú

= -e e e
n

m 2

Þ lim
{ }

cos( )

cos( )cos( )

a 0

a

a
a
a®

- -
-

× - = -e e e
n

n

n

m

1 1

1

1

2

Þ lim
cos( )

lim
sincos( )

a

a

aa®

-

®

-
-

ì
í
ï

îï

ü
ý
ï

þï
×

-

0

1

0

1

1

2
e

e
n

n

2

2

a

a

n

m
=-e

2

Þ e
e

n

n

n

m
´ ´ -

æ
è
ç

ö
ø
÷

× = -
®

1 2
2

4

4 20

2

2

2

( ) lim

sin

a

a

a
a
a

Þ e
en m

´ ´ - ´ ´ = -
®

-
1 2 1

4 20

2

lim
a

a

For this to be exists, 2 0n m- = Þ m

n
= 2

102. Here, lim
( )

( )x

F x

G x®
=

1

1

14

Þ lim
( )

( )x

F x

G x®

¢
¢

=
1

1

14
[using L’Hospital’s rule] …(i)

As, F x f t dt
x

( ) ( )
–

= ò 1

Þ F x f x¢ =( ) ( ) …(ii)

and G x t f f t dt
x

( ) { ( )}
–

= ò 1

Þ G x x f f x¢ =( ) { ( )} …(iii)

\ lim
( )

( )
lim

( )

( )
lim

( )

{ ( )}x x x

F x

G x

F x

G x

f x

x f f x® ® ®
= ¢

¢
=

1 1 1

= =
æ
èç

ö
ø÷

f

f f
f

( )

{ ( )}

1

1 1

1

2
1

2

...(iv)

Given, lim
( )

( )x

F x

G x®
=

1

1

14

\

1

2
1

2

1

14
f

æ
èç

ö
ø÷

= Þ f
1

2
7

æ
èç

ö
ø÷ =

103. Given, lim
sin ( ) ( )

( ) sin ( )

( ) (

x

x x

x a x

x x®

+ -

- + -
- + -

ì
í
î

ü
ý
þ1

1 1

1 1

1 1

)

1 1

4

-
=

x

lim

sin ( )

( )

sin( )

( )

x

x

x
a

x

x

®

-
-

-

+ -
-

ì

í
ïï

î
ï
ï

ü

ý
ïï

þ
ï
ï

1

1

1

1
1

1

1

1

4

+

=

x

Þ 1

2

1

4

2-æ
èç

ö
ø÷ =a

Þ ( )a - =1 12

Þ a = 2 or 0

Hence, the maximum value of a is 2.

104. L
a a x

x

xx
=

- - -

®
lim

0

2 2
2

4
4 , a > 0

=

- × - × +
-æ

èç
ö
ø÷

× -

é

ë

ê
ê
ê
ê

ù

®
lim

...

x

a a
x

a

x

a

0

2

2

4

4
1

1

2

1

2

1

2
1

2

û

ú
ú
ú
ú

- x

x

2

4

4

=
+ × + -

®
lim

...

x

x

a

x

a

x

x0

2 4

3

2

4
2

1

8 4

Since, L is finite ⇒ 2 4a = ⇒ a = 2

∴ L
ax

=
×

=
®

lim
0 3

1

8

1

64

105. lim
cot ( sin )

x

x x

x
®

-

- -æ
èç

ö
ø÷

p p
2

3

1

8
2

=
-æ

èç
ö
ø÷

-æ
èç

ö
ø÷

- -æ
èç

ö
ø÷

æ
èç

®
lim

tan cos

x

x

x

x

p

p

p

p

2

2

8
2

1
2

ö
ø÷

-æ
èç

ö
ø÷

p
2

2

x

= × × =1

8
1

1

2

1

16

308 Textbook of Differential Calculus



106. Given, p x
x

x= +
® +
lim ( tan )

0

2
1

21 [1¥ form]

= ® +
e x

x

x
lim

tan

0

2

2
= ® +

æ

è
çç

ö

ø
÷÷

e x

x

x

1

2 0

2

lim tan

= e

1

2

\ log logp e= =
1

2
1

2

107. Let l
n n n

nn n

n= + × +é
ëê

ù
ûú® ¥

lim
( ) ( ) ( )1 2 3

2

1

K

= + × + +é
ëê

ù
ûú® ¥

lim
( ) ( ) ... ( )

n n

nn n n n

n

1 2 2
2

1

= +æ
èç

ö
ø÷

+æ
èç

ö
ø÷

+æ
èç

ö
ø÷

é
ëê

ù
ûú® ¥

lim
n

nn

n

n

n

n n

n

1 2 2
1

K

Taking log on both sides, we get

log lim log ...l
n n n

n

nn
= +æ

èç
ö
ø÷ +æ

èç
ö
ø÷ +æ

èç
ö
ø÷® ¥

1
1

1
1

2
1

2ì
í
î

ü
ý
þ

é

ë
ê

ù

û
ú

Þ log liml
nn

=
® ¥

1

log log ... log1
1

1
2

1
2+æ

èç
ö
ø÷ + +æ

èç
ö
ø÷ + + +æ

èç
ö
ø÷

é
ëê

ù
n n

n

n ûú

Þ log lim logl
n

r

nn
r

n

= +æ
èç

ö
ø÷® ¥ =

å1
1

1

2

Þ log log ( )l x dx= +ò 1
0

2

Þ log log ( )l x x
x

x dx= + × -
+

×
é

ë
ê

ù

û
úò1

1

1
0

2

Þ log [log ( ) ]l x x
x

x
dx= + × - + -

+ò1
1 1

1
0
2

0

2

Þ log logl
x

dx= × - -
+

æ
è
ç

ö
ø
÷ò2 3 1

1

10

2

Þ log log [ log ]l x x= × - - +2 3 1 0
2

Þ log log [ log ]l = × - -2 3 2 3

Þ log logl = × -3 3 2

Þ log logl = -27 2

\ l e= -log 27 2

= × =-27
272

2
e

e

108. lim
sin( cos )

x

x

x®0

2

2

p = lim
sin ( sin )

x

x

x®

-
0

2

2

1p

= -
®

lim
sin( sin )

x

x

x0

2

2

p p

=
®

lim
sin( sin )

x

x

x0

2

2

p
[ sin ( ) sin ]Q p q q- =

= ´
æ
è
ç

ö
ø
÷

®
lim

sin sin

sin
( )

sin

x

x

x

x

x0

2

2

2

2

p
p

p = p Q lim
sin

q

q
q®

=é
ëê

ù
ûú0

1

109. We have, lim
( – cos )( cos )

tan
lim

sin ( cos )

x x

x x

x x

x x

® ®

+ = +
0 0

21 2 3

4

2 3

x
x

x
x´ ´tan4

4
4

= ´ + ´
® ®

®

lim
sin

lim
( cos )

lim
tanx x

x

x

x

x

x

x

0

2

2 0

0

2 3

4

1

4

4

= ´ ´2
4

4
1 = 2 Q lim

sin
lim

tan

q q

q
q

q
q® ®

= =é
ëê

ù
ûú0 0

1 1and

110. Plan
¥
¥

æ
èç

ö
ø÷ form

lim
x

n n
n

m m
m

a x a x a

b x b x b® ¥

-

-
+ + +
+ + +

0 1
1

0 1
1

K

K

=

<

=

+ ¥ > >
-¥

0

0

0

0

0 0

0

,

,

,

,

if

if

if and

if and

n m
a

b
n m

n m a b

n m a< b0 0<

ì

í

ï
ï

î

ï
ï

Description of Situation As to make degree of numerator
equal to degree of denominator.

\ lim
x

x x

x
ax b

® ¥

+ +
+

- -
æ
è
ç

ö
ø
÷ =

2 1

1
4

Þ lim
x

x x ax ax bx b

x® ¥

+ + - - - -
+

=
2 21

1
4

Þ lim
( ) ( ) ( )

x

x a x a b b

x® ¥

- + - - + -
+

=
2 1 1 1

1
4

Here, we make degree of numerator = degree of denominator

\ 1 0- =a

Þ a = 1

and lim
( ) ( )

x

x a b b

x® ¥

- - + -
+

=1 1

1
4

Þ 1 4- - =a b

Þ b = -4 [ ( ) ]Q 1 0- =a

111. Plan To make the quadratic into simple form, we should
eliminate radical sign.

Description of Situation As for given equation, when a ® 0
the equation reduces to identity in x.

i.e. ax bx c2 0+ + = ," x RÎ or a b c= = ® 0

Thus, first we should make above equation independent from
coefficients as 0.

Let a t+ =1 6. Thus, when a ® 0, t ® 1.

\ ( ) ( ) ( )t x t x t2 2 31 1 1 0- + - + - =

Þ ( ) {( ) ( ) }t t x t t x- + + + + + =1 1 1 1 02 2 , as t ® 1

2 3 1 02x x+ + =

Þ 2 2 1 02x x x+ + + =

Þ ( ) ( )2 1 1 0x x+ + =
Thus, x = - 1, - 1 2/

or lim ( ) /
a

a
® +

= -
0

1 2a

and lim ( )
a

a
® +

= -
0

1b
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112. Here, lim { log ( )} /

x

xx b
®

+ +
0

2 11 1 [1¥ form]

= ®
+ ×

e x
x b

x
lim { log ( )}

0

21
1

= = ++e bblog ( ) ( )1 22

1 …(i)

Given, lim { log ( )} sin/

x

xx b b
®

+ + =
0

2 1 21 1 2 q

Þ ( ) sin1 22 2+ =b b q

\ sin2
21

2
q = + b

b
…(ii)

By AM ³ GM,
b

b b
b

+
³ ×æ

èç
ö
ø÷

1

2

1
1 2/

Þ b

b

2 1

2
1

+ ³ …(iii)

From Eqs. (ii) and (iii), we get

sin2 1q =

Þ q p= ±
2

, as q p pÎ -( , ]

113. Here, lim (sin ) lim/
sin

x

x

x

x

x
x® ®

+ æ
èç

ö
ø÷0

1

0

1

= +
®

æ
è
ç

ö
ø
÷

0
0

1

lim
log

sin

x

xe

x

= ®e x

x

x
lim

log ( / )

0

1

cosec
lim (sin ) /

x

xx
®

¥

®

®

é

ë

ê
ê

ù

û

ú
ú

0

1 0

0as, (decimal)

Applying L’ Hospital’s rule, we get

e x

x
x

x x
lim

cot®

-
æ
è
ç

ö
ø
÷

-0

2

1

cosec = ®e x

x

x
xlim

sin
tan

0 = =e 0 1

114. Here, lim
h ® 0

f h h f

f h h f

( ) ( )

( ) ( )

2 2 2

1 1

2

2

+ + -
- + -

[Q f f¢ = ¢ =( ) ( )2 6 1 4and , given]

Applying L’ Hospital’s rule,

= ¢ + + × + -
¢ - + × - -®

lim
{ ( )} ( )

{ ( )} ( )h

f h h h

f h h h0

2

2

2 2 2 2 0

1 1 2 0

= ¢ ×
¢ ×

f

f

( )

( )

2 2

1 1

= =6 2

4 1
3

.

.
[using f ¢ =( )2 6 and f ¢ =( )1 4]

115. Given, lim
{( ) tan } sin

x

a n nx x nx

x®

- - =
0 2

0

Þ lim ( )
tan sin

x
a n n

x

x

n x

n x
n

®
- -ì

í
î

ü
ý
þ

´ =
0

0

Þ {( ) }a n n n- - =1 0

Þ ( )a n n- = 1

Þ a n
n

= + 1

116. lim
(cos ) (cos )

x

x

n

x x e

x®

- -
0

1

=

-æ
èç

ö
ø÷

- + -
æ
è
ç

ö
ø
÷

- + +

®
lim

sin
! !

...

x

x

x x

x
x

0

2

2 4

2
2

2

1
2 4

1
2! !

...+ +
æ
è
ç

ö
ø
÷

ì

í

ï
ï

î

ï
ï

ü

ý

ï
ï

þ

ï
ï

x

xn

3

3

=
-æ

èç
ö
ø÷ - - - -

æ
è
ç

ö
ø
÷

æ
èç

®
lim

sin
! !

...

x

x
x

x x

x0

2
2 3

2
2

2

2 3

4
2

ö
ø÷

-
2

2xn

=

+ + +
ö
ø
÷

æ

è
ç

æ
èç

ö
ø÷

® -

lim

sin
!

x
n

x
x

x

x
x

0

2
2

2
3

2
1

3

2
2

K

Above limit is finite, if n - =3 0,  i.e. n = 3.

117. Let y
f x

f

x

= +é

ë
ê

ù

û
ú

( )

( )

/
1

1

1

Þ log [log ( ) log ( )]y
x

f x f= + -1
1 1

Þ lim log lim
( )

( )
x x

y
f x

f x
® ®

=
+

× ¢ +
é

ë
ê

ù

û
ú

0 0

1

1
1

[using L’Hospital’s rule]

= =f

f

( )

( )

1

1

6

3

Þ log lim limy y e
x x® ®

æ
è
ç

ö
ø
÷ = Þ =

0 0

22

118. For x R
x

xx

x

Î -
+

æ
è
ç

ö
ø
÷

® ¥
, lim

3

2
= -

+
= =

®¥

-
-lim

( / )

( / )x

x

x

x

x

e

e
e

1 3

1 2

3

2
5
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Introduction to Continuity
A real function is continuous at a fixed point if we can
draw the graph of the function around that point without
lifting the pen from the plane of the paper. In case one has
to lift the pen at a point, the graph of the function is said
to have a break or discontinuous at that point, say x a= .

Different types of situations, which may come up at x a=
along the graph, can be shown as below

l There should be heading ‘‘continuity of a function at
point’’

l A function f x( ) is said to be continuous at x a= ; where
a Îdomain of f x( ), if lim ( ) lim ( ) ( )

–x a x a
f x f x f a

® ®
= =

+

i.e. LHL = RHL = Value of a function at x a=
or lim ( ) ( )

x a
f x f a

®
=

l If f x( ) is not continuous at x a= , we say that f x( ) is
discontinuous at x a= , f x( ) will be discontinuous at x a=
in any of the following cases

(i) lim ( )
–x a

f x
®

and lim ( )
x a

f x
® +

exist but are not equal.

(ii) lim ( )
–x a

f x
®

and lim ( )
x a

f x
® +

exist and are equal but not

equal to f a( ) .

(iii) f a( ) is not defined.

(iv) Atleast one of the limit doesn’t exist.

Now, we will discuss different conditions for a function to be

discontinuous in detail

(i) lim ( )
x a

f x
® -

and lim ( )
x a

f x
® +

exists but are not equal.

Here, lim ( )
–x a

f x l
®

= 1

and lim ( )
x a

f x l
® +

= 2

\ lim ( )
–x a

f x
®

and lim ( )
x a

f x
® +

exist but are not equal.

Thus, f x( ) is discontinuous at x a= . It does not
matter whether f a( ) exist or not.

Graphically This conditions can be illustrated as

y Example 1 If f x
x

x
( )

| |
= . Discuss the continuity at x = 0.

Sol. Here, f x
x

x
( )

| |=

\ RHL at x = 0

Let x h= +0

i.e. lim ( ) lim ( )
x h

f x f h
® ®+

= +
0 0

0 = +
+

= =
® ®

lim
| |

lim
h h

h

h

h

h0 0

0

0
1

Þ lim ( )
x

f x
® +

=
0

1

Again, LHL at x = 0

Let x h= 0 –

Session 1

Continuous Function,
Continuity of a Function at a Point

Y

X
O x = a

Continuous at x = a

Y

X
O x = a

Discontinuous at x = a

Y

X
O x = a

Discontinuous at =x a

Y

X
O x = a

Discontinuous at x = a

Y

X
O

Y

X
Ox = a

x = a
Discontinuous at x = a Discontinuous at x = a

Figure 6.1

f x( )

x = aO

l1

l2

Y

X

Figure 6.2



i.e. lim ( ) lim ( – )
–x h

f x f h
® ®

=
0 0

0

= = =
® ®

lim
| – |

–
lim

–
–

h h

h

h

h

h0 0

0

0
1

Þ lim ( ) –
–x

f x
®

=
0

1 Þ lim ( ) lim ( ).
–x x

f x f x
® ®+

¹
0 0

Thus, f x( ) is discontinuous at x = 0.

Graphically Here,

f x
x

x

x

x
x

x

x
x

x

x
( )

| |
,

– ,

,

– ,
= =

>

<

ì

í
ï

î
ï

=
>
<

ì
í
î

0

0

1 0

1 0

and f ( )0
0

0
= [indeterminate form]

Þ It is not defined.

Which shows, the graph is broken at x = 0.

Where, lim ( ) –
–x

f x
®

=
0

1 and lim ( ) –
x

f x
® +

=
0

1

Thus, lim ( )
x

f x
® 0

doesn’t exist and hence function is

discontinuous.

Remark

Here, f x( ) is not defined at x = 0, as f( )0
0

0
= . [indeterminate form]

So, we could say directly that the function is discontinuous at x = 0

(ii) lim ( )
x a

f x
® -

and lim ( )
x a

f x
® +

exist and are equal but

not equal to f a( ) .

Here, lim ( ) lim ( )
–x a x a

f x f x L
® ®

= =
+

f a( ) is also defined but f a L( ) ¹ .

So, limit of f x( ) exists at x a= . But, it is not
continuous at x a= .

Graphically This conditions can be illustrated as

y Example 2 If f x

x x

x

x x

( )

,

,

,

=
+ <

=

+ >

ì

í
ï

î
ï

2 3 0

0 0

3 02

when

when

when

.

Discuss the continuity at x = 0.

Sol. Here, f x

x x

x

x x

( )

,

,

,

=
+ <

=

+ >

ì

í
ï

î
ï

2 3 0

0 0

3 02

when

when

when

\ RHL at x = 0, let x h= +0

i.e. lim ( ) lim ( )
x h

f x f h
® ®+

= +
0 0

0

= + + =
®

lim {( ) }
h

h
0

20 3 3

Þ lim ( )
x

f x
® +

=
0

3

Again, LHL at x = 0,  let x h= 0 –

i.e. lim ( ) lim ( – )
–x h

f x f h
® ®

=
0 0

0

= + =
®

lim { ( – ) }
h

h
0

2 0 3 3

Þ lim ( )
–x

f x
®

=
0

3

But f ( )0 0=

Therefore, lim ( ) lim ( )
–

x x
f x f x

® ®+
= =

0 0
3 ¹ f ( )0

Thus, f x( ) is discontinuous at x = 0.

Graphically

Here, lim ( )
–x

f x
®

=
0

3

lim ( )
x

f x
® +

=
0

3

f ( )0 0=
Thus, lim ( ) lim ( ) ( )

–x x
f x f x f

® ®
= = ¹

+
0 0

3 0

Hence, f x( ) is discontinuous at x = 0.

(iii) f a( ) is not defined.

Here, lim ( )
x a

f x L
® +

=

and lim ( )
–x a

f x L
®

=

But, f a( ) is not defined. So, f x( ) is discontinuous
at x a= .
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X
O
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O
f x = x+( ) 2 3

Y

XX′
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Graphically This conditions can be illustrated as

y Example 3 If f x
x

x
( )

–

–
=

2 1

1
.

Discuss the continuity at x .= 1

Sol. Here, f x
x

x
( )

–

–
=

2 1

1

lim ( ) lim
–

–x x
f x

x

x® ®
=

1 1

2 1

1

= +
®

lim
( – )( )

( – )x

x x

x1

1 1

1

= + =
®

lim ( )
x

x
1

1 2

But f ( )1
0

0
= [indeterminate form]

\ f ( )1 is not defined at x = 1.

Hence, f x( ) is discontinuous at x = 1.

Graphically

Here, lim ( )
x

f x
®

=
1

2 but f ( )1 is not defined.

So, f x( ) is discontinuous at x = 1.

y Example 4 Show that the function

f x

x x

x x

x x

( )

– –

–=
+ £ <

+ £ <
+ £ £

ì
í
ï

îï

2 3 2

2 0

0 1

3,

1,

2,

is discontinuous at x = 0 and continuous at every other
point in interval [– , ].3 1

Sol. Graphically f x

x x

x x

x x

( )

, – –

, –

,

=
+ £ <

+ £ <
+ £ £

ì
í
ï

îï

2 3 3 2

1 2 0

2 0 1

is plotted as shown

Here, if we observe the graph we could conclude that at

x = 0, lim ( )
–x

f x
®

=
0

1 and lim ( ) ,
x

f x
® +

=
0

2 which shows that

the function is discontinuous at x = 0 and continuous at
every other point in [– , ].3 1

y Example 5 Examine the function,

f x

x

/ x
x /

x /

( )

cos

–
,

,

=
¹

=

ì
í
ï

îï
p

p

p
2

2

1 2

for continuity at x /= p 2.

Sol. We have, lim ( )
x /

f x
® p 2

=
®
lim

cos

–x /

x

/ xp p2 2

[as x /¹ p 2 but x /® p 2]

=
®
lim

cos

–x /

x

/ xp p2 2

0

0
form

é
ëê

ù
ûú

=
®
lim

–sin

–x /

x

p 2 0 1
[applying L’Hospital’s rule]

Þ lim ( ) sin
/x

f x
®

= =
p

p
2 2

1

Also, f /( )p 2 1=
\ lim ( ) ( )

x /
f x f /

®
=

p
p

2
2

Thus, f x( ) is continuous at x /= p 2.

y Example 6 Discuss the continuity of f x x( ) [tan ]–= 1 .

Sol. We know, y x= tan–1 could be plotted as
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Y

XX′

Y′

– 2

f x x( )=2 +3
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1
f x x( ) = +1

X′

Y′

Y

2

1

f x =( )
x –
x –

2 1
1

= ( + 1)x

X
10

x = a

L

Y

X
O

X′

Y′

Figure 6.4
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0
XX′
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–1
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–
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Thus, f x x( ) [tan ]–= 1 could be plotted as

Which clearly shows the graph is broken at
{–tan , , tan }1 0 1 .

\ f x( ) is not continuous when x Î {–tan , , tan }1 0 1 .

y Example 7 Let y f x= ( ) be defined parametrically as

y t t t= +2 | |, x t t t R= Î2 – | |, . Then, at x ,= 0 find f x( )

and discuss continuity.

Sol. As, y t t t= +2 | | and x t t= 2 – | |

Thus, when t ³ 0

Þ x t t t y t t t= = = + =2 22 2 2– ,

\ x t= and y t= 2 2 Þ y x x= " ³2 02 ,

Again, when t < 0

Þ x t t t= + =2 3 and y t t= =2 2 0– Þ y = 0, " x < 0

Hence, f x
x x

x
( )

,

,
= ³

<

ì
í
î

2 0

0 0

2

which is clearly continuous for all x as shown graphically.

y Example 8 Let

f x
e e x x x

x x

x x

( )
log (sec tan )

tan

tan

=
- + + -

-
be a

continuous function at x = 0. The value of f ( )0 equals

(a)
1

2
(b)

2

3

(c)
3

2
(d) 2

Sol. For continuity at x = 0, we have

f f x
x

( ) lim ( )0
0

=
®

= -
-®

lim
tan

tan

x

x xe e

x x0
+ + -

-®
lim

log(sec tan )

tanx

x x x

x x0

= -
-

+ -
-®

-

®
lim

( )

(tan )
lim

sec

sec

tan

x

x
x x

x
e

e

x x

x

x0 0 2

1 1

1

[using L’Hospital’s rule]

= +
+®

1
1

10
lim

secx x
= + =1

1

2

3

2

Hence, (c) is the correct answer.

y Example 9 If f x
x x

( )
tan ( )

,=
- +-

1

4 31 2
then f x( ) is

continuous for
(a) ( , )1 3 (b) (- ¥, 0)

(c) ( , ) ( , )- ¥ È ¥1 3 (d) None of these

Sol. Here,

f x
x x

( )
tan ( )

=
- +-

1

4 31 2

For domain, tan ( )- - + >1 2 4 3 0x x

Þ x x2 4 3 0- + >
Þ ( )( )x x- - >1 3 0

\ x Î - ¥ È ¥( , ) ( , )1 3

Since, every general function is continuous in its domain.

\ f x( ) is continuous for x Î - ¥ È ¥( , ) ( , )1 3 .

Hence, (c) is correct answer.
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1. If function f x
x x

x
( ) =

+ - +1 13

is continuous function at x =0, then f ( )0 is equal to

(a) 2 (b)
1

4
(c)

1

6
(d)

1

3

2. If f x e
x

x

x( )
,

,

/= +
¹

=

ì
í
ï

îï

1

1
0

0 0

1 , then

(a) lim ( )
x

f x
® -

=
0

0 (b) lim ( )
x

f x
® +

=
0

1

(c) f x( ) is discontinuous at x = 0 (d) f x( ) is continuous at x = 0

3. If f x

x a x a

x
x

x

( )

( )
,

,

=
- + +

-
¹

=

ì
í
ï

îï

2 2 2

2
2

2 2

is continuous at x =2 , then a is equal to

(a) 0 (b) 1 (c) -1 (d) 2

4. If f x

ax bx

x
x

k x

( )
log( ) log( )

,

,
=

+ - - ¹

=

ì
í
ï

îï

1 2 1
0

0
is continuous at x =0, then k is equal to

(a) 2a b+ (b) 2a b- (c) b a- 2 (d) a b+

5. If f x
x x x

x
( )

[ ] [ ],

,
=

+ - ¹
=

ì
í
î

2

2l
and f is continuous at x =2, where [ × ] denotes greatest integer function, then l is

(a) - 1 (b) 0 (c) 1 (d) 2
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Let a function y f x= ( ) be defined on[ , ]a b . Then,

the function f x( ) is said to be continuous at the left end
x a=

If f a f x
x a

( ) lim ( )=
® +

[need not check LHL]

The function f x( ) is said to be continuous at the

right end x b=
If f b f x

x b
( ) lim ( )

–
=

®
[need not check RHL]

y Example 10 If f x x( ) [ ]= , where [ × ] denotes greatest

integral function. Then, check the continuity on [ , ]1 2 .

Sol. Graphically f x x( ) [ ]= could be plotted as

Here, in the graph f x( ) is continuous at all points, where
1 < <x 2.

To check continuity at x = 1 and x = 2

(i) To check continuity at x = 1

Here, f ( )1 1= and RHL at x = 1

Þ lim ( )
x

f x
® +

=
1

1, i.e. f f x
x

( ) lim ( )1
1

=
® +

Thus, f x( ) is continuous at x = 1.

(ii) To check continuity at x = 2

Here, f ( )2 2=
But LHL at x = 2 Þ lim ( )

–x
f x

®
=

2
1

which shows f f x
x

( ) lim ( )
–

2
2

¹
®

Thus, f x( ) is discontinuous at x = 2.

From the above information, it becomes clear that f x( ) is
continuous at all points on [ , ]1 2 except at x = 2,

i.e. f x( ) is continuous for x Î[ , ).1 2

1. Let f x

x x

a x b x

x

( )

sin

sin

cos

=

- - £ £ -

+ - < <

£

2
2

2 2

2

for

for

for

p p

p p

p
x £

ì

í

ï
ïï

î

ï
ï
ï p

. If f is continuous on [ , )-p p , then find the values of a and b .

2. Draw the graph of the function f x x x x( ) | |,= - - 2 - £ £1 1x and discuss the continuity or discontinuity of f in

the interval - £ £1 1x .

3. Discuss the continuity of ‘f ’ in [ , ]0 2 , where f x
x x x

x x
( )

| | [ ] for

[cos ] for
=

- >
£

ì
í
î

4 5 1

1p
; where [ ]x is greatest integer not

greater than x.

4. Let f x

Ax B

x Ax B

x

x

x

( )

,

,

,

–

(=
-

+ +
£
Î -
>

ì
í
ï

îï
2 3

4

1

1

2 1, 1]

Statement I f x( ) is continuous at all x, if A = 3

4
and B = - 1

4
.

Statement II Polynomial function is always continuous.

A. Both Statement I and Statement II are correct and Statement II is the correct explanation of Statement I

B. Both Statement I and Statement II are correct but Statement II is not the correct explanation of Statement I

C. Statement I is correct but Statement II is incorrect

D. Statement II is correct but Statement I is incorrect

(a) A (b) B (c) C (d) D

Session 2
Continuity in an Interval or Continuity at End Points
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A function f which is not continuous, said to be
discontinuous functions, i.e. if there is a break in the
function of any kind, then it is discontinuous functions.

There are two types of discontinuity

1. Removable discontinuity

2. Non-removable discontinuity

Removable Discontinuity
In this type of discontinuity, lim ( )

x a
f x

®
necessarily

exists, but is either not equal to f a( ) or f a( ) is not defined.
Such function is said to have a removable discontinuity of
the first kind.

In this case, it is possible to redefine the function in such a
manner that lim ( ) ( )

x a
f x f a

®
= and thus making function

continuous.

These discontinuities can be further classified as

(i) Missing point discontinuity

(ii) Isolated point discontinuity

Examples of Missing Point Discontinuity

Here, lim ( )
x a

f x
®

exists finitely but f a( ) is not defined. e.g.

(i) Let f x
x x

x
( )

( ) ( )

( )
= - -

-
1 9

1

2

,

clearly f ( )1
0

0
® form

\ f x( ) has missing point discontinuity. Shown as,

(ii) f x
x

x
( ) = -

-

2 4

2
has missing point discontinuity at

x = 2 .

Shown as,

(iii) f x
x

x
( )

sin= has missing point discontinuity at x = 0.

Shown as,

Examples of Isolated Point Discontinuity

Here, lim ( )
x a

f x
®

exists and f a( ) also exists but

lim ( ) ( )
x a

f x f a
®

¹ . e.g.

(i) Let f x x x( ) [ ] [ ]= + - Þ f x
x I

x I
( )

,

,
=

Î
- Ï

ì
í
î

0

1

if

if

where x = Integer, has isolated point discontinuity,
can be shown as

(ii) Let f x x x( ) sgn (cos sin )= - +2 2 3

Þ f x x x( ) sgn ( sin sin )= - - +1 2 2 32

= +sgn( ( sin )2 2 x ( sin ))1 - x

1 3–3 0
XX′

Y′

9

Y

Figure 6.5

–2 20

Y

XX′

Y′
Figure 6.6
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Y′

Xπ
2

π π
2

π

1

Y

π
2

0
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=
= +

¹ +

ì

í
ï

î
ï

0 2
2

1 2
2

,

,

if

if

x n

x n

p p

p p

\ f x( ) has an isolated point discontinuity at x n= +2
2

p p
.

Shown as,

Non-removable Discontinuity
In this type of discontinuity lim ( )

x a
f x

®
doesn’t exist and

therefore, it is not possible to redefine the function in any

manner and make it continuous. Such function is said to

have non-removable discontinuity or discontinuity of

second kind.

Such discontinuities can further be classified into three
types.

(i) Finite Discontinuity

If for a function f x( ) : lim ( )
x a

f x L
® -

= 1 and lim ( )
x a

f x L
® +

= 2

and L L1 2¹ , then such function is said to have a finite

discontinuity or a jump discontinuity.

In this case, the non-negative difference between the two
limits is called the Jump of Discontinuity. A function
having a finite number of jumps in a given interval is called
a Piecewise Continuous or Sectionally Continuous
Function.

Examples of Finite Discontinuity

(i) f x
x

( ) tan- æ
èç

ö
ø÷

1 1
at x = 0

RHL

LHL

i.e.

i.e.

f

f

( )

( )

0
2

0
2

+

-

=

= -

ü

ý
ï

þ
ï

p

p jump = p

(ii) f x
x

x
( )

|sin |= at x = 0

RHL

LHL

i.e.

i.e.

f

f

( )

( )

0 1

0 1

+

-
=
= -

ü
ý
þ

jump = 2

(ii) Infinite Discontinuity
If for a function f x( ) : lim ( )

x a
f x L

® -
= 1 and lim ( )

x a
f x L

® +
= 2

and either L1 or L2 is infinity, then such function is said

to have infinite discontinuity.

In other words, If x a= is a vertical asymptote for the
graph of y f x= ( ), then f is said to have infinite
discontinuity at a.

Examples of Infinite Discontinuity

(i) f x
x

x
( ) ,=

-1
at x = 1

RHL i.e. f ( )1+ = - ¥

LHL i.e. f ( )1- = ¥

(ii) f x
x

( ) = 1
2

, at x = 0

RHL i.e. f ( )0 + = ¥
LHL i.e. f ( )0 - = ¥

(iii) Oscillatory Discontinuity
If for a function f x( ) : lim ( )

x a
f x

®
doesn’t exist but oscillate

between two finite quantities, then such function is said to

have oscillatory discontinuity.

Examples of Oscillatory Discontinuity

(i) f x
x

( ) sin= æ
èç

ö
ø÷

1

Þ lim ( )
x

f x
®

=
0

a value between - 1 to 1.

\ Limit doesn’t exist, as it oscillates between - 1 and
1 as x ® 0.

(ii) f x
x

( ) cos= æ
èç

ö
ø÷

1

Þ lim cos
x x®

æ
èç

ö
ø÷

=
0

1
a value between - 1 to 1.

\ Limit doesn’t exist, as it oscillates between - 1 to 1
at x ® 0.

O

Y

XX ′

Y ′

π
2

π
2

5π
2

3π
2

7

Figure 6.9



List of Continuous Functions
Function f x( ) Interval in which f x( )

is continuous

1. constant c (– , )¥ ¥
2. x nn, is an integer ³0 (– , )¥ ¥
3. x nn– , is a positive integer (– , )– { }¥ ¥ 0

4. | – |x a (– , )¥ ¥
5. P x a x a xn n( ) –= +0 1

1 + +... an (– , )¥ ¥
6. p x

q x

( )

( )
, where p x( ) and q x( ) are

polynomial in x

(– , )– { : ( ) }¥ ¥ =x q x 0

7. sin x (– , )¥ ¥
8. cos x (– , )¥ ¥
9. tan x

(– , )– ( ) :¥ ¥ + Îì
í
î

ü
ý
þ

2 1
2

n n I
p

10. cot x (– , )– { : }¥ ¥ În n Ip
11. sec x (– , )– {( ) : }¥ ¥ + Î2 1 2n / n Ip
12. cosec x (– , )– { : }¥ ¥ În n Ip
13. ex (– , )¥ ¥
14. loge x (0, ¥)

y Example 11 Examine the function, f x

x x

/ x

x x

( )

– ,

,

– ,

=
<
=

>

ì

í
ï

î
ï

1 0

1 4 0

1 02

Discuss the continuity and if discontinuous remove
the discontinuity.

Sol. lim ( ) lim ( ) –
–x x

f x f x
® ®

= =
+

0 0

1

But f /( )0 1 4= . Thus, f x( ) has removable discontinuity
and f x( ) could be made continuous by taking

f ( ) –0 1= Þ f x

x x

x

x x

( )

– ,

– ,

– ,

=
<
=

>

ì

í
ï

î
ï

1 0

1 0

1 02

Graphically f x( ) could be plotted as showing

y Example 12 Show the function, f x
e

e
x

x

/x

/x( )
–

,

,

= +
¹

=

ì
í
ï

îï

1

1

1

1
0

0 0

when

when

has non-removable discontinuity at x = 0.

Sol. We have, f x

e

e
x

x

/x

/x( )

–
,

,

= +
¹

=

ì

í
ï

î
ï

1

1

1

1
0

0 0

when

when

\ RHL at x = 0, let x h= +0

Þ lim ( ) lim ( ) lim
–

x h h

h

h

f x f h
e

e
® ® ®

+

+

+
= + =

+
0 0 0

1

0

1

0

0
1

1

=

+
®

lim
–

h

h

h

e

e
0

1

1

1

1

Þ lim ( ) lim

–

x h

/h

/h

f x e

e

® ®+
=

+0 0

1

1

1
1

1
1

Þ lim ( )
–

x
f x

® +
=

+
=

0

1 0

1 0
1

[as h ® 0 ;
1

h
® ¥ Þ e /e/h /h1 11 0® ¥ ®; ]

\ lim ( )
x

f x
® +

=
0

1

Again, LHL at x = 0, let x h= 0 –

Þ lim ( ) lim ( – )
–x h

f x f h
® ®

=
0 0

0

=
+

=
+

=
®

lim
– –

–
–

–h

/h

/h

e

e0

1

1

1

1

0 1

0 1
1

[as h e /h® ®0 01; – ]

lim ( ) –
–x

f x
®

=
0

1

Þ lim ( ) lim ( )
–x x

f x f x
® ®+

¹
0 0

.

Thus, f x( ) has non-removable discontinuity.

y Example 13 Show f x
x

( )
| |

=
1

has discontinuity of

second kind at x = 0.

Sol. Here, f ( )
| |

0
1

0
= , which shows function has discontinuity

of second kind.

Graphically Here, the graph is broken at x = 0 as

x ® 0

Þ f x( ) ® ¥

Therefore, f x( ) has discontinuity of second kind.
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X′

Y′

0 1

–1

1/4

f =(0) 1/4

X

Y

f x = x( ) – 1,2

when 0x >

f x
=

x –

( )

1,

when

0
x <

X′

Y′

O

f x =( )
1

|x|

X

Y

f x =( )
1

|x|



1. Which of the following function(s) has/have removable discontinuity at the origin?

(a) f x
x

( )
cot

=
+

1

1 2
(b) f x

x

x
( ) cos

|sin |= æ
èç

ö
ø÷

(c) f x x
x

( ) sin= p
(d) f x

x
( )

ln | |
= 1

2. Function whose jump (non-negative difference of LHL and RHL) of discontinuity is greater than or equal to one.

is/are

(a) f x

e

e
x

x

x
x

x

x
( )

( )

( )
;

( cos ) ;

/

/
=

+
-

<

- >

ì

í
ïï

î
ï
ï

1

1

1

1
0

1 0

(b) g x

x

x
x

x

x
x

( )

( )

( )
;

ln

( )
;

/

/
=

-
-

>

-
< <

ì

í
ïï

î
ï
ï

1 3

1 2

1

1
0

1

1

2
1

(c) u x

x

x
x

x

x
x

( )

sin

tan
; ,

|sin |
;

=
Îæ

èç
ù
ûú

<

ì

í
ïï

î
ï
ï

-

-

1

1

2

3
0

1

2

0

(d) v x
x x

x x
( )

log ( );

log ( );/

=
+ >

+ <
ì
í
î

3

1 2
2

2 2

5 2

3. Consider the piecewise defined function f x

x

x

x

x

x

( )

,

,

,

=
-

-

<
£ £

>

ì

í
ï

î
ï

0

4

0

0 4

4

if

if

if

, choose the answer which best describes

the continuity of this function.

(a) the function is unbounded and therefore cannot be continuous.

(b) the function is right continuous at x = 0.

(c) the function has a removable discontinuity at 0 and 4, but is continuous on the rest of the real line.

(d) the function is continuous on the entire real line.

4. If f x x x( ) sgn (cos sin ),= - +2 2 3 where sgn () is the signum function, then f x( )

(a) is continuous over its domain.

(b) has a missing point discontinuity.

(c) has isolated point discontinuity.

(d) has irremovable discontinuity

5. f x
x x

x
g x

e

x

x

( )
cos sin

( )
; ( )

cos

= -
-

= -
-

-2 2

2

1

8 42p p
h x f x( ) ( )= for x < p /2 = g x( ) for x > p /2, then which of the followings does not hold?

(a) h is continuous at x = p /2

(b) h has an irremovable discontinuity at x = p /2

(c) h has a removable discontinuity at x = p /2

(d) f g
p p+ -æ

è
ç

ö

ø
÷ =

æ

è
ç

ö

ø
÷

2 2
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Theorem 1 Sum, difference, product and quotient of two
continuous functions is always a continuous function.

However, h x
f x

g x
( )

( )

( )
= is continuous at x a= only if

g a( ) ¹ 0.

Theorem 2 If f x( ) is continuous and g x( ) is
discontinuous at x a= , then the product function
f = ×( ) ( ) ( )x f x g x is not necessarily be discontinuous at
x a= .

e.g. (i) f x x( ) = and g x x
x

x

( )
sin ,

,

= ¹

=

ì
í
ï

îï

1
0

0 0

where f x( ) is continuous and g x( ) is discontinuous at
x = 0.

But f = × = × ¹

=

ì
í
ï

îï
( ) ( ) ( )

sin ,

,

x f x g x
x

x
x

x

1
0

0 0

is continuous at x = 0.

(ii) f x x( ) cos ( )= -2 1
2

p
is continuous at x = 1 and

g x x( ) [ ]= is discontinuous at x = 1.

But f = × = -æ
èç

ö
ø÷

( ) ( ) ( ) [ ]cosx f x g x x
x2 1

2
p is

continuous at x = 1.

Theorem 3 If f x( ) and g x( ) both are discontinuous at
x a= , then the product function f = ×( ) ( ) ( )x f x g x is not
necessarily be discontinuous at x a= .

e.g. f x
x

x
( )

,

,
=

³
- <

ì
í
î

1 0

1 0
and g x

x

x
( )

,

,
=

- ³
<

ì
í
î

1 0

1 0

\ f = × = -( ) ( ) ( ) ,x f x g x 1 " x RÎ
f ( )x is continuous, where f x( ) and g x( ) are discontinuous
at x = 0.

y Example 14 f x
x x

k x

/x

( )
tan ,

,

= +æ
èç

ö
ø÷

æ
èç

ö
ø÷

¹

=

ì

í
ï

î
ï

p
4

0

0

1

.

For what value of k, f x( ) is continuous at x = 0?

Sol. Here, lim ( ) lim tan
x x

/x

f x x
® ®

= +æ
èç

ö
ø÷

ì
í
î

ü
ý
þ0 0

1

4

p

Þ lim ( ) lim
tan

– tanx x

/x

f x
x

x® ®
= +é

ë
ê

ù

û
ú

0 0

1
1

1
[1¥ form]

Þ lim ( ) lim
tan

– tan
–

x x

/x

f x
x

x® ®
= + +æ

èç
ö
ø÷

é

ë
ê

ù

û
ú

0 0

1

1
1

1
1

Þ lim ( )
lim

tan

– tan

x

x

x x
f x e

x

®

æ
è
ç

ö
ø
÷×

= ®

0

2

1

1

0

Þ lim ( )
lim

tan

( – tan )

x

x

x xf x e e
x

®
= =®

0

2
1 20

Here, f x( ) is continuous at x = 0, when

lim ( ) ( )
x

f x f
®

=
0

0

Þ k e= 2

y Example 15 A function f x( ) is defined by,

f x

x

x
x

x

( )

[ ] –

–
,

,

=
¹

=

ì
í
ï

îï

2

2

2

2

1

1
0

1

1

for

for

Discuss the continuity of f x( ) at x = 1.

Sol. We have, f x

x

x
x

x

( )
–

–
,

,

= ¹

=

ì
í
ï

îï

[ ]
2

2

2

2

1

1
0

1

1

for

for

Þ f x

x
x

x

x
x

( )

–

–
, for

, for

–

–
, for

=

< <

=

< <

ì

í

ï
1

1
0 1

0 1

1 1

1
1 2

2

2

2

2

2

ïï

î

ï
ï
ï

Þ f x

x
x

x

x

( )

–

–
, for

, for

, for

=

< <

=

< <

ì

í

ï
ïï

î

ï
ï
ï

1

1
0 1

0 1

0 1 2

2

2

2

2

\ RHL at x = 1
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Þ lim ( )
x

f x
® +

=
1

0

Also, LHL at x 2 1=

Þ lim ( ) lim ( – )
–x h

f x f h
® ®

=
1 0

1

= = ¥
®

lim
–

( – ) –
–

h h0 2

1

1 1

\ lim ( )
x

f x
® 1

doesn’t exist. [as RHL LHL¹ ]

Hence, f x( ) is not continuous at x = 1.

y Example 16 Discuss the continuity of the function

f x
x x x

xn

n

n
( ) lim

log ( )– sin
=

+
+® ¥

2

1

2

2
at x = 1.

Sol. We have, f
n

( ) lim
log – sin

(log – sin )1
3 1

2

1

2
3 1= =

® ¥
…(i)

We know that, lim
,

,n

nx
x

x® ¥
=

<

¥ >

ì
í
ï

îï
2

2

2

0 1

1

if

if

\ For x 2 1< , we have

f x
x x x

x
x

n

n

n
( ) lim

log ( ) – sin
log ( )= +

+
= +

® ¥

2

1
2

2

2

Again, for x 2 1> , we have

f x x
x x

x

x
n

n

n

( ) lim

log ( ) – sin

–sin( )=
+

+
=

® ¥

1
2

1
1

2

2

Here, as x ® 1

lim ( ) log ( )
–x

f x
®

=
1

3

and lim ( ) –sin ( )
x

f x
® +

=
1

1

So, lim ( ) lim (
–x x

f x f x
® ®

¹
+1 1

)

Therefore, f x( ) is not continuous at x = 1.

y Example 17 Discuss the continuity of f x( ) , where

f x
x

n

n

( ) lim sin= æ
èç

ö
ø÷® ¥

p
2

2

.

Sol. Since, lim
, | |

, | |n

nx
x

x® ¥
=

<
=

ì
í
î

2 0 1

1 1

\ f x
x

x

xn

n

( ) lim sin

, sin

, sin

= æ
èç

ö
ø÷

æ
èç

ö
ø÷

=
<

® ¥

p
p

p2

0
2

1

1
2

2

=

ì

í
ïï

î
ï
ï

1

Thus, f x( ) is continuous for all x , except for those values

of x for which sin
px

2
1= , i.e. x is an odd integer.

Þ x n= +( )2 1 , where n IÎ

Check continuity at x n= +( )2 1

LHL = =
® +

lim ( )
( )–x n

f x
2 1

0 and f n( )2 1 1+ =
Thus, LHL ¹ +f n( )2 1

Þ f x( ) is discontinuous at x n= +( )2 1
[i.e. at odd integers]

Hence, f x( ) is discontinuous at x n= +( )2 1 ; n Î integer.

y Example 18 Let

f x

x / x

b x

e

a x

x x

( )

{ |sin |} , –

,

,

/|sin |

tan /tan

=
+ < <

=
1 6 0

0

2 3

p

0 6< <

ì

í
ï

î
ï

x /p
Determine a and b such that f x( ) is continuous at

x = 0. [IIT JEE 1994]

Sol. Since, f is continuous at x = 0.

Therefore, RHL = LHL = f ( )0

RHL at x = 0

lim ( ) lim ( ) lim tan tan

x h h

h/ hf x f h e
® ® ®+

= + =
0 0 0

2 30

= =
®

× ×
lim

tan

tan /

h

h

h

h

he e
0

2

2

3

3

2

3 2 3 …(i)

Again, LHL at x = 0

lim ( ) lim ( – )
–x h

f x f h
® ®

=
0 0

0

= +
®

lim { |sin ( – )| } /| sin ( – )|

h

a hh
0

01 0

= +
®

lim { |sin | }| sin |

h

a

hh
0

1

= =®
×

e e
h

h
a

h a
lim | sin |

| sin |0
…(ii)

and f b( )0 = …(iii)

Thus, e e ba2 3/ = = Þ a /= 2 3 and b e= 2 3/

y Example 19 Fill in the blanks so that the resulting
statement is correct.

Let f x x
x

( ) [ ] sin
[ ]

=
+

æ
è
ç

ö
ø
÷

p
1

, where [ × ] denotes greatest

integral function. The domain of f is ............. and the
points of discontinuity of f in the domain are
................ . [IIT JEE 1996]

Sol. Let f x x
x

( ) [ ] sin
[ ]

=
+

æ
èç

ö
ø÷

p
1

Domain of f x( ) is x RÎ excluding the points where
[ ]x + =1 0 [Q denominator can’t be zero]

Þ 0 1 1£ + <x Þ –1 0£ <x

i.e. for all x Î[– , )1 0 , denominator is zero.
So, domain is x RÎ – [– , )1 0 .

Þ Domain is x Î ¥ È ¥(– , – ) [ , )1 0

and the internal point discontinuity Î[– , )1 0 .
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y Example 20 Let f x y f x f y( ) ( ) ( )+ = + for all x and y .

If the function f x( ) is continuous at x = 0, show that
f x( ) is continuous for all x.

Sol. As, the function is continuous at x = 0, we have

lim ( ) lim ( ) ( )
–x x

f x f x f
® ®

= =
+0 0

0

Þ lim ( – ) lim ( ) ( )
h h

f h f h f
® ®

= + =
0 0

0 0 0

Þ lim { ( ) (– )} lim { ( ) ( )} ( )
h h

f f h f f h f
® ®

+ = + =
0 0

0 0 0

[using f x y f x f y( ) ( ) ( )]+ = +

Þ lim (– ) lim ( )
h h

f h f h
® ®

= =
0 0

0 …(i)

Now, consider some arbitrary point x a=

LHL = = +
® ®

lim ( – ) lim ( ) (– )
h h

f a h f a f h
0 0

[using f x y f x f y( ) ( ) ( )+ = + ]

= +
®

f a f h
h

( ) lim (– )
0

LHL = + =f a f a( ) ( )0

[as lim (– )
h

f h
®

=
0

0, using Eq. (i)]

RHL = + = +
® ®

lim ( ) lim ( ) ( )
h h

f a h f a f h
0 0

= +
®

f a f h
h

( ) lim ( )
0

RHL = + =f a f a( ) ( )0

[as lim ( )
h

f h
®

=
0

0, using Eq. (i)]

At any arbitrary point ( )x a= ,

LHL = RHL = f a( )

Therefore, function is continuous for all values of x , if it is
continuous at 0.

y Example 21 Let f x( ) be a continuous function

defined for 1 3£ £x . If f x( ) takes rational values for

all x and f ( )2 10= , then find the value of f ( . ).1 5

[IIT JEE 1997]

Sol. As, f x( ) is continuous in [1, 3], f x( ) will attain all values

between f ( )1 and f ( )3 . As, f x( ) takes rational values for
all x and there are innumerable irrational values between
f ( )1 and f ( )3 which implies that f x( ) can take rational
values for all x , if f x( ) has a constant rational value at all
points between x = 1 and x = 3.

So, f f( ) ( . )2 1 5 10= =
Continuity of composite function

If the function u f x= ( ) is continuous at the point x a=
and the function y g u= ( ) is continuous at the point
u f a= ( ), then the composite function
y gof x g f x= =( ) ( ) ( ( )) is continuous at the point x a= .

y Example 22 Discuss the continuity for

f x
u

u
( )

–
,=

+
1

2

2

2
where u x= tan .

Sol. Here, u x= tan is discontinuous at np p±
2

, n IÎ

and f x
u

u
( )

–=
+

1

2

2

2
is continuous at every u RÎ .

Hence, f x( ) is continuous on; x R n n IÎ ± Îì
í
î

ü
ý
þ

– ,p p
2

.

Also, lim ( ) lim
–

x n u
f x

u

u® ± ® ¥
=

+p p
2

2

22

1

2

=
+

=
® ¥

lim

–

–
u

u

u

1
1

2
1

1
2

2

Hence, the points n n Ip p± Î
2

, have removable
discontinuity.

i.e. If f x( ) is defined as

f x

u

u
x n u x

x n

( )

–
, tan

– ,

= +
¹ ± =

= ±

ì

í
ïï

î
ï
ï

1

2 2

1
2

2

2
p p

p p

and

, then

f x( ) is continuous for all x RÎ .

y Example 23 Find the points of discontinuity of

y
u u

=
+

1

22 –
, where u

x
=

1

1–
.

Sol. The function u f x
x

= =( )
–

1

1
is discontinuous at the point

x = 1. …(i)

The function y g x
u u u u

= =
+

=
+

( )
– ( ) ( – )

1

2

1

2 12
is

discontinuous at u = –2 and u = 1.

when u
x

u= = =– ,
–

–2
1

1
2

Þ x – –1
1

2
=

Þ x /= 1 2 …(ii)

when u
x

u= = =1
1

1
1,

–

Þ x – 1 1=
Þ x = 2 …(iii)

Hence, the composite function y g f x= ( ( )) is

discontinuous at three points x = 1

2
1, and 2.
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1. If f x
x x

( ) =
- +

1

17 662
, then f

x

2

2-
æ
è
ç

ö
ø
÷ is discontinuous at x =

(a) 2 (b)
7

3
(c)

24

11
(d) 6, 11

2. Let f be a continuous function on R.

If f e e
n

n

n n n( / ) (sin ) ,1 4
1

2
2

2
= +

+
- then f ( )0 is

(a) not unique (b) 1

(c) data sufficient to find f ( )0 (d) data insufficient to find f ( )0

3. f x( ) is continuous at x = 0, then which of the following are always true?

(a) lim ( )
x

f x
®

=
0

0

(b) f x( ) is non continuous at x = 1

(c) g x x f x( ) ( )= 2 is continuous at x = 0

(d) lim ( ( ) ( ))
x

f x f
® +

- =
0

0 0

4. If f x
x

x( ) cos cos ( )= é
ëê

ù
ûú

-æ
èç

ö
ø÷

p p
2

1 ; where [x] is the greatest integer function of x, then f x( ) is continuous at

(a) x = 0 (b) x = 1

(c) x = 2 (d) None of these

5. Let f x x( ) [ ]= and g x
x Z

x x R Z
( )

,

,
,=

Î
Î -

ì
í
î

0
2 then (where  [.] denotes greatest integer function)

(a) lim ( )
x

g x
® 1

exists, but g x( ) is not continuous at x = 1

(b) lim ( )
x

f x
® 1

does not exist and f x( ) is not continuous  at x = 1

(c) gof is continuous for all x

(d) fog is continuous for all x

6. Let f x
a x x n

b x x m

n

m
( )

sin ,

cos ,
= ³ ® ¥

- < ® ¥

ì 2

2

0

1 0

for and

for and
í
î

, then

(a) f f( ) ( )0 0- +¹ (b) f f( ) ( )0 0+ ¹

(c) f f( ) ( )0 0- = (d) f is continuous at x = 0

7. Consider f x
x x

x xn

n n

n n
( ) lim

` sin

sin
= -

+® ¥
for x x f> ¹ =0 1 1 0, , ( ) , then

(a) f is continuous at x = 1

(b) f has a finite discontinuity at x = 1

(c) f has an infinite or oscillatory discontinuity at x = 1

(d) f has a removal type of discontinuity at x = 1
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If f x( ) is continuous in[ , ]a b and f a f b( ) ( )¹ , then for any
value c f a f bÎ( ( ), ( )), there is atleast one number x 0 in
( , )a b for which f x c( )0 = .

y Example 24 Show that the function

f x x a x b x( ) ( ) ( )= - - +2 2 takes the value
a b+

2
for

some value of x a bÎ[ , ].
Sol. Here, f a a( ) = and f b b( ) =

Also, f x( ) is continuous in [ , ]a b and
a b

a b
+ Î
2

[ , ].

Therefore, using intermediate value theorem, there exists
some c a bÎ[ , ], such that

f c
a b

( ) = +
2

y Example 25 Suppose that f x( ) is continuous in [0,

1] and f f( ) , ( ) .0 0 1 0= = Prove that f c c( ) = -1 2 2 for

some c Î( , ).0 1

Sol. Let g x f x x( ) ( )= + -2 12 in [0, 1], g g( ) – , ( )0 1 1 1= =
\ By intermediate value theorem, there exists some

c Î( , );0 1 g c( ) = 0 Þ f c c( ) = -1 2 2

Continuity for Rational and Irrational Function
Functions should be continuous only at one point and to
be defined everywhere. [Single Point Continuity]

e.g.

(i) f x
x x Q

x Q
( )

,

,
=

Î
Ï

ì
í
î

if

if0
, is continuous only at x = 0.

(ii) f x
x x Q

x x Q
( )

,

,
=

Î
- Ï

ì
í
î

if

if
, is continuous only at x = 0

and defined everywhere.

(iii) f x
x x Q

x x Q
( )

,

,
,=

Î
- Ï

ì
í
î

if

if1
is continuous only at x = 1

2

and defined everywhere.

(iv) f x
x x Q

x Q
( )

,

,
= Î

Ï

ì
í
î

2

1

if

if
, is continuous only at x = 1 or

x = - 1 and defined everywhere.

1. Examine the continuity at x = 0 of the sum function of the infinite series
x

x

x

x x

x

x x+
+

+ +
+

+ +
+ ¼¥

1 1 2 1 2 1 3 1( ) ( ) ( ) ( )

2. If g a b: [ , ] onto [ , ]a b is continuous, then show that there is some c a bÎ[ , ] such that g c c( ) = .

3. Show that (a) a polynomial of an odd degree has atleast one real root.

(b) a polynomial of an even degree has atleast two real roots, if it attains atleast one value opposite in sign

to the coefficient of its highest-degree term.

4. Let y x x
x

x

x

x

x

x
n n

( )
( ) ( )

= +
+

+
+

+ ¼ +
+ -

2
2

2

2

2 2

2

2 11 1 1
and y x y x

n
n( ) lim ( )=

® ¥
. Discuss the continuity of

y x n nn( ) ( )= ¼1, 2, 3, and y x( ) at x = 0.
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The instantaneous rate of change of function with respect
to the independent variable is called derivative. Let f x( )
be a given function of one variable and Dx denotes a
number (positive or negative) to be added to the
number x .

Let Df denotes the corresponding change of f , then
D Df f x x f x= + -( ) ( ).

D
D

D
D

f

x

f x x f x

x
= + -( ) ( )

If
D
D

f

x
approaches a limit as Dx approaches to zero, this

limit is the derivative of f at the point x . The derivative of

a function f is denoted by symbols such as f x¢ ( ),
df

dx
,

d

dx
f x( ) or

d f x

dx

( )
.

Þ df

dx

f

x

f x x f x

xx x
= = + -

® ®
lim lim

( ) ( )

D D

D
D

D
D0 0

The derivative evaluated at a point a is written,

f a¢ ( ),
d f x

dx x a

( )æ
èç

ö
ø÷ =

, ( ( ))f x x a¢ = etc.

Existence of Derivative at x a=
The derivative of a function f x( ) exists at x a= , if

lim
( ) ( )

( )x a

f x f a

x a®

-
-

exists finitely.

or lim
( ) ( )

( )–x a

f x f a

x a®

-
-

= -
-® +

lim
( ) ( )

( )x a

f x f a

x a

or lim
( ) ( )

h

f a h f a

h®

- -
-0

= + -
®

lim
( ) ( )

h

f a h f a

h0

(a) Right hand derivative The right hand derivative of

f x( ) at x a= denoted by f a( )+ is defined as

f a
f a h f a

hh
¢ = + -+

®
( ) lim

( ) ( )

0
, provided the limit exists

and is finite ( )h >0 .

(b) Left hand derivative The left hand derivative of

f x( ) at x a= denoted byf a( )- is defined as

f a
f a h f a

hh
¢ = - -

-
-

®
( ) lim

( ) ( )

0
, provided the limit exists

and is finite ( )h >0 .

Hence, f x( ) is said to be derivable or differentiable at
x a= .

If f a f a¢ = ¢ =+ -( ) ( ) finite quantity and it is denoted by

f a¢ ( ) ; where f a f a f a¢ = ¢ = ¢- +( ) ( ) ( ) and it is called

derivative or differential coefficient of f x( ) at x a= .

Relation between Continuity
and Differentiability
If a function is differentiable at a point, then it should be
continuous at that point as well and a discontinuous
function cannot be differentiable. This fact is proved in the
following theorem.

Theorem If a function is differentiable at a point, it is
necessarily continuous at that point. But the converse is
not necessarily true.

Or
f x( ) is differentiable at x c f x= Þ ( ) is continuous at
x c= .

Proof Let a function f x( ) be differentiable at x c= .

Then, lim
( ) – ( )

–x c

f x f c

x c®
exists finitely.

Let lim
( ) – ( )

–
( )

x c

f x f c

x c
f c

®
= ¢ …(i)

In order to prove that f x( ) is continuous at x c= , it is
sufficient to show that lim

x c
f x f c

®
=( ) ( ).

Now, lim ( ) lim
( ) – ( )

–
( – ) ( )

x c x c
f x

f x f c

x c
x c f c

® ®
= æ

è
ç

ö
ø
÷ +

é

ë
ê

ù

û
úa h– a

X
a h+

( 0)h→ ( 0)h→

y f x= ( )Y

O

f a h( + )

f a h( – )

f a( )

Figure 6.11
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= ì
í
î

ü
ý
þ

×
é

ë
ê

ù

û
ú +

®
lim

( ) – ( )

–
( – ) ( )

x c

f x f c

x c
x c f c

= × +
® ®

lim
( ) – ( )

–
lim ( – ) ( )

x c x c

f x f c

x c
x c f c

= ¢ ´ +f c f c( ) ( )0

= f c( )

Hence, f x( ) is continuous at x c= .

Converse The converse of above theorem is not
necessarily true, i.e. a function may be continuous at a
point but may not be differentiable at that point.
e.g. The function f x x( ) | |= is continuous at x = 0 but it is
not differentiable at x = 0, as shown by figure.

Which shows we have sharp edge at x = 0, hence not
differentiable but continuous at x = 0.

y Example 26 Show that f x
x

x
x

x

( )
sin ,

,

=
¹

=

ì
í
ï

îï

1
0

0 0

when

when

is continuous but not differentiable at x = 0.

Sol. (a) To check continuity at x = 0

Here, f ( )0 0=

Also, lim ( ) lim sin
x x

f x x
x® ®

=
0 0

1

= ´0 (A finite quantity that lies between –1 to +1)

=0 [as n ® 0, sin sin
1

x
® ¥, which is a finite

quantity between –1 to +1]

\ lim ( ) ( )
x

f x f
®

=
0

0 and hence, f x( ) is continuous.

Now,

(b) To check differentiability at x = 0

(LHD at x = 0)

=
®
lim

( ) – ( )

––x

f x f

x0

0

0

=
®

lim
( – ) – ( )

( – ) – ( )h

f h f

h0

0 0

0 0

=
®

lim
– sin(– )

(– )h

h /h

h0

1

= æ
èç

ö
ø÷®

– lim sin
h h0

1

[a number which oscillates between –1 and +1]

\ (LHD at x = 0) doesn’t exist.

Similarly, it could be shown that RHD at x = 0 doesn’t exist.

Hence, f x( ) is continuous but not differentiable.

y Example 27 Let f x
x

x x
x

x

( )
exp –

| |
,

,

=
+

æ
è
ç

ö
ø
÷

é

ë
ê

ù

û
ú ¹

=

ì

í
ï

î
ï

1 1
0

0 0

Test whether (a) f x( ) is continuous at x = 0

(b) f x( ) is differentiable at x = 0.
[IIT JEE 1997]

Sol. Here, f x
x

x x
x

x

( )
exp –

| |
,

,

=
+æ

èç
ö
ø÷

é

ë
ê

ù

û
ú ¹

=

ì

í
ï

î
ï

1 1
0

0 0

Þ f x

xe x

xe x

x

x x

x x
( )

,

,

,

–

–
–=

>

<
=

ì +ì
í
îï

ü
ý
þ

+
ì
í
îï

ü
ý
þ

1 1

1 1

0

0

0 0

í

ï
ï
ïï

î

ï
ï
ï
ï

Q | |
,

– ,
x

x x

x x
=

³
<

ì
í
î

é

ë
ê

ù

û
ú

0

0

Þ f x

xe x

x x

x

x

( )

,

,

,

– /

=
>
<
=

ì

í
ï

î
ï

2 0

0

0 0

…(i)

(a) To check continuity of f x( ) at x = 0

LHL = =
® ®
lim ( ) lim

– –
x x

f x x
0 0

= =
®

lim ( – )
h

h
0

0 0

RHL = =
® ®+ +
lim ( ) lim – /

x x

xf x xe
0 0

2

= =
®

lim
h /h

h

e0 2
0, f ( )0 0=

\ f x( ) is continuous at x = 0.

(b) To check differentiability at x = 0

LHD = ¢ =
®

Lf
f h f

hh
( ) lim

( – ) – ( )

–
,0

0 0

0
h > 0

= =
®

lim
(– ) –

–h

h

h0

0
1
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RHD = ¢ = +
®

Rf
f h f

hh
( ) lim

( ) – ( )
0

0 0

0

=
®

lim
–

–

h

hhe

h0

2

0 =
®

lim
–

h

he
0

2

= ¥e – = 0

\ Lf Rf¢ ¹ ¢( ) ( )0 0

Therefore, f x( ) is not differentiable at x = 0.

Some Standard Results
on Differentiability

Functions f x( ) Intervals in which
f x( ) is differentiable

1. Polynomial (– )¥ ¥to

2. Exponential ( , )a ax > 0 (– )¥ ¥to

3. Constant (– )¥ ¥to

4. Logarithmic Each point in its domain

5. Trigonometric Each point in its domain

6. Inverse trigonometric Each point in its domain

y Example 28 Let f x x x( ) | – | | |.= + +1 1 Discuss the

continuity and differentiability of the function.
Sol. Here, f x x x( ) | – | | |= + +1 1

Þ f x

x x x

x x x

x

( )

( – ) ( ),

–( – ) ( ), –

–(

=
+ + >
+ + £ £

1 1 1

1 1 1 1

when

when

– ) – ( ), –1 1 1x x+ <

ì
í
ï

îï when

Þ f x

x x

x

x x

( )

,

, –

– , –

=
>

£ £
<

ì
í
ï

îï

2 1

2 1 1

2 1

when

when

when

Graphically The graph of the function is shown below.

From the graph, it is clear that the function is continuous at
all real x , also differentiable at all real x except at x = ± 1.
Since, it has sharp edges at x = –1 and x = 1.

At x = 1 we see that the slope from the right, i.e. RHD = 2,
while slope from the left, i.e. LHD = 0.

Similarly, at x = –1 it is clear that RHD = 0, while LHD = –2

Aliter In this method, first of all we differentiate the

function and from the derivative equality sign should be

removed from doubtful points.

Here, f x

x

x

x

¢ =
<

< <
>

ì
í
ï

îï
( )

– , –

, –

,

2 1

0 1 1

2 1

[no equality on –1 and +1]

Now, at x = 1, f ¢ =+( ) ,1 2 while f ¢ =( )–1 0 and

at x = –1, f ¢ =+(– ) ,1 0 while f ¢ =(– ) ––1 2

Thus, f x( ) is not differentiable at x = ± 1.

Remark

This method is not applicable when function is discontinuous.

y Example 29 Discuss the continuity and

differentiability for f x x( ) [sin ]= when x Î[ , ]0 2p ;

where [ ]× denotes the greatest integer function x.

Sol. In last chapter, we have discussed the plotting of curves, so
y x= [sin ] could be plotted as

Or

which shows f x x( ) [sin ]= is discontinuous

for x = p p p
2

2, , , when x Î[ , ]0 2p and f x( ) is not

differentiable at x = p p p
2

2, , .

As we know, function is neither differentiable nor
continuous at those points for which graph is broken.
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y Example 30 If f x x x( ) {| | – | – } ,= 1| 2 draw the graph of

f x( ) and discuss its continuity and differentiability of f x( ).

Sol. We know, | | – | – |

– – ,

– ,

– ( – ),

x x

x x x

x x x

x x x

1

1 0

1 0 1

1 1

=
+ <
+ £ <

£

ì
í
ï

îï

Þ | | – | – |

– ,

– ,

,

x x

x

x x

x

1

1 0

2 1 0 1

1 1

=
<
£ <
£

ì
í
ï

îï

\ f x x x( ) {| | – | – | }= 1 2

=
< ³

£ <

ì
í
î

1 0 1

2 1 0 12

,

( – ) ,

when or

when

x x

x x

Graphically f x( ) could be shown as

From above figure, it is clear that f x( ) is continuous for
x RÎ ; but f x( ) is not differentiable at x = 0 1, .

Þ f x( ) is continuous for all x RÎ .

Þ f x( ) is differentiable for all x RÎ – { , }0 1 .

y Example 31 If f x
x x

x x x
( )

– ,

– ,
=

<

+ ³
ì
í
î

3 0

3 2 02

and let g x f x f x( ) (| | ) | ( )|= + . Discuss the

differentiability of g x( ) .

Sol. f x
x x

x x x
(| | )

| | – , | |

| | – | | , | |
=

<

+ ³

ì
í
î

3 0

3 2 02

Where, | |x < 0 is not possible, thus neglecting, we get

f x x x x(| | ) {| | – | | , | |= + ³2 3 2 0

f x
x x x

x x x
(| | )

,

– ,
=

+ + <

+ ³

ì
í
ï

îï

2

2

3 2 0

3 2 0
…(i)

Again, | ( )|
| – |,

| – |,
f x

x x

x x x
=

<

+ ³

ì
í
î

3 0

3 2 02

| ( )|

( – ),

( – ),

–( – ),

(

f x

x x

x x x

x x x

x

=

<

+ £ <

+ £ <

3 0

3 2 0 1

3 2 1 2

2

2

2 – ),3 2 2x x+ £

ì

í
ï
ï

î
ï
ï

…(ii)

Now, from Eqs. (i) and (ii), g x f x f x( ) (| | ) | ( )|= +

g x

x x x

x x x

x

x x x

( )

,

– ,

,

– ,

=

+ + <

+ £ <
£ <

+ ³

ì 2

2

2

2 5 0

2 6 4 0 1

0 1 2

2 6 4 2

í
ï
ï

î
ï
ï

and g x

x x

x x

x

x x

¢ =

+ <
< <
< <
>

ì

í
ïï

î
ï
ï

( )

,

– ,

,

– ,

2 2 0

4 6 0 1

0 1 2

4 6 2

Therefore, g x( ) is continuous in R – { }0 and g x( ) is
differentiable in R – { , , }0 1 2 .

y Example 32 Let f x n p x x n Z( ) [ sin ], ( , ),= + Î Î0 p
and p is a prime number, where [ × ] denotes the

greatest integer function. Then, find the number of
points, where f x( ) is not differentiable.

Sol. Here, f x n p x( ) [ sin ]= + is not differentiable at those

points where n p x+ sin is an integer.

As, p is a prime number.

Þ n p x+ sin is an integer if sin , – ,x r/p= 1 1

i.e. x
r

p

r

p
= p p p

2 2

1 1, – , sin , – sin– –

where 0 1£ £r p –

But x ¹ – ,
p
2

0

\ Function is not differentiable at

x
r

p

r

p
= p p

2

1 1, sin , – sin– –

where 0 1< £ -r p

So, the required number of points are

= +1 2 1( – )p = 2 1p – .

y Example 33 If f x x( ) || | – |= 1 , then draw the graph of

f x( ) and fof x( ) and also discuss their continuity and

differentiability. Also, find derivative of ( )fof 2 at x = ×
3

2
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Sol. The graph of f x( ) is shown as

It is clear from the graph that, f x( ) is continuous for all x ,
but f x( ) is not differentiable at x = {– , , }1 0 1 .

Now, fof x f x( ) || ( )| – |= 1 = | ( ) – |f x 1 [as f x( ) ³ 0 for all x]

Now, if f x f x( ) ( ) –® 1, shift the graph one unit below the
X-axis, i.e., as shown;

Thus, for graph of fof x f x( ) | ( ) – |= 1 is taking image of the
graph of f x( ) – 1 below X-axis and leaving the portion
above Y-axis as it is.

\ Graph for fof x( ) is shown as

which is clearly continuous for all x RÎ , but not
differentiable at x = -{ – , } .2, 1, 1,0 2

Also, fof x x( ) – ,= 2 1 2£ £x

\ ( ) ( – ) ,fof x2 22= when 1 2£ £x

Þ d

dx
fof x( ) ( – )(– ),2 2 2 1= when 1 2£ £x

\ d

dx
fof( )2 (when x /= 3 2) = =– ( – ) –2 2 3 2 1/

Þ d

dx
fof x /{( ) } –2

3 2 1
at = =

y Example 34 Draw the graph of the function
g x f x l f x l( ) ( ) ( – )= + + , where

f x
k

x

l
x l

x l

( )
–

| |
, | |

, | |

=
ì
í
î

ü
ý
þ

£

>

ì
í
ï

îï

1

0

for

for

Also, discuss the continuity and differentiability of the
function g x( ).

Sol. We have, f x
k

x

l
x l

x l

( )
–

| |
, | |

, | |

=
æ
èç

ö
ø÷

£

>

ì
í
ï

îï

1

0

The graph of f x( ) is shown as

Now, to plot g x f x l f x l( ) ( ) ( – )= + + , we shall first plot
the graphs of f x l( )+ and f x l( – ) which are given as

Thus, the graph of g x f x l f x l( ) ( ) ( – )= + + is obtained by
adding graph of f x l( )+ and f x l( – ) as

From the above figure, g x( ) is continuous for all x RÎ
and g x( ) is differentiable for all x R l lÎ ± ±– { , , }2 0 .
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X
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–x–2 y=

x+
2

y=
–x

2
y=

x–
2y=

–x y=
x

X′

Y′

X

Y

0

Graph for ( )f x
–l l

k

X ′ X ′

Y ′Y ′

X

Y

0

Graph for ( )f x – l

l

k

2l
X

Y

0

Graph for f (x + l)

–l

k

–2l

Y′

Y′ X
0

Y

1

–1 1

X ′

Y ′

X

Y

0

Graph for ( ) = ( ) + ( )g x f x + l f x – l

–l

k

–2l l 2l



y Example 35 Let f x
t dt x

x x

x

( )
{ | – |} ,

,
=

+ >

+ £

ì
í
ï

îï
ò 5 1 2

5 1 2

0
if

if
.

Test f x( ) for continuity and differentiability for all real x.
Sol. Here, f x( ) for x > 2.

f x t dt
x

( ) { | – | }= +ò 5 1
0

= + + +ò ò( – ) ( – )5 1 5 1
0

1

1
t dt t dt

x
[since x > 2]

=
æ

è
ç

ö

ø
÷ + +

æ

è
ç

ö

ø
÷6

2
4

2

2

0

1
2

1

t
t

t
t

x

– .

= + +6
1

2
4

2
4

1

2

2

– – –x
x

= + +1 4
2

2

x
x

\ f x
x x / x

x x
( )

,

,
= + + >

+ £

ì
í
î

1 4 2 2

5 1 2

2 if

if

\ RHL (at x = 2)

= + + + +ì
í
î

ü
ý
þ®

lim ( )
( )

h
h

h

0

2

1 4 2
2

2

= + + =1 8 2 11

and LHL (at x = 2) = +
®

lim { ( – ) }
h

h
0

5 2 1

= 10 + 1 = 11

\ f x( ) is continuous at x = 2. [as f ( )2 11= ]

Also, RHD (at x =2)

Rf
f h f

hh
¢ = +

®
( ) lim

( ) – ( )
2

2 2

0

=
+ + + +

®
lim

( )
( )

–

h

h
h

h0

2

1 4 2
2

2
11

=
+ +

=
®

lim
–

h

h
h

h0

2

11 6
2

11
6

LHD (at x = 2)

Lf
f h f

hh
¢ =

®
( ) lim

( – ) – ( )

–
2

2 2

0

= +
-®

lim
( – ) –

h

h

h0

5 2 1 11

=
-

=
®

lim
– –

h

h

h0

11 5 11
5

\ f x( ) is not differentiable at x = 2.

Thus, f x( ) is continuous for all x RÎ and differentiable for
all x RÎ – { }2 .

y Example 36 Draw the graph of the function and
discuss the continuity and differentiability at x = 1 for,

f x
x

x x

x

( )
, –

– ,
=

£ £
< <

ì
í
î

3 1 1

4 1 4

when

when

Sol. Here, f x
x

x x

x

( )
, –

– ,
= £ £

< <

ì
í
î

3 1 1

4 1 4

when

when

is shown below graphically.

From the graph, it is clear that it is continuous for all x in
[– , )1 4 and not differentiable at x = 1.

Because at x = 1, LHD > 0, while RHD < 0

Mathematically,

RHD = +
®

lim
( ) – ( )

h

f h f

h0

1 1

= + =
®

lim
–( ) –

–
h

h

h0

4 1 3
1

LHD =
®

lim
( – ) – ( )

–h

f h f

h0

1 1

=
®

lim
–

–

( – )

h

h

h0

13 3 =
æ

è
ç

ö

ø
÷

®
lim

–

–

–

h

h

h0
3

3 1

=3 3loge

Since, LHD ¹ RHD, f x( ) is not differentiable at x = 1.

But f x( ) is continuous at x = 1, because the derivatives
from both the sides are finite and definite.

Aliter

The given function is continuous.

Hence, f x
x

x

x

¢ = £ <
< <

ì
í
î

( )
log , –

– ,

3 3 1 1

1 1 4

Here, f ¢ =+( ) –1 1

and f
x

x¢ = =
®

( ) lim log log–

–
1 3 3 3 3

1

which shows, f f¢ ¹ ¢+( ) ( )–1 1

Therefore, f x( ) is not differentiable at x = 1.
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y Example 37 Match the column I with column II.

Column I Column II

(i) sin ( [ ])p x (A) differentiable everywhere

(ii) sin {( –[ ])x x p} (B) nowhere differentiable

(C) not differentiable at –1 and +1

where [ ] denotes greatest integral function. [IIT JEE 1992]

Sol. (i) We know, [ ] ,x I x RÎ " Î
\ sin ( [ ]) sin ( )p px I= = 0, " Îx R

By theory, we know that every constant function is
differentiable in its domain.

Thus, sin ( [ ])p x is differentiable everywhere.

Hence, (i) (A)«
(ii) Again, f x x x( ) sin {( –[ ]) }= p

Here, we know x x x– [ ] }= { ,

then p p( – [ ]) { }x x x=
which is not differentiable at integral points.

\ f x x x( ) sin { ( – [ ])}= p is not differentiable at x IÎ .
[integers]

Hence, (ii) (C)«

y Example 38 Fill in the blank, in the statement given
below.
Let f x x x .( ) | |= The set of points, where f x( ) is twice
differentiable is ............. . [IIT JEE 1992]

Sol. The function f x x x( ) | |= can be written as,

f x
x x x

x x x
( )

( ), if

(– ), if
=

³
<

ì
í
î

0

0

Þ f x
x x

x x
( )

, if

– ( ) , if
=

³

<

ì
í
ï

îï

2

2

0

0

f x( ) is differentiable, " Îx R.

Again, f x
x x

x x
¢ =

>
<

ì
í
î

( )
, if

– , if

2 0

2 0

f x
x

x
¢ ¢ =

>
<

ì
í
î

( )
, if

– , if

2 0

2 0

Here, f x² ( ) is discontinuous at x = 0

\ f x² ( ) is not differentiable at x = 0.

Hence, f x( ) is twice differentiable, " Îx R – {0}.

y Example 39 The function
f x x x x x( ) ( – )| – | cos (| | )= + +2 21 3 2 is not

differentiable at
(a) –1 (b) 0 (c) 1 (d) 2

[IIT JEE 1992]

Sol. The function f x x x x x( ) ( – ) | – | cos (| | )= + +2 21 3 2 …(i)

Here, | |x is not differentiable at x = 0, but

cos (| | )
cos (– ),

cos ( ),
x

x x

x x
=

<
³

ì
í
î

0

0

Þ cos (| | )
cos ( ),

cos ( ),
x

x x

x x
=

³
<

ì
í
î

0

0

\ cos (| | )x is differentiable at x = 0 …(ii)

Again, | – | |( – ) ( – )|x x x x2 3 2 1 2+ =

=
<

£ <
( – ) ( – ),

–( – ) ( – ),

( – ) ( – ),

x x x

x x x

x x

1 2 1

1 2 1 2

1 2

if

if

if x ³

ì

í
ï

î
ï 2

…(iii)

So, f x

x x x x x

x x x( )

( – ) ( – )( – ) cos , –

–( – ) ( – )( –=

+ ¥ < <2

2

1 1 2 1

1 1

if

2 1 2

1 1 2 22

) cos ,

( – ) ( – )( – ) cos ,

+ £ <

+ £ < ¥

ì

í
ïï

î
ï

x x

x x x x x

if

ifï

Now, to check differentiability at x = 1 2,

[using shortcut method]

f x

x x x x x x x

x¢ =

+ + ¥ < <

( )

( – )( – ) ( ) ( – ) – sin , –

–( –

2 2

2

1 2 3 2 3 2 1

1)( – ) – ( ) ( – ) – sin ,

( – )( – ) ( ) (

2 3 2 3 2 1 2

1 2 3 2

2

2

x x x x x x

x x x

+ £ <

+ x x x x2 3 2 2– ) – sin ,+ £ < ¥

ì

í
ïï

î
ï
ï

Thus, for f ¢( )1 , we have

f
x

x
¢ =

<
>

ì
í
î

( )
–sin ,

–sin ,
1

1 1

1 1

Thus, f x( ) is differentiable at x = 1

Also, f
x

x
¢ =

<
>

ì
í
î

( )
– – sin ,

– sin ,
2

3 2 2

3 2 2

Thus, f x( ) is not differentiable at x = 2.

Hence, (d) is the correct answer.

y Example 40 If f x a x
r

n

r
r( ) | | ,=

=
S

1
where a si ’ are

real constants, then f x( ) is

(a) continuous at x = 0, for all ai

(b) differentiable at x = 0, for all a Ri Î
(c) differentiable at x = 0, for all a k2 1 0+ =
(d) None of the above

Sol. We know that, | | , , , ,x rr = 0 1 2 K are all continuous every-

where.

\ f x a x
r

n

r
r( ) | |=

=
S

1
is everywhere continuous.

Since, | |, | | , | | , ...x x x3 5 are not differentiable at x = 0,

whereas | | , | | , ...x x2 4 are  everywhere differentiable.
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\ f x a x
r

n

r
r( ) | |=

=
S

1
is not differentiable at x = 0, if anyone

of a a a1 3 5, , , K is non-zero.

Thus, for f x( ) to be differentiable at x = 0, we must have
a a a1 3 5 0= = =K

i.e. a k2 1 0+ =
Hence, (a) and (c) are the correct answers.

y Example 41 Let f and g be differentiable functions
satisfying g a¢ =( ) 2, g a b( ) = and fog I= (Identity

function ). Then, f b¢ ( ) is equal to

(a) 2 (b)
2

3
(c)

1

2
(d) None of these

Sol. We have, fog I=

Þ f g x x{ ( )} = , for all x RÎ
\ f g x g x¢ × ¢ ={ ( )} ( ) ,1 for all x RÎ

Þ f g a
g a

¢ =
¢

( ( ))
( )

1 Þ f b¢ =( )
1

2

Hence, (c) is the correct answer.

y Example 42 If f x
x

x x
x( )

(log )(log ) ...
, [ , ]=

+ ¥
" Î

1
1 3

is non-differentiable at x k= . Then, the value of [ ],k 2 is

(where [ ]× denotes greatest integer function).
(a) 5 (b) 6 (c) 7 (d) 8

Sol. Let g x x x( ) (log ) (log ) ...= × ¥

\ g x

x e

x e

x e

( )

,

,

,

=
=

£ <
¥ >

ì

í
ï

î
ï

1

0 1

\ f x

x x e

x x e

e x

( )

,

/ ,

,

=
£ <
=
< £

ì

í
ï

î
ï

1

2

0 3

Þf x( ) is neither continuous nor differentiable at x e k= = .

\ [ ]k 2 7=
Hence, (c) is the correct answer.

y Example 43 If f x x( ) | |,= -1 then the points where

sin ( (| | ))-1 f x is non-differentiable, are

(a) {0, 1} (b) {0 1, - }

(c) { , , }0 1 1- (d) None of these

Sol. Here, f x x( ) | |= -1

f x x

x x

x x

x x

x x

(| | ) | | ||

,

,

,

,

= - =

- >
- < <
+ - £ £

- - < -

1

1 1

1 0 1

1 1 0

1 1

ì

í
ïï

î
ï
ï

Here, for domain of sin ( (| | ))-1 f x

- £ £1 1f x(| | )

Þ | | ||1 1- £x

Þ - £ - £1 1 1| |x

Þ - £ - £2 0| |x

Þ 2 0³ ³| |x

\ x Î -[ , ]2 2

Then, sin ( (| | ))-1 f x , for x Î -[ , ]2 2 is not differentiable at

x = -{ , , }0 1 1 .

Hence, (c) is the correct answer.
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1. If a function f x( ) is defined as f x

x x

x x

x x x

( )

,

,

,

=

- <

£ £

- + >

ì

í
ï

î
ï

0

0 1

1 1

2

2

, then

(a) f x( ) is differentiable at x = 0 and x = 1 (b) f x( ) is differentiable at x = 0 but not at x = 1

(c) f x( ) is not differentiable at x = 1but not at x = 0 (d) f x( ) is not differentiable at x = 0 and x = 1

2. If f x x x( ) )= 3sgn ( , then

(a) f is differentiable at x = 0 (b) f is continuous but not differentiable at x = 0

(c) f ¢ =-( )0 1 (d) None of these

3. Which of the following is continuous everywhere in its domain but has atleast one point where it is not

differentiable?

(a) f x x( ) /= 1 3 (b) f x
x

x
( ) =

(c) f x e x( )= - (d) f x x( ) tan=

4. If f x
x x x x x

x
( )

{ } sin { } ,

, for
=

+ + ¹
=

ì
í
î

for 0

0 0
, where { }x denotes the fractional part function, then

(a) f is continuous and differentiable at x = 0 (b) f is continuous but not differentiable at x = 0

(c) f is continuous and differentiable at x = 2 (d) None of these

5. If f x
x

e e

e e
x

x

x x

x x( )
,

,

/ /

/ /=
-
+

æ
è
ç

ö
ø
÷ ¹

=

ì

í
ï

î
ï

-1 1

1 1
0

0 0

,  then at x =0, f x( ) is

(a) differentiable (b) not differentiable

(c) f ¢ = -+( )0 1 (d) f ¢ =-( )0 1
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(i) A function f x( ) defined in an open interval ( , )a b is
said to be differentiable or derivable in open interval
( , )a b , if it is differentiable at each point of ( , ) .a b

(ii) A function f x( ) defined in a close interval[ , ]a b is
said to be differentiable or derivable at the end points
a and b, if it is differentiable from the right at a and

from the left at b. In other words, lim
( ) – ( )

–x a

f x f a

x a® +

and lim
( ) – ( )

––x b

f x f b

x b®
both exist.

y Example 44 Discuss the differentiability of

f x
x

x
( ) sin –=

+

æ

è
ç

ö

ø
÷1

2

2

1
.

Sol. We have, f x
x

x
( ) sin–=

+

æ

è
ç

ö

ø
÷1

2

2

1

Þ f x

x

x

d

dx

x

x
¢ =

+

æ

è
ç

ö

ø
÷

´
+

æ

è
ç

ö

ø
÷( )

–

1

1
2

1

2

1

2

2 2

= +

+
´ +

+

é

ë
ê
ê

ù

û
ú

( )

( ) –

( ) ( ) – ( )

( )

1

1 4

1 2 2 2

1

2

2 2 2

2

2 2

x

x x

x x x

x ú

= +

+ +
´ +

+
( )

–

( – )

( )

1

1 2 4

2 2 4

1

2

2 4 2

2 2

2 2

x

x x x

x x

x

= +

+
´

+
( )

–

( – )

( )

1

1 2

2 2

1

2

2 4

2

2 2

x

x x

x

x

= + ´
+

( )

( – )

( – )

( )

1

1

2 2

1

2

2 2

2

2 2

x

x

x

x
= + ´

+
( )

| – |

( – )

( )

1

1

2 1

1

2

2

2

2 2

x

x

x

x

[since 1 02+ ¹x ]

Þ f x
x

x

x
¢ = ´

+
( )

|( – )|

( – )

( )

1

1

2 1

12

2

2
…(i)

Here, in Eq. (i), f x¢( ) exists only if, | – |1 02x ¹

Þ 1 02– x ¹

Þ x 2 1¹ Þ x ¹ ± 1

Thus, f x¢( ) exists only, if x RÎ – {– , }1 1 .

\ f x( ) is differentiable for all x RÎ – { , – }1 1 .

Remark

The above example, can also be solved as follows

y f x
x

x
= =

+
æ

è
ç

ö

ø
÷( ) sin–1

2

2

1
, let x = tan q

\ y =
+

æ

è
ç

ö

ø
÷sin

tan

tan

–1

2

2

1

q
q

Þ y = sin (sin )–1 2q

\ y = 2q or y x= 2 1tan–

dy

dx x
=

+
2

1 2
, which states f x¢( ) exists for all x RÎ . “Which is

wrong as we have not checked the domain of f x( ) .” So, students
are advised to solve these problems carefully, while applying this
method.

y Example 45 Let [ ] denotes the greatest integer
function and f x x( ) [tan ]= 2 , then [IIT JEE 1993]

(a) lim ( )
x

f x

® 0
doesn’t exist (b) f x( ) is continuous at x = 0

(c) f x( ) is not differentiable at x = 0

(d) f ¢ =( )0 1

Sol. Here, [ ] denotes the greatest integral function.

Thus, –45 45° < < °x

Þ tan(– ) tan tan( )45 45° < < °x

Þ – tan1 1< <x Þ 0 12< <tan x

Since, f x x( ) [tan ]= =2 0

Therefore, f x( ) is zero for all values of x from (– )45° to
( ).45° Thus, f x( ) exists when x ® 0 and also it is
continuous at x = 0, f x( ) is differentiable at x = 0 and has a
value 0. (i.e. f ( )0 0= ).

Hence, (b) is the correct answer.

Theorems of Differentiability
Theorem 1 If f x( ) and g x( ) are both derivable at

x a f x g x= ±, ( ) ( ), f x g x( ) ( )× and
f x

g x

( )

( )
will also be

derivable at x a g a
f x

g x
= ¹ì

í
î

ü
ý
þ

only if for( )
( )

( )
0 .

Theorem 2 If f x( ) is derivable at x a= and g x( ) is not
differentiable at x a= , then f x g x( ) ( )± will not be
derivable at x a= .

e.g. f x x( ) cos | |= is derivable at x = 0 and g x x( ) | |= is not
derivable at x = 0.
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Then, cos | | | |x x+ is not derivable at x = 0.

However, nothing can be said about the product function,
as in this case

f x x( ) = is derivable at x = 0

g x x( ) | |= is not derivable at x = 0

But, f x g x
x

x

x

x
( ) ( )

,

,
× =

-
³
<

ì
í
î

2

2

0

0

if

if

which is derivable at x = 0.

Theorem 3 If both f x( ) and g x( ) are non-derivable, then
nothing can be said about the sum/difference/product
function.

e.g. f x x( ) sin | |= , not derivable at x = 0

g x x( ) | |= , not derivable at x = 0

Then, the function

F x x x( ) sin | | | |= + , not derivable at x = 0

G x x x( ) sin | | | |= - , derivable at x = 0

Theorem 4 If f x( ) is derivable at x a= and f a( ) = 0 and
g x( ) is continuous at x a= .

Then, the product function F x f x g x( ) ( ) ( )= × will be
derivable at x a= .

Proof F a
f a h g a h

hh
¢ = + × + -+

®
( ) lim

( ) ( )

0

0 = ¢ ×f a g a( ) ( )

F a
f a h g a h

h
f a g a

h
¢ = - × - - = ¢ ×-

®
( ) lim

( ) ( )

–
( ) ( )

0

0

\ Derivable at x a= .

Theorem 5 Derivative of a continuous function need not
be a continuous function.

e.g. f x
x

x
x

x

( )
sin ,

,

= × æ
èç

ö
ø÷

¹

=

ì
í
ï

îï

2 1

0

0

0

if

if

Here, f ( )0 0+ = and f ( )0 0- =

\ Continuous at x = 0.

and f x
x

x
x

x x
x

x
¢ = × - × æ

èç
ö
ø÷

× ¹

=

ì
í
ï

îï
( )

sin cos

,

,2
1 1 1

0

0

0

2

2

Þ f x¢ ( ) is not continuous at x = 0.

as doesn’ t existlim ( )
x

f x
®

¢é
ëê

ù
ûú0

Remark

One must remember the formula which we can write as

max { ( ), ( )}
( ) ( ) ( ) – ( )

f x g x
f x g x f x g x= + +

2 2

min { ( ), ( )}
( ) ( )

–
( ) – ( )

f x g x
f x g x f x g x= +

2 2

y Example 46 Let h x x x( ) min{ , }= 2 for every real

number of x. Then, [IIT JEE 1998]

(a) h is not continuous for all x

(b) h is differentiable for all x

(c) h x¢ =( ) 1for all x

(d) h is not differentiable at two values of x

Sol. Here, h x x x( ) min { , }= 2 can be drawn on graph in two

steps.

(a) Draw the graph of y x= and y x= 2 also find their

point of intersection.

Clearly, x x= 2 Þ x = 0 1,

(b) To find h x x x( ) min { , }= 2 neglecting the graph above

the point of intersection, we get

Thus, from the above graph,

h x
x x x

x x
( )

,

,
=

£ ³

£ £

ì
í
î

0 1

0 12

or

which shows h x( ) is continuous for all x . But not

differentiable at x = { , }0 1 .

Thus, h x( ) is not differentiable at two values of x .

Hence, (d) is the correct answer.

y Example 47 Let f R R: ® be a function defined by

f x x x( ) max{ , }= 3 . The set of all points where f x( ) is

not differentiable, is
[IIT JEE 2001]

(a) {–1, 1} (b) {–1, 0 }

(c) {0, 1} (d) {–1, 0, 1}
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X′

Y′

Y

(1, 0)

1

(0, 0)
X

x

x2

x

X′

Y′

Y

X
O 1

1

y x=
y x= 2



Sol. f x x x( ) max { , }= 3 . Consider the graph separately of

y x= 3 and y x= and find their point of intersection;

Clearly, x x3 =

Þ x = 0 1 1, , –

Now, to find f x x x( ) max { , }= 3 neglecting the graph below

the point of intersection, we get the required graph of

f x x x( ) max { , }= 3 .

Thus, from above graph, f x
x x

x x
( )

, (– , – ] [ , ]

, [– , ] [ , )
=

Î ¥ È

Î È ¥

ì
í
î

if

if

1 0 1

1 0 13

which shows f x( ) is not differentiable at 3 points, i.e.
x = {– , , }1 0 1 . (Due to sharp edges)

Hence, (d) is the correct answer.

y Example 48 Let f x( ) be a continuous function,

" Î =x R f, ( )0 1 and f x x( ) ¹ for any x RÎ , then

show f f x x( ( )) ,> " Î +x R .

Sol. Let g x f x x( ) ( ) –=

So, g x( ) is continuous and g f( ) ( )–0 0 0= .

Þ g( )0 1=
Now, it is given that g x( ) ¹ 0 for any x RÎ

[as f x x( ) ¹ for any x RÎ ]

So, g x( ) ,> 0 " Î +x R

i.e. f x x( ) ,> " Î +x R

Þ f f x f x x( ( )) ( )> > , " Î +x R

or f f x x( ( )) ,> " Î +x R

y Example 49 The total number of points of
non-differentiability of

f x( ) = max sin , cos ,2 2 3

4
x x

ì
í
î

ü
ý
þ

in [0, 10p], is

(a) 40

(b) 30

(c) 20

(d) 10

Sol. Here, f x x x( ) max sin , cos ,= ì
í
î

ü
ý
þ

2 2 3

4

Since, sin2 x and cos2 x are periodic with period p
and in [ , ]0 p , there are four points of non-differentiability of
f x( ).

\ In [ , ]0 10p , there are 40 points of non-differentiability.

Hence, (a) is the correct answer.

y Example 50 If f x x x x( ) | |{| | | – |}= + +1 1 , then draw

the graph of f x( ) in the interval [– , ]2 2 and discuss the
continuity and differentiability in [– , ].2 2

Sol. Here, f x x x x( ) | | {| | | – | }= + +1 1

f x

x x x

x x x

x
( )

( ) ( – ), – –

–( ) ( – ), –

( ),
=

+ £ <
+ £ <

+

1 2 1 2 1

1 2 1 1 0

1 0 £ <
+ £ £

ì

í
ïï

î
ï
ï

x

x x x

1

1 2 1 1 2( ) ( – ),

Thus, the graph of f x( ) is

Clearly, continuous for x RÎ and has differentiability for

x RÎ – {– , , }1 0 1
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X′

Y′

0–1

Y

X
–2 1 2

1
x +

1

(1, 2)

(2, 9)

X′

Y′

Y

(1, 1)
A

(–1, –1)
B

O

y = x3

y = x

–1

–1

1

1
X

O
X′

Y′

π
2

π

max {sin , cos , }2 2x x 3
4

1
3/4

Y

X

X′

Y′

Y

X

(–1, –1)

(1, 1)
A

B

O

y = x3

y = x



y Example 51 If the function

f x
x

a
x a x( )

( )
sin ( ) cos( )=

-é

ë
ê

ù

û
ú - + -

2
2 2

3

,

(where [ ] denotes the greatest integer function) is
continuous and differentiable in ( , )4 6 , then

(a) a Î [ , ]8 64 (b) a Î ( , ]0 8

(c) a Î ¥[ , )64 (d) None of these

Sol. We have, x Î( , )4 6 Þ 2 2 4< - <x

Þ 8 2 643

a

x

a a
< - <( )

[Qa > 0]

For f x( ) to be continuous and differentiable in ( , )4 6 ,

( )x

a

-é

ë
ê
ê

ù

û
ú
ú

2 3

must attain a constant value for x Î( , )4 6 .

Clearly, this is possible only when a ³ 64.

In that case, we have

f x a x( ) cos( )= - 2 , which is continuous and differentiable

\ a Î ¥[ , )64

Hence, (c) is the correct answer.

y Example 52 If f x x x( ) – | |= 2 2 and

g x
f t t x x

f t t x x
( )

min { ( ) :– , – }

max{ ( ) : , }
=

£ £ £ £
£ £ £ £
2 2 0

0 0 3

ì
í
î

(i) Draw the graph of f x( ) and discuss its continuity and
differentiability.

(ii) Find and draw the graph of g x .( ) Also, discuss the
continuity.

Sol. (i) Graph of f x
x x x

x x x
( )

– ,

,
=

³

+ <

ì
í
ï

îï

2

2

2 0

2 0
is shown as

which shows f x( ) is continuous for all x RÎ and
differentiable for all x RÎ – { }0 .

(ii) We know that,

If f x( ) is an increasing function on [ , ]a b , then

max { ( ); , } ( )f t a t x a x b f x£ £ £ £ =
min { ( ); , } ( )f t a t x a x b f a£ £ £ £ =
If f x( ) is decreasing function on [ , ]a b , then

max { ( ); , } ( )f t a t x a x b f a£ £ £ £ =
min { ( ); , } ( )f t a t x a x b f x£ £ £ £ =

From graph of f x( ),

g x

f x

f x

x

x

x
( )

( ),

– ,

,

( ),

for

for

for

for

– –

–
=

£ <
£ <
£ <

1

0

2 1

1 0

0 1

x ³

ì

í
ïï

î
ï
ï 1

Þ g x

x x

x x

x

x

x
( )

,

– ,

,

,

for

for

for

for

– –

–
=

+

-

£ <
£ <
£

2

2

2

1

0

2

2 1

1 0

0 <
³

ì

í
ï
ï

î
ï
ï

1

1x

Thus, graph of g x( ) is

From above figure, it is clear that g x( ) is not
continuous at x = 0 1, .

y Example 53 Let f x x x( ) ( ) ( )= f + y and f ¢ y ¢( ), ( )a a

are finite and definite. Then,

(a) f x( ) is continuous at x a=
(b) f x( ) is differentiable at x a=
(c) f x¢ ( ) is continuous at x a=
(d) f x¢ ( ) is differentiable at x a=

Sol. We know that the sum of two continuous (differentiable)
functions is continuous (differentiable).

\ f x( ) is continuous and differentiable at x a= .

Hence, (a) and (b) are the correct answers.

y Example 54 If f x x x( ) tan= + and g x( ) is the inverse

of f x( ), then g x¢ ( ) is equal to

(a)
1

1
2+ -( ( ) )g x x

(b)
1

2
2+ +( ( ) )g x x

(c)
1

2
2+ -( ( ) )g x x

(d) None of these

Sol. We have, f x x x( ) tan= +

Þ f f x f x f x( ( )) ( ) tan( ( ))- - -= +1 1 1

Þ x g x g x= +( ) tan( ( )) …(i)

[ ( ) ( )]Q g x f x= -1

1 2= ¢ + × ¢g x g x g x( ) sec ( ( )) ( )

Þ g x
g x

¢ =
+

( )
sec ( ( ))

1

1 2
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X′

Y′

0

y = x – |x|2 2

–1

Y

X
–2 1 2

–1

X′

Y′

0
–1

Y

X
–2 1 2

–1

3



Þ g x
g x

¢ =
+

( )
tan ( ( ))

1

2 2

Þ g x
x g x

¢ =
+ -

( )
( ( ))

1

2 2
[from Eq. (i)]

Hence, (c) is the correct answer.

y Example 55 If f x( ) is differentiable function and

( ( ) ( ))f x g x× is differentiable at x a= , then
(a) g x( ) must be differentiable at x a=
(b) g x( ) is discontinuous, then f a( ) = 0

(c) f a( ) ,¹ 0 then g x( ) must be differentiable

(d) None of the above

Sol.
d

dx
f x g x f a g a

x a

( ( ) ( )) ( ) ( )×é
ëê

ù
ûú

= ¢
=

+ + - ×
®

lim
( ) ( )

( )
h

g a h g a

h
f a

0

If f a( ) ¹ 0 Þ g a¢( ) must exist.

Also, if g x( ) is discontinuous, f a( ) must be 0 for f x g x( ) ( )×
to be differentiable.

Hence, (b) and (c) are the correct answers.

y Example 56 If f x x x( ) [ [ ]],= -2 2 (where [ ]× denotes

the greatest integer function) x ¹ 0, then incorrect
statement

(a) f x( ) is continuous everywhere

(b) f x( ) is discontinuous at x = 2

(c) f x( ) is non-differentiable at x = 1

(d) f x( ) is discontinuous at infinitely many points

Sol. Here, 0 2 2£ £[ ]x x

Þ 0 12 2£ £-x x[ ] Þ [ [ ]]x x- =2 2 0 1or

f x( ) is discontinuous at x n n N2 = Î, Þ x n=

\ f x( ) is neither continuous nor differentiable at

x n n N= Î, .

Hence, (b), (c) and (d) are the correct answers.

y Example 57 If f x
x x x x

x x x
( )

(sgn[ ]) { },

sin | |,
=

+ £ £
+ - £ £

ì
í
î

2 0 2

3 2 4
,

where [ ] and { } represents greatest integer and

fractional part function respectively, then
(a) f x( ) is differentiable at x = 1

(b) f x( ) is continuous but non-differentiable at x = 2

(c) f x( ) is non-differentiable at x = 2

(d) f x( ) is discontinuous at x = 2

Sol. For continuity at x = 1

lim ( ) lim sgn[ ] { }
x x

f x x x x
® ®+ +

= + = + =
1 1

2 1 0 1

lim ( ) lim sgn[ ] { }
x x

f x x x x
® ®- -

= + = + =
1 1

2 0 1 1

Also, f ( )1 1=
\ f x( ) is Continuous at x = 1

f x
x x

x x x
( )

,

,
=

£ <
+ - £ <

ì
í
î

0 1

1 1 22
, non-differentiable at x = 1

lim ( ) lim sgn[ ] { }
x x

f x x x x
® ®- -

= +
2 2

2

= ´ + =4 1 1 5

lim ( ) lim sin | |
x x

f x x x
® ®+ +

= + -
2 2

3 = +1 2sin

Thus, f x( ) is neither continuous nor differentiable at x = 2.

Hence, (c) and (d) are the correct answers.

y Example 58 A real valued function f x( ) is given as

f x

x dx x x I

x x x x

x x

x

( )

{ } , { }

,=

+ Î

- + < < ¹

- +

ò 2

1

2

1

2

3

2
1

1

0

2

2

and

6
, otherwise

ì

í

ï
ï

î

ï
ï

,

where [ ] denotes greatest integer less than or equals

to x and { } denotes fractional part function of x. Then,

(a) f x( ) is continuous and differentiable in x Î -æ
èç

ö
ø÷

1

2

1

2
,

(b) f x( ) is continuous and differentiable in x Î -é
ëê

ù
ûú

1

2

1

2
,

(c) f x( ) is continuous and differentiable in x Î é
ëê

ù
ûú

1

2

3

2
,

(d) f x( ) is continuous but not differentiable in x Î ( , )0 1

Sol. Here, x x I+ Î{ } Þ x x x I+ - Î[ ]

Þ 2x x I- Î[ ] , possible for x
n=
2

, n IÎ

\ f x dx f x dx
1

2
2

1

4

3

2
2

5

40

1 2

0

3 2æ
èç

ö
ø÷

= = æ
èç

ö
ø÷

= =ò ò{ } , { }
/ /

and f x dx f
-æ

èç
ö
ø÷

= = - =
-

ò
1

2
2

3

4
1 1

0

1 2
{ } , ( )

/

Then, f x

x

x

x

x

x x x

( )

,

,

,

,

,

=

=

=

- = -

=

- + < <

1

4

1

2
5

4

3

2
3

4

1

2

1 1
1

2

1

2

3

2

2 and

otherwise

x

x x

¹

- +

ì

í

ï
ï
ï
ï
ïï

î

ï
ï
ï
ï
ï
ï

1

1

6

2 ,

Clearly, continuous for x Î( , )0 1 but not differentiable.

Hence, (d) is the correct answer.
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1. If f x x x x( ) sin( ( [ ])), ,= - " Î -æ
èç

ö
ø÷

p p p
2 2

, where [ × ] denotes the greatest integer function, then

(a) f x( ) is discontinuous at x = -{ , , }1 0 1 (b) f x( ) is differentiable for x Î -æ
èç

ö
ø÷

-p p
2 2

0, { }

(c) f x( ) is differentiable for x Î -æ
èç

ö
ø÷

- -p p
2 2

1 0 1, { , , } (d) None of these

2. Let f x
x x

x x
( )

,

,
=

- - £ <
£ £

ì
í
î

1 1 0

0 12 , g x x( ) sin= and h x f g x f g x .( ) (| ( ) | ) | ( ( )) |= + Then,

(a) h x( ) is continuous for x Î -[ , ]1 1 (b) h x( ) is differentiable for x Î -[ , ]1 1

(c) h x( ) is differentiable for x Î - -[ , ] { }1 1 0 (d) h x( ) is differentiable for x Î - -( , ) { }1 1 0

3. If f x
x x

x x x
( )

| |,

[ ],
= - £ <

- £ <
ì
í
î

1 4 0 1

2 1 2

2

2
, where [ ] denotes the greatest integer function, then

(a) f x( ) is continuous for all x Î[ , )0 2 (b) f x( ) is differentiable for all x Î -[ , ) { }0 2 1

(c) f x( ) is differentiable for all x Î - ì
í
î

ü
ý
þ

[ , ) ,0 2
1

2
1 (d) None of these

4. Let f x x t t dt( ) | | ,= -ò0

1
then

(a) f x( ) is continuous but not differentiable for all x RÎ (b) f x( ) is continuous and differentiable for all x RÎ

(c) f x( ) is continuous for x RÎ - ì
í
î

ü
ý
þ

1

2
and f x( ) is differentiable for x RÎ - ì

í
î

ü
ý
þ

1

4

1

2
,

(d) None of these

5. Let f x( ) be a function such that f x y f x f y( ) ( ) ( )+ = + for all x and y and f x x x g x( ) ( ) ( )= + ×2 32 for all x, where

g x( ) is continuous and g( )0 3= . Then, f x¢( ) is equal to

(a) 6 (b) 9 (c) 8 (d) None of these

6. If a function g x( ) which has derivatives g x¢( ) for every real x and which satisfies the following equation

g x y e g x e g yy x( ) ( ) ( )+ = + for all x and y and g ¢ =( ) ,0 2 then the value of { ( ) ( )}g x g x¢ - is equal to

(a) ex (b)
2

3
ex (c)

1

2
ex (d) 2ex

7. Let f R R: ® be a function satisfying f
xy f x f y

x y R
2 2

æ
èç

ö
ø÷

= × " Î( ) ( )
, ,

and f f( ) ( )1 1 0= ¢ ¹ . Then, f x f x( ) ( )+ -1 is (for all non-zero real values of x)

(a) constant (b) can’t be discussed (c) x (d)
1

x

8. Let f x( ) be a derivable function at x = 0 and f
x y

K

f x f y

K

+æ
èç

ö
ø÷

= +( ) ( )
( , , ).K R KÎ ¹ 0 2 Then, f x( ) is

(a) even function (b) neither even nor odd function

(c) either zero or odd function (d) either zero or even function

9. Let f R: ( , )- - p p be a differentiable function such that f x f y f
x y

xy
( ) ( ) .+ = +

-
æ
è
ç

ö
ø
÷

1

If f ( )1
2

= p
and lim

( )
.

x

f x

x®
=

0
2 Then, f x( ) is equal to

(a) 2 1tan- x (b)
1

2

1tan- x (c)
p
2

1tan- x (d) 2 1p tan- x

10. Let f x x( ) sin= and g x

f t t x x

x
x

( )
max { ( ), }, for

cos
, for

=
£ £ £ £

- >

ì
í
ï

îï

0 0
1

2

p

p . Then, g x( ) is

(a) differentiable for all x RÎ (b) differentiable for all x RÎ - { }p
(c) differentiable for all x Î ¥( , )0 (d) differentiable for all x Î ¥ -( , ) { }0 p
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l Ex. 1 The values of a and b so that the function

f x

x a x x /

x x b / x /

a x b

( )

sin ,

cot ,

cos – sin

=
+ £ <

+ £ £
2 0 4

2 4 2

2

p
p p

x / x, p p2 < £

ì

í
ï

î
ï

is continuous for

x Î[ , ]0 p , are

(a) a b= = -p p
6 6

, (b) a b= - =p p
6 12

,

(c) a b= = -p p
6 12

, (d) None of these

Sol. (c) Since, f x( ) is continuous for x Î[ , ]0 p .

\ f x( ) is continuous at x /= p 4 and x /= p 2 and hence to
discuss continuity at x /= p 4 and x /= p 2.

Now, at x /= p 4

Left hand limit (at x /= p 4)

= = +
® ®

lim ( ) lim ( sin )
– –

x x

f x x a x
p p
4 4

2

= +
®

lim ( – ) sin ( – )
h

/ h a / h
0

4 2 4{ }p p

\ LHL = = +
®

-
lim ( )

x

f x a
p

p

4

4

Right hand limit at x /= p 4

= = +
® ®

+ +
lim ( ) lim ( cot )

x x
p p
4 4

2f x x x b

= +æ
èç

ö
ø÷

+æ
èç

ö
ø÷

+
®

lim cot
h

h h b
0
2

p
4

p
4

Þ RHL = = +
®

+
lim ( )

x
p

p

4

2
f x b

Also, f b
p p
4 2

æ
èç

ö
ø÷

= +

For continuity, LHL (at x = =p / )4 RHL (at x = p /4) = æ
èç

ö
ø÷

f
p
4

Þ p p
4 2

+ = +a b

Þ a b– = p
4

…(i)

At x /= p 2

Left hand limit (at x /= p 2)

= + = æ
èç

ö
ø÷

æ
èç

ö
ø÷

®
®

lim ( cot ) lim – cot –
–

x
p

p p

2

0
2 2

2 2
x x b h h

h
+ b

LHL = b
Right hand limit (at x /= p 2)

=
®

+
lim ( cos – sin )

x
p
2

2a x b x

= +æ
èç

ö
ø÷

+æ
èç

ö
ø÷

é

ëê
ù

ûú®
lim cos – sin

h
a h b h

0
2

2 2

p p

RHL = – –a b

and f / b b( ) cotp p p
2 2

2 2
= + =

For continuity, LHL (at x = p / )2 = RHL (at x = p /2) = f ( / )p 2

Þ b a b= – – Þ a b+ =2 0 ...(ii)

On solving Eqs. (i) and (ii), we get

a / b /= =p p6 12, –

l Ex. 2 Let f be an even function and f ¢( )0 exists, then

f ¢( )0 is
(a) 1 (b) 0

(c) -1 (d) -2

Sol. (b) Since, f is an even function.

So, f x f x(– ) ( ),= for all x ...(i)

Also, f ¢( )0 exists.

So, Rf Lf¢ = ¢( ) ( )0 0

Þ lim
( ) – ( )

lim
( – ) – ( )

–h h

f h f

h

f h f

h® ®

+ =
0 0

0 0 0 0

Þ lim
( ) – ( )

lim
(– ) – ( )

–h h

f h f

h

f h f

h® ®
=

0 0

0 0

Þ lim
( ) – ( )

lim
( ) – ( )

–h h

f h f

h

f h f

h® ®
=

0 0

0 0

[using Eq. (i), f h f h(– ) ( )= ]

Þ lim
( ) – ( )

– lim
( ) – ( )

h h

f h f

h

f h f

h® ®
=

0 0

0 0

Þ 2
0

0
0

lim
( ) – ( )

h

f h f

h®
=

Þ 2 0 0f ¢ =( ) Þ f ¢ =( )0 0

l Ex. 3 The set of points where x x2

| | is thrice

differentiable, is

(a) R (b) R - { , }0 1

(c) [ , )0 ¥ (d) R - { }0

Sol. (d ) Let f x x x( ) | |= 2 which could be expressed as

f x

x x

x

x x

( )

– ,

,

,

=
<

=

>

ì

í
ï

î
ï

3

3

0

0 0

0

Single Option Correct Type Questions
JEE Type Solved Examples :



This gives, f x

x x

x

x x

¢ =
<

=

>

ì

í
ï

î
ï

( )

– ,

,

,

3 0

0 0

3 0

2

2

So, f x¢( ) exists for all real x .

f x

x x

x

x x

¢¢ =
<

=
>

ì
í
ï

îï
( )

– ,

,

,

6 0

0 0

6 0

So, f x¢¢( ) exists for all real x .

f x

x

x

x

¢¢¢ =
<
=
>

ì
í
ï

îï
( )

– ,

,

,

6 0

0 0

6 0

However, f ¢¢¢( )0 doesn’t exist, since f ¢¢¢ = --( )0 6 and

f ¢¢¢ =+( )0 6 which are not equal.

Thus, the set of points where f x( ) is thrice differentiable is
R – { }0 .

l Ex. 4 The function f x
x

x
( )

| |

tan ( )
–

= +
+

2

2
1

, is continuous for

(a) x RÎ (b) x RÎ - { }0

(c) x RÎ - -{ }2 (d) None of these

Sol. (c) Clearly, f is continuous except possibility at x = –2

RHL (at x = - 2) =
® +
lim ( )

–x

f x
2

= +
+

=
® +
lim

( )

tan ( )–
–

x

x

x2
1

2

2
1

LHL (at x = -2) =
®
lim ( )

–
–

x

f x
2

= +
+

=
®
lim

–( )

tan ( )
–

–
––

x

x

x2
1

2

2
1

So, f is not continuous at x = – .2

l Ex. 5 If f x

x

x x
ax b for x

x x

( )

sin[ ]

– –

,

cos tan ,
–

=
+ + £ £

+

2

2

3

1

3 18

2

p

p

0 1

for x1 2< £

ì

í
ï

î
ï

differentiable function in [0, 2], where [ × ] denotes the great-

est integer function, then

(a) a b= = -1

6 4

13

6

,

p
(b) a b= - =1

6 4

,

p

(c) a b= - = -1

6 4

13

6

,

p
(d)  None of these

Sol. (a) Here, [ ] ,x 2 0= for all 0 1£ <x

and [ ] ,x 2 1= for x = 1

\ sin [ ] ,x 2 0p = for 0 1£ £x

Hence, f x
ax b x

x x x
( )

,

cos tan ,–
=

+ £ £

+ < £

ì
í
ï

îï

3

12 1 2

0 1

p

As, f x( ) is differentiable in [0, 2].

Þ f x( ) is continuous and differentiable at x = 1

Þ lim ( ) lim ( ) ( )
–x x

f x f x f
® ®

= =
+1 1

1

a b a b+ = + = +–2
4

p

Þ a b+ = +–2
4

p
...(i)

Again, since f x( ) is differentiable at x = 1

(LHD at x = 1 ) = (RHD at x = 1)

Þ lim
( ) – ( )

–
lim

( ) – ( )

––x x

f x f

x

f x f

x® ®
=

+1 1

1

1

1

1

Þ lim
( ) – ( )

––x

ax b a b

x®

+ +
1

3

1

= + +
® +
lim

( cos tan ) – ( )

–

–

x

x x a b

x1

12

1

p

Þ 3

2
1

1

11

2

a

x
x

x

=
+

+
® +
lim

– sinp p

Þ 3
1

2
a = or a = 1

6
...(ii)

From Eqs. (i) and (ii), we get

a = 1

6
and b = p

4

13

6
–

l Ex. 6 If g x
x f h x

x xm

m

m
( ) lim

( ) ( )= + +
+ +® ¥

1 1

2 3 3

is continuous at

x =1 and g ex
x

e
/ xe

( ) lim {log ( )}
log

1

1

2=
®

, then the value of

2 1 2 1 1g f h( ) ( ) – ( )+ when f x( ) and h x( ) are continuous at

x =1, is

(a) 0 (b) 1 (c) 2 (d) 3

Sol. (b) Here, g e x
x

e
/ xe( ) lim {log log } log1

1

2= +
®

= +
®

lim { log } log

x
e

/ xx e

1

21

= ®e x
e

e
x

x
lim log

log1

2

g e( )1 2= ...(i)

Also, lim ( ) lim lim
( ) ( )

– –x x m

m

m
g x

x f h x

x x® ® ® ¥
= + +

+ +

ì
í
î

ü
1 1

1 1

2 3 3
ý
þ

= + +
+ +

ì
í
î

ü
ý
þ® ¥ ®

lim lim
( ) ( )

–m x

m

m

x f h x

x x1

1 1

2 3 3

= +
+

h ( )1 1

3 3
[as x < 1 Þ lim

m

mx
® ¥

= 0]

lim ( )
( )

–x

g x
h

®
= +

1

1 1

6
...(ii)
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Again, lim ( ) lim lim
( ) ( )

x x m

m

m
g x

x f h x

x x® ® ® ¥+ +
= + +

+ +

ì
í
î

ü
1 1

1 1

2 3 3
ý
þ

= + +
+ +

ì
í
î

ü
ý
þ® ¥ ® +

lim lim
( ) ( )

m x

m

m

x f h x

x x1

1 1

2 3 3

= + +
+ +

=
® ¥ ® +

lim lim
( ) ( ) ( )

–m x

m m

m m

f h x /x /x

/x /x

f

1
1

1 1

2 3 3

1

2

\ lim ( )
( )

x

g x
f

® +
=

1

1

2
...(iii)

From Eqs. (i), (ii) and (iii), we get

e
h f2 1 1

6

1

2
= + =( ) ( )

[as g x( ) is continuous at x = 1]

Þ h e( ) –1 6 12= and f e( )1 2 2=

\ 2 1 2 1 1 2 4 6 1 12 2 2g f h e e e( ) ( ) – ( ) –+ = + + =

Þ 2 1 2 1 1 1g f h( ) ( ) – ( )+ =

l Ex. 7 Let g x f x( ) log ( )= , where f x( ) is a twice

differentiable positive function on (0, ¥) such that

f x xf x( ) ( )+ =1 . Then, for

N g N g= ¢ ¢ +æ
èç

ö
ø÷

- ¢ ¢ æ
èç

ö
ø÷

1 2 3

1

2

1

2

, , , ,K is equal to

[IIT JEE 2008]

(a) - + + + +
-

ì
í
î

ü
ý
þ

4 1

1

9

1

25

1

2 1
2

K

( )N

(b) 4 1

1

9

1

25

1

2 1
2

+ + + +
-

ì
í
î

ü
ý
þ

K

( )N

(c) - + + + +
+

ì
í
î

ü
ý
þ

4 1

1

9

1

25

1

2 1
2

K

( )N

(d) 4 1

1

9

1

25

1

2 1
2

+ + + +
+

ì
í
î

ü
ý
þ

K

( )N

Sol. (a) We have, g x f x( ) log ( )= …(i)

Þ f x e g x( ) ( )=

Þ f x e g x( ) ( )+ = +1 1

Þ x f x e g x( ) ( )= + 1 [given f x x f x( ) ( )]+ =1

Þ log log ( ) log ( )x f x e g x+ = + 1 [taking log both sides]

Þ log ( ) ( )x g x g x+ = + 1 [from Eq. (i)]

i.e. g x g x x( ) ( ) log+ - =1 …(ii)

On replacing x by x - 1

2
in Eq. (ii), we get

g x g x x+æ
èç

ö
ø÷

- -æ
èç

ö
ø÷

= -æ
èç

ö
ø÷

1

2

1

2

1

2
log

= - -log ( ) log2 1 2x

\ g x g x
x

¢ ¢ +æ
èç

ö
ø÷

- ¢ ¢ -æ
èç

ö
ø÷

= -
-

1

2

1

2

4

2 1 2( )
…(iii)

On substituting x N= 1 2 3, , , ,K in Eq. (iii) and adding

g N g¢ ¢ +æ
èç

ö
ø÷

- ¢ ¢ æ
èç

ö
ø÷

1

2

1

2
= - + + + +

-
ì
í
î

ü
ý
þ

4 1
1

9

1

25

1

2 1 2
K

( )N

l Ex. 8 Let y f x= ( ) be a differentiable function, " Îx R

and satisfies;

f x x x z f z dz x z f z dz( ) ( ) ( )= + + òò 2 2

0

1

0

1

, then

(a) f x
x

x( ) ( )= +20

119

2 9 (b) f x
x

x( ) ( )= +20

119

4 9

(c) f x
x

x( ) ( )= +10

119

4 9 (d) f x
x

x( ) ( )= +5

119

4 9

Sol. (b) We have, f x x x z f z dz x z f z dz( ) ( ) ( )= + +ò ò2

0

1 2

0

1

or f x x x z f z dz x z f z dz( ) ( ) ( )= + + òò2 2

0

1

0

1

Let l1
0

1
= ò z f z dz( ) and l2

2

0

1
= ò z f z dz( )

\ f x x x x( ) = + +2
1 2l l ...(i)

Now, l1
0

1
= ò z f z dz( )

l l l1
2

1 2
0

1
= + +ò z z z z dz( )

[using Eq. (i), as f z z z z( ) = + +2
1 2l l ]

Þ l l l1 2
2

1
3

0

1

0

1
1= + + òò( ) z dz z dz

Þ l l l1 2

3

0

1

1

4

0

1

1
3 4

= +
æ

è
ç

ö

ø
÷ +

æ

è
ç

ö

ø
÷( )

z z

Þ l l l
1

2 11

3 4
= + +

Þ 9 4 41 2l l– = ...(ii)

Also, l2
2

0

1
= ò z f z dz( ) or l l l2

2 2
1 2

0

1
= + +ò z z z z dz{ }

[using Eq. (i), as

f z z z z( ) = + +2
1 2l l ]

Þ l l l2
3

2 1
4

0

1

0

1
1= + + òò z dz z dz( )

Þ l l l
2

2 11

4 5
= + +( )

or 15 4 52 1l l– = ...(iii)

From Eqs. (ii) and (iii), we get

9 4 41 2l l– = and 15 4 52 1l l– =

l1
80

119
= , l2

61

119
= ...(iv)

Thus, Eq. (i) becomes

f x x x x( ) = + +80

119

61

119

2 [from Eq. (iv)]

Hence, f x
x

x( ) ( )= +20

119
4 9
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l Ex. 9 A function f R R: ® satisfies the equation

f x y f x f y( ) ( ) ( )+ = × for all , f x( ) ¹ 0. Suppose that the

function is differentiable at x = 0 and f ¢ =( )0 2 . Then,

(a) f x f x¢ =( ) ( )2 (b) f x f x¢ =( ) ( )

(c) f x f x¢ = +( ) ( ) 2 (d) f x f x x¢ = +( ) ( )2

Sol. (a) We are given that

f x y f x f y( ) ( ) ( )+ = × ...(i)

and f
f h f

hh

¢ = =
®

( ) lim
( ) – ( )

0
0

2
0

...(ii)

Now, f x
f x h f x

hh

¢ = +
®

( ) lim
( ) – ( )

0

Þ f x
f x h f x

hh

¢ = + +
®

( ) lim
( ) – ( )

0

0

Þ f x
f x f h f x f

hh

¢ = × ×
®

( ) lim
( ) ( ) – ( ) ( )

0

0

[using Eq. (i)]

Þ f x f x
f h f

hh

¢ =
®

( ) ( ) lim
( ) – ( )

0

0

Þ f x f x¢ =( ) ( )2 [using Eq. (ii)]

l Ex. 10 Let f be a function such that

f x f y f x y( ( )) ( )+ = + , " Îx y R, , then find f ( )0 .

If it is given that there exists a positive real d, such that

f h h( ) = for 0 < <h d, then find f x¢( ) ,

(a) 0, 1 (b) -1, 0 (c) 2, 1 (d) -2, 0

Sol. (a) Let x = 0, y = 0 in f x f y f x y( ( )) ( )+ = +
f f f( ( )) ( )0 0 0 0+ = +

Þ f f f( ( )) ( )0 0=
Þ f a a( ) = orf ( )0 0=
Given, f h h( ) =

Then, f x
f x h f x

hh

¢ = +
®

( ) lim
( ) – ( )

0
for 0 < <h d

Þ f x
f x f h f x

hh

¢ = +
®

( ) lim
( ( )) – ( )

0

[given f h h( ) = ]

Þ f x
f x h f x

hh

¢ = +
®

( ) lim
( ) – ( )

0

Þ f x
h

hh
¢ =

®
( ) lim

0

Þ f x¢ =( ) 1

l Ex. 11 If the function of

f x
x

A
x a x( )

( )

sin( ) cos( ),= -é

ë
ê

ù

û
ú - + -5

5 2

2

where [ ]×

denotes the greatest integer function, is continuous and

differentiable in ( , )7 9 , then

(a) A Î[ , ]8 64 (b) A Î[ , )0 8

(c) A Î ¥[ , )16 (d) A Î[8, 16]

Sol. (c) As we know, [ ]x is neither continuous nor differentia-
ble at integer values.

So, f x( ) is continuous and differentiable in (7, 9).

If
( )x

A

-é

ë
ê

ù

û
ú =5

0
2

Þ A x> -( )5 2 …(i)

As, x Î( , )7 9 Þ x - 5Î( , )2 4

Þ ( ) ( , )x - Î5 4 162 …(ii)

From Eqs. (i) and (ii), we get

A ³ 16

l Ex. 12 If f x n x( ) [ | | sin ],= +2 5 where n IÎ has exactly

9 points of non-derivability in ( , )0 p , then possible values of

n are (where [ ]x denotes greatest integer function)

(a) ±3 (b) ± 2

(c) ± 1 (d) None of these

Sol. (c) We have, [ | |sin ] [ | |sin ]2 5 2 5+ = +n x n x , let
y n x= 5| |sin

\ Number of points of non-derivability

= - +2 5 1 1( | | )n = -10 1| |n

According to the question, 10 1 9| |n - =
Þ 10 10| |n =
Þ | |n = 1

Here, n = ± 1

l Ex. 13 The number of points of discontinuity of

f x x x( ) [ ] { }= -2 2
2 2

(where [ ]× denotes the greatest integer

function and { }× denotes the fractional part of x) in the

interval ( , )-2 2 are

(a) 6 (b) 8

(c) 4 (d) 3

Sol. (a) Here, f x x x x x( ) ([ ] { })([ ] { })= + -2 2 2 2 = -2 2 2 2x x x( { })

= -4 4 22x x x{ } …(i)

We know, { }2x is discontinuous at integers.

Here, - < <2 2x

Þ - < <4 2 4x

\ Integer values of 2 3 2 1 0 1 2 3x = - - -{ , , , , , , }, but
f x x x x( ) ( { })= -4 2 is continuous at x = 0

\ Total number of points of discontinuity are 6.

l Ex. 14 If x RÎ + and n NÎ , we can uniquely write

x mn r= + , where m WÎ and 0 £ <r n. We define x mod

n r= . e.g. 10.3 mod 3 1 3.= . The number of points of

discontinuity of the function, f x x x( ) ( ) ( )= +mod mod2 4
2

in the interval 0 9< <x is

(a) 0 (b) 2

(c) 4 (d) None of these
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Sol. (c) Here, f x x x( ) ( ) ( )= +mod mod2 42

=

+ < <
- + £ <

- + - £ <
- +

x x x

x x x

x x x

x

2

2

2

2

0 2

2 2 4

4 4 4 6

6

,

( ) ,

( ) ( ),

( ) ( ),

( ) ( ),

x x

x x x

- £ <

- + - £ <

ì

í

ï
ïï

î

ï
ï
ï

4 6 8

8 8 8 92

Clearly, f f( ) , ( )2 6 2 2- += = Þ discontinuous at x = 2.

f f( ) , ( )4 8 4 0- += = Þ discontinuous at x = 4.

f f( ) , ( )6 6 6 2- += = Þ discontinuous at x = 6.

f f( ) , ( )8 8 8 0- += = Þ discontinuous x = 8.

\ Number of points of discontinuity = 4.

l Ex. 15 Let f R R: ® be a differentiable function at x = 0

satisfying f ( )0 0= and f ¢ =( ) ,0 1 then the value of

lim ( ) ,

x

n

nx
f

x

n® =

¥
× - × æ

èç
ö
ø÷å

0

1

1

1 is

(a) 0 (b) - log 2

(c) 1 (d) e

Sol. (b) Let L
f x n

x

f x n f

n x nx x
= = -

×® ®
lim

( / )
lim

( / ) ( )

/0 0

0
,

[using f ( )0 0= ]

\ L
n

f x n f

x nx
= -

®

1 0

0
lim

( / ) ( )

/

Þ L
n

f
n

= × ¢ =1
0

1
( ) [as f ¢ =( )0 1]

\ lim ( ) ( )
x

n

n

n

nx
f

x

n n® =

¥

=

¥
× - æ

èç
ö
ø÷

= - ×å å
0

1 1

1
1 1

1

= - + - + - + -1
1

2

1

3

1

4

1

5

1

6
...

= - - + - + - +¼æ
èç

ö
ø÷

1
1

2

1

3

1

4

1

5

1

6
= - log2

l Ex. 16 Let f x( ) is a function continuous for all x RÎ

except at x = 0 such that f x¢ <( ) 0, " Î - ¥x ( , )0 and

f x¢ > "( ) ,0 x Î ¥( , )0 . If lim ( )

x

f x
® +

=
0

3, lim ( )

x

f x
® -

=
0

4 and

f ( ) ,0 5= then the image of the point (0 1, ) about the line,

y f x x x f x x
x x

× - = × -
® ®

lim (cos cos ) lim (sin sin ),

0

3 2

0

2 3 is

(a)

12

25

9

25

,

-æ
èç

ö
ø÷

(b)

12

25

9

25

,
æ
èç

ö
ø÷

(c)

16

25

8

25

,

-æ
èç

ö
ø÷

(d)

24

25

7

25

,

-æ
èç

ö
ø÷

Sol. (d) We have,

y f x x x f x x
x x

× - = × -
® ®

lim (cos cos ) lim (sin sin )
0

3 2

0

2 3

Here, cos cos3 0x x- ® from LHS

\ lim (cos cos )
x

f x x
®

- =
0

3 4

sin sin2 3 0x x- ® from RHS

\ lim (sin sin )
x

f x x
®

- ®
0

2 3 3

\ Equation of straight line is 4 3y x= …(i)

Equation of line perpendicular to y x= 3

4
and passing

through (0, 1), is ( ) ( )y x- = - -1
4

3
0

Þ y x- = -
1

4

3
…(ii)

On solving Eqs. (i) and (ii), we get

x y= =12

25

9

25
,

Hence, image point is
24

25

7

25
, .

-æ
èç

ö
ø÷
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X′

Y′

Y

X

(0, 5)

(0, 4)

(0, 3)

0

X′

Y′

Y

X

( 12
25

9
25

, 

( 24
25

–7
25

, 
0

(0, 1)

y = x3
4




l Ex. 17 If f x( ) be such that f x x x( ) (| | , ),= - -max 3 3
3

then
(a) f x( ) is continuous " Îx R

(b) f x( ) is differentiable " Îx R

(c) f x( ) is non-differentiable at three points only

(d) f x( ) is non-differentiable at four points only

Sol. (a,d) From the graph of f x( ), f x( ) is continuous, " Îx R
and f x( ) is not differentiable at x = - 1 0 1 3, , , .

l Ex. 18 Let f x x x x( ) | |([ ] [ ]),= - - -1 then which of the

following statement(s) is/are correct. (where [ ]× denotes

greatest integer function.)

(a) f x( ) is continuous at x = 1

(b) f x( ) is derivable at x = 1

(c) f x( ) is non-derivable at x = 1

(d) f x( ) is discontinuous at x = 1

Sol. (a, c) We have, f x x x x( ) | | ([ ] [ ])= - - -1

Here, [ ] ,x x= < <0 0 1when

[ ] ,- = - < <x x1 0 1when

[ ] ,x x= < <1 1 2when

[ ] ,- = - < <x x2 1 2when

[ ] , [ ] ,x x x= - = - =1 1 1when

\ f x

x x

x

x x

( )

( )( ),

,=
- + < <

=
- < <

ì 1 1 2 1 2

0 1

0 1

when

when

when(1 ) ,

í
ï

îï

Þ f
h

hh
¢ = - =+

®
( ) lim

( )
1

3 0
3

0

and f
h

hh
¢ = - - -

-
= --

®
( ) lim

( ( ))
1

1 1 0
1

0

Þ f x( ) is continuous at x = 1 and non-derivable at x = 1.

l Ex. 19 If y f x= ( ) defined parametrically by

x t t= 2 1– | – | and y t t t= +2
2

| | , then

(a) f x( ) is continuous for all x RÎ
(b) f x( ) is continuous for all x RÎ - { }2

(c) f x( ) is differentiable for all x RÎ
(d) f x( ) is differentiable for all x RÎ - { }2

Sol. (a,d) Here, x t t= 2 1– | – | and y t t t= +2 2 | |

Now, when t < 0,

x t t t= =2 1 3 1– {– ( – )} –

and y t t t= =2 2 2 2– Þ y x= +1

9
1 2( )

When 0 1£ <t ,

x t t t= =2 1 3 1–(– ( – )) –

and y t t t= + =2 32 2 2 Þ y x= +1

3
1 2( )

When t ³ 1,

x t t t= = +2 1 1– ( – )

and y t t t= + =2 32 2 2 Þ y x= 3 1 2( – )

Thus, y f x

x x

x x

x x

= =

+ <

+ £ <

³

ì

í

ï
ï

( )

( ) , –

( ) , –

( – ) ,

1

9
1 1

1

3
1 1 2

3 1 2

2

2

2

ï

î

ï
ï
ï

Now, to check continuity at x = –1 and 2.

Continuity at x = –1 ,

LHL = = + =
® ®

lim (– – ) lim (– – )
h h

f h h
0 0

21
1

9
1 1 0

RHL = + = + + =
® ®

lim (– ) lim (– )
h h

f h h
0 0

21
1

3
1 1 0

f (– )1 0=
\ f x( ) is continuous at x = –1.

Now, to check continuity at x =2 ,

LHL = = + =
® ®

lim ( – ) lim ( – )
h h

f h h
0 0

22
1

3
2 1 3

RHL = + = + =
® ®

lim ( ) lim ( – )
h h

f h h
0 0

22 3 2 1 3

f ( )2 3=
Thus, f x( ) is continuous at x = 2.

Now, to check differentiability at x = –1 and 2.

Differentiability at x = –1 ,

LHD = ¢ =
®

Lf
f h f

hh
(– ) lim

(– – ) – (– )

–
1

1 1

0

=
+

=
®

lim
(– – ) –

–h

h

h0

21

9
1 1 0

0

RHD = ¢ = +
®

Rf
f h f

hh
(– ) lim

(– ) – (– )
1

1 1

0
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More than One Correct Option Type Questions
JEE Type Solved Examples :

X′

y = | – x|3

y = – x3 3

Y

–1 1 31/3 3
X

0



=
+ +

=
®

lim
(– ) –

h

h

h0

21

3
1 1 0

0

Hence, f x( ) is differentiable at x = –1.

Differentiability at x = 2 ,

LHD = ¢ =
®

Lf
f h f

hh
( ) lim

( – ) – ( )

–
2

2 2

0

=
+

=
®

lim
( – ) –

–h

h

h0

21

3
2 1 3

2

RHD = ¢ = +
®

Rf
f h f

hh
( ) lim

( ) – ( )
2

2 2

0

= + =
®

lim
( – ) –

h

h

h0

23 2 1 3
6

Hence, f x( ) is not differentiable at x = 2.

\ f x( ) is continuous for all x and differentiable for all x ,
except x = 2.

l Ex. 20 f x e ex x
( ) sin [ ] sin [ ],= +- - -1 1 where [ ]×

greatest integer function, then

(a) domain of f x( ) ( ln , ln )= - 2 2

(b) range of f x( ) { }= p
(c) f x( ) has removable discontinuity at x = 0

(d) f x x( ) cos= -1

has only solution

Sol. (a, c) 0 2< <e x and 0 2< <-e x

Þ - ¥ < <x elog 2 and - ¥ < - <x elog 2

Þ ( log )- ¥ < <x e 2

and ( log )- < < ¥e x2

Þ - < <log loge ex2 2

\ f x
x

x e e

( )
,

, ( log , ) ( , log )
=

=

Î - È

ì
í
ï

îï

p
p

0

2
2 0 0 2

l Ex. 21 f R R: ® is one-one, onto and differentiable

function and graph of y f x= ( ) is symmetrical about the

point (4, 0), then

(a) f f- -+ - =1 1

2010 2010 8( ) ( )

(b) f x dx( ) =
-ò 0

2010

2018

(c) if f ¢ - >( )100 0, then roots of

x f x f2

10 10 0- ¢ - ¢ =( ) ( ) may be non-real

(d) if f ¢ =( ) ,10 20 then f ¢ - =( )2 20

Sol.(a, b, d) Graph is symmetrical about (4, 0).

Þ f x f x( ) ( )4 4+ = - -
Þ f x f x( ) ( )= - -8 …(i)

Now, let f x( ) ,= 2010 then f x( )8 2010- = -
Þ f f- -+ - =1 12010 2010 8( ) ( )

Þ Option (a) is true.

and f x dx f x dx( ) ( )= -
-ò ò2010

4

4

2018

Þ Option (b) is true.

Also, D f f= ¢ + ¢ >( ( )) ( )10 4 10 02

As, f ¢ - >( )100 0 Þ f ¢ ³( )10 0

Þ x f x f2 10 10 0- ¢ - ¢ =( ) ( ) has real roots.

Þ Option (c) is false.

As, f x f x¢ + = ¢ -( ) ( )4 4

f x¢( ) is symmetric about x = 4

Þ f f¢ = ¢ - =( ) ( )10 2 20

Þ Option (d) is true.

l Ex. 22 Let f be a real valued function defined on the

interval ( , ),0 ¥ by f x x t dt
x

( ) ln sin= + +ò 1

0

. Then, which

of the following statement(s) is/are true? [IIT JEE 2010]

(a) f x¢ ¢ ( ) exists for all x Î ¥( , )0

(b) f x¢ ( ) exists for all x Î ¥( , )0 and f ¢ is continuous on

(0, ¥) but not differentiable on ( , )0 ¥
(c) There exists a > 1such that| ( )| | ( )|f x f x¢ < for all

x Î µ ¥( , )

(d) There exists b > 0 such that| ( )| | ( )|f x f x+ ¢ £ b for all

x Î ¥( , )0

Sol. (b, c) Here, f x
x

x x¢ = + + >( ) sin ,
1

1 0 but f x( ) is not

differentiable in (0, ¥) as sin x may be - 1 and then

f x
x

x

x
¢ ¢ = - +

+
( )

cos

sin

1 1

2 12
will not exist.

Þ f x¢( ) is continuous for all x Î ¥( , )0 but f x¢( ) is not
differentiable on ( , ).0 ¥
\ Option (b) is true.

Also, f x¢ £( ) 3, if x > 1

and f x( ) > 3, if x e> 3

\ Let a = e 3

Þ Option (c) is true.

(d) is not possible, as f x( ) ® ¥ when x ® ¥.

l Ex. 23 If f x f y f
x y

xy
( ) ( )

–

+ = +æ
è
ç

ö
ø
÷

1

for all x y R, Î

( )xy ¹1 and lim

( )

x

f x

x®
=

0

2, then

(a) f
1

3 3

æ
èç

ö
ø÷

= p
(b) f

1

3 3

æ
èç

ö
ø÷

= - p

(c) f ¢ =( )1 1 (d) f ¢ = -( )1 1

Sol. (a, c) f x f y f
x y

xy
( ) ( )

–
+ = +æ

èç
ö
ø÷1

...(i)

On putting x y= = 0, we get f ( )0 0=

On putting y x= – , we get f x f x f( ) (– ) ( )+ = 0

Þ f x f x(– ) – ( )= ...(ii)
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Also, lim
( )

x

f x

x®
=

0
2

Now, f x
f x h f x

hh

¢ = +
®

( ) lim
( ) – ( )

0
…(iii)

= + +
®

lim
( ) (– )

h

f x h f x

h0

[using Eq. (ii), – ( ) (– )f x f x= ]

f x

f
x h x

x h x

hh

¢ =

+
+

æ
èç

ö
ø÷

®
( ) lim

–

– ( ) (– )

0

1
[using Eq. (i)]

Þ f x

f
h

x x h

hh

¢ =
+ +

æ
èç

ö
ø÷

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

®
( ) lim

( )

0

1

Þ f x

f
h

xh x

h

xh x

xh xh

¢ =
+ +

æ
è
ç

ö
ø
÷

+ +
æ
è
ç

ö
ø
÷

´
+ +®

( ) lim
0

2

2

2

1

1

1

1

æ
è
ç

ö
ø
÷

Þ f x

f
h

xh x

h

xh x

h h

¢ =
+ +

æ
è
ç

ö
ø
÷

+ +
æ
è
ç

ö
ø
÷

´
® ®

( ) lim lim
0

2

2

0

1

1

1

1 + +xh x 2

using lim
( )

x

f x

x®
=é

ëê
ù
ûú0

2

Þ f x
x

¢ = ´
+

( ) 2
1

1 2
Þ f x

x
¢ =

+
( )

2

1 2

On integrating both sides, we get

f x x C( ) tan ( )–= +2 1

Where f ( )0 0= Þ C = 0

Thus, f x x( ) tan–= 2 1

Hence, f
1

3
2

1

3
2

6 3

1æ
èç

ö
ø÷

= æ
èç

ö
ø÷

= × =tan– p p

and f ¢ =
+

= =( )1
2

1 1

2

2
1

2

l Ex. 24 Let f R R: ® is a function which satisfies condi-

tion f x y f x f y( ) ( ) [ ( )]+ = +3 3 for all x y R, Î . If f ¢ ³( )0 0,

then

(a) f x( ) = 0 only (b) f x x( ) = only

(c) f x( ) = 0 or x only (d) f ( )10 10=
Sol. (c, d) Given, f x y f x f y( ) ( ) [ ( )]+ = +3 3 ...(i)

and f ¢ ³( )0 0 ...(ii)

On replacing x y, by 0,

f f f( ) ( ) ( )0 0 0 3= + Þ f ( )0 0= ...(iii)

Also, f
f h f

h

f h

hh h

¢ = + =
® ®

( ) lim
( ) – ( )

lim
( )

0
0 0

0 0
...(iv)

Let I f
f h f

hh

/

/
= ¢ = +

®
( ) lim

( ( ) ) – ( )

( )
0

0 0

0

1 3 3

1 3 3

= =
æ

è
ç

ö

ø
÷

® ®
lim

( ( ))

( )
lim

( )

( )h

/

/ h

/

/

f h

h

f h

h0

1 3 3

1 3 3 0

1 3

1 3

3

3= I

Þ I I= 3 or I = 0 1 1, , – as f ¢ ³( )0 0

\ f ¢ =( ) ,0 0 1 ...(v)

Thus, f x
f x h f x

hh

¢ = +
®

( ) lim
( ) – ( )

0

= +
®

lim
( ( ) ) – ( )

( )h

/

/

f x h f x

h0

1 3 3

1 3 3

f x
f x f h f x

hh

/

/
¢ = +

®
( ) lim

( ) ( ( )) – ( )

( )0

1 3 3

1 3 3
[using Eq. (i)]

Þ f x
f h

h
f

h

/

/
¢ =

æ

è
ç

ö

ø
÷ = ¢

®
( ) lim

( )

( )
( ( ))

0

1 3

1 3

3

30

Þ f x¢ =( ) 0 1or [as f ¢ =( )0 0 1or , using Eq. (v)]

On integrating both sides, we get

f x C( ) = or x C+ as f ( )0 0=
Þ f x( ) = 0 or x

Thus, f ( )10 0= or  10

l Ex. 25 Let f x x x x( ) –= + +3 2

1

and g x
f t t x for x

x x
( )

max ( ),

– ,

=
£ £ £ £
< £

ì
í
î

0 0 1

3 1 2

Then, g x( ) in [0, 2] is

(a) continuous for x Î -[ , ] { }0 2 1

(b) continuous for x Î[ , ]0 2

(c) differentiable for all x Î[ , ]0 2

(d) differentiable for all x Î -[ , ] { }0 2 1

Sol. (b, d) Here, f x x x x( ) –= + +3 2 1

Þ f x x x¢ = +( ) –3 2 12 , which is strictly increasing in (0, 2).

\ g x
f x x

x x
( )

( ),

– ,
=

£ £
< £

ì
í
î

0 1

3 1 2

[as f x( ) is increasing, so f x( ) is
maximum when 0 £ £t x]

So, g x
x x x x

x x
( )

– ,

– ,
= + + £ £

< £

ì
í
î

3 2 1 0 1

3 1 2

Also, g x
x x x

x
¢ = + £ £

< £

ì
í
î

( )
– ,

– ,

3 2 1 0 1

1 1 2

2

Which clearly shows g x( ) is continuous for all x Î[ , ]0 2 but
g x( ) is not differentiable at x = 1.
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Passage I

(Ex. Nos. 26 to 27)

In the given figure graph of

y P x ax bx cx dx ex f= = + + + + +( ) ,5 4 3 2 is given.

26. If P x¢¢ ( ) has real roots a b g, , , then[ ] [ ] [ ],a b g+ + is

(a) -2 (b) -3 (c) -1 (d) 0

27. The minimum number of real roots of equation

( ( )) ( ) ( ) ,P x P x P x¢¢ + ¢ × ¢¢¢ =2

0 is

(a) 5 (b) 7 (c) 6 (d) 4

Sol. (Ex. Nos. 26 to 27) Here, P x¢ =( ) 0 at x = - -ì
í
î

ü
ý
þ

2 1 0
1

2
, , ,

Þ P x¢ ¢( ) will have real roots Î - - - æ
èç

ö
ø÷

( , ), ( , ), , .2 1 1 0 0
1

2

Þ [ ] [ ] [ ]a b g+ + = - - + = -2 1 0 3

Also, let f x P x P x P x( ) ( ( )) ( ) ( )= ¢¢ + ¢ × ¢ ¢ ¢2

\ f x
d

dx
P x P x( ) ( ( ) ( ))= ¢ × ¢ ¢

Since, P x¢( ) has 4 real roots.

Þ P x¢ ¢( ) has 3 real roots.

Þ f x( ) has 6 real roots.

26. (b) 27. (c)

Passage II

(Ex. Nos. 28 to 30)

If a b, (where a b< ) are the points of discontinuity of the

function g x f f f x( ) ( ( ( ))),= where f x
x

( ) =
-
1

1

and P a a( , )
2

is any point on XY-plane. Then,

28. The points of discontinuity of g x( ) is

(a) x = -0 1, (b) x = 1only (c) x = 0 only (d) x = 0 1,

Sol. (d) Here, f x
x

( ) =
-
1

1

Þ x ¹ 1

f f x
f x

( ( ))
( )

=
-

1

1

=
-

-

= -1

1
1

1

1

x

x

x

Þ x ¹ 0 1,

and f f f x
f x

f x
x

x

x( ( ( )))
( )

( )
= - = -

-

-

=1
1

1
1

1

1

, where x ¹ 0 1, .

Here, point of discontinuity are x = 0 1, .

29. The domain of f g x( ( )), is

(a) x RÎ
(b) x RÎ - {1}

(c) x RÎ - {0, 1}

(d) x RÎ - -{0, 1, 1}

Sol. (c) Here, g x f f f x x x R( ) ( ( ( ))) , { , }= = Î - 0 1

f g x f x
x

( ( )) ( )= =
-
1

1

Þ x ¹ 0 1,

\ Domain of f g x R( ( )) { , }Î - 0 1

30. If point P a a( , )
2

lies on the same side as that of ( , )a b
with respect to line x y+ - =2 3 0, then

(a) a Î -æ
èç

ö
ø÷

3

2

1, (b) a RÎ

(c) a Î -æ
èç

ö
ø÷

3

2

0, (d) a Î( , )0 1

Sol. (a) From graph, a Î -æ
èç

ö
ø÷

3

2
1, , as ( , ) ( , )a b = 0 1 .
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X′

Y′

–3 –2 –1 1
2

1 2
X

Y

(0, 1)

(–2, 2)

0

X′

Y′

x
y+2 –3=0

(0, 3/2)

(0, 1)
( , )a a2

10–3
2

y x= 2
Y

X
–1



l Ex. 31 Let f x
x x

x x
( )

[ ],

| | ,

=
- £ <

£ £
ì
í
î

2 0

0 2

(where [ × ] denotes the greatest integer function)

g x x x R n( ) sec , ( ) / .= Î - +2 1 2p
Match the following statements in Column I with their

values in Column II in the interval -æ
èç

ö
ø÷

3

2

3

2

p p
, .

Column I Column II

(A) Limit of fog exists at (p) - 1

(B) Limit of gof doesn’t exist at (q) p
(C) Points of discontinuity of fog is/are (r) 5

6

p

(D) Points of differentiability of fog is/are (s) - p

Sol. (A) (p, q, s), (B) (p), (C) (q, s), (D) (p® ® ® ® , r)

f x
x x

x x
( )

[ ],

| |,
=

- £ <
£ £

ì
í
î

2 0

0 2
Þ f x

x

x

x

x

( )

,

,

,

=
-
-

- £ < -
- £ <

£ £

ì
í
ï

îï

2

1

2 1

1 0

0 2

g x x x R n( ) , ( )= Î - +sec 2 1
2

p

Þ fog x

x

x

x

x

( )

,

,

,

=
-
-

- £ < -
- £ <

£ £

ì
í
ï

îï

2

1

2 1

1 0

0 2sec

sec

sec

sec

\ fog =

-

-

Î - -é
ëê

ù
ûú

È é
ëê

ù
ûú

- -2

1

4

3

2

3

2

3

4

3
,

,

sec ,

, , { , }

x

x
p p p p p p

x

x

= -

Î -é
ëê

ù
ûú

ì

í

ï
ï

î

ï
ï

p p
p p

,

,
3 3

Limit of fog exist at x = - -p p, , 1 points of discontinuity of

fog are - p p, and points of differentiability of fog are - 1
5

6
, .

p

gof

x

x

x=

-

-

Î - - - -ì
í
î

ü
ý
þ

Î -

sec

sec

sec

( ),

),

,

[ , )

[ ,

2

1

2 1
2

1(

p

0

0 2
2

)

[ , ]x Î - ì
í
î

ü
ý
þ

ì

í

ï
ï

î

ï
ï

p

Limit of gof doesn’t exist at x = - 1.

l Ex. 32 Match the functions in Column I with the

properties Column II.

Column I Column II

(A) g R Q: ® (Rational number), f R Q: ®
(Rational number); f and g are

continuous functions such that

3 3f x g x( ) ( )+ = ,  then

( ( )) ( ( ) )1 33 3- + -f x g x is

(p) 1

(B) If f x g x( ), ( ) and h x( ) are continuous and

positive functions such that

f x g x h x( ) ( ) ( )+ + = f x g x( ) ( )

+ +g x h x h x f x( ) ( ) ( ) ( ),

then f x g x h x( ) ( ) ( )+ - 2 is

(q) 0

(C) y f x= ( ) satisfies the equation

y y x xy x
3 2 22 1 4 1- + + + -( ) ( )

( ) ,y - =2 0 then y y¢ +( ) ( )1 1 would be

equal to

(r) 2

(D) If y f x= ( ) satisfies ( ( )) ( ( ))xf x xf x
99 98+

+ + + =... ( ( )) ,xf x 1 0 then ( ( ))1 1+ f is

(s) 3

(t) - 1

Sol. (A) (p), (B) (q), (C) (p, r,s), (D) (q)® ® ® ®
(A) On comparing, f x g x( ) , ( )= =0 3

\ ( ( )) ( ( ) )1 33 3- + -f x g x = 1

(B) Here, f x g x h x( ) ( ) ( )+ +
= × + × + ×f x g x g x h x h x f x( ) ( ) ( ) ( ) ( ) ( )

Þ 1

2

2 2{( ( ) ( ) ) ( ( ) ( ) )f x g x g x h x- + -

+ - =( ( ) ( ) ) }h x f x 2 0

Þ f x g x h x( ) ( ) ( )= =
\ f x g x h x( ) ( ) ( )+ - =2 0
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1

–1

–3 /2π –π –π/2 π/2 3 /2ππ

–1

–2 –2

O
X

Y



(C) y y x xy x y3 2 22 1 4 1 2 0- + + + - - =( ) ( ) ( )

Put y x x= Þ - + +2 8 8 1 8( ) = 0

\ y = 2 is solution.

Put y x= +( )1

Þ ( ) ( ) ( ) ( ) ( )x x x x x x+ - + + + + - -1 2 1 4 1 1 13 3 2

= - + + + + + -( ) ( ) ( ) ( )x x x x x1 4 1 1 13 2

= - + + + + -( ) ( ) { ( ) }x x x x1 1 4 13 2

= - + + +( ) ( )x x1 13 3 = 0

\ y x= +( )1 is the solution.

Similarly, y x= -( )1 is the solution

Þ y x x= + -2 1 1, ,

\ dy

dx
= 0 1,

Þ
y y y

y y y x

¢ + = + = =
¢ + = + = = +

( ) ( ) ,

( ) ( ) ,

1 1 0 2 2 2

1 1 1 2 3 1

when

when

y y y x¢ + = + = = -

ì
í
ï

îï ( ) ( ) ,1 1 1 0 1 1when

(D)
( ( ))

( )

xf x

xf x

100 1

1
0

-
-

= Þ xf x( ) = - 1

As, xf x( ) ¹ 1

\ xf x( ) = - 1

Þ f ( )1 1= - or 1 1 0+ =f ( )

l Ex. 33 Suppose a function f x( ) satisfies the following

conditions

f x y
f x f y

f x f y
x y( )

( ) ( )

( ) ( )

, ,+ = +
+

"
1

and f ¢ =( ) .0 1 Also,

- < <1 1f x( ) , " Îx R.

Match the entries of the following two columns.

Column I Column II

(A) f x( ) is differentiable over the set (p) R - -( , , )1 0 1

(B) f x( ) increases in the interval (q) R

(C) Number of the solutions of f x( ) = 0 is (r) 0

(D) The value of the limit lim [ ( )]
x

x
f x

® ¥
is (s) 1

Sol. (A) (q), (B) (q), (C) (s), D (s)® ® ® ®
Put x y f= = Þ =0 0 0( )

Now, f x
f x h f x

hh
¢ = + -

®
( ) lim

( ) ( )

0

=

+
+

-

®
lim

( ) ( )

( ) ( )
( )

h

f x f h

f x f h
f x

h0

1

= -
+®

lim
( ) [ { ( )} ]

[ ( ) ( )]h

f h f x

h f x f h0

21

1

= -
-

ì
í
î

ü
ý
þ

-
+

é

ë
ê

ù

û
ú®

lim
( ) ( ) { ( )}

( ) ( )h

f h f

h

f x

f x f h0

20

0

1

1

= ¢ - = -f f x f x( ) [ { ( )} ] { ( )}0 1 12 2

\ f x f x¢ = -( ) { ( )}1 2 ...(i)

On integrating both sides, we get

1

2

1

1
ln

+
-

é

ë
ê

ù

û
ú = +f x

f x
x c

( )

( )

or
1

1

2+
-

=f x

f x
ke x( )

( )

Now, f k( )0 0 1= Þ =

\ f x
e

e

e e

e e

x

x

x x

x x
( ) = -

+
= -

+

-

-

2

2

1

1

Clearly, f x( ) is differentiable for all x RÎ and from Eq. ( ),i

f x¢ >( ) 0 for all x RÎ . Again, f x( ) is an odd function,
f x x( ) .= Þ =0 0

Now, lim [ ( )] lim
x

x

x

x x

x x

x

f x
e e

e e® ¥ ® ¥

-

-= -
+

æ

è
ç

ö

ø
÷

= =
® ¥

-

- ® ¥

-

-
-

+
-

æ

è
çç

ö

ø
÷÷ -

+
e e

x

x x

x x x

x

x

e e

e e
x

xe

e e
lim lim1 2

x

æ

è
çç

ö

ø
÷÷

=
-

+

æ
è
ç

ö
ø
÷

® ¥
e

x x

x

e
2

12
lim

= = =
-

æ
è
ç

ö
ø
÷

® ¥
e e

x xe
2

1

2 02
1

lim
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l Ex. 34 Let f x

x

x
x

a x

x

x
x

( )

– cos

,

,

–

,

=

<

=

+
>

ì

í

ï
ï
ï

î

ï
ï
ï

1 4

0

0

16 4

0

2

Then, the value of a if possible, so that the function is

continuous at x = 0 , is ..... .

Sol. (8) As, f x( ) is continuous at x = 0.

\ We must have,

RHL (at x = 0) = LHL (at x = 0) = f ( )0

RHL (at x = 0) = =
+® ®+ +

lim ( ) lim
–x x

f x
x

x0 0 16 4

=
+

+ +
´

+ +

+ +®
lim

–h

h

h

h

h0

0

16 0 4

16 4

16 4

[putting x h= +0 ]

=
+ +

+®
lim

{ }

–h

h h

h0

16 4

16 16

= + + =
®

lim { }
h

h
0

16 4 8

Also, LHL (at x = 0) = =
® ®
lim ( ) lim

– cos
– –x x

f x
x

x0 0
2

1 4

=
®

lim
– cos ( – )

( – )h

h

h0 2

1 4 0

0
[putting x h= -0 ]

=
®

lim
– cos

h

h

h0 2

1 4

=
®

lim
sin

h

h

h0

2

2

2 2

= æ
èç

ö
ø÷

=
®

lim
sin

h

h

h0

2

8
2

2
8

And f a( )0 =
Since, f x( ) is continuous at x =0

Þ f ( )0 = RHL = LHL

or f ( )0 8= or a = 8

l Ex. 35 Let f x maximum x x x R( ) { , , – } ,= + " Î4 1 1
2 2 .

Then, the total number of points, where f x( ) is not

differentiable, …… .

Sol. (2) We have, discussed in the last chapter for sketching
maximum { , , – }4 1 12 2+ x x as

Or

Thus, from above graph, we can simply say

f x( ) is not differentiable at x = ± 3.

\ Not differentiable at 2 points.

l Ex. 36 Let f x x n
( ) = , n being non-negative integer. Then,

the number of value of n for which the equality

f a b f a f b¢ + = ¢ + ¢( ) ( ) ( ) is valid for all a b, > 0, is

Sol. (2) Since, f x xn( ) = , n being non-negative integer.

Then, f x nxn¢ =( ) – 1

f a nan¢ =( ) ,– 1 f b nbn¢ =( ) ,– 1

f a b n a b n¢ + = +( ) ( ) – 1

Now, the equality f a b f a f b¢ + = ¢ + ¢( ) ( ) ( ) holds, if

n a b na nbn n n( ) – – –+ = +1 1 1

or ( ) – – –a b a bn n n+ = +1 1 1 ...(i)

Above statement is true, only if ( – )n 1 1= Þ n = 2

i.e. ( ) – – –a b a bn n n+ = +1 1 1 [if n = 2]
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Y′

X

–1

1

3

2

√3–1 1

1 + x2

Y
4

1 + x2

–√ 3 0

X′

Y ′

0
X

–√ 3 3√

x +2 1x +2 1
Y

4

3

2

1

Single Integer Answer Type Questions
JEE Type Solved Examples :



or ( )a b a b+ = +1 1 1

Also, when n = 1, then LHS < RHS

and when n = ¼3 4 5, , , , then LHS > RHS

Again, when n = 0, f x¢ =( ) 0 for all x .

So, the equality is true for n = 0 and 2.

\ Number of values is 2.

l Ex. 37 Find the number of points where

f x x x( ) [sin cos ]= + (where [ × ] denotes greatest integral

function), x Î[ , ]0 2p is not continuous, is/are…… .

Sol. (5) We know [ × ] is not continuous at integral points.

Thus, f x x x( ) [sin cos ]= + will be discontinuous at those
points, where sin cosx x+ is an integer, i.e.

x Îì
í
î

ü
ý
þ

p p p p p
2

3

4

3

2

7

4
, , , ,

Thus, the number of points at which f x( ) is discontinuous
is 5.

l Ex. 38 The number of points where | ( )| | | | | |xf x x+ - -2 1

is non-differentiable in x Î( , )0 3 p , where

f x

x
k

k

( )

cos

=
+ æ

èç
ö
ø÷

æ

è

ç
ç
ç
ç

ö

ø

÷
÷
÷
÷=

¥

Õ
1 2

2

3

3
1

, is …… .

Sol. (5) We know,

sin sin sin sin ( cos )3 3 4 1 2 23q = q q q q- = +

\ sin sin ( cos )3 1 2 2q q q= + …(i)

Now, on putting 3
3 32

q = x
x x

, , , … one by one in Eq. (i), we

get

Þ sin sin cosx
x x= æ

èç
ö
ø÷

× +æ
èç

ö
ø÷3

1 2
2

3

and sin sin cos
x x x

3 3
1 2

2

32 2
= æ

èç
ö
ø÷

× +æ
èç

ö
ø÷

\ sin sin cos
x x x

3 3
1 2

2

32 3 3
= æ

èç
ö
ø÷

× +æ
èç

ö
ø÷

… and so on

Þ sin sin cosx
x x
n k

k

n

= æ
èç

ö
ø÷

× +æ
èç

ö
ø÷=

Õ
3

1 2
2

31

Þ sin
lim

sin /

/

cos
x

x

x

x

x

n

n

n

k

n
k

=
+ æ

èç
ö
ø÷

æ
èç

ö
ø÷

®¥ =

3

3

1 2
2

3

31

n

Õ

Þ sin
cos

x

x

x

k

k

=
+ æ

èç
ö
ø÷

æ

è

ç
ç
ç
ç

ö

ø

÷
÷
÷
÷=

¥

Õ
1

1 2
2

3

3
= f x( ) …(ii)

Thus, | ( )| || | |
| ||sin |

| |
|| | |x f x x

x x

x
x+ - - = + - -2 1 2 1 is not

differentiable at { , , , , }p p2 0 1 3 .

\ Number of points are 5.

l Ex. 39 If f
xy f x f y

2 2

æ
èç

ö
ø÷

= ×( ) ( )

; x y R, ,Î f f( ) ( )1 1= ¢ .

Then,
f

f

( )

( )

3

3¢
is …… .

Sol. (3) Here, f x
f x h f x

hh
¢ = + -

®
( ) lim

( ) ( )

0

=

+æ
èç

ö
ø÷

-

®
lim

( )

h

f
x h

f x

h0

2 2

2

( )
=

+æ
è
ç

ö
ø
÷ - ×æ

èç
ö
ø÷

®
lim

/

h

f
x h x

f
x

h0

2 1

2

2 1

2

=

× + - ×

®
lim

( ) ( / ) ( ) ( )

h

f x f h x f x f

h0

2 1

2

2 1

2

( )
= ×

+ -
®

f x

x

f h x f

h xh

( )
lim

/ ( )

/

2

2

1 1

0

= × ¢f x

x
f

( )
( )

2

2
1

= ×f x

x
f

( )
( )

2

2
1 , given f f( ) ( )1 1= ¢

=

×æ
èç

ö
ø÷

f
x

x

2 1

2
, using f

xy f x f y

2 2

æ
èç

ö
ø÷

= ×( ) ( )

\ f x
f x

x
¢ =( )

( )

Þ f x

f x
x

( )

( )¢
= Þ f

f

( )

( )

3

3
3

¢
=

l Ex. 40 Let f R R: ® be a differentiable function satisfy-

ing f x f y f x y x y R( ) ( ) ( ), ,= - " Î and f x dx¢ = ò( ) { }0 2

0

4

,

where { × } denotes the fractional part function and

f e¢ - =( )3 a b . Then, | |a b+ is equal to ……… .

Sol. (4) Given, f x f y f x y( ) ( ) ( )= -
On replacing x by ( )x y+ ,

f x y f y f x( ) ( ) ( )+ = ×
Þ f x ekx( ) = Þ f x kekx¢ =( )

But, f x dx¢ = =ò( ) { }0 2 2
0

4

Þ f k¢ = =( )0 2 Þ f x e x¢ =( ) 2 2

Þ f e¢ - = Þ + =-( ) | |3 2 46 a b
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l Ex. 41 Let f x( ) is a polynomial function and

( ( )) ( ( ))f fa a2 2

0+ ¢ = , then find lim

( )

( )

( )

( )x

f x

f x

f x

f x® ¢
¢é

ë
ê

ù

û
úa
, where

[ ]× denotes greatest integer function, is …….

Sol. (1) Here, ( ( )) ( ( ))f fa a2 2 0+ ¢ = Þ f f( ) ( )a a= ¢ = 0

\ a is repeated root of f x( ).

Now, lim
( )

( )

( )

( )x

f x

f x

f x

f x® ¢
¢é

ë
ê

ù

û
úa

=
¢

¢ - ¢ì
í
î

ü
ý
þ

æ
è
ç

ö
ø
÷

®
lim

( )

( )

( )

( )

( )

( )x

f x

f x

f x

f x

f x

f xa

= -
¢

× ¢ì
í
î

ü
ý
þ

æ
è
ç

ö
ø
÷

®
lim

( )

( )

( )

( )x

f x

f x

f x

f xa
1

asé
ëê

, x = a is the repeated root and
f x

f x

( )

( )¢
ì
í
î

ü
ý
þ

is  bounded;

\ lim
( )

( )x

f x

f x® ¢
= ù

û
úa

0

= - =1 0 1

l Ex. 42 Let f R R: ® is a function satisfying

f x f x( ) ( )10 - = and f x f x x R( ) ( ), .2 2- = + " Î If

f ( ) .0 101= Then, the minimum possible number of values of

x satisfying f x x( ) , [ , ]= Î101 0 25 is ……… .

Sol. (9) Since, f x f x f x( ) ( ) ( )10 4- = = -
Þ f x f x( ) ( )10 4- = -
Say, 4 - =x t Þ f t f t( ) ( )6 + =
Þ f x( ) is periodic function with period 6.

So, for x Î[0, 25]
f x( ) = 101 at x = 0 6 12 18 24, , , ,

Total numbers = 5

Since, f x f x( ) ( )2 2- = +
Þ f x( ) is symmetric about x = 2 line.

Due to symmetry in one period length.

f x( ) = 101 has one solution at x = 4 other than 0 and 6.

Now, f x( ) = 101 at x = 4 10 16 22, , ,

Total numbers = 4

Hence, atleast minimum possible number of values of x = 9.

l Ex. 43 If f x( ) is a differentiable function for all x RÎ
such that f x( ) has fundamental period 2. f x( ) = 0 has

exactly two solutions in [0, 2], also f ( ) .0 0¹ If minimum

number of zeros of h x f x( ) ( )= ¢ cos ( ) sin ( , )x f x x- in 0 99

is120 + k, then k is …… .

Sol. (7) h x
d

dx
f x x( ) ( ( ) cos )= ×

First find the minimum number of zeros of
( ( ) cos )f x x× = 0.

f x( ) = 0 has minimum 98 roots in [0, 99) and cos x = 0 has
31 roots is [0, 99).

Maximum common possible root is only 1.

Hence, minimum number of roots of f x x( ) cos = 0 is 128.

Thus,
d

dx
f x x( ( ) cos ) = 0 has minimum 127 roots.

127 120 7= +
Hence, value of k is 7.
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l Ex. 44 Let f x x x x( ) max { sin , – cos }, ( ,= " Î2 1 0 p),
then discuss differentiability of f x( ) in ( , )0 p .

Sol. We know that, f x( ) = maximum { sin , – cos }2 1x x can be
plotted as

Thus, f x x x( ) { sin , – cos }= maximum 2 1 is not
differentiable.

When, 2 1sin – cosx x=
or 4 12 2sin ( – cos )x x=

or 4 1 1( cos ) ( – cos )+ =x x

or 4 4 1+ =cos – cosx x

or cos –x /= 3 5

Þ x /= cos (– )–1 3 5

\ f x( ) is not differentiable at

x /= p – cos ( )–1 3 5 .

l Ex. 45 Discuss the continuity of the function

g x x x( ) [ ] [– ]= + at integral values of x.

Sol. Here, x can assume two values

(a) integers (b) non-integers

(a) If x is an integer

[ ]x x= and [– ] –x x=
Þ g x x x( ) –= = 0

(b) If x is not an integer

Let x n f= + , where n is an integer and f Î( , )0 1

0 ππ–
2

1

–3
5

Y

X

2
2 sin x

1– cos x

π–cos–1

Subjective Type Questions
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Þ [ ] [ ]x n f n= + =
Þ [– ] [– – ] [(– – ) ( – )] (– – )x n f n f n= = + =1 1 1

[ ( – ) ]Q0 1 1 1< < Þ <f f

Hence, g x x x n n( ) [ ] [– ] (– – ) –= + = + =1 1

\ g x
x

x
( )

,

,
=

-
0

1

if is an integer

if is not an integer

ì
í
î

Let us discuss the continuity of g x( ) at a point x a=
[where a Î integer]

LHL = =
®
lim ( ) –

–x a

g x 1

[Qas x a® –, x is not an integer]

RHL = =
® +
lim ( ) –

x a

g x 1

[Qas x a® + , x is not an integer]

But g a( ) = 0 because a is an integer.

Hence, g x( ) has a removable discontinuity at
integral values of x .

l Ex. 46 If f x
x A x B x

x
( )

sin sin cos= + +2

3

is continuous

at x = 0. Find the values of A and B. Also, find f ( )0 .

Sol. As, f x( ) is continuous at x = 0.

f f x
x

( ) lim ( )0
0

=
®

and both f ( )0 and lim ( )
x

f x
® 0

are finite.

Þ f
x A x B x

xx
( ) lim

sin sin cos
0

2

0 3
= + +

®

As, denominator ® 0 as x ® 0,

Numerator should also ® 0 as x ® 0

Which is possible only if ( for f ( )0 to be finite).

Þ sin ( ) sin ( ) cos ( )2 0 0 0 0+ + =A B

Þ B = 0

\ f
x A x

xx
( ) lim

sin sin
0

2

0 3
= +

®

Þ f
x

x

x A

xx
( ) lim

sin cos
0

2

0 2
= æ

èç
ö
ø÷

+æ
èç

ö
ø÷®

= +æ
èç

ö
ø÷®

lim
cos

x

x A

x0 2

2

Again, we can see that denominator ® 0 as x ® 0.

\ Numerator should also approach to 0 as x ® 0
[Q for f ( )0 to be finite]

Þ 2 0+ =A
Þ A = –2

Þ f
x

xx
( ) lim

cos –
0

2 2

0 2
= æ

èç
ö
ø÷®

=
æ

è
ç

ö

ø
÷

®
lim

– sin

x

x/

x0

2

2

4 2

=
æ

è
ç

ö

ø
÷ =

®
lim –

–sin
–

x

x/

x /0

2

2

2

4
1

So, we get A B= =– ,2 0

and f ( ) –0 1=

l Ex. 47 Let f R R: ® satisfying | ( )| ,f x x x R£ " Î2 , then

show that f x( ) is differentiable at x = 0.

Sol. Since, | ( )| ,f x x x R£ " Î2

\ At x = 0, | ( )|f 0 0£
Þ f ( )0 0= ...(i)

\ f
f h f

hh

¢ =
®

( ) lim
( ) – ( )

0
0

0
=

®
lim

( )

h

f h

h0
…(ii)

[f ( ) , ( )0 0= from Eq. i ]

Now,
f h

h
h

( )
| |½

½
½ ½

½
½£

Þ – | |
( )

| |h
f h

h
h£ £

Þ lim
( )

h

f h

h®
®

0
0

[using Cauchy-Squeeze theorem] …(iii)

\ From Eqs. (ii) and (iii), we get f ¢ =( )0 0

i.e. f x( ) is differentiable at x = 0

l Ex. 48 Show that the function defined by

f x
x /x x

x
( )

sin ,

,

= ¹
=

ì
í
î

2

1 0

0 0

is differentiable for every value of x, but the derivative is not

continuous for x = 0.

Sol. For x ¹ 0,

f x x /x x
x x

¢ = + æ
èç

ö
ø÷

æ
èç

ö
ø÷

( ) sin ( ) – cos2 1
1 12

2

f x x
x x

¢ =( ) sin – cos2
1 1

For x = 0,

f x
f h f

hh

¢ = +
®

( ) lim
( ) – ( )

0

0 0

=
®

lim
sin –

h

h
h

h0

2 1
0

Þ f x h
hh

¢ = =
®

( ) lim sin
0

1
0

Thus, f x
x

x x
x

x

¢ =
¹

=

ì
í
ï

îï
( )

sin –cos ,

,

2
1 1

0

0 0

Now, f x¢( ) is continuous at x = 0, if

(i) lim ( )
x

f x
®

¢
0

exists (ii) lim ( ) ( )
x

f x f
®

¢ = ¢
0

0

Again, lim ( ) lim sin – cos ,
x x

f x x
x x® ®

¢ = æ
èç

ö
ø÷0 0

2
1 1

doesn’t exist

Since, lim cos
x x® 0

1
doesn’t exist.

Hence, f x¢( ) is not continuous at x = 0.



l Ex. 49 If f x
x x x I

x I
( )

–[ ],

,

=
Ï
Î

ì
í
î 1

where I is an integer and [ × ] represents the greatest integer

function and

g x
f x

f xn

n

n
( ) lim

{ ( )} –

{ ( )}

=
+® ¥

2

2

1

1

, then

(a) Draw graphs of f x g x( ), ( )2 and g g x{ ( ) }.

(b) Find the domain and range of these functions.

(c) Are these functions periodic? If yes, find their

periods.

Sol. Here, f x
x x x I

x I
( )

– [ ],

,
=

Ï
Î

ì
í
î 1

(a) Graph of f x( )2

As, f x
x x x I

x I
( )

– [ ],

,
2

2 2 2

1 2
=

Ï
Î

ì
í
î

Graph of g x( )

Here, g x
f x

f xn

n

n
( ) lim

{ ( )} –

{ ( )}
=

+® ¥

2

2

1

1

g x
x I

x I f x
n

n( )
,

– , , lim { ( ) }
=

Î

Ï =

ì
í
ï

îï ® ¥

0

1 02as

Graph of g g x{ ( ) }

We have, g x
x I

x I
( )

,

– ,
=

Î
Ï

ì
í
î

0

1

Þ g g x
g x I

g x I
{ ( )}

, ( )

– , ( )
=

Î
Ï

ì
í
î

0

1

where g x( ) { , – }Î 0 1

and thus g x I( ) Ï , should be neglected.

Þ g g x x R{ ( ) } ,= Î0 and could be plotted as,

(b) From the above three graphs, we have

Domain of f x R( )2 Î
and Range of f x( ) ( , ]2 0 1Î

Domain of g x R( )Î
and Range of g x( ) { , – }Î 0 1

Domain of g g x R( ( )) Î
and Range of g g x( ( )) { }Î 0

(c) Here, f x( )2 and g x( ) are periodic with period 1/2 and
1. Also, g g x{ ( ) } is constant function. Therefore,
periodic and its period is undetermined.

l Ex. 50 Prove that f x x x x( ) [tan ] tan –[tan ]= + .

(where [ ]× denotes greatest integer function) is

continuous in 0

2

,

pé
ëê

ö
ø÷

.

Sol. Here, f x x x x( ) [tan ] tan – [tan ]= +

or g x x x x( ) [ ] – [ ]= + , where x x= ³tan 0

Then, for a NÎ . We discuss continuity of f x( ) as

LHL (at x a= )

= = +
® ®
lim ( ) lim ([ – ] – – [ – ])

–x a h
g x a h a h a h

0

= + + = + =
®

lim (( – ) – – ) –
h

a a h a a a
0

1 1 1 1

where , a a h a

a h a

– –

[ – ] –

1

1

< <
\ =

ì
í
î

Now, RHL (at x a= )

= = + + + +
® ®+
lim ( ) lim ([ ] – [ ])

x a h
g x a h a h a h

0

= + + =
®

lim ( – )
h

a a h a a
0

[ [ ] ]Qa a h a a h a< + < + Þ + =1

and g a a a a( ) [ ] – [ ]= + =a

as a NÎ
So, g x( ) is continuous, " Îa N , now g x( ) is clearly
continuous in (a – 1, a), " Îa N .

Hence, g x( ) is continuous in [0, ¥).

Now, let f( ) tanx x= which is continuous in [0 2, p/ ].

So, g x{ ( ) }f is continuous in [0 2, p/ ).

Hence, f x x x x( ) [tan ] tan – [tan ]= + is continuous in

[0 2, p/ ).
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Y′

X′
–1–
2

0
X

1
2

1

1

Y

f x(2 )

X′

Y′

–1 0
X

–2 1

1

Y

–1

2

2 g x =
, x

I

( )
0

∈

g x = – , x
I

( )
1

∉

X

Y

g{g x } = , x R( ) 0 ∈

O



l Ex. 51 Determine the values of x for which the following

functions fails to be continuous or differentiable

f x

x x

x x x

x x

( )

( – ),

( – ) ( – ),

( – ),

=
<
£ £
>

ì

í
ï

îï

1 1

1 2 1 2

3 2

Justify your answer. [IIT JEE 1995]

Sol. By the given definition, it is clear that the function f is
continuous and differentiable at all points except
possibility at x = 1 and x = 2.

Continuity at x = 1

LHL = lim ( ) lim ( – ) lim ( –( – ))
– –x x h

f x x h
® ® ®

= = =
1 1 0

1 1 1 0

RHL = lim ( ) lim ( – )( – )
x x

f x x x
® ®+ +

=
1 1

1 2

= + + =
®

lim { –( )} { –( )}
h

h h
0

1 1 2 1 0

Also, f ( ) .1 0=
Hence, LHL = RHL = f ( )1

Therefore, f x( ) is continuous at x = 1.

Differentiability at x = 1

L f
f h f

h

h

hh h

¢ =
-

= =
® ®

( ) lim
( – )– ( )

lim
–( – )–

–
–1

1 1 1 1 0
1

0 0

R f
f h f

hh

¢ = +
®

( ) lim
( )– ( )

1
1 1

0

= + + =
®

lim
{ –( ) } { –( )}–

–
h

h h

h0

1 1 2 1 0
1

Since, L f R f{ ( )} { ( )}¢ = ¢1 1 so, we get f x( ) is differentiable
at x = 1.

Continuity at x = 2

LHL = lim ( ) lim ( – )( – )
– –x x

f x x x
® ®

=
2 2

1 2

= =
®

lim ( –( – )) ( –( – ))
h

h h
0

1 2 2 2 0

RHL = lim ( ) lim ( – ) lim –( )
x x h

f x x h
® ® ®+ +

= = + =
2 2 0

3 3 2 1

Since, RHL ¹ LHL

Therefore, f x( ) is not continuous at x = 2.

As such f x( ) cannot be differentiable at x = 2.

Hence, f x( ) is continuous and differentiable at all points
except at x = 2.

l Ex. 52 If g x( ) is continuous function in [ , )0 ¥ satisfying

g ( )1 1= . If 2 2
2

0 0

2

x g t dt g x t dt
x x

× = æ
èç

ö
ø÷ò ò( ) ( – ) , find g x( ).

Sol. Here, g t dt g x t dt
x x

( ) ( – ) ,
0 0ò ò= the given equation could

be written as

x g t dt g t dt
x x2

0 0

2

2( ) ( )ò ò= æ
èç

ö
ø÷ ...(i)

On differentiating both sides w.r.t. ‘ ’x , we get

g t dt xg x g x g t dt
x x2

0

2

0
4( ) ( ) ( ) ( )ò ò+ = ìíî

üýþ

or x g t dt x g x xg x g t dt
x x2

0

2 2

0
4( ) ( ) ( ) ( )ò ò+ = ...(ii)

Using Eq. (i),

2 4
0

2
2 2

0
g t dt x g x xg x g t dt

x x
( ) ( ) ( ) ( )ò òæ

èç
ö
ø÷ + =

Þ 2 4 0
0

2
2 2

0
g t dt xg x g t dt x g x

x x
( ) – ( ) ( ) ( )ò òæ

èç
ö
ø÷ + =

which is quadratic in g t dt
x

( )
0ò ,

\ g t dt xg x
x

( ) ( )
0

2 2

2ò = ±

On differentiating both sides w.r.t. x , we get

g x

g x x

¢
= ±( )

( )

1 2

Þ g x kx( ) = ±1 2 , since g( )1 1=
Þ k = 1

\ g x x( ) = ±1 2

which is continuous in [ , )0 ¥ .

l Ex. 53 Let f x
x a if x

x if x
( )

,

| – |,

=
+ <

³
ì
í
î

0

1 0

and

g x
x if x

x b if x
( )

,

( – ) ,

=
+ <

+ ³

ì
í
î

1 0

1 0
2

where a and b are non-negative real numbers. Determine the

composite function gof . If ( ) ( )gof x is continuous for all

real x. Determine the values of a and b. Further for these

values of a and b, is gof differentiable at x = 0. Justify your

answer. [IIT JEE 2002]

Sol. Here, f x
x a x

x x
( )

,

| – |,
=

+ <
³

ì
í
î

if

if

0

1 0

and g x
x x

x b x
( )

,

( – ) ,
=

+ <

+ ³

ì
í
î

1 0

1 02

if

if

\ gof x g f x
g x a x

g x x
( ) { ( )}

( ),

(| – | ),
= =

+ <
³

ì
í
î

0

1 0

=

+ + + <

+ + + ³

+ ³

ì

í
ï

î
ï

x a x a

x a b x a

x b x

1 0

1 0

1 1 0

2

2

,

( – ) ,

{| – | – } ,

=

+ + <

+ + > ³

+ £ <

+ ³

x a x a

x a b x a

x b x

x b x

1

1 0

0 1

2 1

2

2

2

, –

( – ) , –

,

( – ) ,

ì

í
ï
ï

î
ï
ï

Þ gof x( ) is continuous for all real x .

\ gof x( ) is continuous at x a= – , ,0 1.

Since, gof x( ) is continuous at x a= – .
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Þ lim ( ) lim ( ) (– )
–x a x a

gof x gof x gof a
® - ® -

= =
+

Þ lim ( ) lim ( – )
– ––x a x a

x a x a b
® ®

+ + = + +
+

1 1 2

= + +(– – )a a b1 2

Þ – (– – ) (– – )a a a a b a a b+ + = + + = + +1 1 12 2

Þ b = 0
and gof x( ) is continuous at x = 0.

Þ lim ( ) lim ( ) ( )
–x x

gof x gof x gof
® ®

= =
+0 0

0

Þ ( – )a b b1 2 + = Þ a = 1

Now,    (LHD at x = 0) = + + =
d

dx
x a b x{( – ) }1 2

0at

= =2 1 0( – )a [as a = 1]

Again,     (RHD at x = 0) = + =
d

dx
x b x{( )}2

0at = 0

\ gof x( ) is differentiable at x = 0.

l Ex. 54 If a function f a a R:[– , ]2 2 ® is an odd function

such that f x f a x( ) ( – )= 2 for x a aÎ[ , ]2 and the left hand

derivative at x a= is 0, then find the left hand derivative at

x a= – [IIT JEE 2003]

Sol. It is given that, LHD (at x a= ) = 0

\ lim
( – ) – ( )

–h

f a h f a

h®
=

0
0

Þ lim
( – ) – ( )

h

f a h f a

h®
=

0
0 ...(i)

Now, LHD (at x a= – )

=
®

lim
(– – ) – (– )

–h

f a h f a

h0

= + +
®

lim
– ( ) ( )

–h

f a h f a

h0
[as f x f x(– ) – ( )= , given]

= +
®

lim
( ) – ( )

h

f a h f a

h0
= -

®
lim

[ – ( )]– ( )

h

f a a h f a

h0

2

= =
®

lim
( – ) – ( )

h

f a h f a

h0
0 [as f x f a x( ) ( – )= 2 ]

[using Eq. (i)]

\ LHD (at x a= – ) = 0

l Ex. 55 Discuss the continuity of f x( ) in [0, 2], where

f x
x x

x x x
( )

[cos ],

| – |[ – ],

=
£
>

ì
í
î

p 1

2 3 2 1

where [ ]× denotes the greatest integral function.

Sol. First we shall find the points where f x( ) may be
discontinuous.

Consider x Î[ , ]0 1

f x x( ) [cos ]= p is discontinuous where cos px IÎ .

In [0, 1], cos px is an integer at x /= 0 1 2 1, , .

Þ x x= =0
1

2
, and x = 1 may be the points at which f x( )

may be discontinuous ...(i)

Now, consider x Î( , ]1 2

f x x x( ) [ – ] | – |= 2 2 3

If x Î( , ),1 2 then [ ]x - = -2 1 and if x = 2, then [ ]x - =2 0

Also, | – |2 3 0x = Þ x /=3 2

Þ x /= 3 2 and 2 may be the points at which f x( ) may be
discontinuous ...(ii)

On combining Eqs. (i) and (ii), we have

x / /= 0 1 2 1 3 2 2, , , ,

On dividing f x( ) by about the 5 critical points, we get

f x

x

x x x

( )

, cos ( )

, cos [cos ]

–

=

= =

< £ £ < Þ =

1 0 0 1

0 0
1

2
0 1 0

1

Q

Q

p

p p

, – cos [cos ] –

–( – ), | –

1

2
1 1 0 1

3 2 1 3 2 2 3

< £ £ < Þ =

< £

x x x

x x / x

Q

Q

p p

| –

[ – ] –

–( – ), | – | –

[ –

=
=
< < =

3 2

2 1

2 3 3 2 2 2 3 2 3

x

x

x / x x x

x

and

and

Q

2 1

0 2 2 0

] –

, [ – ]

=
= =

ì

í

ï
ï
ï
ï
ïï

î

ï
ï
ï
ï
ï
ï x xQ

Checking continuity at x = 0

RHL = = =
® ®+ +
lim ( ) lim

x x

f x
0 0

0 0

And f ( )0 1=

As RHL ¹ f ( )0

Thus, f x( ) is discontinuous at x = 0

Checking continuity at x /= 1 2

LHL = = =
® ®

lim ( ) lim
– –

x x

f x
1

2

1

2

0 0

RHL = = =
® ®

+ +
lim ( ) lim (– ) –

x x

f x
1

2

1

2

1 1

As RHL ¹ LHL

Therefore, f x( ) is discontinuous at x /= 1 2

Checking continuity at x = 1

LHL = = =
® ®
lim ( ) lim (– ) –

– –x x

f x
1 1

1 1

RHL = = =
® ®+ +
lim ( ) lim –( – ) –

x x

f x x
1 1

3 2 1

And f ( ) –1 1=
As RHL = LHL = f ( )1

Therefore, f x( ) is continuous at x = 1

Checking continuity at x /= 3 2

LHL = =
®
lim ( – )

/ –x

x
3 2

2 3 0

RHL = =
® +
lim ( – )

/x

x
3 2

3 2 0

And f /( )3 2 0=
As RHL = LHL = f /( )3 2

Hence, f x( ) is continuous at x /= 3 2
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Checking continuity at x = 2

LHL = =
®
lim ( – ) –

–x
x

2
3 2 1

And f ( )2 0=
As LHL ¹ f ( )2

Hence, f x( ) is discontinuous at x = 2

Thus, f x( ) is continuous when x /Î[ , ]– { , , }0 2 0 1 2 2 .

l Ex. 56 Let f is a differentiable function such that

f x x e tx
( )

–= + ò2

0

f x t dt( – ) . Find f x( ).

Sol. We have, f x x e f x t dttx
( ) ( – )–= + ò2

0

Þ f x x e f x x t dtx tx
( ) ( –( – ))– ( – )= + ò2

0

using f x dx f a x dx
a a

( ) ( – )
0 0ò ò=é

ëê
ù
ûú

Þ f x x e e f t dtx tx
( ) ( )–= + ò2

0
...(i)

On differentiating both the sides, we get

f x x e e f x e e f t dtx x x tx¢ = + ò( ) [ ( )]– ( )– –2
0

...(ii)

[using Leibnitz rule]

Þ f x f x x x f x( ) ( ) ( )+ ¢ = + +2 2

Þ f x x x¢ = +( ) 2 2 ...(iii)

On integrating both the sides of Eq. (iii), we get

f x
x

x C( ) = + +
3

2

3
But f ( )0 0= Þ C = 0

Hence, f x
x

x( ) = +
3

2

3

l Ex. 57 Let f R R:
+ ® satisfies the functional equation

f xy e e f x e f y x y Rxy x y y x
( ) { ( ) ( )}, ,

– –= + " Î + . If

f e¢ =( )1 , determine f x( ).

Sol. Given that,
f xy e e f x e f y x y Rxy x y y x( ) { ( ) ( )}, ,– –= + " Î + ...(i)

On putting x y= =1, we get

f e e f e f( ) { ( ) ( )}–1 1 11 1 1= + Þ f ( )1 0= ...(ii)

Now, f x
f x h f x

hh

¢ = +
®

( ) lim
( ) – ( )

0

=
+æ

èç
ö
ø÷

ì
í
î

ü
ý
þ

®
lim

– ( )

h

f x
h

x
f x

h0

1

=

+ +æ

®

+æ
èç

ö
ø÷

+æ
èç

ö
ø÷ +

lim

( )
– –

h

x
h

x
x

h

x

h

x xe e f x e f
h

x

0

1 1 1

1
èç

ö
ø÷

ì
í
ï

îï

ü
ý
ï

þï
– ( )f x

h

=
+ +æ

èç
ö
ø÷

®

+

lim

( ) – ( )
– –

h

h
h

h

x
x

e f x e f
h

x
f x

h0

1

1

=
+ +æ

èç
ö
ø÷

ì
í
î

ü
ý
þ

®

+

lim

( )( – ) – ( )
– –

h

h
h

h

x
x

f x e e f
h

x
f

h0

1

1 1 1

[Q f ( )1 0= ]

= +
+æ

èç
ö
ø÷

® ®

+

lim
( )( – )

lim

– ( )
– –

h

h

h

h
h

x
x

f x e

h

e f
h

x
f

0 0

1

1
1 1

ì
í
î

ü
ý
þ

×h

x
x

= + × ¢
f x

e f

x

x

( )
( )– 1 1

Q lim

– ( )

( ) lim
–

h h

hf
h

x
f

h

x

f
e

h® ®

+æ
èç

ö
ø÷

= ¢ =

é

ë

ê

0 0

1 1

1
1

1andê
ê
ê

ù

û

ú
ú
ú
ú

= + × ¢f x
e

ex
f

x

( ) ( )1

\ f x f x
e

x

x

¢ = +( ) ( ) Þ e

x
f x f x

x

= ¢( ) – ( ) [ ( ) ]Qf e¢ =1

Þ 1
2x

e f x f x e

e

x x

x
=

¢ ×( ) – ( )

as by quotient rule, we can write
e f x f x ex x¢ ×( ) – ( )

(e

d

dx

f x

e

x

x

)

( )

2

= ì
í
î

ü
ý
þ

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

\ 1

x

d

dx

f x

e x
= ì

í
î

ü
ý
þ

( )

On integrating both the sides w.r.t. ‘x’, we get

log| |
( )

x C
f x

e x
+ =

f x e x Cx( ) {log | | }= +

Since, f ( )1 0= Þ C = 0

Thus, f x e xx( ) log | |=

l Ex. 58 Let f is a differentiable function such that

f x f x f x dx¢ = + ò( ) ( ) ( ) ,

0

2

f
e

( )

–

0

4

3

2

= , find f x( ).

Sol. It is given that

f x f x f x dx¢ = + ò( ) ( ) ( )
0

2

Þ f x f x c¢ = +( ) ( ) \ =é
ëê

ù
ûúòc f x dx( )

0

2

Þ f x

f x c

¢
+

=( )

( )
1

On integrating both the sides of above expression,

log { ( ) }e f x c x c+ = + Þ f x c ke x( ) + = ...(i)

[k being constant of integration]
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Since, f
e

( )
–

0
4

3

2

= and f c k( )0 + =

\ k
e

c= +4

3

2– Þ c k
e=

æ

è
ç

ö

ø
÷–

–4

3

2

...(ii)

From Eqs. (i) and (ii), we get

f x k
e

k e x( ) –
–

( )+
æ

è
ç

ö

ø
÷ =4

3

2

Þ f x k e
ex( ) ( – )

–= +
æ

è
ç

ö

ø
÷1

4

3

2

...(iii)

Now, to find constant of integration k .

On integrating both the sides from 0 to 2, we get

f x dx k e dx
e

dxx( ) ( – )
–= +ò òò 1

4

3

2

0

2

0

2

0

2

Þ c k e
e= +( – – )

–
( )2

2

2 1
4

3
2

Þ c e k e= +2

3
4 32 2( – ) ( – ) ...(iv)

From Eqs. (ii) and (iv), we get

k
e

e k e–
–

( – ) ( – )
4

3

2

3
4 3

2
2 2æ

è
ç

ö

ø
÷ = + Þ k = 1

On putting k = 1 in Eq. (iii), we get

f x e
ex( ) ( – )

–= +1
4

3

2

Hence, f x e
ex( ) –

( – )=
2 1

3

l Ex. 59 A function f x( ) satisfies the following property

f x y f x f y( ) ( ) ( )+ = × .

Show that the function is continuous for all values of x, if it

is continuous at x =1 .

Sol. As the function is continuous at x = 1, we have

lim ( ) lim ( ) ( )
–x x

f x f x f
® ®

= =
+1 1

1

Þ lim ( ) lim ( ) ( )
h h

f h f h f
® ®

- = + =
0 0

1 1 1

[using f x y f x f y( ) ( ) ( )+ = × ]

Þ lim ( ) ( ) lim ( ) ( ) ( )
h h

f f h f f h f
® ®

- = × =
0 0

1 1 1

Þ lim (– ) lim ( )
h h

f h f h
® ®

= =
0 0

1 ...(i)

Now, consider some arbitrary points x a= .

Left hand limit

Þ lim ( – ) lim ( ) (– ) ( ) lim (– )
h h h

f a h f a f h f a f h
® ® ®

= × =
0 0 0

LHL = f a( ) [as lim (– )
h

f h
®

=
0

1, using Eq. (i)]

Right hand limit

Þ lim ( ) lim ( ) ( ) ( ) lim ( )
h h h

f a h f a f h f a f h
® ® ®

+ = × =
0 0 0

RHL = f a( ) [as lim ( )
h

f h
®

=
0

1, using Eq. (i)]

Hence, at any arbitrary point ( )x a=
LHL = RHL = f a( )

Therefore, function is continuous for all values of x , if it is
continuous at 1.

l Ex. 60 Let f
x y f x f y+æ

èç
ö
ø÷

= +
2 2

( ) ( )

for all real x and y.

If f ¢( )0 exists and equals to –1 and f ( ) ,0 1= then find f x¢( ).
[IIT JEE 1995]

Sol. Given equation is f
x y f x f y+æ

èç
ö
ø÷

= +
2 2

( ) ( )
...(i)

On putting y = 0 and f ( )0 1= in Eq. (i), we have

f
x

f x
2

1

2
1

æ
èç

ö
ø÷

= +[ ( ) ] [ ( ) ]Q f 0 1=

Þ f x f
x

( ) –= æ
èç

ö
ø÷

2
2

1 ...(ii)

Now, f x
f x h f x

hh

¢ = +
®

( ) lim
( ) – ( )

0

=

+æ
èç

ö
ø÷

®
lim

– ( )

h

f
x h

f x

h0

2 2

2

=

+

®
lim

( ) ( )
– ( )

h

f x f h
f x

h0

2 2

2 [using Eq. (i)]

= +
®

lim
( ) ( )– ( )

h

f x f h f x

h0

2 2 2

2

= +
®

lim
( ) – ( )– ( )

h

f x f h f x

h0

2 1 2 2

2
[using Eq. (ii)]

lim
( ) –

( )
h

f h

h
f

®
= ¢

0

2 1

2
0

Therefore, f x¢ =( ) –1

l Ex. 61 Let f x x x( ) – ,= +1 4
2 " Îx R

g x f t x t x x( ) max { ( ); ( ); }= £ £ + £ <1 0 3

= + £ £min {( ); }x x3 3 5

Verify continuity of g x( ), for all x Î[ , ]0 5 .

Sol. Here, f t t t( ) –= +1 4 2

f t t¢ =( ) –4 2

When f t¢ =( ) ,0 then t = 2

At t = 2, f t( ) has a maxima.

Since, g x f t t x x x( ) max { ( ) [ , ], }= Î + £ <for 1 0 3

\ g x

f x x x

f x x

f x x x

( )

( ), if [ , ]

( ), if

( ), if [ ,

=
+ + <

£ £ +
<

1 1 2

2 2 1

2 +

ì
í
ï

îï 1]
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g x

x x x

x

x x x
( )

– ,

,

– ,

,

=

+ £ <
£ £

+ < <
£

4 2 0 1

5 1 2

1 4 2 3

6 3

2

2

if

if

if

if x £

ì

í
ï
ï

î
ï
ï 5

Which is clearly continuous for all x Î[ , ]0 5 except x = 3.

\ g x( ) is continuous for x = È[ , ) ( , ]0 3 3 5

l Ex. 62 Let f x x x x x( ) – –= +4 3 2

8 22 24 and

g x
f x x t x x

x x
( )

min ( ); , –

– ;

=
£ £ + £ £
>

ì
í
î

1 1 1

10 1

Discuss the continuity and differentiability of g x( ) in[– , )1 ¥ .

Sol. Here, f x x x x x( ) – –= +4 3 28 22 24

Þ f x x x x¢ = +( ) – –4 24 44 243 2

or f x x x x¢ =( ) ( – ) ( – ) ( – )4 1 2 3

Which shows f x( ) is increasing in [ , ] [ , )1 2 3È ¥ and
decreasing in (– , ] [ , ]¥ È1 2 3 .

Thus, minimum f x( ); x t x£ £ + 1,–1 1£ £x

Þ Minimum f x
f x x

f x
( )

( ), –

( ),
=

+ £ £
< £

ì
í
î

1 1 0

1 0 1

Thus, g x

f x x

f x

x x

( )

( ), –

( ),

– ,

=
+ £ £

< £
>

ì
í
ï

îï

1 1 0

1 0 1

10 1

=
+ + + + + £ £

+
( ) – ( ) ( ) – ( ), –

– – ,

x x x x x1 8 1 22 1 24 1 1 0

1 8 22 24 0

4 3 2

< £
>

ì

í
ï

î
ï

x

x x

1

10 1– ,

g x

x x x x

x

x x

( )

– – , –

– ,

– ,

=
+ £ £

< £
>

ì

í
ï

î
ï

4 3 24 4 9 1 0

9 0 1

10 1

Also, g x

x x x x

x

x

¢ =
+ £ £

< £
>

ì

í
ï

î
ï

( )

– , –

,

,

4 12 8 1 0

0 0 1

1 1

3 2

Which clearly shows g x( ) is continuous in [– , )1 ¥ but not
differentiable at x = 1 .

l Ex. 63 Let g x f t dt
x

( ) ( )= ò
0

, where f is such that

1 2 1/ ( )£ £f t for t Î [ , ]0 1 and 0 1 2£ £f t( ) / for t Î[ , ].1 2

Then, find the interval in which g( )2 lies. [IIT JEE 2000]

Sol. Here, g x f t dt
x

( ) ( )= ò0
Þ g f t dt( ) ( )2

0

2
= ò

Þ g f t dt f t dt( ) ( ) ( )2
0

1

1

2
= +ò ò ...(i)

Now, 1 2 1/ ( )£ £f t for t Î[ , ]0 1

We get,
1

2
1

0

1

0

1

0

1
dt f t dt dt£ £ò òò ( )

Þ 1

2
1

0

1
£ £ò f t dt( ) ...(ii)

Again, 0
1

2
£ £f t( ) ,   for t Î [ , ]1 2

Þ 0
1

21

2

1

2

1

2
dt f t dt dt£ £ò òò ( )

Þ 0
1

21

2
£ £ò f t dt( ) ...(iii)

On adding Eq. (ii) and (iii), we get

0
1

2
1

1

21

2

0

1
+ £ + £ +òò f t dt f t dt( ) ( )

or
1

2
2

3

2
£ £g ( ) Þ g ( ) ,2

1

2

3

2
Î é

ëê
ù
ûú

l Ex. 64 Let f be a one-one function such that

f x f y f x f y f xy( ) ( ) ( ) ( ) ( )× + = + +2 , " Îx y R, – { }0

and f ( ) ,0 1= f ¢ =( )1 2. Prove that

3 2( ( ) ) – ( ( ) )f x dx x f xò + is constant.

Sol. We have, f x f y f x f y f xy( ) ( ) ( ) ( ) ( )× + = + +2 ...(i)

On replacing x y, ,® 1 we get

( ( )) ( )f f1 2 3 12 + =

Þ f f2 1 3 1 2 0( ) – ( )+ =

Þ f ( )1 2 1= or

But f ( )1 cannot be equal to one as f ( )0 1=
Þ f ( )1 2= ...(ii)

On replacing y by 1/x in Eq. (i), we get

f x f /x f x f /x f( ) ( ) ( ) ( ) ( )× + = + +1 2 1 1

Þ f x f /x f x f /x( ) ( ) ( ) ( )× + = + +1 2 1 2 [using Eq. (ii)]

Þ f x f /x f x f /x( ) ( ) ( ) ( )× = +1 1

Þ f x
f /x

f /x
( )

( )

( ) –
= 1

1 1

and f /x
f x

f x
( )

( )

( ) –
1

1
= ...(iii)

Now, f x
f x h f x

hh
¢ = +

®
( ) lim

( ) – ( )

0

=
+ +

®
lim

( )
( )

– ( )
h

f x h
f /x

f /x

h0

1

1 1

= + + × +
®

lim
( ) – ( ) ( ) ( )

{ – ( ) }h

f x h f x h f /x f /x

h f /x0

1 1

1 1

=
+ + +æ

èç
ö
ø÷

+ +

®
lim

( ) – ( )– ( )– ( )

{h

f x h f x h f /x f
x h

x
f /x

h0

1 2 1

1 1– ( ) }f /x

[using Eq. (i)]
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=
+æ

èç
ö
ø÷

®
lim

–

{ ( ) – }h

f
h

x

h f /x0

1 2

1 1
= +

×
®

lim
( ) – ( )

{ ( ) – }
h

f h/x f

h

x
x f /x

0

1 1

1 1

[using Eq. (ii)]

=
¢f

x f /x

( )

{ ( ) – }

1

1 1

Q from Eq.

é

ë

ê
ê
ê
ê

(iii), f x f
x

f x f
x

f
x

f x

( )

( )

– { ( )

× æ
èç

ö
ø÷

=

æ
èç

ö
ø÷

æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

1

1

1
1 – }1

ù

û

ú
ú
ú
ú

f x
f x

x
¢ =( )

{ ( ) – }2 1 Þ xf x f x¢ =( ) { ( ) – }2 1

On integrating both the sides of the above expression, we
get

x f x f x dx f x dx x( ) – ( ) ( ) – ,ò ò= +2 2 l

where l is the constant of integral

Þ 3 2f x dx x f xò = +( ) { ( )} – l

Hence, 3 2f x dx x f xò + =( ) – { ( )} l (constant)

l Ex. 65 Let f R R: ® , such that f ¢ =( )0 1 and

f x y f x f y e x y x ex y x
( ) ( ) ( ) ( ) –+ = + + + ×+

2 2 2
2

– ,2 4
2y e xyy× + " Îx y R, . Find f x( ).

Sol. We have,
f x y f x f y e x y x ex y x( ) ( ) ( ) ( ) –+ = + + + ×+2 2 22

– 2 42y e xyy× +

On replacing x y, ® 0, we get

f f f( ) ( ) ( ) – –0 0 0 0 0 0 0= + + + Þ f ( )0 0=
On replacing 2y x® – , we get

f f x f x x e xe xx x( ) ( ) (– ) – ––0 2 2= + × +

Þ – ( ) (– ) – ––f x f x x e xe xx x= × + 2 2 ...(i)

Now, f x
f x h f x

hh
¢ = +

®
( ) lim

( ) – ( )
0

= + + + ×
®

lim
( ) (– ) – ––

h

x xf x h f x xe x e x

h0

22

Þ f x

f h e h x h e xe

x h x xe

h

h x h x

x

¢ =

× + + +

+
®

+

( ) lim

( ) – ( ) –

( ) –

( ) –

0

2 +

é

ë
ê
ê

ù

û
ú
úxe x

h

x– – 2 2

= × + × × + × × +
®

lim
( ) – –

h

h x h x h xf h e h x e e h e e hx xe

h0

2

= + + +
®

lim
( ) – ( ) ( – ) ( – )

h

x
h

x hf h f

h

h e

h
e

xe e

h

hx

h0

0 1 1 2

= ¢ + + × +f e x e xx x( ) ( – )0 1 2

\ f x e xe xx x¢ = + + +( ) –1 1 2

or f x e x xx¢ = + +( ) ( )1 2 ...(ii)

On integrating Eq. (ii) both sides, we get

f x e x dx x dxx( ) ( )= + +ò ò1 2

= + × + +ò( ) –x e e dx
x

Cx x1 1 2
2

2

= + + +( ) –x e e x Cx x1 2

Þ f x x xe Cx( ) = + +2

But f ( )0 0= Þ C = 0

So, f x x x e x( ) = + ×2

l Ex. 66 Let f be a function such that

f xy f x f y y R( ) ( ) ( ),= × " Î and f x x g x( ) ( ( ))1 1 1+ = + + ,

where lim ( )

x
g x

®
=

0

0 . Find the value of
f x

f x x
dx

( )

( )¢
×

+ò
1

1
21

2

.

Sol. We know, f x
f x h f x

hh

¢ = +
®

( ) lim
( )– ( )

0

=
+æ

èç
ö
ø÷

æ
èç

ö
ø÷

®
lim

– ( )

h

f x
h

x
f x

h0

1

Þ f x

f x f
h

x
f x

hh
¢ =

× +æ
èç

ö
ø÷

®
( ) lim

( ) – ( )

0

1

[given f xy f x f y( ) ( ) ( )= × ]

Þ f x

f x
h

x
g h x f x

hh

¢ =
× + +ì
í
î

ü
ý
þ

®
( ) lim

( ) ( ( / )) – ( )

0

1 1

[given f x x g x( ) ( ( ))1 1 1+ = + + ]

Þ f x

f x
h

x
g h x

hh

¢ =
× + +ì
í
î

ü
ý
þ

®
( ) lim

( ) ( ( / ))–

0

1 1 1

\ f x
f x

x
¢ =( )

( )
[as lim ( )

x
g x

®
=

0
0] ...(i)

To find,
f x

f x x
dx

( )

( )¢
×

+ò
1

1 21

2
=

+ò
x

x
dx

1 21

2
[using Eq. (i)]

= +1

2
1 2

1
2

[log| | ]x ( )= 1

2
5 2[log / ]

l Ex. 67 If f x ax bx c( ) = + +2 is such that | ( )| ,f 0 1£
| ( )|f 1 1£ and | (– )| ,f 1 1£ prove that

| ( )| / , [– , ]f x x£ " Î5 4 1 1 .

Sol. We have, f x ax bx c( ) = + +2 …(i)

Þ f a b c(– ) –1 = + ...(ii)

Þ f c( )0 = ...(iii)

Þ f a b c( )1 = + + ...(iv)
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From Eqs. (ii), (iii) and (iv), we get

a f f f= +1

2
1 1 2 0[ (– ) ( ) – ( )] ,

b f f= 1

2
1 1[ ( ) – (– )] and c f= ( )0

On substituting the values of a b, and c in Eq. (i), we get

Þ f x f f f x( ) [ (– ) ( ) – ( )]= +1

2
1 1 2 0 2

+ +1

2
1 1 0[ ( ) – (– )] ( )f f x f

f x
x x

f x x f( )
( )

(– ) – ( ) ( – ) ( )= - +1

2
1 1 1 0

+ +( )
( )

x x
f

1

2
1 ...(v)

Since, | (– )|f 1 , | ( )|f 0 and | ( )|f 1 are £ 1, we have

2 1 2 1 12| ( )| | ( )| | – | | ( )|f x x x x x x£ - + + + ...(vi)

In the interval, x Î[– , ]1 1

0 1 2£ + £x , 0 1 2£ £– x and 0 2 1 22£ £( – )x

Þ 2 1 1 2 1 2| ( )| | | ( – ) ( – )f x x x x x£ + + +

2 2 1 2| ( )| (| | – )f x x x£ +

Therefore, | ( )| | | –f x x / /£ æ
èç

ö
ø÷

+ £1

2
5 4 5 4

2

Þ | ( )| ,f x £ 5

4
" Îx [– , ]1 1

l Ex. 68 Let a b+ =1 , 2 2 1
2 2a b+ = and f x( ) be a

continuous function such that f x f x( ) ( )2 2+ + = for all

x Î[ , ]0 2 and p f x dx= ò ( ) – 4

0

4

, q = a
b

. Then, find the least

positive integral value of ‘a’ for which the equation

ax bx c2

0– + = has both roots lying between p and q, where

a b c N, , Î .

Sol. Given, a b+ = 1 ...(i)

2 2 12 2a b+ = ...(ii)

On solving Eqs. (i) and (ii), we get

a b= = 1

2
Þ q = =a

b
1 ...(iii)

and given f x f x x( ) ( ) , [ , ]2 2 0 2+ + = " Î ...(iv)

Now, p f x dx= ò ( ) – 4
0

4
= +ò ò0

2

2

4
4f x dx f x dx( ) ( ) –

= + +ò ò0

2

0

2
2 4f x dx f t dt( ) ( ) –

[ let x t= + 2 for second integration]

= +ò òf x dx f x dx( ) { – ( )} –
0

2

0

2
2 4

[given, f x f x( ) ( ) ]2 2+ + =

Þ p f x dx dx f x dx= + =ò ò ò( ) – ( ) –
0

2

0

2

0

2
2 4 0 …(v)

Then, from Eqs. (v) and (iii), p q= =0 1,

Let the roots of equation ax bx c2 0– + = be a and b.

\ f x ax bx c a x x( ) – ( – )( – )= + =2 a b ...(vi)

Since, equation f x( ) = 0 has both roots lying between 0 and 1.

\ f f( ) ( )0 1 0× > ...(vii)

But f f c a b c( ) ( ) ( – )0 1× = + = an integer ...(viii)

\ Least value of f f( ) ( )0 1 1× = ...(ix)

Now, from Eq. (vi),

f f a a( ) ( ) ( – ) ( – )0 1 1 1× = ab a b
= a2 1 1ab a b( – ) ( – ) ...(x)

As we know,

a a( – )1 has greatest value
1

4
at a = 1

2
and b b( – )1 has

greatest value
1

4
at b = 1

2
. But a b¹

Thus, from Eq. (x) greatest value of f f
a

( ) ( )0 1
16

2

× < ...(xi)

\ From Eqs. (ix) and (xi), we get 1
16

2

< a

Þ a2 16 0– >

Þ a < – 4 or a > 4 [Qa NÎ ]

Þ Least value of a = 5 [as a Î natural number]

l Ex. 69 Prove that the function

f x a x b x x x( ) = - + - - - +1 2 1 2 3 1
2 , where

a b+ =2 2 and a b R, Î always has a root in ( , ),1 5 " Îb R.

Sol. Let b > 0, then f b( )1 0= >
and f a b a b b( ) ( )5 2 3 6 2 2 6= + - = + - -

= - - = - + <4 6 2 0b b( )

Hence, by IVT, $ some c Î( , )1 5 such that

Þ f c( ) = 0

If b = 0, then a = 2

f x x x x( ) = - - - + =2 1 2 3 1 02

Þ 4 1 2 3 1 2 1 12( ) ( ) ( )x x x x x- = - + = - -

Þ ( ) ( )x x- - =1 2 5 0

Þ x = 5

2

Hence, f x( ) = 0, if x = 5

2
, which lies in (1, 5).
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If b f b< = <0 1 0, ( ) and f a b( )2 3 3= + -

= + + - -( ) ( )a b b2 3 2 3

= - - -( ) ( )2 3 2 3 b

= - - >( )( )2 3 1 0b [as b < 0]

Hence, f ( )1 and f ( )2 have opposite signs

$ some c Î Ì( , ) ( , )1 2 1 5 for which f c( ) = 0.

l Ex. 70 Let a Î R.. Prove that a function f R R: ® is

differentiable at a, if and only if there is a function g R R: ®
which is continuous at x = a and satisfies

f x f g x x( ) – ( ) ( ) ( – )a a= for all x RÎ . [IIT JEE 2001]

Sol. If g x( ) is continuous at x = a .

Þ lim ( ) ( )
x

g x g
®

=
a

a ...(i)

and f x f g x x x R( ) – ( ) ( ) ( – ),a a= " Î

Þ f x f

x
g x

( )– ( )

( – )
( )

a
a

=

Þ lim
( – )

lim ( )
x x

f x f

x
g x

® ®
=

a a

a
a

( )– ( ) Þ f g¢ =( ) ( )a a

Therefore, f x( ) is differentiable at x = a ...(ii)

Conversely, f is differentiable at x = a , then

lim
( – )x

f x f

x® a

a
a

( )– ( )
exists finitely.

Let g x

f x f

x
x

f x

( )

( )– ( )

–
,

( ) ,

=
¹

¢ =

ì
í
ï

îï

a
a

a

a a

Clearly, lim ( ) ( )
x

g x f
®

= ¢
a

a

Thus, g x( ) is continuous at x = a .

Hence, f x( ) is differentiable at x = a , iff g x( ) is
continuous at x = a .
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1. If f x

x
x

x x

( )
sin ,

[ ] ,

=
<

³

ì
í
ï

îï

p
2

1

1

, where [x] denotes the greatest

integer function, then
(a) f x( ) is continuous at x =1

(b) f x( ) is discontinuous at x =1

(c) f ( )1 0+ =
(d) f ( )1 1- =-

2. Consider f x x
x

e x x k x

x x x

x

( )
,

sin log ,

=
- - + >

+ + <

ì

í
ï

î
ï

8 4 2 1
0

4 0

2

p

Then, f ( )0 so that f x( ) is continuous at x = 0, is
(a) log 4 (b) log2

(c) (log )(log )4 2 (d) None of these

3. Let f x

a x x b x

x
x

x

cx dx

x

( )

( sin ) cos
,

,=

- + + <

=

+ +æ

è
ç

ö

ø
÷

1 5
0

3 0

1

2

3

2

é

ë
ê
ê

ù

û
ú
ú

>

ì

í

ï
ï
ï

î

ï
ï
ï

1

0

/

,

x

x

If f is continuous at x = 0, then ( )a b c d+ + + is
(a) 5 (b) -5 (c) loge 3 5- (d) 5 3- loge

4. If f x
x x

x x
( )

cos {cot }, /

[ ] , /
= <

- ³

ì
í
î

-1 2

1 2

p
p p

, then the jump of

discontinuity, (where [×] denotes greatest integer and {×}
denotes fractional part function) is

(a) 1 (b) p /2 (c)
p
2

1- (d) 2

5. Let f :[ , ] [ , ]0 1 0 1onto¾ ®¾¾ be a continuous function, then

f x x( ) = holds for
(a) at least one x Î[ , ]0 1 (b) at least one x Î[ , ]1 2

(c) at least one x Î -[ , ]1 0 (d) can’t be discussed

6. If f x
x

x
( ) = +

-
1

1
and g x

x
( ) =

-
1

2
, then ( )( )fog x is

discontinuous at
(a) x =3 only (b) x =2 only

(c) x =2 and 3 (d) x =1 only

7. Let y x x
x

x

x

x
n ( )

( ) ( )
= +

+
+

+
+2

2

2

2

2 21 1
¼+

+ -
x

x n

2

2 11( )
and

y x y x
n

n( ) lim ( )=
®¥

, then y xn ( ), n = 1, 2, 3, …, n and y x( ) is

(a) continuous for x RÎ (b) continuous for x RÎ - { }0

(c) continuous for x RÎ - { }1 (d) data unsufficient

8. If g x

a x a a

a x
x

a x x a

x x

x

x x
( )

log
,

log log
=

+ × × -
×

£

× - - -

1
0

2 2 1

2
for

x
x

2
0, for >

ì

í
ï
ï

î
ï
ï

where a > 0, then a for which g x( ) is continuous, is

(a) - 1

2
(b)

1

2
(c) 2 (d) -2

9. Let f x

x x

x x
( )

sin ( { } ) sin ( { })

({ } { }
=

- -æ
èç

ö
ø÷

× -

-

- -p
2

1 1

2

1 2 1

3 )

ì

í
ïï

î
ï
ï

, x ¹ 0 ,

p
2

0, x = , where { }× is fractional part of x, then

(a) f ( )0
2

+ = - p

(b) f ( )0
4 2

- = p

(c) f x( ) is continuous at x =0

(d) None of the above

10. Let f x

x x x

x x

x x

( )

sgn ( ) ,

sin , /

cos , /

=
+ - ¥ < <

- + £ £
£ < ¥

ì
í

0

1 0 2

2

p
p

ï

îï
, then the number of

points, where f x( ) is not differentiable, is/are
(a) 0 (b) 1
(c) 2 (d) 3

11. Let f x x
x

ax b x

( )
,

,

=
³

+ <

ì

í
ï

î
ï

1
1

12

be continuous and

differentiable for all x. Then, a and b are

(a) - 1

2

3

2
, (b)

1

2

3

2
,-

(c)
1

2

3

2
, (d) None of these

12. If f x
A Bx x

Ax B x
( )

,

,
= + <

- + ³

ì
í
î

2 1

3 2 1
,  then A and B,

so that f x( ) is differentiable at x = 1, are
(a) -2, 3 (b) 2, -3

(c) 2, 3 (d) -2, -3

13. If f x
x x x x

x
( )

([ ] ),

,
=

- - ¹

=

ì
í
î

1 1

0 1
, then

(a) f ¢ =+( )1 0 (b) f ¢ =-( )1 0

(c) f ¢ = --( )1 1 (d) f x( ) is differentiable at x =1
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14. If f x
x x

x x
( )

[cos ],

{ } ,
=

£
- >

ì
í
î

p 1

2 1 1
, where [ ]× and { }× denote

greatest integer and fractional part of x, then

(a) f ¢ =-( )1 2 (b) f ¢ =+( )1 2

(c) f ¢ = --( )1 2 (d) f ¢ =+( )1 0

15. If f x
x x

x x x
( )

,

,
=

- <
- + ³

ì
í
î

3 0

3 2 02
, then g x( ) = f x(| | ) is

(a) g ¢ = -+( )0 3

(b) g ¢ = --( )0 3

(c) g g¢ = ¢+ -( ) ( )0 0

(d) g x( ) is not continuous at x = 0

16. If f x

x x x

x x x

( )

[sin ],

[ ]sgn ,

=
+ì

í
î

ü
ý
þ

£ <

-æ
èç

ö
ø÷

£ £

1

3
0 1

2
4

3
1

p

2

ì

í
ïï

î
ï
ï

, where [ ]× and { }×

denote greatest integer and fractional part of
x respectively, then the number of points of
non-differentiability, is
(a) 3 (b) 4 (c) 5 (d) 6

17. Let f be differentiable function satisfying

f
x

y
f x f y

æ
è
ç

ö
ø
÷ = -( ) ( ) for all x y, > 0. If f ¢ =( )1 1,

then f x( ) is

(a) 2 loge x (b) 3 loge x (c) loge x (d)
1

2
loge x

18. Let f x y f x f y xy( ) ( ) ( )+ = + - -2 1 for all x and y. If

f ¢ ( )0 exists and f ¢ = -( ) sin0 a, then f f{ ( )}¢ 0 is
(a) -1 (b) 0
(c) 1 (d) 2

19. A derivable function f R R: + ® satisfies the condition

f x f y
x

y
x y x y R( ) ( ) log , ,- ³

æ
è
ç

ö
ø
÷ + - " Î + .

If g denotes the derivative of f , then the value of the

sum g
nn

1

1

100 æ
èç

ö
ø÷=

å is

(a) 5050 (b) 5510 (c) 5150 (d) 1550

20. If
d f x

dx
e f x e f xx x( ( ))

( ) ( ),= + -- then f x( ) is, (given

f ( )0 0= )

(a) an even function

(b) an odd function

(c) neither even nor odd function

(d) can’t say

21. Let f R:( , )0 ¥ ® be a continuous function such that

f x t f t dt
x

( ) ( )= ò0 .

If f x x x( ) ,2 4 5= + then f r
r

( )2

1

12

=
å is equal to

(a) 216 (b) 219

(c) 222 (d) 225

22. For x > 0, let h x q
x

p

q
x

( )
,

,

= =ì
í
ï

îï

1

0

if

if is irrational

, where

p qand > 0 are relatively prime integers, then which one
of the following does not hold good?
(a) h x( ) is discontinuous for all x in ( , )0 ¥
(b) h x( ) is continuous for each irrational in ( , )0 ¥
(c) h x( ) is discontinuous for each rational in ( , )0 ¥
(d) h x( ) is not derivable for all x in ( , )0 ¥

23. Let f x
g x

h x
( )

( )

( )
,= where g and h are continuous functions

on the open interval ( , )a b . Which of the following
statements is true for a x b< < ?
(a) f is continuous at all x for which x ¹ 0

(b) f is continuous at all x for which g x( ) = 0

(c) f is continuous at all x for which g x( ) ¹ 0

(d) f is continuous at all x for which h x( ) ¹ 0

24. If f x
x x

x
( )

cos sin

( )
,= -

-
2 2

2 2p
g x

e

x

x

( )
cos

= -
-

- 1

8 4p
and

h x
f x x

g x x
( )

( ), /

( ), /
=

<
>

ì
í
î

for

for

p
p

2

2
,

then which of the following holds?
(a) h is continuous at x = p/2

(b) h has an irremovable discontinuity at x = p/2

(c) h has a removable discontinuity at x = p/2

(d) f g
p p+ -æ

è
ç

ö
ø
÷ =

æ
è
ç

ö
ø
÷

2 2

25. If f x
x e x

x
x

x

( )
cos

,= - + ¹2
0

2
is continuous at x = 0,

then

(a) f ( )0
5

2
= (b) [ ( )]f 0 2= -

(c) { ( )} .f 0 05= - (d) [ ( )] { ( )} .f f0 0 15× = -

where, [ ]x and { }x denote the greatest integer and
fractional part function.

26. Consider the function f x
x x x

x x
( )

{ } ,

{ },
=

+ £ <
- £ £

é

ë
ê

1 0 1

2 1 2

if

if
,

where { }x denotes the fractional part function. Which
one of the following statements is not correct?
(a) lim

x
f x

® 1
( ) exists

(b) f f( ) ( )0 2¹
(c) f x( ) is continuous in [0, 2]

(d) Rolle’s theorem is not applicable to f x( ) in [ , ]0 2
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27. Let f x( ) =

2 2 6

2 2
2

4

3 2
2

3

1

2

x x

x x
x

x

x x
x

+ -

-
>

-
- -

<

é

ë

ê
ê
ê
ê

-

- -
,

,

,

if

if

then

ê
(a) f ( )2 8= Þ f is continuous at x = 2

(b) f ( )2 16= Þ f is continuous at x = 2

(c) f f( ) ( )2 2- +¹ Þ f is discontinuous

(d) f has a removable discontinuity at x = 2

28. Let [ ]x denotes the integral part of g x x x x R( ) [ ],= - Î .

Let f x( ) be any continuous function with f f( ) ( )0 1= ,
then the function h x f g x( ) ( ( ))=
(a) has finitely many discontinuities

(b) is discontinuous at some x c=
(c) is continuous on R

(d) is a constant function

29. Let f be a differentiable function on the open interval

( , )a b .

I. f is continuous on the closed interval [ , ]a b .

II. f is bounded on the open interval ( , )a b .

III.  If a a b b< < <1 1 and f a f b( ) ( )1 10< < , then there
exists a number c such that a c b1 1< < and f c( ) = 0.

Which of the above statements must be true?
(a) I and II

(b) I and III

(c) II and III

(d) Only III

30. Number of points, where the function

f x x x x x( ) ( ) | | sin (| | )= - - - +2 21 2 is not

differentiable, is
(a) 0 (b) 1
(c) 2 (d) 3

31. Consider function f R R f x
x

x
: { , } . ( )

| |
.- - ® =

-
1 1

1

Then, which of the statements is incorrect?
(a) It is continuous at the origin

(b) It is not derivable at the origin

(c) The range of the function is R

(d) f is continuous and derivable in its domain

32. If the functions f R R: ® and g R R: ® are such that
f x( ) is continuous at x = a and f a( )a = and g x( ) is
discontinuous at x a= but g f x( ( )) is continuous at x = a,
where f x( ) and g x( ) are non-constant functions.

(a) x = a is a extremum of f x( ) and x a= is an extremum of

g x( )

(b) x = a may not be an extremum of f x( ) and x a= is an

extremum of g x( )

(c) x = a is an extremum of f x( ) and x a= may not be an

extremum of g x( )

(d) None of the above

33. The total number of points of non-differentiability of

f x x x( ) min |sin | , | cos | ,= é
ëê

ù
ûú

1

4
in ( , )0 2p is

(a) 8 (b) 9 (c) 10 (d) 11

34. The function f x x x( ) [ ] [ ]= -2 2 , where [ ]y is the

greatest integer less than or equal to y, is discontinuous
at
(a) all integers

(b) all integers except 0 and 1

(c) all integers except 0

(d) all integers except 1

35. The function f x x x x x( ) ( )| | cos | |= - - + +2 21 6 5 is

not differentiable at
(a) -1 (b) 0 (c) 1 (d) 5

36. Let f x e x

x

x( ) ,

,

= ¹
=

ì
í
ï

îï

-1
2

0

0 0

if

if

Then, f ¢ ( )0 is equal to

(a) 0 (b) 1

(c) - 1 (d) doesn’t exist

37. Given f x
e x x

x

x

( )
cos= - -2

2
, for x RÎ - { }0

f x({ }),    for n x n< < + 1

2
f x( { })1 - ,  for n x n n I+ £ < + Î1

2
1,

5

2
,     otherwise

where denotes

fractional part function,

{ }xì
í
î

then g x( ) is

(a) discontinuous at all integral values of x only

(b) continuous everywhere except for x = 0

(c) discontinuous at x n n I= + Î1

2
, and at some x IÎ

(d) continuous everywhere

38. The function g x
x b x

x x
( )

,

cos ,
=

+ <
³

ì
í
î

0

0
cannot be made

differentiable at x = 0,
(a) if b is equal to zero (b) if b is not equal to zero

(c) if b takes any real value (d) for no value of b

39. The graph of function f contains the point P ( , )1 2 and

Q ( , ).s r The equation of the secant line through P and Q is

y
s s

s
x s= + -

-
æ

è
ç

ö

ø
÷ - -

2 2 3

1
1 . The value of f ¢ ( )1 is

(a) 2 (b) 3
(c) 4 (d) non-existent
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40. Consider

f x
x x x x

x x x
( )

(sin sin ) |sin sin |

(sin sin ) |sin
= - + -

- -
2

2

3 3

3 -

é

ë
ê
ê

ù

û
ú
ú

¹
sin |

,
3 2x

x
p

for

x Î( , )0 p , f ( )p / 2 3= , where [ ]denotes the greatest
integer function, then

(a) f is continuous and differentiable at x = p /2
(b) f is continuous but not differentiable at x = p /2
(c) f is neither continuous nor differentiable at x = p /2
(d) None of the above

41. If f x y f x f y x y xy x y R( ) ( ) ( ) | | , ,+ = + + + " Î2 and

f ¢ =( ) ,0 0 then
(a) f need not be differentiable at every non-zero x

(b) f is differentiable for all x RÎ
(c) f is twice differentiable at x = 0

(d) None of the above

42. Let f x x x x( ) | |= -max{| | ||, }2 2 and

g x x x x( ) {| | | | , | | },= -min 2 2 then

(a) both f x( ) and g x( ) are non-differentiable at 5 points

(b) f x( ) is not differentiable at 5 points whether g x( ) is

non-differentiable at 7 points

(c) number of points of non-differentiability for f x( ) and g x( )

are 7 and 5 points, respectively

(d) both f x( ) and g x( ) are non-differentiable at 3 and 5 points,

respectively

43. Let g x
x x x

ax b x
( )

,

,
= - + <

+ ³

ì
í
î

3 4 1 1

1

2 for

for
. If g x( ) is the

continuous and differentiable for all numbers in its
domain, then
(a) a b= = 4 (b) a b= = - 4

(c) a = 4 and b = - 4 (d) a = - 4 and b = 4

44. Let f x( ) be continuous and differentiable function for all

reals and f x y f x xy f y( ) ( ) ( ).+ = - +3

If lim
h

f h

h®
=

0
7

( )
, then the value of f x¢ ( ) is

(a) - 3x (b) 7

(c) - +3 7x (d) 2 7f x( ) +

45. Let [ ]x be the greatest integer function and

f x

x

x
( )

sin [ ]

[ ]
.=

1

4
p

Then, which one of the following does

not hold good?

(a) Not continuous at any point

(b) Continuous at 3/2

(c) Discontinuous at 2

(d) Differentiable at 4/3

46. If f x
b x x x

x a x
( )

([ ] [ ]) ,

sin ( ( )),
= + + ³ -

+ < -

ì
í
î

2 1 1

1

for

forp
,  where [ ]x

denotes the integral part of x, then for what values of a b,
the function is continuous at x = - 1?
(a) a n b R n I= + Î Î2 3 2( / ); ;

(b) a n b R n I= + Î Î4 2; ;

(c) a n b R n I= + Î Î+4 3 2( / ); ;

(d) a n b R n I= + Î Î+4 1; ;

47. If both f x( ) and g x( ) are differentiable functions at

x x= 0 , then the function defined as,
h x( ) = max{ ( ), ( )}f x g x

(a) is always differentiable at x x= 0

(b) is never differentiable at x x= 0

(c) is differentiable at x x= 0 when f x g x( ) ( )0 0¹
(d) cannot be differentiable at x x= 0, if f x g x( ) ( )0 0=

48. Number of points of non-differentiability of the function

g x x x x x( ) [ ]{cos } { }[cos ]= +2 2 2 24 4 + x x2 2 4sin

+ +[ ][cos ] { } {cos }x x x x2 2 2 24 4 in ( , )-50 50 ,

where [ ]× and { }× are greatest integer function and
fractional part of x, is equal to
(a) 98
(b) 99
(c) 100
(d) 0

49. If f x
x g x

x g x
( )

{ } ( )

{ } ( )
= is a periodic function with period

1

4
,

where g x( ) is a differentiable function, then (where { }×
denotes fractional part of x).

(a) g x¢( ) has exactly three roots in
1

4

5

4
,

æ
èç

ö
ø÷

(b) g x( ) = 0 at x
k=
4

, where k IÎ

(c) g x( ) must be non-zero function

(d) g x( ) must be periodic function

50. If f
x

y

f x

f y

æ
è
ç

ö
ø
÷ = ( )

( )
for all x y R y, ,Î ¹ 0 and f x¢ ( ) exists for

all x f, ( )2 4= . Then, f ( )5 is
(a) 3 (b) 5

(c) 25 (d) None of these
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51. Indicate the correct alternative, if f x
x

( ) = -
2

1 , then on

the interval [ , ]0 p ,

(a) tan( ( ))f x and
1

f x( )
are both continuous

(b) tan( ( ))f x and
1

f x( )
are both discontinuous

(c) tan( ( ))f x and f x-1( ) are both continuous

(d) tan( ( ))f x is continuous but
1

f x( )
is not continuous

52. On the interval I = -[ , ]2 2 , if the function

f x x e x

x

x x
( ) ( ) ,

,

| |= + ¹
=

ì
í
ï

îï

- +
æ
è
ç

ö
ø
÷

1 0

0 0

1 1

then which of the

following hold good?
(a) f x( ) is continuous for all values of x IÎ
(b) f x( ) is continuous for x IÎ - { }0

(c) f x( ) assumes all intermediate values from f ( )-2 to f ( )2

(d) f x( ) has a maximum value equal to 3/e

53. If f x

x

x
x

x e

( )
cot ,

{ } cos (

=
- -æ

è
ç

ö

ø
÷

é

ë
ê
ê

ù

û
ú
ú

>-3
2 3

01
3

2

2 1

for

/ ),x xfor <

ì

í
ï

î
ï

0

, where { }x and

[ ]x denote fractional part and the greatest integer
function respectively, then which of the following
statements does not hold good?

(a) f ( )0 0- =
(b) f ( )0 0+ =
(c) f ( )0 0= Þ Continuous at x = 0

(d) Irremovable discontinuity at x = 0

54. If f x
b x x x

x a x
( )

([ ] [ ]) ,

sin( ( )),
= + + > -

+ < -

ì
í
î

2 1 1

1

for

forp
, where [ ]x

denotes the integral part of x, then for what values of a

and b, the function is continuous at x = - 1?

(a) a n= +2
3

2
; b R n IÎ Î,

(b) a n b R n I= + Î Î4 2 ; ,

(c) a n= +4
3

2
; b R n IÎ Î+ ,

(d) a n b R n I= + Î Î+4 1; ,

55. Let [ ]x be the greatest integer function, then

f x

x

x
( )

sin [ ]

[ ]
=

1

4
p

is

(a) not continuous at any point (b) continuous at x = 3

2

(c) discontinuous at x = 2 (d) differentiable at x = 4

3

56. If f x
x

x
x

x

( )
(sin ) cos ,

,

=
æ
èç

ö
ø÷

¹

=

ì
í
ï

îï

-1 2 1
0

0 0

, then f x( ) is

(a) continuous nowhere in - £ £1 1x

(b) continuous everywhere in - £ £1 1x

(c) differentiable nowhere in - £ £1 1x

(d) differentiable everywhere in - £ £1 1x

57. Let f x x( ) cos= and

H x
f t t x x

x x
( )

min ( ( ) : ) , /

, for
=

£ < £ £

- < £

ì
í
ï

î

0 0 2

2 2
3

for p
p p

ï
, then

(a) H x( ) is continuous and derivable in [ , ]0 3

(b) H x( ) is continuous but not derivable at x = p
2

(c) H x( ) is neither continuous nor derivable at x = p
2

(d) maximum value of H x( ) in [ , ]0 3 is 1

58. If f x x x( ) ( ) /= + + +3 2 3 22 3 3, then

(a) f x( ) is continuous but not differentiable at x = - 3

2

(b) f x( ) is differentiable at x = 0

(c) f x( ) is continuous at x = 0

(d) f x( ) is differentiable but not continuous at x = - 3

2

59. If f x

x x

x
x

x

( )

ln (cos )

ln ( )
,

,
=

×
+

¹

=

ì
í
ï

îï
1

0

0

0

2 , then

(a) f is continuous at x = 0

(b) f is continuous at x = 0 but not differentiable at x = 0

(c) f is differentiable at x = 0

(d) f is not continuous at x = 0
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60. Let [ ]x denotes the greatest integer less than or

equal to x. If f x x x( ) [ sin ]= p , then f x( ) is
(a) continuous at x = 0

(b) continuous in ( , )- 1 0

(c) differentiable at x = 1

(d) differentiable in ( , )- 1 1

61. The function f x x x( ) [| | ] | [ ]| ,= - where [ ]x denotes

greatest integer function
(a) is continuous for all positive integers

(b) is discontinuous for all non-positive integers

(c) has finite number of elements in its range

(d) is such that its graph does not lie above the X-axis

62. The function f x x( ) = - -1 1 2

(a) has its domain - £ £1 1x

(b) has finite one sided derivates at the point x = 0

(c) is continuous and differentiable at x = 0

(d) is continuous but not differentiable at x = 0

63. Consider the function f x x( ) | |= +3 1 . Then,

(a) domain of f x R( ) Î
(b) range of f is R +

(c) f has no inverse

(d) f is continuous and differentiable for every x RÎ

64. f is a continuous function in [ , ]a b , g is a continuous

function in [ , ]b c . A function h x( ) is defined as

h x
f x x a b

g x x b c
( )

( ) [ , )

( ) ( , ]
=

Î
Î

ì
í
î

for

for
.  If f b g b( ) ( ),= then

(a) h x( ) has a removable discontinuity at x b=
(b) h x( ) may or may not be continuous in [ , ]a c

(c) h b g b( ) ( )- += and h b f b( ) ( )+ -=
(d) h b g b( ) ( )+ -= and h b f b( ) ( )- +=

65. Which of the following function(s) has/have the same
range?

(a) f x
x

( ) =
+
1

1

(b) f x
x

( ) =
+
1

1 2

(c) f x
x

( ) =
+

1

1

(d) f x
x

( ) =
-
1

3

66. If f x x x( ) = +sec cosec2 2 , then f x( ) is discontinuous at

all points in

(a) { , }n n Np Î (b) ( ) ,2 1
4

n n I± Îì
í
î

ü
ý
þ

p

(c)
n

n I
p
4

, Îì
í
î

ü
ý
þ

(d) ( ) ,2 1
8

n n I± Îì
í
î

ü
ý
þ

p

67. Let f x
x

x
x

x

n

( )
sin

,

,
=

æ
èç

ö
ø÷

¹

=

ì
í
ï

îï

1

0

0

0
2 , ( )n IÎ , then

(a) lim ( )
x

f x
® 0

exists for every n > 1

(b) f is continuous at x = 0 for n > 1

(c) f is differentiable at x = 0 for every n > 1

(d) None of the above

68. A function is defined as f x
e

x

x

x

x

( )
,

| | ,
=

-
£
>

ì
í
î 1

0

0
, then f x( ) is

(a) continuous at x = 0 (b) continuous at x = 1

(c) differentiable at x = 0 (d) differentiable at x = 1

69. Let f x t dt
x

( ) | |= +
-ò 1

2
, then

(a) f x( ) is continuous in [ , ]- 1 1

(b) f x( ) is differentiable in [ , ]- 1 1

(c) f x¢( ) is continuous in [ , ]- 1 1

(d) f x¢( ) is differentiable in [ , ]- 1 1

70. A function f x( ) satisfies the relation

f x y f x f y xy x y x y R( ) ( ) ( ) ( ), ,+ = + + + " Î . If
f ¢ = -( )0 1, then
(a) f x( ) is a polynomial function

(b) f x( ) is an exponential function

(c) f x( ) is twice differentiable for all x RÎ
(d) f ¢ =( )3 8

71. If f x
x x

x

x

x
( )

,

,
= + -

-
- £ £

< £
ì
í
î

3 12 1

37

1 2

2 3

2

, then

(a) f x( ) is increasing on [ , ]- 1 2

(b) f x( ) is continuous on [ , ]- 1 3

(c) f ¢( )2 doesn’t exist

(d) f x( ) has the maximum value at x = 2

72. If f x( ) = 0 for x < 0 and f x( ) is differentiable at x = 0,

then for x > 0, f x( ) may be

(a) x 2 (b) x (c) - x (d) - x 3 2/

Chap 06 Continuity and Differentiability 371



n Directions (Q. Nos. 73 to 82) For the following

questions, choose the correct answer from the codes (a),
(b), (c) and (d) defined as follows :

(a) Statement I is correct, Statement II is also correct;

Statement II is the correct explanation of Statement I

(b) Statement I is correct, Statement II is also correct;

Statement II is not the correct explanation of Statement I

(c) Statement I is correct, Statement II is incorrect

(d) Statement I is incorrect, Statement II is correct

73. Statement I f x x x( ) sin [ ]= + is discontinuous at x = 0.

Statement II If g x( ) is continuous and f x( ) is
discontinuous, then g x f x( ) ( )+ will necessarily be
discontinuous at x a= .

74. Consider f x

a x x

x

ax b x

( )

sin( cos ), if ( , )

,

,

=
Î
=

+ <

ì -2 0 1

3 0

0

1

if

if

í
ï

î
ï

Statement I If b = 3 and a = 2

3
, then f x( ) is continuous

in ( , )-¥ 1 .

Statement II If a function is defined on an interval I and
limit exists at every point of interval I, then function is
continuous in I.

75. Let f x
x e

x
x

x

x

( )
cos

,

, ,

/

=
- ¹

=

ì
í
ï

îï

2 2

3
0

0 0 then

Statement I f x( ) is continuous at x = 0.

Statement II lim
cos /

x

xx e

x®

--
0

2

3

2

= - 1

12

76. Statement I The equation
x

x
3

4

2

3
0- + =sin p has

atleast one solution in [ , ]- 2 2 .

Statement II Let f a b R: [ , ] ® be a function and c be a
number such that f a c f b( ) ( )< < , then there is at least
one number n a bÎ( , ) such that f n c( ) = .

77. Statement I Range of f x x
e e

e e
x x

x x

x x
( ) = -

+

æ

è
ç

ö

ø
÷ + +

-

-

2 2

2 2

2 4

is not R.

Statement II Range of a continuous even function
cannot be R.

78. Let h x f x f x f x f xn( ) ( ) ( ) ( ) ( )= + + + +1 2 3 K , where

f x f x f x f xn1 2 3( ), ( ), ( ), , ( )K are real valued functions
of x.

Statement I f x x x x( ) | cos | | | cos ( ) | ln |= + +-1 sgn is

not differentiable at 3 points in ( , )0 2p .

Statement II Exactly one function , isf x i ni ( ), , , ,= 1 2 K

is not differentiable and the rest of the function is
differentiable at x a= makes h x( ) not differentiable at
x a= .

79. Statement I f x x x( ) | | sin= is differentiable at x = 0.

Statement II If g x( ) is not differentiable at x a= and
h x( ) is differentiable at x a= , then g x h x( ) ( )× cannot be
differentiable at x a= .

80. Statement I f x x( ) | cos |= is not derivable at x = p
2

.

Statement II If g x( ) is differentiable at x a=
and g a( ) = 0, then | ( )|g x is non-derivable at x a= .

81. Let f x x x( ) = - 2 and g x x x R( ) { },= " Î ,

where { } denotes fractional part function.

Statement I f g x( ( )) will be continuous, " Îx R.

Statement II f f( ) ( )0 1= and g x( ) is periodic with
period 1.

82. Let f x
ax b x c

ax b x c

x

x
( )

| |

| |

,

,
= - - -

+ +
- £ <

£ £
ì
í
î

2

2

0

0

a
a

, where a b c, ,

are positive and a > 0, then

Statement I The equation f x( ) = 0 has at least one real
root for x Î -[ , ]a a .

Statement II Values of f ( )- a and f ( )a are opposite
in sign.
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Passage I (Q. Nos. 83 to 85)

A man leaves his home early in the morning to have a walk. He

arrives at a junction of roads A and B as shown in figure. He takes

the following steps in later journies :

(i) 1 km in North direction.

(ii) Changes direction and moves in North-East direction for

2 2 km.

(iii) Changes direction and moves Southwards for distance of
2 km.

(iv) Finally, he changes the direction and moves in
South-East direction to reach road A again.

Visible/invisible path The path traced by the man in the

direction parallel to road A and road B is called invisible path, the

remaining path is called visible.

Visible points The point about which the man changes direction

are called visible points, except the point from where he changes

direction last time.

Now, if roads A and B are taken as X -axis and Y-axis, then visible

point representing the graph of y f x= ( ).

83 The value of x at which the function is discontinuous, is
(a) 2 (b) 0 (c) 1 (d) 3

84. The value of x for which fof is discontinuous, is
(a) 0 (b) 1 (c) 2 (d) 3

85. If f x( ) is periodic with period 3, then f ( )19 is

(a) 2 (b) 3
(c) 19 (d) None of these

Passage II (Q. Nos. 86 to 89)

Let f be a function that is differentiable everywhere and that has

the following properties :

(i) f x( ) > 0 (ii) f ¢ = -( )0 1

(iii) f x
f x

( )
( )

- = 1
and f x h f x f h( ) ( ) ( )+ = ×

A standard result is
f x

f x
dx f x C

¢ = +( )

( )
log| ( )| .

86. Range of f x( ) is

(a) R (b) R - { }0
(c) R + (d) ( , )0 e

87. The range of the function D = f x(| | ) is

(a) [ , ]0 1 (b) [ , )0 1
(c) ( , ]0 1 (d) None of these

88. The function y f x= ( ) is

(a) odd (b) even

(c) increasing (d) decreasing

89. If h x f x( ) ( )= ¢ , then h x( ) is given by

(a) - f x( ) (b)
1

f x( )
(c) f x( ) (d) e f x( )

Passage III (Q. Nos. 90 to 92)

Let y f x= ( ) be defined in [ , ]a b , then

(i) Test of continuity at x c a c b= < <,

(ii) Test of continuity at x a=
(iii) Test of continuity at x b=

Case I Test of continuity at x c a c b= < <,

If y f x= ( ) be defined at x c= and its value f c( ) be equal to

limit of f x( ) as x c® , i.e. f c f x
x c

( ) lim ( )=
®

or lim ( ) ( ) lim ( )
x c x c

f x f c f x
® ®- +

= =

or LHL = =f c( ) RHL

Then, y f x= ( ) is continuous at x c= .

Case II Test of continuity at x a=
If RHL = f a( )
Then, f x( ) is said to be continuous at the end point x a= .

Case III Test of continuity at x b= , if LHL = f b( )

Then, f x( ) is continuous at right end x b= .

90. If f x

x

x

x

x

x

x

x

( )

sin

tan

cos

,

,

,

,

=

£
< <
£ <

=

ì

í
ïï

î
ï
ï 3

0

0 2

2 3

3p

p
p p

p

, then f x( ) is discontinuous

at

(a)
p p p
2

3

2
2, , (b) 0

2

3

2
3, , , ,

p p p p

(c)
p p
2

2, (d) None of these

91. Number of points of discontinuity of [ ]2 53x - in [ , )1 2 is

(where [ × ] denotes the greatest integral function)
(a) 14 (b) 13

(c) 10 (d) None of these

92. Max ([ ], | | )x x is discontinuous at

(a) x = 0

(b) f
(c) x n n I= Î,

(d) None of the above
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Passage IV (Q. Nos. 93 to 95)

f x x( ) cos= and H x f t t x1 0( ) { ( ), };= £ <min

0
2 2 2

£ £ = - < £x x x
p p p p;

f x x( ) cos= and H x2 ( ) = max { ( ), }f t t x0 £ £ ;

0
2 2 2

£ £ = - < £x x x
p p p p;

g x x( ) sin= and H x3 ( ) = min { ( ), };g t t x0 £ £

0
2 2

£ £ = -x x
p p

;
p p
2

< £x

g x x( ) sin= and H x4 ( ) = max { ( ), };g t t x0 £ £

0
2 2 2

£ £ = - < £x x x
p p p p;

93. Which of the following is true for H x2 ( ) ?

(a) Continuous and derivable in [ , ]0 p

(b) Continuous but not derivable at x = p
2

(c) Neither continuous nor derivable at x = p
2

(d) None of the above

94. Which of the following is true for H x3 ( )?

(a) Continuous and derivable in [ , ]0 p

(b) Continuous but not derivable at x = p
2

(c) Neither continuous nor derivable at x = p
2

(d) None of the above

95. Which of the following is true for H x4 ( )?

(a) Continuous and derivable in [ , ]0 p

(b) Continuous but not derivable at x = p
2

(c) Neither continuous nor derivable at x = p
2

(d) None of the above

Passage V (Q. Nos. 96 to 99)

Let f x( ) be a real valued function not identically zero, which

satisfied the following conditions

I. f x y f x f yn n( ) ( ) ( ( )) ,+ = ++ +2 1 2 1 n N x yÎ , , are any real

numbers.

II. f ¢ ³( )0 0

96. The value of f ( )1 is

(a) 0 (b) 1
(c) 2 (d) Not defined

97. The value of f x( ) is

(a) 2x (b) x x2 1+ +
(c) x (d) None of these

98. The value of f ¢ ( )10 is

(a) 10 (b) 0 (c) 2 1n + (d) 1

99. The function f x( ) is

(a) odd

(b) even

(c) neither even nor odd

(d) both even as well as odd

Passage VI (Q. Nos. 100 to 101)

If f R: ( , )® ¥0 is a differentiable function f x( ) satisfying
f x y f x y( ) ( )+ - - = × - - " Îf x f y f y x y R( ) { ( ) ( )}, , ,
(f y f y( ) ( )¹ - for all y RÎ ) and f ¢ =( )0 2010. Now, answer the

following questions

100. Which of the following is true for f x( ) ?

(a) f x( ) is one-one and into

(b) { ( )}f x is non-periodic, where { }× denotes fractional part of x

(c) f x( ) = 4 has only two solutions

(d) f x f x( ) ( )= ¢ has only one solution

101. The value of
f x

f x

¢( )

( )
is

(a) 2016 (b) 2014 (c) 2012 (d) 2010
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102. Match the column.

Column I Column II

(A) If f x
x x

x a x
( )

sin{ };

cos ;
=

<
+ ³

ì
í
î

1

1
, where { }x

denotes the fractional part  function, such

that f x( ) is continuous at x = 1. If

| |

sin
( )

K
a=

-
2

4

4

p
, then K is

(p) 1

(B) If the function f x
x

x
( )

cos(sin )= -1
2

is

continuous at x = 0, then f ( )0 is

(q) 0

(C) If f x
x x

x x
( )

,

,
=

Î
- Ï

ì
í
î

q
q1
, then the values of x

at which f x( ) is continuous, is

(r) -1

(D) If f x x x x( ) { } [ ]= + - + , where [ ]x and { }x

represent greatest integer and fractional part

of x, then the values of x at which f x( ) is

discontinuous, is

(s) 1

2

103. Match the column.

Column I Column II

(A) Number of points where the function

f x

x

x

x

x

x

x

( )

cos ,

{ },

|sin |,

=

+ é
ëê

ù
ûú

-
< £
£ <

- £ <

1
2

1

1 2

0 1

1 0

p

p

ì

í

ï
ï

î

ï
ï

and f ( )1 0=

is continuous but non-differentiable, where [ ]×
denotes greatest integer function and { }×
denotes fractional part of x, is

(p) 0

(B) If f x
x e x

x

x

( )
,

,

/

= ¹
=

ì
í
î

2 1 0

0 0
,  then f ( )0- is (q) 1

(C) The number of points at which

f x
f x

( )
/ ( )

=
+

1

1 2
is not differentiable,

where f x
x

( )
/

=
+

1

1 1
, is

(r) 2

(D) Number of points where tangent does not

exist for the curve y x= -sgn( )2 1 , is

(s) 3

104. Match the column.

Column I Column II

(A) The number of values of x in ( , )0 2p ,

where the function

f x
x x x x

( )
tan cot tan cot= + - -

2 2
is

continuous but not differentiable, is

(p) 2

(B) The number of points where the

function

f x x x x( ) min { , , }= + - +1 1 3 33 2 is

non-derivable, is

(q) 0

(C) The number of points where

f x x( ) ( ) /= + 4 1 3 is non-differentiable,

is

(r) 4

(D) Consider

f x

x
x

x x

( )

log ,

sin (sin ),

=

- æ
èç

ö
ø÷

+ < £

< £-

p
p

p p

p p
2

2

2
0

2

2

3

2

1

ì

í
ï

î
ï

Number of points in 0
3

2
,

pæ
èç

ö
ø÷
, where

f x( ) is non-differentiable, is

(s) 1

105. Match the entries of the following two columns.

Column I Column II

(A) f x
x x

x x
( )

,

cos ,
=

+ <
³

é

ë
ê

1 0

0

if

if

at

x = 0 is

(p) continuous

(B) For every x RÎ , the function

g x
x

x
( )

sin( [ ])

[ ]
= -

+
p p

1 2
, where [ ]x

denotes the greatest integer

function, is

(q) differentiability

(C) h x x( ) { }= 2 , where { }x

denotes fractional part

function for all x IÎ , is

(r) discontinuous

(D) k x x x

e x

x
( ) ,

,

= ¹
=

ì
í
ï

îï

1

1

1

ln
if

if

at

x = 1is

(s) non-derivable

106. Match the entries of the following two columns.

Column I Column II

(A) lim
x

x x
e e

® ¥

+ +-æ
èç

ö
ø÷

4 21 1( ) is (p) e

(B) For a > 0, let

f x
a a

x
x

a x x

x x

( ) ,

ln( ) ,

=
+ - >

- - £

é

ë

ê
ê

- 2
0

3 2 0

2
if

if

.

(q) e
2

If f is continuous at x = 0, then a equals

(C) Let L
x a

x ax a

x a

= -
-®

lim and

M
x a

x a
a

x a

x x

= -
-

>
®

lim ( ).0

(r) non-
existent

If L M= 2 , then the value of a is equal to
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107. Number of points of discontinuity of

f x x x( ) tan sec= -2 2 in ( , )0 2p is ……… .

108. Number of point(s) of discontinuity of the function

f x x xx( ) [ ], ,/= >1 0 (where [ ] denotes the greatest

integral function) is ……… .

109. Let f x x x( ) cos= + + 2 and g x( ) be the inverse

function of f x( ) , then g ¢ (3) equals to ……… .

110. Let f x x x x( ) tan ( ) .= +-1 2 4 Let f xk ( ) denotes kth

derivative of f x( ) w. r. t. x, k NÎ .

If f m2 0 0( ) ¹ , m NÎ , then m equals to ……… .

111. Let f x f x1 2( ) ( )and be twice differentiable functions,

where F x f x f x( ) ( ) ( )= +1 2 and
G x f x f x x R f( ) ( ) ( ), , ( )= - " Î =1 2 1 0 2

and f 2 0 1( ) .= If f x f x1 2
¢ =( ) ( ) and

f x f x x R2 1
¢ = " Î( ) ( ) , , then the number of

solutions of the equation ( ( ))
( )

F x
x

G x

2
49= is ……… .

112. Suppose the function f x f x( ) ( )- 2 has the derivative

5 at x = 1 and derivative 7 at x = 2. The derivative of
the function f x f x x( ) ( )- -4 10 at x = 1 is equal to
……… .

113. In a DABC, angles A B C, , are in AP.

If f x
A C

A CA C
( ) lim

sin sin

| |
,=

-
-®

3 4
then f x¢ ( ) is equal

to ……… .

114. Let f x
x

x x

x( )

/ /

/=

æ
èç

ö
ø÷

- æ
èç

ö
ø÷

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

-
3

4

3

4

3

4

3

4

1 1

1 -
¹

=

ì

í

ï
ïï

î

ï
ï
ï

1
0

0 0

/
,

,

x
x

x

If P f f= ¢ - ¢- +( ) ( )0 0 , then

4
2 4 16

4 16

1

4

lim
(exp(( ) log ))

[ ]

x P

x

x

x

® -

+

+ -
-

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

is …… .

(where [ ]x denotes greatest integer function.)

115. Let f x x x x( ) = - + - +3 2 1 and

g x
f t t x x

x x
( )

min ( ( )),

,
=

£ £ £ £
- < £

ì
í
î

0 0 1

1 1 2

and

Then, the value of lim ( ( ))
x

g g x
®1

is…… .

116. The number of points at which the function

f x x x x x( ) ( | | ) ( | | )= - - +2 21 is not differentiable in the

interval ( , )-3 4 is …… .

117. If f x

x x

x x
x

k( )

sin ( { } )sin ( { })

({ } { } )
,

,=

- - -

-
>

- -p
2

1 1

2
0

1 2 1

3

x

A x x

x x
x

=

- -
-

<

ì

í

ï
ï
ï
ï

î

- -

0

1 1

2 1
0

1 1sin ( { }) cos ( { })

{ }( { })
,

ï
ï
ï
ï

is continuous at x = 0, then the value of sin cos2 2

2
k

A+ æ
èç

ö
ø÷

p
,

is…… (where { }× denotes fractional part of x).

118. Discuss the continuity of the function
f x x x( ) [[ ]]– [ – ]= 1 , where [ ] denotes the greatest
integral function.

119. Examine the continuity or discontinuity of the
following :

(i) f x x x( ) [ ] [– ]= + (ii) g x
x

xn

n

n
( ) lim

–=
+®¥

2

2

1

1

120. Examine the continuity and differentiability at points x = 1

and x = 2.

The function f defined by

f x
x x x

x x x
( )

[ ],

( – ) [ ],
=

£ <
£ £

ì
í
î

0 2

1 2 3
(where [ × ] denotes the greatest

integral function less than or equal to x).
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121. Let f be twice differentiable function, such that

¢¢ = -f x f x( ) ( ) and f x g x¢ =( ) ( ),

h x f x g x( ) [ ( )] [ ( )]= +2 2 . Find h( )10 , if h( ) .5 11=

122. A function f R R: ® satisfies the equation
f x y f x f y( ) ( ) ( )+ = × for all x y, in R and f x( ) ¹ 0 for any
x in R. Let the function be differentiable at x = 0 and
f ¢ =( )0 2. Show that f x f x¢ =( ) ( )2 for all x in R. Hence,
determine f x( ).

123. A function f R R: ® , where R is a set of real numbers,

satisfying the equation f
x y f x f y f+æ

èç
ö
ø÷

= + +
3

0

3

( ) ( ) ( )

for all x y, in R. If the function is differentiable at x = 0,
then show that it is differentiable for all x in R.

124. Let f x y f x f y xy( ) ( ) ( ) –+ = + + 2 1 for all real x, y and
f x( ) be differentiable functions. If f ¢ =( ) cos0 a, then
prove that f x x R( ) ,> " Î0 .

(i) JEE Advanced & IIT-JEE

125. For every pair of continuous function f g R, : [ , ]0 1 ®
such that max { ( ): [ , ]}f x x Î =0 1 max { ( ): [ , ]}g x x Î 0 1 . The
correct statement(s) is/are

[More than One Correct Option, 2014]

(a) [ ( )] ( ) [ ( )] ( )f c f c g c g c2 23 3+ = + for some c Î[ , ]0 1

(b) [ ( )] ( ) [ ( )] ( )f c f c g c g c2 2 3+ = + for some c Î[ , ]0 1

(c) [ ( )] ( ) [ ( )] ( )f c f c g c g c2 23+ = + for some c Î[ , ]0 1

(d) [ ( )] [ ( )]f c g c2 2= for some c Î[ , ]0 1

126. Let f R R: ® and g R R: ® be respectively given by

f x x( ) | |= + 1 and g x x( ) .= +2 1 Define h R R: ® by

h x
f x g x

f x g x

x

x
( )

max{ ( ), ( )},

min{ ( ), ( )},
.=

£
>

ì
í
î

if

if

0

0

The number of points at which h x( ) is not differentiable
is [Integer Answer Type, 2014]

127. Let f x
x

x
x x R

x f

( )
cos , ,

,

=
¹ Îì

í
ï

îï

2 0

0 0

p

, = then is

[One Correct Option, 2012]

(a) differentiable both at x = 0 and at x = 2

(b) differentiable at x = 0 but not differentiable at x = 2

(c) not differentiable at x = 0 but differentiable at x = 2

(d) differentiable neither at x = 0 nor at x = 2

128. For every integer n, let an and bn be real numbers. Let

function f R R: ® be given by

f x
a x x n n

b x x n n

n

n

( )
sin , [ , ]

cos , ( ,
=

+ Î +
+ Î -

p
p

for

for

2 2 1

2 1 2 )

ì
í
î

,

for all integers n.

If f is continuous, then which of the following hold(s)
for all n ? [More than One Correct Option, 2012]

(a) a bn n- -- =1 1 0 (b) a bn n- = 1

(c) a bn n- =+ 1 1 (d) a bn n- - = -1 1

129. Let f R R: ® be a function such that

f x y f x f y( ) ( ) ( )+ = + , "x y R, Î . If f x( ) is differentiable
at x = 0, then [More than One Correct Option, 2011]

(a) f x( ) is differentiable only in a finite interval containing zero

(b) f x( ) is continuous for all x RÎ
(c) f x¢( ) is constant for all x RÎ
(d) f x( ) is differentiable except at finitely many points

130. If f x

x x

x x

x x

x x

( )

,

cos ,

,

ln ,

=

- - £ -

- - < £

- < £
>

ì

í

ï
ïï

p p

p
2 2

2
0

1 0 1

1î

ï
ï
ï

, then

[More than One Correct Option, 2011]

(a) f x( ) is continuous at x = - p
2

(b) f x( ) is not differentiable at x = 0

(c) f x( ) is differentiable at x = 1

(d) f x( ) is differentiable at x = - 3

2

131. For the function f x x
x

x( ) cos ,= ³1
1,

[More than One Correct Option, 2009]

(a) for at least one x in the interval [ , ), ( ) ( )1 2 2¥ + - <f x f x

(b) lim ( )
x

f x
® ¥

¢ = 1

(c) for all x in the interval [ , ), ( ) ( )1 2 2¥ + - >f x f x

(d) ¢f x( ) is strictly decreasing in the interval [ , )1 ¥

132. Let g x
x

x

n

m
( )

( )

log cos ( )
;= -

-
1

1
0 2< <x , m and n are

integers, m n¹ >0 0, and let p be the left hand
derivative of | |x - 1 at x = 1 . If lim ( ) ,

x

g x p
® +

=
1

then

[One Correct Option, 2008]

(a) n m= =1 1, (b) n m= = -1 1,
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(c) n m= =2 2, (d) n m n> =2,

133. Let f and g be real valued functions defined on interval

( , )-1 1 such that ¢¢g ( )x is continuous, g g( ) , ( ) ,0 0 0 0¹ ¢ =
¢¢ ¹g ( )0 0 and f x g x x( ) ( )sin= .

Statement I lim [ ( ) cos ( )] ( ).
x

g x x g x f
®

- = ¢¢
0

0 0cosec

Statement II f g¢ =( ) ( ).0 0

For the above question, choose the correct answer from
the codes (a), (b), (c) and (d) defined as follows.

[Assertion and Reason, 2008]

(a) Statement I is true, Statement II is also true; Statement II

is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true; Statement II

is not the correct explanation of Statement I

(c) Statement I is true; Statement II is false

(d) Statement I is false; Statement II is true

134. In the following, [x] denotes the greatest integer less
than or equal to x. [Matching type Question, 2007]

135. If f x x x( ) min { , , },= 1 2 3 then

[More than One Correct, 2006 ]

(a) f x( ) is continuous everywhere

(b) f x( ) is continuous and differentiable everywhere

(c) f x( ) is not differentiable at two points

(d) f x( ) is not differentiable at one point

136. Let f x x( ) | | | | ,= - 1 then points where, f x( ) is not

differentiable is/are [One Correct Option, 2005]

(a) 0 1, ± (b) ± 1

(c) 0 (d) 1

137. If f is a differentiable function satisfying f
n

1
0

æ
èç

ö
ø÷

= , "

n n I³ Î1, , then [One Correct Option, 2005]

(a) f x x( ) , ( , ]= Î0 0 1

(b) f f¢ = =( ) ( )0 0 0

(c) f ( )0 0= but f ¢( )0 not necessarily zero

(d) | ( ) | , ( , ]f x x£ Î1 0 1

138. The domain of the derivative of the functions

f x
x x

x x
( )

tan , | |

(| | ), | |
=

£

- >

ì
í
ï

îï

-1 1
1

2
1 1

if

if
is

[One Correct Option, 2002]

(a) R - { }0 (b) R - { }1
(c) R - -{ }1 (d) R - -{ , }1 1

139. The left hand derivative of f x x x( ) [ ]sin ( )= p at

x k k= , is an integer, is [One Correct Option, 2001]

(a) ( ) ( )- -1 1k k p
(b) ( ) ( )- --1 11k k p
(c) ( )-1 k kp
(d) ( )- -1 1k kp

140. Which  of   the  following  functions  is  differentiable
at x = 0 ? [One Correct Option, 2001]

(a) cos (| | ) | |x x+ (b) cos (| | ) | |x x-
(c) sin (| | ) | |x x+ (d) sin (| | ) | |x x-

(ii) JEE Main & AIEEE

141. For x RÎ , f x x( ) | log sin |= -2 and g x f f x( ) ( ( ))= , then

(a) g is not differentiable at x = 0 [2016, JEE Main]

(b) g ¢ =( ) cos (log )0 2

(c) g ¢ = -( ) cos (log )0 2

(d) g is differentiable at x = 0 and g ¢ = -( ) sin (log )0 2

142. If the function g x
k x x

mx x
( )

,

,
= + £ £

+ < £
ì
í
î

1 0 3

2 3 5
is

differentiable, then the value of k m+ is [2015, JEE Main]

(a) 2 (b)
16

5

(c)
10

3
(d) 4

143. If f and g are differentiable functions in (0, 1) satisfying

f g( ) ( )0 2 1= = , g( )0 0= and f ( )1 6= , then for some
c Î] , [0 1 [2014, JEE Main]

(a) 2 f c g c¢ = ¢( ) ( ) (b) 2 3¢ = ¢f c g c( ) ( )

(c) ¢ = ¢f c g c( ) ( ) (d) ¢ = ¢f c g c( ) ( )2

144. If f R R: ® is a function defined by

f x x
x

( ) [ ] cos ,= -æ
èç

ö
ø÷

2 1

2
p where [ ]x denotes the greatest

integer function, then f is [2012 AIEEE]

(a) continuous for every real x

(b) discontinuous only at x = 0

(c) discontinuous only at non-zero integral values of x

(d) continuous only at x = 0
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Column I Column II

A. x x| | p. continuous in (– 1, 1)

B. | |x q. differentiable in (– 1, 1)

C. x x+ [ ] r. strictly increasing in (– 1, 1)

D. | | | |x x- + +1 1 s. not differentiable atleast at
one point in (– 1, 1)
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Exercise for Session 1

1. (c) 2. (c) 3. (a) 4. (a) 5. (a)

Exercise for Session 2

1. a b= - =1 1, 2. f is continuous in - £ £1 1x .

3. f ( )x is continuous everywhere in [ , ]0 2 except for x = 1

2
1, and 2.

4. (d)

Exercise for Session 3

1. (b,c,d) 2. (a,c,d) 3. (d) 4. (c) 5. (a,c,d)

Exercise for Session 4

1. (a,b,c) 2. (b,c) 3. (c,d) 4. (b,c) 5. (a,b,c) 6. (a) 7. (b)

Exercise for Session 5

1. discontinuity at x = 0

4. y xn( ) is continuous at x = 0 for all n and y x( ) is discontinuous
at x = 0.

Exercise for Session 6

1. (d) 2. (a) 3. (a) 4. (d) 5. (b)

Exercise for Session 7

1. (c) 2. (c) 3. (c) 4. (b) 5. (b) 6. (d)

7. (a) 8. (c) 9. (a) 10. (c)
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25. (d) 26. (c) 27. (c) 28. (c) 29. (d) 30. (c)

31. (b) 32. (c) 33. (d) 34. (d) 35. (d) 36. (a)

37. (d) 38. (d) 39. (c) 40. (a) 41. (b) 42. (b)

43. (c) 44. (c) 45. (c) 46. (a) 47. (c) 48. (d)

49. (b) 50. (c) 51. (c,d) 52. (b,c,d) 53. (a,b,c) 54. (a,c)
55. (b,c,d)56. (b,d) 57. (a,d) 58. (a,b,c) 59. (a,c) 60. (a, b, c, d)

61. (a, b, c, d) 62. (a, b, d) 63. (a, c) 64. (a,c)

65. (b, c) 66. (a, b, c) 67. (a, b, c)

68. (a, b) 69. (a, b, c, d) 70. (a, c, d)

71. (a, b, c, d) 72. (a,d) 73. (a) 74. (c)

75. (a) 76. (c) 77. (a) 78. (a) 79. (c) 80. (c)
81. (a) 82. (d) 83. (a) 84. (b,c) 85. (a) 86. (c)
87. (a) 88. (d) 89. (a) 90. (a) 91. (b) 92. (b)
93. (c) 94. (b) 95. (c) 96. (b) 97. (c) 98. (d)
99. (a) 100. (b) 101. (d)

102. ( ) ( , ); ( ) ( ); ( ) ( ); ( ) ( , , )A r B s s D p q r® ® ® ®p C

103. (A) (q); (B) (p); (C) (s); (D) (p)® ® ® ®
104. (A) (r); (B) (p); (C) (s); (D) (q® ® ® ® )

105. (A) ® (p, s); (B) ® (p, q); (C) ® (r, s); (D) ® (p, q)

106. (A) ® (r); (B) ® (p, q); (C) ® (p)

107. (2) 108. (1) 109. (1) 110. (2) 111. (2)

112. (9) 113. (0) 114. (2) 115. (1) 116. (0) 117. (2)

125. (a,d) 126. (3) 127. (b) 128. (b, d) 129. (b,c) 130. (a, b, c, d)

131. (b, c, d) 132. (c) 133. (b)

134. (A) ® (p, q, r); (B) ® (p, s); (C) ® (r, s); (D) ® (p, q)

135. (a,d) 136. (a) 137. (b) 138. (d) 139. (a) 140. (d)

141. (b) 142. (a) 143. (d) 144. (a)
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h
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5. Consider g x f x x( ) ( )= -
g f f( ) ( ) ( )0 0 0 0 0= - = ³ [Q 0 1£ £f x( ) ]

g f( ) ( )1 1 1 0= - £
Þ g g( ) ( )0 1 0× £
Þ g x( ) = 0 has at least one root in [0, 1].

Þ f x x( ) = for at least one root in [0, 1].
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=
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ì
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f ¢ =-( )0 1, f ¢ =+( )0 1

Þ f x( ) is differentiable at x =0

f ¢
æ
è
ç

ö
ø
÷ =p –

2
0, f ¢ = -+( / )p 2 1

Þ f x( ) is not differentiable at x = p
2

.

\Number of points of non-differentiability is 1.
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=
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Since, function is continuous everywhere.
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\ Number of points is 5.

17. Put x y= = 1 in given rule
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Hence, h is continuous for all irrational.

23. By theorem, if g and h are continuous functions on the open

interval ( , ),a b then g h/ is also continuous at all x in the open
interval ( , )a b , where h x( ) ¹ 0.
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Þh x( ) is discontinuous at x = p /2.

Irremovable discontinuity at x = p / .2
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26. f f f( ) ( ) ( )1 1 1 2+ -= = =
f f( ) , ( )0 1 2 2= =

f ( ) ,2 1- =
Þ f is not continuous at x = 2.
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27. f f( ) , ( )2 8 2 16+ -= =

28. g x x x x( ) [ ] { }= - =
f is continuous with f f( ) ( )0 1=
h x f g x f x( ) ( ( )) ({ })= =
Let the graph of f is as shown in
the figure satisfying

f f( ) ( )0 1=
Now,
h f f f( ) ({ }) ( ) ( )0 0 0 1= = =

h f f( . ) ({ . }) ( . )02 02 02= =
h f f( . ) ({ . }) ( . )15 15 05= = etc.

Hence, the graph of h x( ) will be a periodic graph as shown

Þh is continuous in R.

29. Statements I and II are false. The function f x x x( ) / ,= < <1 0 1

is a counter example.

Statement III is true. Apply the intermediate value theorem to
f on the closed interval [ , ].a b1 1

30. Since, the given function is not differentiable, at x = 0 and 2.

Hence, the number of points is 2.
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32. g f x[ ( )] is continuous at x = a
Þ g f g a[ ( )] ( )a =
Also, lim ( ( )) ( )
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g f x g a
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Þ g f g f g a[ ( )] [ ( )] ( )a a- += =

Þ g x( ) takes same limiting values at

f f( ), ( )a a- + and f ( )a .

Þ f f x( ) ( )a a a- += Þ = is an extremum of f x( )

and x a= may not be an extremum of g x( ).

33. From the graph, number of points of non-differentiability = 11

34. Let n be any integer other than 1.

lim ( ) lim ([ ] [( ) ])
x n h

f x n h n h
® ®-

= - - -
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2 2

= - - - =( ) ( ) –n n n1 1 2 22 2
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f x n h n h n n
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\ LHL ¹ RHL unless n = 1.

Hence, f x( ) is discontinuous at all integral values except 1.
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96 5
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= + 96,  if x > 5 and - 96, if x < 5

Hence, f ¢( )5 doesn’t exist.

This ambiguity doesn’t occur at other points.

\ f x( ) is not differentiable at x = 5.
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As, f is even, so f f¢ = ¢ =- +( ) ( ) .0 0 0 Thus, f ¢ =( )0 0
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h
n h h h

0 2
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2

g n( ) .= 5

2
Hence, g x( ) is continuous, " Îx I .

Hence, g x( ) is continuous, " Îx R.

38. g
h

hh
¢ = - =+

®
( ) lim

cos
0

1
0

0

g
h b

hh
¢ = - + -

-
-

®
( ) lim0

1

0
for existence of limit b = 1

Thus, g ¢ =-( )0 1

Hence, g cannot be made differentiable for no value of b.
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39. By definition f ¢ ( )1 is the limit of the slope of the secant line

when s ® 1.

Thus, f
s s
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By substituting x s= into the
equation of the secant line and cancelling by s - 1. Again,

we get y s s= + -2 2 1.

This is f s( ) and its derivative is f s s¢ = +( ) ,2 2 so f ¢ =( ) .1 4

40. In the immediate neighbourhood of
x x x x x= > Þ -p/ , sin sin |sin sin |2 3 3 = -sin sinx x3

Hence, for x ¹ p / 2,

f x
x x x x

x x x
( )

(sin sin ) sin sin

(sin sin ) sin si
= - + -

- - +
2

2

3 3

3 n3x

é

ë
ê

ù

û
ú

= -
-

=3 3
3

3

3

sin sin

sin sin

x x

x x

Hence, f is continuous and differentiable at x = p/2.

41. f x
f x h f x

h

f h x h xh

hh h
¢ = + - = + +

® ®
( ) lim

( ) ( )
lim

( ) | |

0 0

2

Q f ( )0 0=

Hence, f x
f h f

h
x xh

h
¢ = - + +é

ëê
ù
ûú®

( ) lim
( ) ( )

| |
0

0

Þ f x f x x¢ = ¢ + =( ) ( ) | | | |0

42. f x( ) is non-differentiable at x = a, b g d, , ,0

and g x( ) is non-differentiable at x = -a b g d, , , , , ,2 0 2 .

43. We have, g x
x x x

ax b x
( )

,

,
= - + <

+ ³

ì
í
î

3 4 1 1

1

2 for

for

For differentiability at x g g= ¢ = ¢+ -1 1 1, ( ) ( )

a = -6
4

2 1

Þ a = - =6 2 4

For continuity at x g g= =+ -1 1 1, ( ) ( )

a b+ = - +3 4 1 Þa b+ = 0

Þ b = - 4

Hence, a = 4 and b = - 4

44. f x
f x h f x

hh
¢ = + -

®
( ) lim

( ) ( )

0
= - +

®
lim

( )

h

xh f h

h0

3

= - +ì
í
î

ü
ý
þ®

lim
( )

h
x

f h

h0
3 = - +

®
3

0
x

f h

hh
lim

( )

= - +3 7x

45. f x

x

x
( )

sin
[ ]

[ ]
=

p
4

Obviously, continuity at x = 3 2/

At x = 2,

f

f

( ) sin

( )
sin

2
4

1

2

2 2
2

1

2

- = =

= =

p

p

Hence, f x( ) is discontinuous at x = 2.

46. f b( ) ( )- = - + =1 1 1 1 1

and lim ( )
h

f h
®

- + =
0

1 1

lim ( ) lim sin (( – ) ) sin
h h

f h h a a
® ®

- - = - + = -
0 0

1 1 p p

For continuity, sin sinp p p
a n= - = +æ

èç
ö
ø÷1 2

3

2

Þ p p p
a n= +2

3

2

Þ a n= +2
3

2

Hence, a n n I= + Î2
3

2
, and b RÎ

47. Consider the graph of h x( ) = max ( , )x x 2 at x = 0 and x = 1

For ( ) : ( )d h x = max ( , )x x2 2-

48. Here, g x x x x x x x( ) [ ]{cos } { }[cos ] sin= + +2 2 2 2 2 24 4 4

+ [ ] [cos ] { } {cos }x x x x2 2 2 24 4+

= + + 4[ ]({cos } [cos ]) { }([cos ]x x x x x2 2 2 2 24 4

+ + 4{cos }) sin2 2 24x x x

= + + +([ ] { })({cos } [cos ]) sinx x x x x x2 2 2 2 2 24 4 4

= +x x x x2 2 2 24 4cos sin

= x 2

Clearly, g x( ) is always differentiable.

\ Number of points of non-differentiability is 0.

49. Here, f x
x g x

x g x
x g x( )

{ } ( )

{ } ( )
, { } ( )= = ¹1 0when

If f x( ) is periodic with period
1

4
, then { } ( )x g x ¹ 0 with

period
1

4
.

Þ g x( ) = 0 at x
k=
4

, where k IÎ .

50. Here, f x
f x h f x

hh
¢ = + -

®
( ) lim

( ) ( )

0

=
+æ

èç
ö
ø÷

æ
èç

ö
ø÷

-
æ
è
ç

ö
ø
÷

®
lim

/

h

f x
h

x
f

x

h0

1
1

1

=

+æ
è
ç

ö
ø
÷ -

æ
è
ç

ö
ø
÷

®
lim

/

/ /

h

f
h x

x
f

x

h0

1

1

1

1
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f x( )

–2 β γ2α δ X
0

O

P (1, 2)

Q s, r( )

Y

X



=

+ -

®
lim

( / )

( / )

( )

( / )

h

f h x

f x

f

f x

h0

1

1

1

1

= + - ×
æ
èç

ö
ø÷

®
lim

( / ) ( )

/h

f h x f

h x
x f

x

0

1 1 1

1
= ¢ × ×f

x

f x

f
( )

( )

( )
1

1

1

\ dy

dx
k

y

x
= × , where

f

f
k

¢ =( )

( )

1

1
, f x y( ) = .

Þ ò ò=dy

y
k

dx

x

Þ log log logy k x C= +
Þ log log( )y x Ck= ×

Þ y C xk= ×

\ f x C xk( ) = ×

Put x y= =2 1, in f
x

y

f x

f y

æ
è
ç

ö
ø
÷ = ( )

( )

Þ f
f

f
( )

( )

( )
2

2

1
= Þ f ( )1 1=

Also, f x C xk( ) ,= × put x = 1

Þ f C( )1 = Þ C = 1

\ f x xk( ) = , now f ( )2 4=

Þ f k( )2 2=

4 2= k Þ k = 2

\ f x x( ) = 2 Þ f ( )5 25=

51. tan( ( )) tan ,f x
x= -æ

èç
ö
ø÷2

1 x Î[ , ]0 p

0 £ £x p Þ - £ - £ -1
2

1
2

1
x p

\tan( ( ))f x is continuous in [ , ]0 p .

1 2

2f x x( )
=

-
is not defined at x = Î2 0[ , ]p .

y
x

f x x= - Þ = +-2

2
2 21( ) is continuous in R.

52. lim ( )
x

xx e
®

-

+
+

0

2

1 = + =
® +
lim

( )
/

x
x

x

e0
2

1
0

lim ( )
x

x e
® -

+ =
0

01 1

Hence, continuous for x IÎ - { }0 , assumes all intermediate

values from f ( )-2 to f ( )2 and maximum value
3

e
at x = 2.

53. RHL = - -æ
è
ç

ö
ø
÷

é

ë
ê
ê

ù

û
ú
ú

æ

è
çç

ö

ø
÷÷®

-
+

lim cot
x

x

x0

1
3

2
3

2 3

= - - ¥-3 1[cot ( )] = - =3 3 0

LHL =
æ

è
ç
ç

ö

ø
÷
÷®

-

-
lim { } cos

x

xx e
0

2
1

=
æ

è
ç
ç

ö

ø
÷
÷ =

®
lim cos

h

hh e
0

2
1

0

and f ( )0 0=
Hence, f x( ) is continuous at x = 0.

54. lim ( ) lim ( ([ ] [ ]) )
x x

f x b x x
® - ® -+ +

= + +
1 1

2 1

= - + + - + +
®

lim ( ([ ] [ ]) )
h

b h h
0

21 1 1

= - - + =
®

lim ( (( ) ) )
h

b
0

21 1 1 1

Þ b RÎ
lim ( ) lim sin( ( ))

x x

f x x a
® - ® -- -

= +
1 1

p

= - - +
®

lim sin( (( ) ))
h

h a
0

1p

\ sinpa = - 1

Þ p p p
a n= +2

3

2
Þ a n= +2

3

2

55. f x
x

x

( )

sin
,

sin
,

=
= £ <

= £ <

ì

í

ï
ïï

î

ï
ï
ï

p

p

4
1

1

2
1 2

2
1

1

2
2 3

Hence, f x( ) is continuous at
3

2
, differentiable at

4

3
and

discontinuous at 2.

56. Since, sin-1 x and cos( / )1 x are continuous and differentiable in

x Î - -[ , ] { }1 1 0 .

Now, at x = 0

f
f h f

hh
¢ = - -

-
=-

®
( ) lim

( ) ( )
0

0
0

0

=
- -æ

èç
ö
ø÷ -

-
=

®

-

lim

(sin ( )) cos

h

h
h

h0

1 2 1
0

0

f

h
h

hh
¢ =

æ
èç

ö
ø÷ -

=+

®

-

( ) lim

(sin ) cos

0

1
0

0
0

1 2

Hence, LHD = RHD. So, f x( ) is continuous and differentiable
everywhere in - £ £1 1x .

57. H x
x x

x x

( )
cos ,

,

=
£ <

- < £

ì

í
ï

î
ï

0
2

2 2
3

p

p p

H x¢
æ

è
ç

ö

ø
÷ = - = -

-p
2

1sin

H ¢
æ

è
ç

ö

ø
÷ = -

+p
2

1

Hence, H x( ) is continuous and derivable in [0, 3] and has
maximum value 1 in [0, 3].
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58. Here, f x x x( ) ( ) /= + + +3 2 3 2 32 3

Þ f x
x

¢ =
+

+( )
( ) /

4

2 3
2

1 3

Now, 2 3 0x + ¹ Þ x ¹ - 3

2

Hence, f x( ) is continuous but not differential at

x = -3 2/ .

Also, f x( ) is differentiable and continuous at x = 0.

59. f
h h

h h

h

h h

h

¢ =
+

=+

® ®
( ) lim

ln (cos )

ln ( )
lim

ln (cos ) /

0
10 2 0

1 2

ln ( )1 2

2

+ h

h

= - = -
®

lim (cos ) ;
h h

h
0 2

1
1

1

2
similarly f ¢ = --( )0

1

2

Hence, f is continuous and derivable at x = 0.

60. f x

x

x

x

( )

,

,

,

=
< <
= -

- < <

ì
í
ï

îï

0

0

0

0 1

0 1 1

1 0

or or Þ f x( ) = 0 for all in [ , ]- 1 1

61. [| | ] |[ ]|

,

,

,

,

x x

x

x

x

x

- =
-

= -
- < <

£ £
< £

ì

í
ïï

î
ï
ï

0

1

0

0

1

1 0

0 1

1 2

Þ Range is { , }0 1- . The graph is

62. f ¢ =+( ) ,0
1

2
f ¢ = --( ) ;0

1

2

f x
x

x

x

x
( )

| |=
+ -

=
+ -

2

2 21 1 1 1

63. Range is R + È { }0 Þ Option (b) is not correct.

f is not differentiable at x = - 1

As, f x
x x

x x
( )

,

( ),
= + ³ -

- + < -

ì
í
î

3

3

1 1

1 1

if

if

Þ f x
x x

x x
¢ = > -

- < -

ì
í
î

( )
,

,

3 1

3 1

2

2

if

if

f ¢ - =+( ) ,1 3 f ¢ - = --( )1 3 Þ f is not differentiable at x = - 1.

Also, f is not bijective, hence it has no inverse.

64. Given, f is continuous in [ , ]a b …(i)

Þ g is continuous in [ , ]b c …(ii)

Þ f b g b( ) ( )= …(iii)

Þ
h x f x x a b

g x x b c

( ) ( ) [ , )

( ) ( , ]

= Î
= Î

ü
ý
þ

for

for
…(iv)

Þ h x( ) is continuous in [ , ) ( , ]a b b cÈ [using Eqs. (i) and (ii)]

Also, f b f b g b g b( ) ( ), ( ) ( )- += =
[using Eqs. (i) and (ii)] …(iv)

\ h b f b f b g b g b h b( ) ( ) ( ) ( ) ( ) ( )- - + += = = = =
[using Eqs. (iv) and (v)]

Now, verify each alternative. Of course! g b( )- and f b( )+ are

undefined.

h b f b f b g b g b( ) ( ) ( ) ( ) ( )- - += = = =

and h b g b g b f b f b( ) ( ) ( ) ( ) ( )+ + -= = = =

Hence, h b h b f b g b( ) ( ) ( ) ( )- += = =

and h b( ) is not defined.

65. (a) Domain is R - -{ }1 ; Range = -R { }0

(b) Domain is x RÎ ; Range = ( , ]0 1

(c) Domain is [ , );0 ¥ Range = ( , ]0 1

(d) Domain is ( , );- ¥ 3 Range = ¥( , )0

66. f x x x
x x

x x
( ) sec

(sin cos )

cos sin
= + = +

2 2
2 2 2

2 2 2
cosec

= +2 2 2

4

(sin cos )

sin

x x

x

is discontinuous, where 4x n n I= Îp, or x
n= p
4

.

Options (a) and (b) also satisfy the condition, since they are
subsets of option (c).

67. lim ( ) lim sin
x x

nf x x
x® ®

= × æ
èç

ö
ø÷ =

0 0 2

1
0, if n > 0

and hence true for n > 1.

Since, f f x( ) , ( )0 0= is continuous at x = 0.

Now, lim
( ) ( )

lim

sin

x x

n

f x f

x

x
x

x® ®

-
-

=
0 0

20

0

1

= æ
èç

ö
ø÷®

-lim sin
x

nx
x0

1
2

1 = 0, if n > 1.

Hence, f x( ) is differentiable at x = 0, if n > 1.

68. f x

e

x

x

x

x

x

x

( )

,

,

,

= -
-

£
< <
³

ì

í
ï

î
ï
1

1

0

0 1

1

Þ lim ( ) , lim ( )
x x

f x f x
® ®- +

= =
0 0

1 1

and lim ( ) , lim ( )
x x

f x f x
® ®- +

= =
1 1

0 0

Hence, f x( ) is continuous at x = 0 and 1.

f ¢ =-( )0 1 and f ¢ = -+( )0 1.

Hence, f x( ) is not differentiable at x = 1.
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69. f x t dt
x

( ) | |= +
-ò 1

2
= - + + +

-

-

-ò ò( ) ( )t dt t dt
x

1 1
2

1

1

= + +
æ
è
ç

ö
ø
÷ = + +

-

1

2 2 2
1

2

1

2t
t

x
x

x

, for x ³ - 1

f x( ) is a quadratic polynomial.

\ f x( ) is continuous as well as differentiable in [ , ]- 1 1 .

Also, f x¢( ) is continuous as well as differentiable in [ , ] .- 1 1

70. We have, f x y f x f y xy x y( ) ( ) ( ) ( )+ = + + +
f ( )0 0=

\ lim
( )

h

f h

h®
= -

0
1

\ lim
( ) ( )

h

f x h f x

h®

+ -
0

= + + + -
®

lim
( ) ( ) ( ) ( )

h

f x f h xh x h f x

h0

= + + = - +
® ®

lim
( )

lim ( )
h h

f h

h
x x h x

0 0

21

\ f x x¢ = - +( ) 1 2

\ f x
x

x c( ) = - +
3

3

\ f x( ) is a polynomial function,

f x( ) is twice differentiable for all x RÎ and

f ¢ = - =( ) .3 3 1 82

71. We have, f x x¢ = +( ) 6 12

For f x( ) is increasing, f x¢ ³( ) 0 Þ x ³ - 2

Hence, f x( ) is increasing in [ , ]- 1 2

lim ( ) , lim ( )
x x

f x f x
® ®+ -

= =
2 2

35 35 and f ( )2 35=

Hence, f x( ) is continuous on [ , ], ( )- ¢ =-1 3 2 24f and

f ¢ = -+( ) .2 1

Hence, f ¢( )2 doesn’t exist for maximum, f ( )2 35=
f ( )- = -1 10, f ( )3 34=

Hence, f x( ) has maximum value at x = 2.

72. Since, f x x( ) ,= <0 0 and differentiable at x = 0, LHD = 0

(function is on X -axis for x < 0). If f x( ),

(a) x x2 0, >

RHD at x = 0,

f ¢ = ´ =( )0 2 0 0 (possible)

(d) - >x x3 2 0/ ,

RHD at x = 0,

f x¢ = - = - ´( ) / //0 3 2 3 2 01 2 = 0 (possible)

73. We know that, sin x is periodic function in [ ,0 2p].
\ sin x is continuous at x = 0

Now, lim [ ]
x

x
® 0

RHL = = +
® ®+
lim [ ] lim [ ]

x h
x x h

0 0
= =x 0 [ [ ] ]Q x h x+ =

LHL = = - = -
® ®-
lim [ ] lim [ ] ( )

x h
x x h x

0 0
1 [ [ ] ( )]Q x h x- = - 1

= - = -0 1 1

\ RHL ¹ LHL

So, [ ]x is discontinuous at x = 0.

We know that, sum of continuous and discontinuous functions
is discontinuous.

74. We have,

f x

a x x

x

ax b x

( )

sin ( cos ), ( , )

,

,

=
Î

=
+ <

ì

í
ï

î
ï

-2 0 1

3 0

0

1
if

if

if

Continuity at x = 0

(LHL at x = 0) = +
® -
lim

x

ax b
0

= - +
®

lim ( )
h

a h b
0

0 = - +
®

lim
h

ah b
0

= b

(RHL at x = 0) =
®

-
+

lim sin ( cos )
x

a x
0

12

= +
®

-lim sin ( cos ( ))
h

a h
0

12 0

=
®

-lim sin cos
h

a h
0

12

= -2 1sin cosa h = -2 01sin cosa

= 2
2

sin
ap

f ( )0 3=

For f x( ) to be continuous at x = 0,

LHL = RHL = f ( )0

\ b
a

a
= =2 3sin

p

\ b = 3 and sin
ap
2

3

2
=

Þ b = 3 and
ap p
2 3

=

Þ b = 3 and a = 2

3

So, Statement I is correct.

Since, for x < 0, f x ax b( ) = +
which is a polynomial function and will be continuous for
( , )- ¥ 0 .

Again, for x Î( , )0 1 ,

f x a x( ) sin ( cos )= -2 1 , which is trigonometric function will be

continuous for x Î( , )0 1 .

Q f x( ) is continuous in ( , )- ¥ 1 .

\ Statement II is also correct.

75. We have, f x
x e

x
x

x

x

( )
cos

,

,

= - ¹

=

ì

í
ï

î
ï

-
2

2

3
0

0 0

Clearly, f ( )0 0=

Now consider, lim ( ) lim
cos

x x

x

f x
x e

x® ®

-

= -
0 0

2

3

2

0

0
form

é
ëê

ù
ûú

= - + ×
®

-

lim
sin

x

x

x e x

x0

2

2

2

3

0

0
form

é
ëê

ù
ûú
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= - + - ×
®

- -

lim
cos

x

x x

x e e x

x0

2 2 2

2 2

6

0

0
form

é
ëê

ù
ûú

= - × - +
®

- - -

lim
sin

x

x x x

x e x xe e

0

2 2 2

2 2 2

2

6

= 0

Thus, lim ( ) ( )
x

f x f
®

=
0

0

Þ f is continuous at x = 0

Hence, option (c) is correct.

76. Let f x
x

x( ) sin= - +
3

4

2

3
p . Then, f x( ) will be continuous

function. (Q Sum and difference of two continuous function is
continuous)

Here, f ( )2
8

3
= and f ( )- = -2

4

3
[ sin , ]Q n n Zp = " Î0

Now, as f f( ) ( )- < <2 0 2 , therefore by intermediate value
theorem we can say that there exists atleast one point
n Î -[ , ]2 2 . Such that f n( ) = 0

Hence, f x( ) = 0, i.e.
x

x
3

4

2

3
0- + =sin p has atleast one

solution in [ , ]- 2 2 .

Clearly, Statement II is wrong. Because for this to be true, f x( )
should be a continuous function (by intermediate value
theorem).

Hence, option (c) is correct.

77. We have,

f x x
e e

e e
x x

x x

x x
( ) = -

+
æ
è
ç

ö
ø
÷ + +

-

-

2 2

2 2
2 4

\ f x x
e e

e e

x x

x x
( ) ( )

( ) ( )

( ) ( )
- = - -

+
æ
è
ç

ö
ø
÷

- - -

- - -

2 2

2 2
+ - + -( ) ( )x x2 4

= - -
+

æ
è
ç

ö
ø
÷ + +

- +

- +x
e e

e e
x x

x x

x x

2 2

2 2
2 4

= - - -
+

æ
è
ç

ö
ø
÷

é

ë
ê
ê

ù

û
ú
ú

+ +
-

-x
e e

e e
x x

x x

x x

2 2

2 2
2 4

= -
+

æ
è
ç

ö
ø
÷ + +

-

-x
e e

e e
x x

x x

x x

2 2

2 2
2 4

= f x( )

\ f x( ) is even function and even function can’t has range equal
to R.

78. y x= | ln | not differentiable at x = 1.

y x= | cos| || is not differentiable at x = ×p p
2

3

2
,

y x= = =- -cos ( ) cos ( )1 1 1 0sgn differentiable, " Îx ( , )0 2p .

79. f
h h

hh
¢ = - =+

®
( ) lim

sin
0

0
0

0

f
h h

hh
¢ = - -

-
=-

®
( ) lim

sin ( )
0

0
0

0

f x( ) is differentiable at x = 0.

e.g. x x| | is derivable at x = 0.

80. Consider g x x( ) = 3 at x g= =0 0 0, ( )

| ( )|g x is derivable at x = 0.

Actually nothing definite can be said. Also, for g x x( ) = - 1

with g ( )1 0= .

Then, | ( )|g x is not derivable at x = 1.

81.

82. f x( ) is discontinuous at x = 0 and f x x( ) , [ , )< " Î -0 0a and

f x x( ) , [ , ] .> " Î0 0 a
Sol. (Q. Nos. 83 to 85)

f x
x x

x x
( )

,

,
=

+ £ £
- + < <

ì
í
î

1 0 2

3 2 3

\ f x( ) is discontinuous at x = 2.

( ) ( )

,

,

,

fof x

x x

x x

x x

=
+ £ £

- + < £
- + < <

ì
í
ï

îï

2 0 1

2 1 2

4 2 3

Þ ( ) ( )fof x is discontinuous at x = 1 2,

and f f f( ) ( ) ( )19 3 6 1 1 2= ´ + = =
83. (a) 84. (b, c) 85. (a)

Sol. (Q. Nos. 86 to 89)

Since, f x
f x

( )
( )

- = 1

\ At x = 0

Þ f
f

( )
( )

0
1

0
= Þ f 2 0 1( ) = Þ f ( )0 1= + , as f x( ) > 0.

Þ f x
f x h f x

hh
¢ = + -

®
( ) lim

( ) ( )

0

f x
f x f h f x

hh
¢ = × -

®
( ) lim

( ) ( ) ( )

0

\ f x f x
f h

hh
¢ = × -æ

èç
ö
ø÷®

( ) ( ) lim
( )

0

1 = × ¢f x f( ) ( )0

Þ f x

f x
dx

¢ = -òò
( )

( )
1 Þ log ( )f x x c= - +

f x e x( ) = ×- l at x = 0, l = 1 Þ f x e x( ) = -

Þ Range of f x R( ) Î + . Þ Range of f x(| | ) is [0, 1].

Þ f x( ) is decreasing function

and f x e x¢ = - -( ) = - f x( ).

86. (c) 87. (a) 88. (d) 89. (a)
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90. f x

x

x

x

x

x

x

x

( )

sin

tan

cos

,

,

,

,

=

£
< <
£ <

=

ì

í
ïï

î
ï
ï 3

0

0 2

2 3

3p

p
p p

p

f x( ) is discontinuous at
p p p
2

3

2
2, , .

91. f x x( ) [ ]= -2 53

Since 1 2£ <x Þ 1 83£ <x

- £ - <3 2 5 113x

Now, 2 53x - is discontinuous at integer points.

\ - -2 1 0 1 2 3 4 5 6 7 8 9 10, , , , , , , , , , , , .

Hence, number of points of discontinuity = 13

92. Max ([ ], | | )x x , hence discontinuity at x = f.

93. From figure, option (c) is correct.

94. From figure, option (b) is correct.

95. From figure, option (c) is correct.

Sol. (Q. Nos. 96 to 99)

Here, f x y f x f yn n( ) ( ) ( ( ))+ = ++ +2 1 2 1

On differentiating, we get

f x y f xn¢ + = ¢+( ) ( )2 1

Q x y
dy

dx
and are independent, so =é

ëê
ù
ûú

0

Þ f x¢( ) is constant, say f x k¢ =( ) .

On integrating, we get f x kx c( ) = +

Now, f ( )0 0= Þ c = 0 and f ( )1 1= Þ k = 1

\ f x x( ) = Þ f x¢ =( ) 1, for all x RÎ
\ =f x x( ) is an odd function.

96. (b) 97. (c) 98. (d) 99. (a)

We know, f x
f x h f x

hh
¢ = + -

®
( ) lim

( ) ( )

0

and f x
f x h f x

hh
¢ = - -

-®
( ) lim

( ) ( )

0

On adding, we get

2
0 0

f x
f x h f x

h

f x h f x

hh h
¢ = + - + - -

-® ®
( ) lim

( ) ( )
lim

( ) ( )
…(i)

Þ 2
0

f x
f x h f x h

hh
¢ = + - -

®
( ) lim

( ) ( )

Þ 2
0

f x f x
f h f h

hh
¢ = × - -

®
( ) lim ( )

{ ( ) ( )}

[using f x y f x y f x( ) ( ) ( )+ - - = { ( ) ( )}f y f y- - ]…(ii)

Also, 2 0
0 0

0
f

f h f

h

f h f

hh
¢ = - + - -

-
æ
èç

ö
ø÷®

( ) lim
( ) ( ) ( ) ( )

[using Eq. (i)]

= - -
®

lim
( ) ( )

h

f h f h

h0
…(iii)

From Eqs. (ii) and (iii), we get

2 2 0f x f x f¢ = × ¢( ) ( ) ( ) Þ f x

f x
f

¢ = ¢( )

( )
( )0

\ f x

f x

¢ =( )

( )
2010 …(iv)

On integrating both sides, we get

log( ( ))f x x c= +2010 , as f ( )0 1=
\ c = 0 Þ f x e x( ) = 2010

Thus, { ( )}f x is non-periodic. …(v)

100. (b) 101. (d)

102. (A) lim sin { } cos
h

h a
®

- = +
0

1 1

Þ lim sin( ) cos
h

h a
®

- - =
0

1 1

Þ a = -sin cos1 1

Now, | |
sin cos

sin cos

K = -

× - ×æ
èç

ö
ø÷

=1 1

2 1
1

2
1

1

2

1 Þ K = ± 1

(B) f

x

x
x

x

x
( ) lim

sin
sin

sin

sin
0

2
2

2

20

2

2
2

=

æ
èç

ö
ø÷

× æ
èç

ö
ø÷

× æ
è®
ç ö

ø÷ =
2

1

2

(C) Function should have same rule for q and q¢ Þ x x= -1

Þ x = 1

2

(D) f x x x x( ) { } [ ]= + - +
x is continuous at x RÎ .

Check at x I= (where I is integer)

f I I( )+ = +2 1 or f I I( )- = -2 1

So, f x( ) is discontinuous at every integer, i.e. { , , }1 0 1- .
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103. (A) f x
x

x

x

x

x

x

( )

,

,

,

sin ,

1 1

0

1

1 2

1

0 1

1 0

-

-
-

< £
=

£ <
- £ <

ì

í
ïï

î
ï
ï p

At x = 0, f x( ) is not continuous and not differentiable. At
x = 1, f x( ) is continuous and non-differentiable. At x = 2
and -1, f x( ) is continuous and differentiable.

(B) f h e
h

h( ) lim0
0

2
1

-

®

-
= = =

®
lim

/h h

h

e0

2

1
0

(C) f x
x

x
( ) =

+ 1
, not defined at x = -1.

g x
f x

f x
( )

( )

( )
=

+ 2

g x( ) is not defined at f x( ) = -2

Þ x

x +
= -

1
2 Þ x = - 2

3

Also, x = 0 is not in domain.

\ f x( ) is not differentiable at 3 points.

(D) y x= -sgn( )2 1 =
-

- >
- =
- <

ì

í
ï

î
ï

1

0

1

1 0

1 0

1 0

2

2

2

,

,

,

x

x

x

=
-

>
=
<

ì
í
ï

îï

1

0

1

1

1

1

,

,

,

| |

| |

| |

x

x

x

\ Tangent exists for all x.

\ Number of points where tangent does not exists is 0.

104. (A) f x
x x x x

( )
tan cot

–
tan cot= + -

2 2

=
³
>

ì
í
î

cot , tan cot

tan , cot tan

x x x

x x x

There are 4 points where the function is continuous but not
differentiable in ( , )0 2p .

(B) f x x x x( ) min { , , }= + - +1 1 3 33 2 can be shown as

\ f x

x

x x

x

x

x

( )

,

,

,

=
+

- +

ì

í
ï

î
ï

£
£ £
£ £

1

1

3 3

0

0 1

1 2

3

2

or x ³ 2

Clearly, f x( ) is not differentiable at 2 points.

(C) f x x( ) ( )= + 4

1

3

Þ f x

x

¢ =

+

( )

( )

1

3 4

2

3

\Functions non-derivable at x = - 4, i.e., at one point.

(D) f x

x
x

x x

( )
log ,

,

=
- × æ

èç
ö
ø÷ + < £

- < <

ì

í
ï

î
ï

p
p

p p

p p p
2

2

2
0

2

2

3

2

f x x
x

x

¢ =
- < <

- < <

ì

í
ï

î
ï

( )
,

,

p p

p p
2

0
2

1
2

3

2

f f¢
æ
è
ç

ö
ø
÷ = ¢

æ
è
ç

ö
ø
÷ = -

- +p p
2 2

1

\ f x( ) is differentiable for all x Îæ
èç

ö
ø÷0

3

2
,

p
.

\ Number of points of non-differentiable is 0.

105. (A) Rf
h

hh
¢ = - =

®
( ) lim

cos
0

1
0

0
and Lf

h

hh
¢ = + =

®
( ) lim

– –

–
–0

1 1
1

0

Obviously,
f f f( ) ( ) ( )0 0 0 1= = =- +

Hence, continuous and not derivable.

(B) g x( ) = 0 for all x, hence continuous and derivable.

(C) As 0 1£ <{ } ,x hence h x x x( ) { } { }= =2 which is

discontinuous, hence non-derivable all x IÎ .

(D) lim lim ( )ln

x

x

x

ex x e fx

® ®
= = =

1 1
1

1

log

Hence, k x( ) is constant for all x > 0, hence continuous and
differentiable at x = 1.

106. (A) l e e
x

x x x= -é
ëê

ù
ûú® ¥

+ + - +
lim

( )2 4 2
1 1 1

1

Consider, lim [ ( )]
x

x x
® ¥

+ - +4 21 1

= + - + +

+ + +® ¥
lim

( )

( )x

x x x

x x

4 4 2

4 2

1 1 2

1 1

= -

+ + +
= -

® ¥
lim

( ( / ) / )x

x

x x x

2

1 1 1 1
1

2

2 4 2
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Now, as x ® ¥, x x4 21 1 1+ - + ® -( )

¥ ´ -æ
èç

ö
ø÷ ® - ¥1

1
e

and hence limit doesn’t exist.

(B) f
a a

h

a

h
a

h

h h

h

h

( ) lim lim ln0
2 1 1

0

2

2 0

2

2+

® ®
= - + = -æ

è
ç

ö
ø
÷ =

f a h a f
h

( ) lim ln ( ) ln ( )0 3 2 3 2 0
0

-

®
= + - = - =

For continuous

ln ln2 3 2a a= - ln ln2 3 2 0a a- + =

Þ ( ln ) (ln )a a- - =2 1 0 ; a e= 2 or a e=

(C) L a aea= ln

Þ M aa=

\ a ae aa aln = 2

\ ln ae = 2 Þ ae e= 2 Þ a e=

107. tan2 x is discontinuous at x = p p
2

3

2
,

sec2 x is discontinuous at x = p p
2

3

2
,

Þ Number of discontinuities = 2

108. Let g x x g xx( ) , ( )/= ¢1 = -
x

x

x

x1
2

1/ ln

Þ g e e
max = Î1 1 2/ ( , )

Þ lim lim
x

x

x

xx x
® ® ¥

= =
0

1 10 1/ /,

So, f x
x

x
( )

,

,
=

< <
£ < ¥

ì
í
î

0 0 1

1 1

109. f x x x f g( ) cos , ( ) ( )= + + = Þ =2 0 3 3 0

g f x x g f x f x( ( )) ( ( )) ( )= Þ ¢ × ¢ = 1, putting x = 0

g f¢ × ¢ =( ) ( )3 0 1

Now, f x x f¢ = Þ ¢ =( ) – sin ( )1 0 1 Þ g ¢ =( )3 1

110. Let g x x x( ) tan ( )= -1 2 . It is an odd function.

So, g m2 0 0( ) .=

Let h x x( ) = 4

So, f x g x h x( ) ( ) ( )= +
Þ f m2 0( ) = +g hm m2 20 0( ) ( )

= ¹h m2 0 0( )

It happens when 2 4 2m m= Þ =
111. F x ex( ) = 3 and G x e x( ) = -

The equation 9 4 2x F x G x= ( ( )) ( ) becomes x ex4 =

Hence, number of solutions = 2

112. y f x f x¢ = ¢ - ¢( ) ( )2 2

y f f¢ = ¢ - ¢ =( ) ( ) ( )1 1 2 2 5 ...(i)

and y f f¢ = ¢ - ¢ =( ) ( ) ( )2 2 2 4 7 ...(ii)

Now, let y f x f x x= - -( ) ( )4 10

y f x f x¢ = ¢ - ¢ -( ) ( )4 4 10

y f f¢ = ¢ - ¢ -( ) ( ) ( )1 1 4 4 10 ...(iii)

On substituting the value of f f¢ = + ¢( ) ( )2 7 2 4 in Eq. (i), we get

f f¢ - + ¢ =( ) [ ( )]1 2 7 2 4 5

f f¢ - ¢ =( ) ( )1 4 4 19

Þ f f¢ - ¢ - =( ) ( )1 4 4 10 9

113. A B C, , are in AP.

\ 2B A C= + and A B C+ + = °180

\ B = °60

\ cos B
a c b

ac
= = + -1

2 2

2 2 2

Þ a c b ac2 2 2+ = +
Þ ( )a c b ac- = -2 2

or | sin sin | sin sin sinA C B A C- = -2

Þ 2
2 2

cos sin
A C A C+æ

èç
ö
ø÷

-æ
èç

ö
ø÷ = -3

4
sin sinA C

Þ 2
2

3 4sin – sin sin
A C

A C
-æ

èç
ö
ø÷ =

\ lim
sin sin

| |
lim

sin

| |A C A C

A C

A C

A C

A C® ®

-
-

=

-æ
èç

ö
ø÷

-
3 4

2
2

=

-æ
èç

ö
ø÷

-æ
èç

ö
ø÷

®
lim

sin

A C

A C

A C

2

2

= =| |1 1 Þ f x( ) = 1

\ f x¢ =( ) 0

114. RHD =

æ
èç

ö
ø÷ - æ

èç
ö
ø÷

æ

è
çç

ö

ø
÷÷ -

æ
èç

ö
ø÷

®

-

lim

/ /

h

h h

h
0

1 1
3

4

3

4
0

3

4

1 1
3

4

1
/ /h h

h+ æ
èç

ö
ø÷

æ

è
çç

ö

ø
÷÷ ×

= -
-

LHD = -

æ
èç

ö
ø÷ - æ

èç
ö
ø÷

æ

è
çç

ö

ø
÷÷ -

æ
èç

®

-

lim( )

/ /

h

h h

h
0

1 1
3

4

3

4
0

3

4

ö
ø÷ + æ

èç
ö
ø÷

æ

è
çç

ö

ø
÷÷ × -

=
-1 1

3

4

1
/ /

( )
h h

h

\ P f f= ¢ - ¢ = - - =- +( ) ( ) ( )0 0 1 1 2

Now, 4
2 4 16

4 162

1

4

× + -
-

æ

è

ç
ç
ç

ö

ø

÷
÷
÷®

+

-
lim

(exp (( ) log )

[ ]

x

x

x

x

= × -
-

é

ë

ê
ê
ê

ù

û

ú
ú
ú

= ´ =
®

+
+

-
4

4 16

4 16
4

1

2
2

2

2

1

4

lim
( )

[ ]

x

x

x

x

115. Here, f x x x x( ) = - + - +3 2 1 Þ f x x x¢ = - + -( ) 3 2 12

Þ D = - = - <4 12 8 0

\ f x( ) is decreasing.

Thus, min f t f x( ) ( ),= as f x( ) is decreasing and 0 £ £t x.
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\ g x
x x x x

x x
( )

,

,
= - + - + < £

- < £

ì
í
î

3 2 1 0 1

1 1 2

Þ lim ( ( )) lim ( )
x x

g g x g
® ®

+
+ +

= =
1 1

0 1

Þ lim ( ( )) lim ( )
x x

g g x g
® ®

+
- -

= =
1 1

0 1

\ lim ( ( ))
x

g g x
®

=
1

1

116. We have, f x x x x x( ) ( | | ) ( | | )= - - +2 21

Þ f x
x x x

x
( )

( ) ( ) ,

,
= - <

³

ì
í
î

2 1 2 0

0 0

2 2

= - + <
³

ì
í
î

16 16 4 0

0 0

4 3 2x x x x

x

,

,

Clearly, f x( ) is continuous as well as derivable for all x RÎ .

\ Number of points of non-differentiable = 0.

117. RHL =
- -æ

èç
ö
ø÷ -

-®

- -

lim

sin ( ) sin ( )

( )h

h h

h h0

1 2 1

3

2
1 1

2

p

= - -
-®

- -
lim

cos ( )sin ( )

( )h

h h

h h0

1 2 1

2

1 1

2 1

= - × -
+ -®

- -
lim

sin sin ( )

( )( )h

h h h

h h h0

1 2 4 12 1

2 1 1

= - -
+ -®

- -
lim

sin ( )sin ( )

( )( )h

h h h

h h h0

1 2 12 1

2 1 1

= × -

× -
× -

+
× -

-®

- -
lim

sin ( ) sin ( )

(h

h h

h h

h

h

h

0

1 2

2

2 11

2

2

2

2

1

1

1 h)

= × × =
-1

2
2

1

1 2

1sin ( ) p Þ k = p
2

…(i)

LHL = - × - -
- × - -®

- -
lim

sin ( –( )) cos ( ( ))

( ) ( (h

A h h

h0

1 11 1 1 1

2 1 1 1 h))

= × ×
- ×®

- -
lim

sin ( ) cos ( )

( )h

A h h

h h0

1 1

2 1
= × =A Ap p/2

2 2 2

Þ Ap p
2 2 2

= Þ A = 2

Hence, sin cos sin cos ( )2 2 2 2

2 2
k

A+ æ
èç

ö
ø÷ = æ

èç
ö
ø÷ +p p p = + =1 1 2.

118. f x x x( ) [[ ]] – [ – ]= 1

or f x x x( ) [ ] – [ ]= + 1

or f x( ) = 1, which is constant function and which is
continuous for all real numbers.

119. (i) f x x x
x x x

x x x
( ) [ ] [– ]

– ,

[ ]– –[ ],
= + =

Î
Ï

ì
í

integers

integers1î

\ f x
x

x
( )

,

– ,
=

Î
Ï

ì
í
î

0

1

integers

integers

which shows the graph of f x( ) as shown in figure.

Thus, f x( ) is discontinuous at x Î integers.

(ii) g x
x

xn

n

n
( ) lim

–=
+® ¥

2

2

1

1
=

<
=
>

ì
í
ï

îï

– , | |

, | |

, | |

1 1

0 1

1 1

x

x

x

which can be shown as in the figure.

Thus, g x( ) is discontinuous at x = ± 1.

120. f x
x x x

x x x
( )

[ ],

( – ) [ ],
=

£ <
£ £

ì
í
î

0 2

1 2 3

To check continuity at x = 1

RHL (at x = 1) = + + =
®

lim ( ) [ ]
h

h h
0

1 1 1

LHL (at x = 1) = =
®

lim ( – ) [ – ]
h

h h
0

1 1 0

Hence, the function is discontinuous at x = 1.

To check continuity at x = 2

RHL (at x = 2) = + + =
®

lim ( – ) [ ]
h

h h
0

2 1 2 2

LHL (at x = 2) = =
®

lim ( – ) [ – ]
h

h h
0

2 2 2 Þ f ( ) ( – ) [ ]2 2 1 2 2= =

Hence, the function is continuous at x = 2.

To check differentiability at x = 2

RHD (at x = 2) = +
®

lim
( ) – ( )

h

f h f

h0

2 2

= + +
®

lim
( – ) [ ]–

h

h h

h0

2 1 2 2

= + =
®

lim
( ) –

h

h

h0

1 2 2
2

LHD  (at x = 2) =
®

lim
( – ) [ – ]–

–h

h h

h0

2 2 2

Þ lim
– –

–h

h

h®
=

0

2 2
1

which shows f x( ) is not differentiable at x = 2.

Also, f x( ) is not differentiable at x = 1, as f x( ) at x = 1 is not
continuous.
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121. Differentiating both the sides, we get

h x f x f x g x g x¢ = × ¢ + × ¢( ) ( ) ( ) ( ) ( )2 2

h x f x g x g x f x¢ = × + × ¢ ¢( ) ( ) ( ) ( ) ( )2 2

[as g x f x( ) ( )= ¢ , g x f x¢ = ¢ ¢( ) ( )]

h x f x g x g x f x¢ = × ×( ) ( ) ( ) – ( ) ( )2 2 [Q ¢¢ =f x f x( ) – ( )]

h x¢ =( ) 0

\ h x( ) must be constant function.

Given, h ( )5 11=
Hence, h ( )10 11=

122. Given that,

f x y f x f y( ) ( ) ( )+ = × for all x RÎ ...(i)

On putting x y= = 0 in Eq. (i), we get

f f( ) { ( ) – }0 0 1 0=
Þ f ( )0 0= or f ( )0 1=
If f ( )0 0= , then

f x f x f x f( ) ( ) ( ) ( )= + = ×0 0

Þ f x( ) = 0 for all x RÎ
which is not true, so f ( )0 1=

\ f x
f x h f x

hh
¢ = +

®
( ) lim

( ) – ( )

0

= ×
®

lim
( ) ( ) – ( )

h

f x f h f x

h0
[from Eq. (i)]

= ì
í
î

ü
ý
þ®

lim ( )
( ) –

h
f x

f h

h0

1

= × ¢f x f( ) ( )0

= 2 f x( ) [given f ¢ =( )0 2]

or
f x

f x

¢ =( )

( )
2

On integrating both the sides, we get log ( )e f x x C= +2

At x f= =0 0 1, ( )

Hence, log ( ) ( )f C1 2 0= +
Þ log 1 0= + C

Þ C = 0

Þ log ( )e f x x= +2 0

\ f x e x( ) = 2

123. Since, f x( ) is differentiable at x = 0.

Þ lim
( ) – ( )

h

f h f

h
p

®

+ =
0

0 0
(say) ...(i)

Then, f x
f x h f x

hh
¢ = +

®
( ) lim

( ) – ( )

0

or f x

f
x h

f
x

hh
¢ =

+ì
í
î

ü
ý
þ

+ ×æ
èç

ö
ø÷

®
( ) lim

–

0

3 3

3

3 3 0

3

or f x¢ =( ) lim
( ) ( ) ( )– ( )– ( )– ( )

h

f x f h f f x f f

h®

+ +
0

3 3 0 3 0 0

3

or f x
f h f

hh
¢ =

®
( ) lim

( ) – ( )

0

3 0

3

using f
x y f x f y f+æ

èç
ö
ø÷ = + +é

ëê
ù
ûú3

0

3

( ) ( ) ( )

or f x f¢ = ¢( ) ( )0 or f x p¢ =( ) (let) [from Eq. (i)]

\ f x px q( ) = +
which shows f x( ) is differentiable for all x in R.

124. We have,

f x
f x h f x

hh
¢ = +

®
( ) lim

( ) – ( )

0

= + +
®

lim
( ) ( ) – – ( )

h

f x f h hx f x

h0

2 1

[using given definition]

= +ì
í
î

ü
ý
þ®

lim
( ) –

h
x

f h

h0
2

1

Now, substituting x y= = 0 in the given functional relation,
we get

f f f( ) ( ) ( ) –0 0 0 0 1= + +
Þ f ( )0 1=

\ f x x
f h f

hh
¢ = +

®
( ) lim

( ) – ( )
2

0

0

= + ¢2 0x f ( )

Þ f x x¢ = +( ) cos2 a
On integrating, f x x x C( ) cos= + +2 a

Here, at x = 0, f ( )0 1=
\ 1 = C Þ f x x x( ) cos= + +2 1a

It is a quadratic in x with discriminant,

D = <cos –2 4 0a

and coefficient of x 2 1 0= >

\ f x( ) > 0, " Îx R

125. Plan If a continuous function has values of opposite sign
inside an interval, then it has a root in that interval.

f g : R, [ , ]0 1 ®
We take two cases.

Case I Let f and g attain their common maximum value at p.

Þ f p g p( ) ( )= ,

where p Î[ , ]0 1

Case II Let f gand attain their common maximum value at
different points.

Þ f a M g b M( ) ( )= =and

Þ f a g a( ) ( )- > 0 and f b g b( ) ( )- < 0

Þ f c g c( ) ( )- = 0 for some c Î[ , ]0 1 as f and g are continuous
functions.

Þ f c g c( ) ( )- = 0 for some c Î[ , ]0 1 for all cases. ...(i)

Option (a) Þ - + - =f c g c f c g c2 2 3 0( ) ( ) [ ( ) ( )]

which is true from Eq. (i).

Option (d) Þ f c g c2 2 0( ) ( )- = , which is true from Eq. (i).

Now, if we take f x g x x( ) ( ) , [ , ]= = " Î1 1 0 1and

Options (b) and (c) does not hold.

Hence, options (a) and (d) are correct.

126. Plan

(i) In these type of questions, we draw the graph of the function.

(ii) The points at which the curve taken a sharp turn, are the
points of non-differentiability. Curve of f x( ) and g x( ) are
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h x( ) is not differentiable at x = ± 1 and 0.
As, h x( ) take sharp turns at x = ± 1 and 0.

Hence, number of points of non-differentiability of h x( ) is 3.

127. Plan To check differentiability at a point we use RHD and
LHD at a point and if RHD =LHD, then f x( ) is differentiable at
the point.

Description of Situation

As, R{ ( )} lim
( ) ( )

f x
f x h f x

hh
¢ = + -

® 0

and L{ ( )} lim
( ) ( )

f x
f x h f x

hh
¢ = - -

-® 0

To check differentiable at x =0,

R f
f h f

hh
{ ( )} lim

( ) ( )¢ = + -
®

0
0 0

0

=
-

®
lim

cos

h

h
h

h0

2 0
p

= × =
®

lim cos
h

h
h0

0
p

{ }L f
f h f

hh
¢ = - -

-®
( ) lim

( ) ( )
0

0 0

0
=

-æ
èç

ö
ø÷ -

-®
lim

cos

h

h
h

h0

2 0
p

= 0

So, f x( ) is differentiable at x =0.

To check differentiability at x =2,

{ }R f
f h f

hh
¢ = + -

®
( ) lim

( ) ( )
2

2 2

0

=
+

+
æ
è
ç

ö
ø
÷ -

®
lim

( ) cos

h

h
h

h0

22
2

0
p

=
+ ×

+
æ
è
ç

ö
ø
÷

®
lim

( ) cos

h

h
h

h0

22
2

p

=
+ × -

+
æ
è
ç

ö
ø
÷

®
lim

( ) sin

h

h
h

h0

22
2 2

p p

=
+ ×

+
æ
è
ç

ö
ø
÷

×
+

×
+

=
®

lim

( ) sin
( )

( )

( )h

h
h

h

h
h

h0

22
2 2

2 2

2 2

p

p
p p

and L f
f h f

hh
{ ( )} lim

( ) ( )¢ = - -
-®

2
2 2

0

=
- ×

-
- ×

-®
lim

( ) cos cos

h

h
h

h0

2 22
2

2
2

p p

=
- -

-
æ
è
ç

ö
ø
÷ -

-®
lim

( ) cos

h

h
h

h0

22 0
p

2

=
- - × -

-
æ
è
ç

ö
ø
÷

®
lim

( ) sin

h

h
h

h0

22
2 2

p p

=
- × -

-
æ
è
ç

ö
ø
÷

´ -
-

´ -
-®

lim

( ) sin
( )

( )

(h

h
h

h

h
h

h0

22
2 2

2 2

2 2

p

p
p

)
= - p

Thus, f x( ) is differentiable at x =0 but not differentiable at x =2.

128. f n an( )2 = , f n an( )2 + =
f n bn( )2 1- = + Þ a bn n- = 1

f n an( )2 1+ = Þ f n an{( ) }2 1+ =-

f n bn{( ) }2 1 11+ = -+
+

Þ a bn n= -+ 1 1 or a bn n- = -+ 1 1

or a bn n- - = -1 1

129. f x y f x f y( ) ( ) ( ),+ = + as f x( ) is differentiable at x = 0.

Þ f k¢ =( )0 …(i)

Now, f x
f x h f x

hh
¢ = + -

®
( ) lim

( ) ( )

0

= + -
®

lim
( ) ( ) ( )

h

f x f h f x

h0
=

®
lim

( )

h

f h

h0

0

0
form

é
ëê

ù
ûú

given,

when

f x y f x f y x y

f f f

x y

( ) ( ) ( ), ,

( ) ( ) ( ),

+ = + "
\ = +

=
0 0 0

= Þ

é

ë

ê
ê
ê

ù

û

ú
ú
ú0 (0) = 0f

Using L’Hospital’s rule,

lim
( )

( )
h

f h
f k

®

¢ = ¢ =
0 1

0 …(ii)

Þ f x k¢ =( ) , integrating  both sides, we get

f x kx C( ) ,= + as f ( )0 0= Þ C = 0

\ f x kx( ) =
\ f x( ) is continuous for all x RÎ and f x k¢ =( ) , i.e. constant
for all x RÎ . Hence, (b) and (c) are correct.

130. We have, f x

x x

x x

x x

x x

( )

,

cos ,

,

log ,

=

- - £ -

- - < £

- < £
>

ì

í

ï
ï

p p

p
2 2

2
0

1 0 1

1

ï

î

ï
ï
ï

Continuity at x = - p
2

, f -æ
èç

ö
ø÷ = - -æ

èç
ö
ø÷ - =p p p

2 2 2
0

RHL = - - +æ
èç

ö
ø÷ =

®
lim cos

h
h

0 2
0

p

\ Continuous at x = -æ
èç

ö
ø÷

p
2

.

Continuity at x = 0 Þ f ( )0 1= -
RHL = + - = -

®
lim ( )

h
h

0
0 1 1

\ Continuous at x = 0. Continuity at x = 1, f ( )1 0=
RHL = + =

®
lim log ( )

h
h

0
1 0

\ Continuous at x = 1

f x

x

x x

x

x
x

¢ =

- £ -

- < £

< £

>

ì

í

ï
ï
ï

î

ï
ï
ï

( )

,

sin ,

,

,

1
2

2
0

1 0 1
1

1

p

p
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Differentiable at x = 0, LHD = 0, RHD = 1

\ Not differentiable at x = 0

Differentiable at x = 1, LHD = 1, RHD = 1

\ Differentiable at x = 1.

Also, for x = - 3

2
Þ f x x( ) cos= -

\ Differentiable at x = - 3

2

131. Given, f x x
x

x( ) cos ,= ³1
1

Þ f x
x x x

¢ = +( ) sin cos
1 1 1

Þ f x
x x

¢ ¢ = - æ
èç

ö
ø÷( ) cos

1 1
3

Now lim ( )
x

f x
® ¥

¢ = + =0 1 1 Þ Option (b) is correct.

Now, x
x

Î ¥ Þ Î[ , ) ( , ]1
1

0 1 Þ f x¢ ¢ <( ) 0

Option (d) is correct.

As, f ¢ = + >( ) sin cos1 1 1 1

f x¢( ) is strictly decreasing and lim ( )
x

f x
® ¥

¢ = 1

So, graph of f x¢( ) is shown as below

Now, in [ , ], [ , ), ( )x x x f x+ Î ¥2 1 is continuous and

differentiable so by LMVT, ¢ = + -
f x

f x f x
( )

( ) ( )2

2
As, ¢ >f x( ) 1

For all x Î ¥[ , )1

Þ f x f x( ) ( )+ - >2

2
1 Þ f x f x( ) ( )+ - >2 2

For all x Î ¥[ , )1 .

132. Given, g x
x

x
x m

n

m
( )

( )

log cos ( )
; ,= -

-
< < ¹1

1
0 2 0, n are integers

and | |
,

,
x

x x

x x
- =

- ³
- <

ì
í
î

1
1 1

1 1

The left hand derivative of | |x - 1 at x = 1 is p = - 1.

Also, lim ( )
x

g x p
® +

= = -
1

1

Þ lim
( )

log cos ( )h

n

m

h

h®

+ -
+ -

= -
0

1 1

1 1
1

Þ lim
log cosh

n

m

h

h®
= -

0
1 Þ lim

log cosh

nh

m h®
= -

0
1

Þ lim

cos
( sin )

h

nn h

m
h

h
®

-×

-
= -

0

1

1
1 [using L’Hospital’s rule]

Þ lim
tanh

nn

m

h

h

h

®

-
-æ

èç
ö
ø÷ ×

æ
èç

ö
ø÷

= -
0

2

1 Þ n

m

h

h

h

h

næ
èç

ö
ø÷ æ

èç
ö
ø÷

=
®

-
lim

tan0

2

1

Þ n = 2 and
n

m
= 1

\ m n= = 2

133. We have, lim
( ) cos ( )

sinx

g x x g

x®

-
0

0 0

0
form

é
ëê

ù
ûú

= ¢ -
®

lim
( ) cos ( )sin

cosx

g x x g x x

x0
= 0

Statement I

Since, f x g x x( ) ( )sin=
f x g x x g x x¢ = ¢ +( ) ( ) sin ( ) cos

and f x g x x g x x g x x¢ ¢ = ¢ ¢ + ¢ -( ) ( ) sin ( ) cos ( ) sin2

Þ f ¢ ¢ =( )0 0

Thus, lim[ ( ) cos ( )] ( )
x

g x x g x f
®

- = = ¢¢
0

0 0 0cosec

Þ Statement I is true.

Statement II f x g x x g x x¢ = ¢ +( ) ( ) sin ( ) cos Þ f g¢ =( ) ( )0 0

Statement II is not a correct explanation of Statement I.

134. Match the Columns

A. x x| | is continuous, differentiable and strictly
increasing in ( , )-1 1 .

B. | |x is continuous in ( , )-1 1 and not differentiable at x = 0.

C. x x+ [ ] is strictly increasing in ( , )-1 1 and discontinuous at
x = 0
Þ not differentiable at x = 0.

D. | | | | ( , )x x- + + = -1 1 2 1 1in

Þ The function is continuous and differentiable in ( , )-1 1 .

135. Here, f x x x( ) min { , , }= 1 2 3 which could be graphically shown as

Þ f x( ) is continuous for x RÎ and not differentiable at x = 1
due to sharp edge. Hence, (a) and (d) are correct answers.

136. Using graphical transformation. As, we know that, the
function is not differentiable at sharp edges.

In function, y x= -|| | |1 , we have 3 sharp edges at x = - 1 0 1, , .

Hence, f x( ) is not differentiable at { , }.0 1±
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(1, sin1+cos1)

1

1

0
X

Y

Y

Y′

y = x2

y = x3

y = 1

XX′
O 1

1O
X

Y

–1

(i) = – 1y x

1
O

–1

(ii) = | | – 1y x

y x= | | – 1

–1

1O–1

(iii) = || | – 1|y x

X

Y

X

Y



137. Given, f f f f
nn

( ) lim1
1

2

1

3

1
0= æ

èç
ö
ø÷ = æ

èç
ö
ø÷ = = æ

èç
ö
ø÷ =

® ¥
K

as f
n

n
1

0
æ
èç

ö
ø÷ = Î; integers and n ³ 1.

Þ lim
n

f
n® ¥

æ
èç

ö
ø÷ =1

0

Þ f ( )0 0=
Since, there are infinitely many points in neighbourhood of x = 0.

\ f x( ) = 0

Þ f x¢ =( ) 0 Þ f ¢ =( )0 0

Hence, f f( ) ( )0 0 0= ¢ =

138. Given, f x

x x

x x

x x

( )

(– ),

tan ,

( ),

=

- < -

- £ £

- >

ì

í -

1

2
1 1

1 1
1

2
1 1

1

if

if

if

ï
ï

î

ï
ï

f x( ) is discontinuous at x = -1 and x = 1.
\ Domain of f x R¢ Î - -( ) { , }1 1

139. Given, f x x x( ) [ ] sin= p
If x is just less than k x k, [ ] = -1

Þ f x k x( ) ( ) sin .= - 1 p

LHD of f x
k x k k

x kx k
( ) lim

( ) sin sin= - -
-®

1 p p

= -
-®

lim
( ) sin

x k

k x

x k

1 p
,

= - -
-®

lim
( ) sin ( )

h

k k h

h0

1 p
[where x k h= - ]

= - - ×
-®

-
lim

( ) ( ) sin

h

kk h

h0

11 1 p = - -( ) ( )1 1k k p

140. RHD of sin (| | ) | |
sinlimx x

h h

h
h- = - = - =® 0 1 1 0[ ( ) ]Q f 0 0=

LHD of sin (| | ) | |x x-

= - - -
-®

lim
sin | | | |

h

h h

h0

= -
-

=
®

lim
sin

h

h h

h0
0

Therefore, (d) is the answer.

141. We have, f x x( ) | log sin |= -2 and g x f f x( ) ( ( )),= x RÎ
Note that, for x ® 0, log sin2 > x

\ f x x( ) log sin= -2

Þ g x f x( ) log sin ( ( ))= -2

= - -log sin ( sin )2 2log x

Clearly, g x( ) is differentiable at x = 0 as sin x is diferentiable.

Now, g x x x¢ = - - -( ) cos (log sin ) ( cos )2

= × -cos cos (log sin )x x2

Þ g ¢ = ×( ) cos (log )0 1 2

142. Since, g x( ) is differentiable Þ g x( ) must be continuous.

\ g x
k x x

mx x
( )

,

,
=

+ £ £
+ < £

ì
í
î

1 0 3

2 3 5

At x = 3,        RHL = +3 2m

and at x = 3,    LHL = 2k

\ 2 3 2k m= + …(i)

Also, g x

k

x
x

m x

¢ = +
£ <

< £

ì
í
ï

îï
( )

,

,

2 1
0 3

3 5

\ L g
k

{ ( )}¢ =3
4

and R g m{ ( )}¢ =3

Þ k
m

4
= , i.e. k m= 4 …(ii)

On solving Eqs. (i) and (ii), we get

k = 8

5
, m = 2

5

Þ k m+ = 2

143. Given, f g( ) ( ),0 2 1= = g( )0 0= and f ( )1 6=

f and g are differentiable in (0, 1).

Let h x f x g x( ) ( ) ( )= - 2 …(i)

h f g( ) ( ) ( )0 0 2 0 2 0 2= - = - =
and h f g( ) ( ) ( )1 1 2 1= - = - =6 2 2 2( )

Þ h h( ) ( )0 1 2= =
Hence, using Rolle’s theorem,

¢ =h c( ) 0, such that c Î( , )0 1

Differentiating Eq. (i) at c , we get

Þ ¢ - ¢ =f c g c( ) ( )2 0

Þ ¢ = ¢f c g c( ) ( )2

144. Given A function f R R: ® defined by

f x x x( ) [ ] cos ,= -æ
èç

ö
ø÷p 1

2
where [] denotes the greatest integer

function.

To discuss The continuity of function f .

Now, cos x is continuous, " Îx R.

Þ cos p x -æ
èç

ö
ø÷

1

2
is also continuous, " Îx R.

Hence, the continuity of f depends upon the continuity of [ ].x
Since, [ ]x is discontinuous, " Îx I .

So, we should check the conitnuity of f at x n= ," În I .

LHL at x n= is given by

f n f x
x n

( ) lim ( )-

®
=

-

= -æ
èç

ö
ø÷® -

lim [ ] cos
x n

x xp 1

2
= - -

( ) cos
( )

n
n

1
2 1

2

p = 0

RHL at x n= is given by

f n f x
x n

( ) lim ( )+

®
=

+
= -æ

èç
ö
ø÷® +

lim [ ] cos
x n

x xp 1

2

= -
( ) cos

( )
n

n2 1

2

p = 0

Also, value of the function at x n= is

f n n n( ) [ ] cos= -æ
èç

ö
ø÷p 1

2
= -

( ) cos
( )

n
n2 1

2

p = 0

\ f n f n f n( ) ( ) ( )+ -= =

Hence, f is continuous at x n= ," În I .

396 Textbook of Differential Calculus



Learning Part
Session 1
● Derivative as the Rate of Change
● Velocity and Acceleration in Rectilinear Motion

Session 2
● Differential and Approximation
● Geometrical Meaning of D Dx y dx, , and dy

Session 3
● Slope of Tangent and Normal
● Equation of Tangent
● Equation of Normal

Session 4
● Angle of Intersection of Two Curves
● Length of Tangent, Subtangent, Normal and Subnormal

Session 5
● Rolle’s Theorem
● Lagrange’s Mean Value Theorem

Session 6
● Application of Cubic Functions

Practice Part
● JEE Type Examples
● Chapter Exercises

Arihant on Your Mobile !
Exercises with this symbol can be practised on your mobile. See title inside to activate for free.

07
C H A P T E R

as a Rate

Measurer and
Tangents, Normals

dy dx/

#L



Derivative as the Rate of Change
If a variable quantity y is some function of time t, i.e.
y f t= ( ), then small change in time Dt have a
corresponding change Dy in y .

Thus, the average rate of change = D
D

y

t

When limit D t ® 0 is applied, the rate of change becomes
instantaneous and we get the rate of change of y with
respect to the instant t.

i.e. lim
D

D
Dt

y

t

dy

dt®
=

0

Hence, it is clear that the rate of change of any
variable with respect to some other variable is the
derivative of first variable with respect to other
variable.

The differential coefficient of y with respect to x i.e.
dy

dx
is

nothing but the rate of increase of y relative to x .

y Example 1 If the radius of a circle is increasing at a
uniform rate of 2 cm/s, then find the rate of increase of
area of circle, at the instant when the radius is 20 cm.

Sol. Given,
dr

dt
= 2 cm/s [where, r is radius and t is time]

Now, area of circle is given by A r= p 2

Differentiating it with respect to time t , we get

dA

dt
r

dr

dt
= 2p Þ dA

dt
= × ×2p /s20 2 cm2

Þ dA

dt
= 80 p cm s2/

Thus, the rate of change of area of circle with respect to

time is 80p cm2
/ s.

y Example 2 On the curve x y3 12= , find the interval at

which the abscissa changes at a faster rate than the
ordinate.

Sol. Given, x y3 12=

Differentiating it with respect to y, we get

3 122x
dx

dy
= Þ dx

dy x
= 12

3 2

In the interval, at which the abscissa changes at a faster rate
than the ordinate, we must have

dx

dy
> 1 or

12

3
1

2x
>

or
4

1
2x

> Þ 4
0

2

2

–x

x
> , when x ¹ 0

Þ 4 02– x > ; x ¹ 0 Þ x 2 4 0– < ; x ¹ 0

Þ ( – ) ( )x x2 2 0+ < ; x ¹ 0

Using number line rule, we have - < < ¹2 2 0x x;

Thus, x Î - -( , ) { }2 2 0 is the required interval at which

abscissa changes at a faster rate than the ordinate.

Velocity and Acceleration in
Rectilinear Motion
The velocity of a moving particle is defined as the rate of
change of its displacement with respect to time and the
acceleration is defined as the rate of change of its velocity
with respect to time.

Let a particle A move rectilinearly as shown in figure. Let s

be the displacement from a fixed point O along the path at
time t ; s is considered to be positive on right of the point
O and negative on the left of it.

Also, Ds is positive when s increases, i.e. when the particle
moves towards right.

Thus, if Ds be the increment in s in time Dt, then average
velocity in this interval is

Average velocity = D
D

s

t

and the instantaneous velocity, i.e. velocity at time t is

v
s

t

ds

dtt
= =

®
lim

D

D
D0

+ +
––2 2

O

s
v v+ v∆

A t( ) B t+ t( )∆

∆s

Figure 7.1
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If the velocity varies, then there is change of velocity Dv

in time Dt. Hence, the acceleration at time t is

Acceleration (a) = =
®

lim
D

D
Dt

v

t

dv

dt0

y Example 3 If the displacement of a particle is given

by s t t= +æ
èç

ö
ø÷

1

2
42 m. Find the velocity and

acceleration at t = 4 seconds.
Sol. We have, the displacement of particle is given by,

s t t= +æ
èç

ö
ø÷

1

2
42 m

As, we know velocity v
ds

dt
= = +æ

èç
ö
ø÷

t
t

2
m/s ...(i)

and acceleration a
d s

dt

dv

dt
= =

2

2
= æ

èç
ö
ø÷

1
1
3 2

–
t /

m/s ...(ii)

Now, velocity when t = 4, is v = +æ
èç

ö
ø÷

4
2

4
m/s [from Eq. (i)]

Þ v = 5 m/s

and acceleration when t = 4, is a
/

= æ
èç

ö
ø÷

1
1

43 2
– m / s2

[from Eq. (i)]
Þ a = æ

èç
ö
ø÷

1
1

8
– m / s2 Þ a = 7

8
m /s2

y Example 4 If s t t=
1

2
63 – , then find the

acceleration at time when the velocity tends to
zero.

Sol. We have the displacement s is given by, s t t= 1

2
63 –

Now, velocity v
ds

dt

t= =
æ

è
ç

ö

ø
÷

3

2
6

2

– ...(i)

and acceleration, a
dv

dt

d s

dt
t= = =

2

2
3( ) ...(ii)

To find acceleration, when velocity ® 0

Now, when velocit y ® 0, then
3

2
6 0

2t
– = [from Eq. (i)]

Þ t 2 4= Þ t = 2

Thus, acceleration when velocity tends to zero, is

a t= =3 6 [from Eq. (ii)]

y Example 5 If r is the radius, S the surface area
and V the volume of a spherical bubble, prove that

(i)
dV

dt
r

dr

dt
= 4 2p (ii)

dV

dS
rµ .

Sol. (i) Since, V r= 4

3

3p

\ dV

dt
r

dr

dt
r

dr

dt
= × =4

3
3 42 2p p ...(i)

(ii) We know, S r= 4 2p Þ dS

dt
r

dr

dt
= 8p ...(ii)

Thus,
dV

dS

dV/dt

dS/dt
r= = ×1

2
[from Eqs. (i) and (ii)]

Þ dV

dS
r= 1

2
or

dV

dS
rµ

y Example 6 A man who is 1.6 m tall walks away from
a lamp which is 4 m above ground at the rate of
30 m/min. How fast is the man’s shadow lengthening?

Sol. Let PQ = 4 m be the height of lamp and AB = 1.6 m be

height of man. Let the end of shadow is R and it is at a
distance of l from A when the man is at a distance of x
from PQ, at some instance.

Since, D PQR and D ABR are similar, we have

PQ

AB

PR

AR
= Þ 4

1.6
= +x l

l

Þ 2 3x l= Þ 2 3
dx

dt

dl

dt
= given 30 m/min

dx

dt
=é

ëê
ù
ûú

\ dl

dt
= ×2

3
30 m/min = 20 m/min (lengthening)

y Example 7 If x and y are the sides of two squares

such that y x x= – 2 , find the rate of change of the

area of the second square with respect to the first
square.

Sol. Given, x and y are sides of two squares, thus the area of two

squares are x 2 and y 2 .

We have to obtain
d y

d x

y
dy

dx
x

y

x

dy

dx

( )

( )

2

2

2

2
= = × ...(i)

The given curve is y x x= – 2

Þ dy

dx
x= 1 2– ...(ii)

Thus,
d y

d x

y

x
x

( )

( )
( – )

2

2
1 2= [from Eqs. (i) and (ii)]

or
d y

d x

x x x

x

( )

( )

( – ) ( – )2

2

2 1 2=

Þ d y

d x
x x

( )

( )
–

2

2

22 3 1= +
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1. The surface area of a spherical bubble is increasing at the rate of 2 cm2/s. Find the rate at which the volume of

the bubble is increasing at the instant, if its radius is 6 cm.

2. A particle moves along the curve y x= +2

3
13 . Find the point on the curve at which y -coordinate is changing

twice as fast as x-coordinate.

3. The area of an expanding rectangle is increasing at the rate of 48 cm2/s. The length of rectangle is always

equal to square of the breadth. At which rate the length is increasing at the instant when the breadth is 4 cm?

4. An edge of a variable cube is increasing at the rate of 10 cm/s. How fast the volume of the cube is increasing

when the edge is 5 cm long?

5. An air-force plane is ascending vertically at the rate of 100 km/h. If the radius of the earth is r km, how fast is

the area of the earth, visible from the plane, increasing at 3 min after it started ascending?

Note Visible area A
r h

r h
=

+
2 2p

, where h is the height of the plane above the earth.

6. Sand is pouring from the pipe at the rate of 12 cm3/s. The falling sand forms a cone on the ground in such a

way that the height of the cone is always one-sixth of the radius of the base. How fast is the height of the sand

cone increasing when the height is 4 cm?

7. Water is dripping out from a conical funnel, at the uniform rate of 2 cm
3
/s, through a tiny hole at the vertex of

the bottom. When the slant height of the water is 4 cm, find the rate of decrease of the slant height of the water,

if the vertical angle of funnel is 120°.

8. From a cylindrical drum containing oil and kept vertical, the oil leaking at the rate of 10 cm3/s. If the radius

of the drum is 10 cm and height is 50 cm, then find the rate at which level of oil is changing when oil level is

20 cm.

9. A kite is 120 m high and 130 m of string is out. If the kite is moving away horizontally at the rate of 52 m/s, find the

rate at which the string is being paid out.

10. A ladder 13 m long leans against a wall. The foot of the ladder is pulled along the ground away from the wall, at

the rate of 1.5 m/s. How fast is the angle q between the ladder and the ground changing when the foot of the

ladder is 12 m away from the wall?

11. Water is running into a conical vessel, 15 cm deep and 5 cm in radius, at the rate of 0.1 cm3/s. When the water

is 6 cm deep, find at what rate is

(a) the water level rising?

(b) the water surface area increasing?

(c) the wetted surface of the vessel increasing?

12. Height of a tank in the form of an inverted cone is 10 m and radius of its circular base is 2 m. The tank contains

water and it is leaking through a hole at its vertex at the rate of 0.02 m3/s. Find the rate at which the water level

changes and the rate at which the radius of water surface changes when height of water level is 5 m.

13. At what points of the ellipse 16 9 4002 2x y+ = does the ordinate decreases at the same rate at which the

abscissa increases?

14. A satellite travels in a circular orbit of radius R. If its x-coordinate decreases at the rate of 2 units/s at the point

( , )a b , how fast is the y -coordinate changing?

15. The ends of a rod AB which is 5 m long moves along two grooves OX OY, which are at right angles. If A moves

at a constant speed of
1

2
m/s, what is the speed of B, when it is 4 m from O?
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Differential and Approximation
We are familiar with the symbol dy/dx representing
derivative of y w.r.t. x .

Now, we shall give meaning to the symbols dx and dy

such that the symbol dy dx/ represents the quotient of dy

and dx.

Let y f x= ( ) be a function of x .

Let Dx denotes small change in x and let the
corresponding change in y be Dy .

Then, lim
D

D
Dx

y

x

dy

dx®
=

0
Þ D

D
y

x

dy

dx
= (approx)

Þ D
D

y

x

dy

dx
= + e, where e ® 0 as Dx ® 0

Þ D D Dy
dy

dx
x x= × + ×e …(i)

Now, Dy consists of two parts. The part e × Dx is very

small and hence negligible. The part
dy

dx
x× D is called

principal part of Dy and is denoted by dy and is called
differential of y.

Thus, dy
dy

dx
x= × D …(ii)

Þ dx
dy

dy
x= × D

= =( )1 D Dx x …(iii)

From Eqs. (ii) and (iii), we get

dy
dy

dx
dx= ×

Þ (Differential of y) = (Differential coefficient of
y w.r.t. x ) × (Differential of x )

Þ Differential of

Differential of

y

x
= (Differential coefficient of y w.r.t. x )

From Eq. (i), D Dy
dy

dx
x= × (approx)

Þ Dy dy= (approx)

Hence, approximately

dy y y y y f x x f x= = + - = + -D D D( ) ( ) ( )

Þ dy

dx
dx× = + -f x x f x( ) ( )D (approx)

f x x f x f x x( ) ( ) ( )+ - = ¢ ×D D (approx)

Errors
Definition of Absolute Error

Dx or dx is called absolute error in x .

Definition of Relative Error

Dx

x
or

dx

x
is called relative error in x .

Definition of Percentage Error

Dx

x

æ
èç

ö
ø÷

× 100 or
dx

x

æ
èç

ö
ø÷

×100 is called percentage error in x .

Geometrical Meaning of
D Dx y dx, , and dy
Let us take a point A x y( , ) on the curve y f x= ( ), where
f x( ) is differentiable real function.

Let B x x y y( , )+ +D D be a neighbouring point on the
curve, where Dx denotes a small change in x and Dy is the
corresponding change in y .

From the figure, it is clear that if D x and Dy are
sufficiently small quantities, then

D
D

y

x

dy

dx
f x= = ¢tan ( )y�

Hence, approximate change in the value of y , called its
differential, is given by D Dy f x x= ¢ ×( )

O

Y

x x x+ ∆

B x x, y y( + + )∆ ∆

A x y( , )

y=f x( )
ψ

X

Figure 7.2
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y Example 8 Use differential to approximate 101.

Sol. Let f x x( ) = , then f x
x

¢ =( ) .
1

2

Now, let x = 100 and Dx = 1, so that x x+ =D 101

Then, by definition f x x f x f x x( ) ( ) ( ) ,+ - = ¢ ×D D we get

101 100 100 1- = ¢ ×f ( )

101 100
1

2 100
1= + ×

= + =10
1

20
1005.

y Example 9 Use differential to approximate ( ) /66 1 3.

Sol. Let f x x( ) ( ) /= 1 3

Then, ¢ =f x
x

( )
/

1

3 2 3

Now, let x = 64, Dx = 2, so that x x+ =D 66

Then, by definition f x x f x f x x( ) ( ) ( )+ - = ¢ ×D D
Þ f f f( ) ( ) ( ) ( )66 64 64 2- = ¢ ×

Þ ( ) ( )
( )

/ /

/
66 64

1

3 64
21 3 1 3

2 3
- = ´

Þ ( ) /66 4
2

48

1 3 = + = 97

24
= 4 0416.

y Example 10 If the radius of a circle increases from
5 cm to 5.1 cm, find the increase in area.

Sol. Let r be the radius of the circle. Then, r = 5 cm and

r dr+ = 51. cm, so that dr = 01. cm.

Let A denotes the areas of the circle.

Then, A r= p 2 \ dA

dr
r= 2p

\ At r = 5,
dA

dr
= 10p

Now, dA
dA

dr
dr= × = ´10 01p ( . ) = p cm2

\ Increase in area = p cm2

y Example 11 Find the approximate value of
tan ( . )-1 0999 using differential.

Sol. Let f x x( ) tan= -1

Then, f x
x

¢ =
+

( )
1

1 2

Now, let x = 1 and Dx = -0001. . So that x x+ =D 0999.

Then, by definition,

f x x f x f x x( ) ( ) ( )+ - = ¢ ×D D , we get

f f f( . ) ( ) ( ) ( . )0999 1 1 0001- = ¢ × -

Þ tan ( . ) tan ( ) ( . )- -= - ×
+

1 1

2
0999 1 0001

1

1 1

= -p
4

00005. = ´ -1

4

22

7
00005. = 07852.

y Example 12 The time T of oscillation of a simple

pendulum of length l is given by T
l

g
= ×2p .

Find percentage error in T corresponding to

(i) an increase of 2% in the value of l.

(ii) decrease of 2% in the value of l.

Sol. (i) We have, T
l

g
= ×2p

Þ log log log log logT l g= + + -2
1

2

1

2
p

Differentiating w.r.t. l, we get

1
0 0

1

2
0

T

dT

dl l
= + + - Þ dT

T

dl

l
= 1

2

\ dT

T
´ 100 = ´æ

èç
ö
ø÷

1

2
100

dl

l
= =1

2
2 1( )% %

Q

dl

l
´ =é

ëê
ù
ûú

100 2%

Percentage error in T = 1%.

(ii) We have,
dT

T

dl

l
= 1

2

Þ dT

T
´ 100 = ´æ

èç
ö
ø÷

1

2
100

dl

l
= - = -1

2
2 1( )% %

[Qdecrease in l = 2% ]

Percentage error in T = - 1%.

y Example 13 In an acute DABC, if sides a and b

are constants and the base angles A and B vary,

show

that
dA

a b A

dB

b a B2 2 2 2 2 2-
=

-sin sin
.

Sol.
a

A

b

Bsin sin
= or b A a Bsin sin=

Þ b A dA a B dBcos cos=

Þ dA

a B

dB

b Acos cos
=

Þ dA

a B

dB

b A1 12 2-
=

-sin sin

Þ dA

a
b A

a

dB

b
a B

b
1 1

2 2

2

2 2

2
-

=

-sin sin

Þ dA

a b A

dB

b a B2 2 2 2 2 2-
=

-sin sin
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1. Use differential to approximate 51 .

2. Use differential to approximate log( . )901. (Given, log .3 10986= )

3. If the error committed in measuring the radius of a circle is 001. %, find the corresponding error in calculating the

area.

4. The pressure p and the volume V of a gas are connected by the relation pV a1 4/ = (constant). Find the

percentage increase in pressure corresponding to a decrease of
1

2

æ
èç

ö
ø÷% in volume.

5. If in a DABC, the side c and the angle C remain constant, while the remaining elements are changed slightly.

Using differential, show that
da

A

db

Bcos cos
+ = 0.

6. If a DABC, inscribed in a fixed circle, is slightly varied in such a way as to have its vertices always on the circle,

show that
da

A

db

B

dc

Ccos cos cos
+ + = 0.

Exercise for Session 2



Slope of Tangent and Normal

Slope of Tangent
Let y f x= ( ) be a continuous curve and let P x y( , )1 1 be a
point on it.

Then,
dy

dx x y

æ
èç

ö
ø÷

( , )1 1

is the slope of tangent to the

curve y f x= ( ) at a point P( , )x y1 1 .

Þ dy

dx P

æ
èç

ö
ø÷

= =tan q Slope of tangent at P

where, q is the angle which the tangent at P x y( , )1 1 forms
with the positive direction of X-axis as shown in the figure.

Remarks

(i) Horizontal tangent If tangent is parallel to X-axis, then

q = °0 Þ tan q = 0

\ dy

dx x y

æ
èç

ö
ø÷

=
( , )1 1

0

(ii) Vertical tangent If tangent is perpendicular to X-axis or
parallel to Y-axis, then

q = °90 Þ tan q = ¥ or cot q = 0

\ dx

dy x y

æ
è
ç

ö
ø
÷ =

( , )1 1

0

Slope of Normal
We know that the normal to the curve at P x y( , )1 1 is a
line perpendicular to tangent at P x y( , )1 1 and passes
through P .

\ Slope of the normal at

P
P

= - 1

Slope of the tangent at

Þ Slope of normal at P x y
dy

dx x y

( , ) –

( , )

1 1
1

1 1

=
æ
èç

ö
ø÷

or   Slope of normal at P x y
dx

dy
x y

( , ) –
( , )

1 1

1 1

= æ
è
ç

ö
ø
÷

Remarks

(i) Horizontal normal If normal is parallel to X-axis, then

- æ
è
ç

ö
ø
÷ =dx

dy x y( , )1 1

0 or
dx

dy x y

æ
è
ç

ö
ø
÷ =
( , )1 1

0

(ii) Vertical normal If normal is perpendicular to X-axis

or parallel to Y-axis, then - æ
èç

ö
ø÷

=dy

dx x y( , )1 1

0

y Example 14 Find the slopes of the tangent and
normal to the curve x xy y3 33 2+ + = at (1, 1).

Sol. Given equation of curve is x xy y3 33 2+ + = .

Differentiating it w.r.t. x , we get

3 3 3 3 02 2x x
dy

dx
y y

dy

dx
+ + + =

Þ dy

dx

x y

x y
= +

+
–

( )

( )

3 3

3 3

2

2
Þ dy

dx

x y

x y
= +

+
–

( )

( )

2

2

Þ dy

dx

æ
èç

ö
ø÷

= æ
èç

ö
ø÷

=
( , )

– –
1 1

2

2
1

\ Slope of tangent at ( , ) –
( , )

1 1 1
1 1

= æ
èç

ö
ø÷

=dy

dx

and slope of normal at ( , ) –
–

–

( , )

1 1
1 1

1
1

1 1

=
æ
èç

ö
ø÷

= =
dy

dx

y Example 15 Find the point on the curve y x x= 3 3–
at which tangent is parallel to X-axis.

Sol. Let the point at which tangent is parallel to X -axis be
P x y( , )1 1 .
Then, it must lie on curve.

Therefore, we have y x x1 1
3

13= – ...(i)

Differentiating y x x= -3 3 w.r.t. x , we get

dy

dx
x= 3 32 – Þ dy

dx
x

x y

æ
èç

ö
ø÷

=
( , )

–

1 1

3 31
2

Y

X
O

θ

( , )x y1 1

Normal

Tangent

P

Figure 7.3
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Since, the tangent is parallel to X -axis.

\ dy

dx x y

æ
èç

ö
ø÷

=
( , )1 1

0 Þ 3 3 01
2x – =

Þ x1 1= ± ...(ii)

From Eqs. (i) and (ii),  we get

When x1 1= , then y1 1 3 2= =– –

When x1 1= – , then y1 1 3 2= + =–

\ Points at which tangent is parallel to X -axis are ( , – )1 2
and (– , )1 2 .

y Example 16 Find the point on the curve
y x x x= 3 22– – at which the tangent line is parallel to

the line y x= 3 2– .
Sol. Let P x y( , )1 1 be the required point.

Then, we have y x x x1 1
3

1
2

12= – – ...(i)

Differentiating the curve y x x x= 3 22– – w.r.t. x , we get

dy

dx
x x= 3 4 12 – – Þ dy

dx
x x

x y

æ
èç

ö
ø÷

=
( , )

– –

1 1

3 4 11
2

1

Since, tangent at ( , )x y1 1 is parallel to the line y x= 3 2– .

\ Slope of the tangent at P x y( , )1 1 = Slope of the line

y x= 3 2– Þ dy

dx x y

æ
èç

ö
ø÷

=
( , )1 1

3

Þ 3 4 1 31
2

1x x– – = Þ 3 4 4 01
2

1x x– – =

Þ ( – ) ( )x x1 12 3 2 0+ = Þ x /1 2 2 3= , – ...(ii)

From Eqs. (i) and (ii), we get

When x1 2= , then

y1 8 8 2= – – Þ y1 2= –

When x /1 2 3= – , then y x x x1 1
3

1
2

12= – –

Þ y1
8

27

8

9

2

3
= +–

– Þ y1
14

27
= –

Thus, the point at which tangent is parallel to y x= 3 2– are

( , – )2 2 and – , –
2

3

14

27

æ
èç

ö
ø÷
.

y Example 17 In which of the following cases, the
function f x( ) has a vertical tangent at x = 0?

(i) f x x( ) /= 1 3 (ii) f x x( ) sgn=

(iii) f x x( ) /= 2 3 (iv) f x x( ) | |=

(v) f x
x

x
( )

,

,
=

<
³

ì
í
î

0 0

1 0

if

if

Sol. Vertical Tangent

Concept y f x= ( ) has a vertical tangent at the points

x x= 0 , if

lim
( ) ( )

h

f x h f x

h®

+ - = ¥
0

0 0 or - ¥ but not both.

Here, the functions f x x( ) /= 1 3 and f x( ) = sgn x both have

a vertical tangent at x = 0, but f x x f x x( ) , ( ) | |/= =2 3 and

f x
x

x
( )

,

,
=

<
³

ì
í
î

0 0

1 0

if

if
have no vertical tangent.

Explanation

(i) f x x( ) /= 1 3

f
h

h h

f
h

h

h

h

¢ = = ® ¥

¢ = -
-

=

+

®

-

®

( ) lim

( ) lim
( )

/

/

/

0
1

0
1

0

1 3

2 3

0

1 3

( ) / /-
= ® ¥

ü

ý
ïï

þ
ï
ïh h2 3 2 3

1

Þ f x( ) has a vertical tangent at x = 0.

(ii) f x x

x

x

x

( )

,

,

,

= =
>
=

- <

ì
í
ï

îï
sgn

if

if

if

1 0

0 0

1 0

f
h

f
h

h

h

¢ = - ® ¥

¢ = -
-

® ¥

ü

ý
ï

þ
ï

+

®

-

®

( ) lim

( ) lim

0
1 0

0
1

0

0

Þ f x( ) has a vertical tangent at x = 0.

(iii) f x x( ) /= 2 3

f
h

h

f
h

h h

h

h

¢ = ® ¥

¢ = -
-

= - ®

+

®

-

®

( ) lim

( ) lim
( )

/

/

/

0

0
1

0

2 3

0

2 3

1 3
- ¥

ü

ý
ïï

þ
ï
ï

Þ No vertical tangent at x = 0.
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(iv) f x x
x x

x x
( ) | |

,

,
= =

³
- <

é

ë
ê

if

if

0

0

f
h

h

f
h

h

h

h

¢ = - ® ¥

¢ =
-

® - ¥

ü

ý
ïï

þ
ï
ï

+

®

-

®

( ) lim

( ) lim

0
0

0

0

0

Þ No vertical tangent at x = 0.

(v) f x
x

x
( )

,

,
=

<
³

ì
í
î

0 0

1 0

if

if

f
h

f
h

h

h

¢ = - =

¢ = - ® - ¥

ü

ý
ï

þ
ï

+

®

-

®

( ) lim

( ) lim

0
1 1

0

0
0 1

0

0

Þ No vertical tangent at x = 0.

Equation of Tangent
Let y f x= ( ) be the equation of curve and point ( , )x y1 1 be
any point on the curve. Let PT be the tangent at point
( , )x y1 1 .

Since, tangent is a line passing through the point P x y( , )1 1

and having slopem
dy

dx x y

= æ
èç

ö
ø÷ ( , )1 1

, therefore by coordinate

geometry, the equation of tangent is

y y m x x– ( – )1 1= Þ y y
dy

dx
x x

x y

– ( – )
( ),

1 1

1 1

= æ
èç

ö
ø÷

× .

Tangent from External Point
If a point P a b( , ) does not lie on the curve y f x= ( ), then
the equation of all possible tangents to the curve y f x= ( ),

passing through ( , )a b , can be found by solving for the
point of contact Q.

Then, f h
f h b

h a
¢ = -

-
( )

( )

and equation of tangent is

y b
f h b

h a
x a- = -

-
× -( )
( )

y Example 18 Find value of c such that line joining

points ( , )0 3 and ( , )5 2- becomes tangent to y
c

x
=

+ 1
.

Sol. Equation of line joining A( , )0 3 and B( , )5 2- is x y+ = 3.

Solving the line and curve, we get

3
1

- =
+

x
c

x

Þ x x c2 2 3 0- + - =( ) …(i)

For tangency, roots of this equation must be equal.

Hence, discriminant of quadratic equation = 0.

Þ 4 4 3= -( )c Þ c = 4

Hence, required value of c is 4.

Equation of Normal
We know that normal to curve at any point is a straight
line passes through that point and is perpendicular to the
tangent to the curve at that point.

Since, the slope of tangent at P x y
dy

dx x y

( , )
( , )

1 1

1 1

= æ
èç

ö
ø÷

Y

X¢

Y ′

X
θ

Ta
ng

en
t

y=f x( )

O

T

Figure 7.4

Y

X
O

Q h, f(h( ))

P a, b( )

y = f x( )

Figure 7.5

X′ X

Y′

Y

O

O

Y

XX′

Y′

(90°+ )θ

P x , y( )1 1

Ta
ng

en
t

θ

Normal
Y

T

X
O

Y′

X′

Figure 7.6



Now, as normal is perpendicular to the tangent.

\ Slope of normal at P x y
dy

dx x y

( , )

( , )

1 1
1

1 1

= -
æ
èç

ö
ø÷

Hence, from coordinate geometry equation of normal is

y y
dy

dx

x x

x y

– – ( – )

( , )

1 1
1

1 1

=
æ
èç

ö
ø÷

or y y
dx

dy
x x

x y

– – ( – )
( , )

1 1

1 1

= æ
è
ç

ö
ø
÷

y Example 19 Find the equation of tangent and normal
to the curve 2 3 2y x= – at ( , ).1 1

Sol. The equation of given curve is,

2 3 2y x= – ...(i)

Differentiating Eq. (i) w.r.t. x , we get

2 2
dy

dx
x

æ
èç

ö
ø÷

= – Þ dy

dx
x= –

Þ dy

dx

æ
èç

ö
ø÷

=
( , )

–
1 1

1 ...(ii)

Now, the equation of tangent at (1, 1) is,

Þ y

x

dy

dx

y

x

–

–
–

( , )

1

1

1

1
1

1 1

= æ
èç

ö
ø÷

Þ -
-

=

Þ y x– –1 1= +
Þ y x+ = 2 [required equation of tangent]

and the equation of the normal at (1, 1) is,

y

x dy dx

–

–
–

( / )( , )

1

1

1
1

1 1

= =

\ y x– = 0 [required equation of normal]

y Example 20 Find the equation of tangent and normal
to the parabola y ax2 4= at the point ( , )at at2 2 .

Sol. The equation of given curve is,

y ax2 4= ...(i)

Differentiating Eq. (i) w.r.t. x , we get 2 4y
dy

dx
a=

Þ dy

dx

a

at tat at

æ
èç

ö
ø÷

= =
( , )2 2

4

4

1
...(ii)

Now, the equation of tangent at ( , )at at2 2 is

y at

x at

dy

dx tat at

–

– ( , )

2 1
2

22

= æ
èç

ö
ø÷

= [using Eq. (ii)]

Þ ( – ) –y at t x at2 2=

Þ yt at x at– –2 2 2= Þ yt x at= + 2

[required equation of tangent]

and the equation of normal at ( , )at at2 2 is,

y at

x at dy

dx

t

at at

–

–
– –

( , )

2 1
2

22

=
æ
èç

ö
ø÷

= [using Eq. (ii)]

Þ y at xt at– –2 3= +

Þ y xt at at+ = +2 3 [required equation of normal]

y Example 21 Find the point on the curve
y e xxy– + = 0 at which we have vertical tangent.

Sol. The equation of given curve is,

y e xxy– + = 0 ...(i)

Differentiating Eq. (i) w.r.t. x , we get
dy

dx
e y x

dy

dx

xy– 1 1 0× + ×ì
í
î

ü
ý
þ

+ =

Þ dy

dx
xe y exy xy( – ) –1 1= + ×

Þ dy

dx

y e

xe

xy

xy
= + ×–

–

1

1
...(ii)

Let  at point ( , )x y1 1 on the curve, we have a vertical tangent
(i.e. a tangent parallel toY -axis). Then,

dy

dx x y

æ
èç

ö
ø÷

= ¥
( , )1 1

or
dx

dy
x y

æ
èç

ö
ø÷

=
( , )1 1

0

Þ 1

1
01

1

1 1

1 1

–

–

x e

y e

x y

x y+
= Þ 1 01

1 1– x e x y =

Þ x e x y
1

1 1 1= ,

which is possible only if x1 1= and y1 0= .

Thus, the required point is (1, 0).

Remarks

For standard curves students are advised to use direct method of
finding equation of tangent.

For the curve of the form

ax hxy by gx fy c2 22 2 2 0+ + + + + = , replace

x xx2
1by ; 2 1x x xby + ;

y yy2
1by ; 2 1y y yby +

and xy
xy x y

by 1 1

2

+

Then, equation of tangent is,

axx h xy yx byy g x x f y y c1 1 1 1 1 1 0+ + + + + + + + =( ) ( ) ( )

e.g.

(i) Find equation of tangent to the curve 2 32y x= + at ( , )x y1 1 .

Sol. On replacing 2 1y y yby + and x xx2
1by , we get

( )y y xx+ = +1 1 3, which is the required equation of tangent.

(ii) Find equation of tangent to the curve y ax2 4= at ( , )at at2 2 .

Sol. Clearly, the equation of curve y ax2 4= is a standard

equation of curve, therefore on replacing y yy2
1by and

2 1x x xby + ,
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we can get the equation of tangent. Thus, the required
equation is given by

yy a x x1 12= +( )

where ( , ) ( , )x y at at1 1
2 2=

Hence, the required equation of tangent is

y at a x at( ) ( )2 2 2= + Þ yt x at= + 2

(iii) Find the equation of tangent, at point P x y( , )1 1 , to the curve

x

a

y

b

2

2

2

2
1+ =

Sol. Clearly, the equation of curve
x

a

y

b

2

2

2

2
1+ = is a standard

equation of curve, therefore equation of the tangent can
be obtained by replacing x by xx2

1 and y by yy2
1.

i.e.
xx

a

yy

b

1
2

1
2

1+ =

Some Important Points Regarding
Tangent and Normal

1. If a curve passes through the origin, then the equation
of the tangent at the origin can be directly written by
equating the lowest degree terms appearing in the
equation of the curve to zero.

Proof Let the equation of the curve be

a x b y a x b xy c y1 1 2
2

2 2
2 0+ + + + = …(i)

Tangent y
y

x
x

x
y

- = -
®
®

0 0
1

1

0
0

1

1

lim ( )

Now, Eq. (i) becomes

a b
y

x
a x b

y

x
x c

y

x
y1 1

1

1
2 1 2

1

1
1 2

1

1
1 0+ + + × + × = …(ii)

at x 1 0® and y
y

x
m1

1

1

0® ®,

From Eq. (ii), a b m1 1 0+ = Q m
a

b
= -é

ëê
ù
ûú

1

1

Hence, tangent is y
a

b
x= - 1

1

Þ a x b y1 1 0+ =
e.g.

(i) Equation of tangent at origin, to the curve

x y gx fy2 2 2 2 0+ + + = is gx fy+ = 0.

(ii) Equation of tangent at origin to the curve

x y x y xy x y3 3 2 2 2 23 3 0+ - + + - = is

x y2 2 0- = .

(iii) Equation of tangent at origin, to  the curve

x y xy3 3 3 0+ - = is xy = 0.

2. If the curve is x y x y4 4 2 2+ = + , then the equation of
the tangent would be x y2 2 0+ = which would indicate
that the origin is an isolated point on the graph.

3. Same line could be the tangent as well as normal to a
given curve at a given point.

e.g. In x y xy3 3 3 0+ - = [folium of descartes]

The line pair xy = 0 is both the tangent as well as
normal at x = 0.

4. Some common parametric coordinates on a curve

(i) For x y a2 3 2 3 2 3/ / /+ = , take parametric coordinate

x a= cos 3 q and y a= sin 3 q.

(ii) For x y a+ = , take x a= cos 4 q
and y a= sin 4 q.

(iii) For
x

a

y

b

n

n

n

n
+ = 1, take x a n= (cos ) /q 2

and y b n= (sin ) ./q 2

(iv) For c x y x y2 2 2 2 2( )+ = , take x c= sec q
and y c= cosec q.

(v) For y x2 3= , take x t= 2 and y t= 3 .

y Example 22 Find the sum of the intercepts on the

axes of coordinates by any tangent to the curve

x y+ = 2 .

Sol. Here, equation of curve is x y+ = 2 .

Whose parametric coordinates are given by,

x = 2 2cos q

O

Y

XX ′

Y ′
Figure 7.9

O

Y

X

( , )x y1 1

X ′

Y ′
Figure 7.7

O
X′ X

Y′

Y

–1 1

Figure 7.8
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and y = 2 2sin q

i.e. x = 4 4cos q

and y = 4 4sin q

\ dy

dx
= ´ ×

´
=4 4

4 4

3

3

2sin cos

cos (–sin )
– tan

q q
q q

q

Now, equation of tangent is
y

x

– sin

– cos
– tan

4

4

4

4

2q
q

q=

\ x-intercept, 4
4

44
4

2

2cos
sin

tan
cosq q

q
q+

½

½
½ ½

½
½=

and y-intercept, 4
4

44
4

2

2sin
sin

tan
sinq q

q
q+

½

½
½ ½

½
½=

Hence, the sum of intercepts made on the axes of
coordinates is,

4 4 42 2cos sinq q+ =

y Example 23 The tangent, represented by the graph of
the function y f x= ( ), at the point with abscissa x = 1
form an angle of p/ 6, at the point x = 2 form an angle
of p/ 3 and at the point x = 3 form an angle of p/ 4 .
Then, find the value of,

f x f x dx f x dx¢ ¢ ¢ + ¢ ¢ò ò( ) ( ) ( )
1

3

2

3
.

Sol. Given, at x = 1,
dy

dx
/ /= =tan p 6 1 3

or at x = 1, f / /¢ = =( ) tan1 6 1 3p

Also, at x = 2, f /¢ = =( ) tan2 3 3p
and at x = 3, f /¢ = =( ) tan3 4 1p

Then, f x f x dx f x dx¢ ¢ ¢ + ¢ ¢ò ò( ) ( ) ( )
1

3

2

3

= + ¢
¢

¢
ò t dt f x

f

f
( ( ))

( )

( )

2
3

1

3

[putting f x t¢ =( ) Þ f x dx dt¢ ¢ =( ) ]

= + ¢ ¢
¢
¢1

2
3 22

1

3
( ) { ( ) – ( )}

( )

( )
t f f

f

f

= ¢ ¢ + ¢ ¢1

2
3 1 3 22 2{( ( )) – ( ( )) } { ( ) – ( )}f f f f

= æ
èç

ö
ø÷

ì
í
ï

îï

ü
ý
ï

þï
+1

2
1

1

3
1 32

2

( ) – { – } = æ
èç

ö
ø÷

+1

2
1

1

3
1 3– ( – )

= 4

3
3– = 4 3 3

3

–

y Example 24 Find the equation for family of curves
for which the length of normal is equal to the radius
vector.

Sol. Let P x y( , ) be the point on the curve.

OP = radius vector = +x y2 2

PN = length of normal

Now, tan –f =
æ
èç

ö
ø÷

1

dy

dx

and PN
y=

fsin

It is given OP PN=

Þ x y y
dy

dx

2 2
2

1+ = + æ
èç

ö
ø÷

Þ x y y
dy

dx

2 2 2
2

1+ = + æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

Þ x y
dy

dx

2 2
2

= æ
èç

ö
ø÷

Þ dy

dx

x

y
= ±

or y dy x dx= ±
Integrating both the sides, we get

y x C2 2= ± + , which is the required family of curves.

y Example 25 Find the condition that the line
x y pcos sina a+ = may touch the curve

x

a

y

b

m m
æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

= 1 .

Sol. Given equation of curve is
x

a

y

b

m m
æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=1

Differentiating the equation of curve w.r.t. x , we get

m
x

a a
m

y

b b

dy

dx

m m
æ
èç

ö
ø÷

× + æ
èç

ö
ø÷

× × =
– –1 1

1 1
0

On simplifying, we get
dy

dx

b x

a y

m m

m m
= – –

–

1

1

Now, at any point P x y( , )1 1 on the curve,

slope of tangent = æ
èç

ö
ø÷

=dy

dx

b x

a yx y

m m

m m
( , )

–

–

–

1 1

1
1

1
1

\ Equation of tangent at P is, y y
b x

a y
x x

m m

m m
–

–
( – )

–

–1
1

1

1
1 1=

Þ yy

b

y

b

xx

a

x

a

m

m

m

m

m

m

m

m
1

1
1 1

1
1

– –

– –= +

i.e.
x

a

x

a

y

b

y

b

x

a

y

b

m m m
1

1
1

1
1 1æ

èç
ö
ø÷

+ æ
èç

ö
ø÷

= æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

– – m

=1

Y

X

P x, y( )

y

ON

φNorm
al

Ta
ngent

X ′

Y ′
Figure 7.10



Since, P lies on the curve, therefore the equation of tangent
at P x y( , )1 1 on the curve is,

x

a

x

a

y

b

y

b

m m
1

1
1

1

1
æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=
– –

...(i)

Also, we have x y pcos sina a+ = ...(ii)

If  Eq. (ii) is the equation of tangent, then coefficients of

Eqs. (i) and (ii) must be proportional for point ( , )x y1 1 .

i.e.
cos sin

– –

a a

1 1 1
1

1
1

1

a

x

a b

y

b

p
m m

æ
èç

ö
ø÷

=
æ
èç

ö
ø÷

=

This gives
x

a

a

p

y

b

b

p

m m1

1

1 1

1

1
= æ

èç
ö
ø÷

= æ
èç

ö
ø÷

cos
,

sin– –a a

Since, point P x y( , )1 1 lies on the curve.

Therefore, we have
x

a

y

b

m m
1 1 1

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=

i.e.
a

p

b

p

m

m

m

mcos sin– –a aæ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=
1 1

1

i.e. ( cos ) ( sin )– – –a b p

m

m

m

m

m

ma a1 1 1+ = ,

which is the required condition.

y Example 26 If tangent and normal to the curve

y x x= +2 2sin sin are drawn at P x =æ
èç

ö
ø÷

p
3

, then area of

the quadrilateral formed by the tangent, the normal at
P and the coordinate axes is

(a)
p
3

(b) 3p

(c)
p 3

2
(d) None of these

Sol. Here,
dy

dx
= 0 at x y= =

æ
è
ç

ö
ø
÷

p
3

3 3

2
,

Þ Tangent at x = p
3

is parallel to X-axis.

Þ Equation of tangent is, y = 3 3

2

Also, equation of normal is, x = p
3

Now, area of quadrilateral = × =p p
3

3 3

2

3

2
sq unit

Hence, (c) is the correct answer.

y Example 27 The maximum value of the sum of the
intercepts made by any tangent to the curve
( sin , sin )a a2 2q q with the axes is

(a) 2a (b) a/4 (c) a/2 (d) a

Sol. The curve is ( sin , sin )a a2 2q q Þ x a y a= =sin , sin2 2q q

Now, the equation of any tangent to the curve is,

y a

x a

-
-

=2 1
2

sin

sin sin

q
q q

Þ y x asin sinq q= + 2

Þ x

a

y

a-
+ =

sin sin2
1

q q

Þ Sum of intercepts = +a (sin sin )2 q q

= +æ
èç

ö
ø÷

-
ì
í
ï

îï

ü
ý
ï

þï
a sinq 1

2

1

4

2

Which is maximum, when sinq = 1

i.e. (Sum of intercept)
max

= 2a

Hence, (a) is the correct answer.

y Example 28 If g x( ) is a curve which is obtained by

the reflection of f x
e ex x

( ) =
- -

2
by the line y x= ,

then
(a) g x( ) has more than one tangent parallel to X-axis

(b) g x( ) has more than one tangent parallel to Y-axis

(c) y x= - is a tangent to g x( ) at (0, 0)

(d) g x( ) has no extremum

Sol. As g x( ) is a curve, obtained by the reflection of

f x
e ex x

( ) = - -

2
on y x= .

so g x( ) is inverse of f x( )

\ g x x x f x( ) log ( ) ( )= + + = -1 2 1

Þ g x
x x

¢ =
+ +

( )
1

1 2
× +

+

æ

è
ç
ç

ö

ø
÷
÷1

2

2 1 2

x

x

=
+

¹ " Î1

1
0

2x
x R,

Þ g x( ) has no tangent parallel to X-axis. Also, g x¢( ) is
always defined, " Îx R.

Þ g x( ) has no tangent parallel to Y-axis.

Since g x x R¢ > " Î( ) ,0
therefore g x( ) doesn’t have any extremum.

Hence, (d) is the correct answer.
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1. If the line ax by c+ + = 0 is normal to the xy + =5 0, then a and b have

(a) same sign (b) opposite sign

(c) cannot be discussed (d) None of these

2. The equation of tangent drawn to the curve y x y2 32 4 8 0- - + = from the point (1, 2) is given by

(a) y x- ± = ± -2 1 2 2 3 2( ) ( ) (b) y x- ± = ± -2 1 3 2 2 2( ) ( )

(c) y x- ± = ± -2 1 3 2 3 2( ) ( ) (d) None of these

3. The equation of the tangents to the curve ( )1 12+ =x y at the points of its intersection with the curve ( ) ,x y+ =1 1

is given by

(a) x y y+ = =1 1, (b) x y y+ = =2 2 1,

(c) x y y- = =1 1, (d) None of these

4. The tangent lines for the curve y t dt
x

= ò0
2 | | which are parallel to the bisector of the first coordinate angle, is

given by

(a) y x y x= + = -3

4

1

4
, (b) y x y x= - + = - +1

4

3

4
,

(c) x y x y+ = - =2 1, (d) None of these

5. The equation of normal to x y x y+ = , where it intersects X-axis, is given by

(a) x y+ = 1 (b) x y- - =1 0

(c) x y- + =1 0 (d) None of these

6. The equation of normal at any point q to the curve

x a a y a a= + = -cos sin , sin cosq q q q q q is always at a distance of

(a) 2a unit from origin (b) a unit from origin

(c)
1

2
a unit from origin (d) None of these

7. If the tangent at ( , )x y0 0 to the curve x y a3 3 3+ = meets the curve again at ( , )x y1 1 , then
x

x

y

y

1

0

1

0

+ is equal to

(a) a (b) 2a

(c) 1 (d) None of these

8. The area bounded by the axes of reference and the normal to y xe= log at ( , )1 0 , is

(a) 1 sq unit (b) 2 sq units

(c)
1

2
sq unit (d) None of these

9. If
x

a

y

b
+ = 2 touches the curve

x

a

y

b

n

n

n

n
+ = 2 at the point ( , )a b , then

(a) a b= =a b2 2, (b) a b= =a b,

(c) a b= - =2 4a b, (d) a b= = -3 2a b,

10. The equation of tangents to the curve y x y= +cos ( ), - £ £2 2p px that are parallel to the line x y+ =2 0, is

(a) x y x y+ = + = -2
2

2
3

2

p p
and (b) x y x y+ = + =2

2
2

3

2

p p
and

(c) x y x y+ = + =2 0 2and p (d) None of these
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Angle of Intersection
of Two Curves
The angle of intersection of two curves is defined as the
angle between the tangents to the two curves at their
point of intersection.

Let C1 and C2 be two curves having equations

y f x= ( ) and y g x= ( ), respectively.

Let PT1 and PT2 be tangents to the curves C1 and C2 at
their point of intersection.

Let q be the angle between the two tangents PT1 and PT2

and q1 and q2 are the angles made by tangents with the
positive direction of X-axis in anti-clockwise sense.

Then, m
dy

dx C

1 1

1

= = æ
èç

ö
ø÷

tan q

m
dy

dx C

2 2

2

= = æ
èç

ö
ø÷

tan q

From the figure it follows, q q q= 2 1–

Þ tan tan ( – )
tan – tan

tan tan
q q q q q

q q
= =

+2 1
2 1

2 11

Þ tan

–

q =

æ
èç

ö
ø÷

æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

æ
è

dy

dx

dy

dx

dy

dx

dy

dx

C C

C

1 2

1

1 ç
ö
ø÷

C2

Angle of intersection of these curves is defined as
acute angle between the tangents.

Orthogonal Curves If the angle of intersection of two
curves is a right angle, then the two curves are said to be
orthogonal and the curves are called orthogonal curves.

\ If the curves are orthogonal, then q p= / 2

Þ 1 0

1 2

+ æ
èç

ö
ø÷

æ
èç

ö
ø÷

=dy

dx

dy

dxC C

Þ dy

dx

dy

dxC C

æ
èç

ö
ø÷

æ
èç

ö
ø÷

=
1 2

1–

Condition for Two Curves to Touch
If two curves touch each other, then

q = 0

Þ tanq = 0

Þ dy

dx

dy

dxC C

æ
èç

ö
ø÷

- æ
èç

ö
ø÷

=
1 2

0

Þ dy

dx

dy

dxC C

æ
èç

ö
ø÷

= æ
èç

ö
ø÷

1 2

y Example 29 Find the angle of intersection of the
curves y x= 2 and y x= 4 2– .

Sol. For the intersection points of the given curves, consider

x x2 24= –

Þ x = ± 2

Now, at x = 2,
dy

dx
for first curve = ==2 2 22x x|at

While at x = 2,

dy

dx
for second curve = - = -=2 2 22x at x|

Y

X
O

P C2

C1

Figure 7.12

T1
O

θ1

θ

θ2

Y

T2

C1

C2

Tangent

P

XX ′

Y ′
Figure 7.11
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Hence, if q1 is the acute angle of intersection of the curves,
then

tan
– (– )

(– ) –
q1

2 2 2 2

1 2 2 2 2

4 2

7
=

+
=

\ q1
1 4 2

7
=

æ
è
ç

ö
ø
÷tan– ...(i)

Again, at x =– 2,

dy

dx

æ
èç

ö
ø÷

for first curve = –2 2

and
dy

dx

æ
èç

ö
ø÷

for second curve = 2 2

Hence, if q 2 is the acute angle of intersection of the curves,
then

tan
– –

(– )( )
q 2

2 2 2 2

1 2 2 2 2
=

+

\ q 2
1 4 2

7
=

æ
è
ç

ö
ø
÷tan – ...(ii)

From Eqs. (i) and (ii) the two acute angles are equal.

y Example 30 Find the acute angle between the

curves

y x= | – |2 1 and y x= | – |2 3 at their points of

intersection when x > 0.

Sol. For the intersection of the given curves,

| – | | – |x x2 21 3= Þ ( – ) ( – )x x2 2 2 21 3=

Þ ( – ) –( – )x x2 2 2 21 3 0=

Þ [( – )–( – )][( – ) ( – )]x x x x2 2 2 21 3 1 3 0+ =

Þ 2 2 4 02[ – ]x = Þ 2 42x = Þ x = ± 2

Neglecting x = – 2, as x > 0

Now, we have, point of intersection as x = 2.

Here, y x x= =| – | ( – )2 21 1 in the neighbourhood of

x = 2 and y x= –( – )2 3 in the neighbourhood of x = 2.

Now, at x
dy

dx
= 2, for first curve

Þ dy

dx
x

C

æ
èç

ö
ø÷

= =
1

2 2 2

and
dy

dx
for second curve

dy

dx
x

C

æ
èç

ö
ø÷

= =
2

2 2 2– –

Hence, if q is angle between them, then

tan
– (– )

(– ) –
q =

+
= =

æ
è
ç

ö
ø
÷

2 2 2 2

1 2 2 2 2

4 2

7

4 2

7

\ q =
æ
è
ç

ö
ø
÷tan–1 4 2

7

y Example 31 Find the angle of intersection of curves,

y x x= +[| sin | | cos | ] and x y2 2 5+ = , where [ ]×
denotes the greatest integral function.

Sol. We know that, 1 2£ + £| sin | | cos |x x

\ y x x= + =[| sin | | cos | ] 1

Let P and Q be the points of intersection of given curves.

Clearly, the given curves meet at points where y = 1,  so we

get x 2 1 5+ =

Þ x = ± 2

Now, we have P ( , )2 1 and Q (– , )2 1

Differentiating x y2 2 5+ = w.r.t. x , we get

2 2 0x y
dy

dx
+ =

Þ dy

dx

x

y
= –

Þ dy

dx

æ
èç

ö
ø÷

=
( , )

–
2 1

2

and
dy

dx

æ
èç

ö
ø÷

=
(– , )2 1

2

Clearly, the slope of  line y = 1 is zero and the slope of the
tangents at P and Q are (– 2) and (2), respectively.

Thus, the angle of intersection is tan ( )–1 2 .

Length of Tangent, Subtangent,
Normal and Subnormal
Length of Tangent The length of the segment PT , i.e.
the portion of the tangent intercepted between the point
of contact and X-axis is called the length of tangent.

Subtangent and its Length The projection of the
segment PT along X-axis is called the subtangent.
Here, ST is the length of subtangent.

Length of Normal The length of segment PN , i.e. the
portion of the normal intercepted between the point on
the curve and X-axis is called the length of normal.
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Subnormal and its Length

The projection of the segment PN along X-axis is called
the subnormal. Here, SN is the length of sub normal.

From the figure, if PT makes an angle q with X-axis, then

tan
( , )

q = æ
èç

ö
ø÷

dy

dx x y1 1

Also, we have
ST

PS
= cot q Þ ST PS= cotq

or subtangent = = æ
è
ç

ö
ø
÷ST y

dx

dy
x y

1

1 1( , )

Similarly,
SN

PS
= °cot ( – )90 q

Þ Subnormal = =SN PS tan q

Þ Subnormal = = æ
èç

ö
ø÷

SN y
dy

dx x y

1

1 1( , )

Now, length of tangent

= = + æ
è
ç

ö
ø
÷PT y y

dx

dy
x y

1
2

1
2

2

1 1( , )

Þ PT y
dx

dy
x y

= + æ
è
ç

ö
ø
÷1

2

1

1 1( , )

and length of normal = = + æ
èç

ö
ø÷

PN y y
dy

dx x y

1
2

1
2

2

1 1( , )

Þ PN y
dy

dx x y

= + æ
èç

ö
ø÷1

2

1

1 1( , )

y Example 32 Show that for the curve y be x/a= , the

subtangent is of constant length and the subnormal
varies as the square of ordinate.

Sol. The equation of given curve is y be x/a=

Let us consider a point ( , )x y1 1 on the curve.

Then, we have y be x /a
1

1= ...(i)

Differentiating the curve y be x/a= w.r.t. x , we get

dy

dx
be

a

x/a= × 1

\ dy

dx

b

a
e

x y

x /aæ
èç

ö
ø÷

=
( , )1 1

1 ...(ii)

Thus, the length of subtangent = æ
èç

ö
ø÷

½

½
½

½

½
½y

dx

dy
x y

1

1 1( , )

= ×y
a

be x /a1
1

= ×be
a

be

x /a

x /a
1

1

= a (constant) [using Eqs. (i) and (ii)]

Þ Subtangent is of constant length a.

Again, length of subnormal = æ
èç

ö
ø÷

y
dy

dx x y

1

1 1( , )

= ×be
be

a

x /a
x /a

1

1

= 1
1 2

a
be x /a( ) = 1 2

a
y [using Eq. (i)]

Therefore, subnormal varies as the square of ordinate.

y Example 33 Find the length of tangent, subtangent,

normal and subnormal to y ax2 4= at ( , )at at2 2 .

Sol. The equation of given curve is

y ax2 4= ...(i)

Differentiating Eq. (i) w.r.t. x , we get

2 4y
dy

dx
a=

Þ dy

dx

a

at tat at

é
ëê

ù
ûú

= =
( , )2 2

4

4

1
...(ii)

Now, the length of tangent at ( , )at at2 2 is

= + æ
èç

ö
ø÷

y
dx

dy
x y

1

2

1

1 1( , )

= +2 1 2at t [using Eq. (ii)]

length of normal at ( , )at at2 2 is

= + æ
èç

ö
ø÷

y
dy

dx x y

1

2

1

1 1
( , )

= +2 1 1 2at /t = +2 12a t

length of subtangent is

y

dy

dx

at

/t
at

x y

1 2

1 1

2

1
2

é
ëê

ù
ûú

= =

( , )
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and length of subnormal is

y
dy

dx
at

t
a

x y

1

1 1

2
1

2
é
ëê

ù
ûú

= × =
( , )

y Example 34 Find the equation of tangent and
normal, the length of subtangent and subnormal of the
circle x y a2 2 2+ = at the point ( , ).x y1 1

Sol. The equation of given curve is,

x y a2 2 2+ = ...(i)

Differentiating Eq. (i) w.r.t. x , we get

2 2 0x y
dy

dx
+ =

Þ dy

dx

x

yx y

æ
èç

ö
ø÷

= -
( , )1 1

1

1

...(ii)

Thus, the equation of tangent is,

y y
dy

dx
x x

x y

– ( – )
( , )

1 1

1 1

= é
ëê

ù
ûú

Þ y y
x

y
x x– – ( – )1

1

1
1= [from Eq. (ii)]

Þ yy y xx x1 1
2

1 1
2– –= +

Þ xx yy x y1 1 1
2

1
2+ = +

Þ xx yy a1 1
2+ = [using Eq. (i) as ( , )x y1 1 lies on

x y a2 2 2+ = Þ + =x y a1
2

1
2 2]

While the equation of normal is,

y y
y

x
x x– ( – )1

1

1
1=

Þ x y x y xy x y1 1 1 1 1 1– –= Þ xy x y1 1 0– =

The length of subtangent = y
dx

dy
x y

1

1 1

× æ
èç

ö
ø÷

( , )

= × æ
èç

ö
ø÷

y
y

x
1

1

1

–
[using Eq. (ii)]

Þ The length of subtangent =
y

x

1
2

1

While the length of subnormal = y
dy

dx x y

1

1 1

× æ
èç

ö
ø÷

( , )

= æ
èç

ö
ø÷

=y
x

y
x1

1

1
1– | |

y Example 35 If the relation between subnormal SN
and subtangent ST on the curve, by x a2 3= +( ) is

p SN q ST( ) ( )= 2 , then find the value of
p

q
×

Sol. The equation of given curve isby x a2 3= +( )

Differentiating both the sides w.r.t. x, we get

2 3 12by
dy

dx
x a= + ×( )

Þ dy

dx

x a

by
= +3

2

2( )

\ Length of subnormal

Þ SN y
dy

dx

x a

b
= = × +3

2

2( )
...(i)

and  Length of subtangent

Þ ST y
dx

dy

by

x a
= =

+
2

3

2

2( )
...(ii)

Q

p

q

ST

SN
= ( )

( )

2

[given]

\ p

q

by b

x a x a
= ×

+ × +
( )

{ ( ) } ( )

2 2

3 3

2 2

2 2 2
[using Eqs. (i) and (ii)]

= × +
+

8

27

3 2

6

b x a

x a

{( ) }

( )
= 8

27

b
[using, by x a2 3= +( ) ]

\ p

q

b= 8

27

y Example 36 If the length of subnormal is equal to

length of subtangent at any point ( , )3 4 on the

curve y f x= ( ) and the tangent at (3, 4) to y f x= ( )

meets the coordinate axes at A and B, then

maximum area of the D OAB where O is origin, is

(a)
45

2
(b)

49

2
(c)

25

2
(d)

81

2

Sol. Length of subnormal = Length of subtangent

Þ dy

dx
= ± 1

If
dy

dx
= 1,  then equation of tangent is,

y x- = -4 3 Þ y x- = 1

\ Area of DOAB = ´ ´ =1

2
1 1

1

2
…(i)

If
dy

dx
= - 1, then equation of tangent is,

y x- = - +4 3 Þ x y+ = 7

\ Area of DOAB = ´ ´ =1

2
7 7

49

2
…(ii)

Clearly, maximum area = 49

2

Hence, (b) is the correct answer.
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1. The angle of intersection of y a x= and y b x= , is given by

(a) tan
log ( )

log( )
q =

-
ab

ab1
(b) tan

log( / )

log log
q =

+
a b

a b1

(c) tan
log( / )

log( / )
q =

-
½

½
½

½

½
½a b

a b1
(d) None of these

2. The angle between the curves x y2 24 32+ = and x y2 2 12- = , is

(a)
p
3

(b)
p
4

(c)
p
6

(d)
p
2

3. If ax by2 2 1+ = cuts a x b y¢ + ¢ =2 2 1orthogonally, then

(a)
1 1 1 1

a a b b
-

¢
= -

¢
(b)

1 1 1 1

a a b b
+

¢
= +

¢

(c)
1 1 1 1

a b a b
+ =

¢
+

¢
(d) None of these

4. The length of subtangent to the curve, y e x a= / , is

(a) 2a (b) a (c) a / 2 (d) a / 4

5. The length of normal to the curve x a= +( sin ),q q y a= ( cos )1- q , at q p=
2

is

(a) 2a (b) a (c) 2a (d) 2 2a

6. The length of tangent to the curve y x x x= + + -3 23 4 1at a point x = 0, is

(a)
1

4
(b)

17

4
(c)

3

4
(d)

15

4

7. The possible values of p such that the equation px x2 = log has exactly one solution, are

(a) R (b) R+ (c) ( , ]-¥ È ì
í
î

ü
ý
þ

0
1

2e
(d) [ , )0 ¥

8. If curve y ax= -1 2 and y x= 2 intersect orthogonally then a is

(a)
1

2
(b)

1

3
(c) 2 (d) 3

9. The length of tangent to the curve x a t
t= +æ

èç
ö
ø÷cos log tan

2
, y a t= (sin ), is

(a) ax (b) ay (c) a (d) xy

10. The lines tangent to the curves y x y y x3 2 5 2 0- + - =` and x x y x y4 3 2 5 2 0- + + = at the origin intersect at an

angle q equal to

(a)
p
6

(b)
p
4

(c)
p
3

(d)
p
2
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Rolle’s Theorem
The theorem was named after the French Mathematician
Michel Rolle (1652–1719). Who first gave it in his book
Methode pour resoudre lesegalites (1691).

Statement

Let f be a real-valued function defined on the closed
interval [ , ]a b such that

(i) f x( ) is continuous in the closed interval[ , ]a b

(ii) f x( ) is differentiable in the open interval ] , [a b and

(iii) f a f b( ) ( )=
Then, there is atleast one value c of x in open interval
] , [a b for which f c¢ =( ) 0.

Analytical Proof
Now, Rolle’s theorem is valid for a function such that

(i) f x( ) is continuous in the closed interval[ , ]a b

(ii) f x( ) is differentiable in open interval ] , [a b and

(iii) f a f b( ) ( )=
So, generally two cases arise in such circumstances.

Case I f x( ) is constant in the interval [ , ]a b , then
f x¢ =( ) 0 for all x a bÎ[ , ].

Hence, Rolle’s theorem follows and we can say, f c¢ =( ) ,0
where a c b< <
Case II f x( ) is not constant in the interval [ , ]a b and since
f a f b( ) ( )= .

The function should either increase or decrease when x

assumes values slightly greater than a.

Now, let f x( ) increases for x a> .

Since, f a f b( ) ( )= , hence the function increase at some
value x c= and decrease upto x b= .

Clearly, at x c= function has maximum value.

Now, let h be a small positive quantity, then from
definition of maximum value of the function,

f c h f c( ) – ( )+ < 0

and f c h f c( – ) – ( ) <0

\ f c h f c

h

( ) – ( )+ < 0

and
f c h f c

h

( – ) – ( )

–
> 0

So, lim
( ) – ( )

h

f c h f c

h®

+ £
0

0

and lim
( – ) – ( )

–h

f c h f c

h®
³

0
0 ...(i)

But, if lim
( ) – ( )

lim
( – ) – ( )

–h h

f c h f c

h

f c h f c

h® ®

+ ¹
0 0

Then, Rolle’s theorem cannot be applied because in such
case,

RHD at x c= ¹ LHD at x c= .

Hence, f x( ) is not differentiable at x c= , which
contradicts the condition of Rolle’s theorem.

\ Only one possible solution arises, when

lim
( ) – ( )

lim
( – ) – ( )

–h h

f c h f c

h

f c h f c

h® ®

+ = =
0 0

0

which implies that, f c¢ =( ) 0 where a c b< < .

Hence, Rolle’s theorem is proved.

O
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I

D

x=a x=c x=b
X ′
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Similarly, the case where f x( ) decreases in the interval
a x c< < and then increases in the interval c x b< < ,
f c¢ =( ) 0, but when x c= , the minimum value of f x( )
exists in the interval [ , ]a b .

Geometrical Proof
Consider the portion AB of the curve y f x= ( ), lying
between x a= and x b= , such that

(i) it goes continuously from A to B

(ii) it has tangent at every point between A and B

(iii) ordinate of A = ordinate of B

From the figure, it is clear
that f x( ) increases in the
interval AC1 , which implies
that f x¢ >( ) 0 in this region
and decreases in the interval
C B1 which implies f x¢ <( ) 0
in this region. Now, since
there is unique tangent to
be drawn on the curve
lying in between A and B and since each of them has
a unique slope, i.e. unique value of f x¢ ( ).

So, due to continuity and differentiability of the function
f x( ) in the region A to B, there is a point x c= , where
f c¢ ( ) should be zero.

Hence, f c¢ =( ) 0, where a c b< <
Thus, Rolle’s theorem is proved.

Remarks

Generally, two types of problems are formulated on Rolle’s
theorem.

(i) To check the applicability of Rolle’s theorem to a given
function on a given interval

(ii) To verify Rolle’s theorem for a given function in a given interval.

In both the types of problems, first we check whether f x( )
satisfies the conditions of Rolle’s theorem or not.

Some Important Results Regarding
Rolle’s Theorem

(i) A polynomial function is everywhere continuous and
differentiable.

(ii) The exponential function, sine and cosine functions
are everywhere continuous and differentiable.

(iii) Logarithmic functions is continuous and
differentiable in its domain.

(iv) tan x is not continuous and differentiable at
x /= ± p 2, ± 3 2p/ , ± 5 2p/ ,.........

(v) | |x is not differentiable at x = 0.

(vi) If f x¢ ( ) tends to ± ¥ as x k® , then f x( ) is not
differentiable at x k= .

e.g. If f x x /( ) ( – ) ,= 2 1 1 2 then f x
x

¢ =( )
–

1

2 1
is such

that as

x ® æ
èç

ö
ø÷

+
1

2
Þ f x¢ ® ¥( )

So, f x( ) is not differentiable at x /= 1 2.

y Example 37 Verify Rolle’s theorem for the function
f x x x x( ) –= +3 23 2 in the interval [ , ]0 2 .

Sol. Here, we observe that

(a) f x( ) is polynomial and since polynomials are always
continuous, so f x( ) is continuous in the interval [0, 2].

(b) f x x x¢ = +( ) –3 6 22 , which exists for all x Î( , )0 2 . So,

f x( ) is differentiable for all x Î( , )0 2 and

(c) f f( ) , ( ) – ( ) ( )0 0 2 2 3 2 2 2 03 2= = × + =
\ f f( ) ( )0 2=
Thus, all the conditions of Rolle’s theorem are satisfied.

So, there must exists some c Î( , )0 2 such that f c¢ =( ) 0

Þ f c c c¢ = + =( ) –3 6 2 02 Þ c = ±1
1

3
.

Where, c = ± Î1
1

3
0 2( , ), thus Rolle’s theorem is

verified.

y Example 38 If ax bx c2 0+ + = , a b c R, , Î , then find

the condition that this equation would have at least
one root in (0, 1).

Sol. Let f x ax bx c¢ = + +( ) 2

Integrating both sides, we get

f x
ax bx

cx d( ) = + + +
3 2

3 2

Þ f d( )0 = and f
a b

c d( )1
3 2

= + + +

Now, for Rolle’s theorem to be applicable, we should have

f f( ) ( )0 1=

Þ d
a b

c d= + + +
3 2

Þ 2 3 6 0a b c+ + =
Here, the required condition is 2 3 6 0a b c+ + = .

y Example 39 If f x( ) and g x( ) are continuous

functions in [ , ]a b and they are differentiable in ( , )a b ,
then prove that there exists c a bÎ( , ) such that

f a f b

g a g b
b a

f a f c

g a g c

( ) ( )

( ) ( )
( – )

( ) ( )

( ) ( )
=

¢
¢
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Sol. Consider a function, f =( ) ( ) ( ) – ( ) ( )x f a g x f x g a for all

x a bÎ[ , ].
As, f( )x is continuous and differentiable on ( , )a b .

\ f¢ = f f
( )

( ) – ( )

–
c

b a

b a
for some c a bÎ( , ). ...(i)

Now, as f =( ) ( ) ( ) – ( ) ( )x f a g x f x g a

\ f¢ = ¢ ¢( ) ( ) ( ) – ( ) ( )x f a g x f x g a

Þ f¢ = ¢ ¢( ) ( ) ( ) – ( ) ( )c f a g c f c g a

Þ f¢ =
¢
¢

( )
( ) ( )

( ) ( )
c

f a f c

g a g c

Also, f = =( ) ( ) ( ) – ( ) ( )
( ) ( )

( ) ( )
b f a g b f b g a

f a f b

g a g b

and f = =( ) ( ) ( ) – ( ) ( )a f a g a f a g a 0

\ Eq. (i) reduces to;

f a f c

g a g c b a

f a f b

g a g b

( ) ( )

( ) ( ) ( – )

( ) ( )

( ) ( )

¢
¢

= 1

or
f a f b

g a g b
b a

f a f c

g a g c

( ) ( )

( ) ( )
( – )

( ) ( )

( ) ( )
=

¢
¢

y Example 40 Use Rolle’s theorem to find the
condition for the polynomial equation f x( ) = 0 to have
a repeated real roots. Hence, or otherwise prove that
the equation;

1
1 2

0
2

+ + + + =
x x x

n

n

! ! !
K , cannot have repeated roots.

Sol. By Rolle’s theorem, we can say that between any two
roots of a polynomial there is always a root of its deriva-
tive. Thus, if a is a repeated root of a polynomial f x( ),
then there must be a root of f x¢( ) in the interval.

Þ f ¢ =( )a 0

i.e. f f( ) ( )a a= ¢ = 0, for a to be a repeated root.

Let f = + + + +( )
! ! !

x
x x x

n

n

1
1 2

2

K has a repeated root a .

Þ f =( )a 0

and f¢ =( )a 0

Þ 1
1 2

0
2

+ + + + =a a a
! ! !

K

n

n

and 1
2 1

0
2 1

+ + + + =a a a
! ( – ) !

–

K

n

n

Solving above equations, we get

an

n !
= 0

or a = 0, thus 0 is the repeated root of f =( )x 0.

But, 0 doesn’t satisfy f( )x .

\ There is no repeated root of f =( )x 0.

y Example 41 Let f x( ) and g x( ) be differentiable

functions such that f x g x f x g x¢ ¹ ¢( ) ( ) ( ) ( ) for any real
x. Show that between any two real solutions of
f x( ) = 0, there is atleast one real solution of g x( ) = 0 .

Sol. Let a b, be the solutions of f x( ) = 0.

Suppose g x( ) is not equal to zero for any x belonging to [a, b].

Now, consider h x f x g x( ) ( ) / ( )=
Since, g x( ) is not equal to zero, therefore

h x( ) is differentiable and continuous in [ , ]a b .

Also, h a h b( ) ( )= = 0
[as f a( ) = 0 and f b( ) = 0 but g a( ) and g b( ) ¹ 0]

Applying Rolle’s theorem for h x( ) in [ , ]a b , we get

h c¢ =( ) 0 for some c belonging to ( , )a b

Þ f c g c f c g c( ) ( ) ( ) ( )¢ = ¢ , for some c a bÎ( , ).

This gives the contradiction. Hence proved.

y Example 42 Consider the function

f x
x

x
x

x
( )

sin ,

,
=

>
=

ì
í
ï

îï

p

0

0

0

for

for
, then the number of points

in (0, 1), where the derivative f x¢ ( ) tends to zero is
(a) 0 (b) 1 (c) 2 (d) infinite [IIT 2010]

Sol. f x( ) tends to zero at points, where sin
p
x

= 0

i.e.
p p
x

k k= =, , , , ,1 2 3 4 K

Hence, x
k

= ×1

Also, f x
x x x

¢ = -( ) sin cos
p p p

,   if x ¹ 0

Since, the function has a derivative at any interior point of
the interval (0, 1), also continuous in [0, 1] and f f( ) ( )0 1= ,
therefore Rolle’s theorem is applicable to any one of the

intervals
1

2
1

1

3

1

2

1

1

1
, , , , , , .

é
ëê

ù
ûú

é
ëê

ù
ûú +

é

ë
ê

ù

û
úK

k k

Hence, there exists some c in each of these intervals, where
f c¢ =( ) 0 Þ Infinite points.

Hence, (d) is the correct answer.

Lagrange’s Mean Value Theorem
First Form
If a function f x( ),

(i) is continuous in the closed interval [ , ]a b and

(ii) is differentiable in the open interval ] , [a b

Then, there is at least one value c a bÎ( , ), such that

f c
f b f a

b a
¢ =( )

( ) – ( )

–
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Proof Consider the function,

f =( ) ( ) –
( ) – ( )

–
x f x

f b f a

b a
x

Since, f x( ) is continuous in[ , ]a b .

\ f ( )x is also continuous in[ , ].a b

Since, f x¢ ( ) exists in ( , )a b , therefore f¢ ( )x also exists in
( , )a b and

f¢ = ¢( ) ( ) –
( ) – ( )

–
x f x

f b f a

b a
...(i)

Also, we have f f( ) ( )a b= .

Thus, f ( )x satisfies all the conditions of Rolle’s theorem.

\ There is atleast one value of c of x between a and b,
such that f¢ =( )c 0

On substituting x c= in Eq. (i), we get

f c
f b f a

b a
¢ =( )

( ) – ( )

–
, which proves the theorem.

Second Form
If we write b a h= + , then c a h= + q , where 0 1< <q .

[ ]Q a c b< <
Thus, the mean value theorem can be stated as follows:

If (i) f x( ) is continuous in closed interval [ , ]a a h+ .

(ii) f x¢ ( ) exists in the open interval ] , [a a h+ , then there
exists at least one number q q( )0 1< < , such that
f a h f a hf a h( ) ( ) ( )+ = + ¢ + q

Geometrical Interpretation of
Lagrange’s Theorem
Let A B, be the points on the curve y f x= ( ) corresponding
to x a= and x b= , so that A a f a=[ , ( )]and B b f b=[ , ( )]

Now, slope of chord AB
f b f a

b a
= ( ) – ( )

–

The slope of the chord AB f c= ¢ ( ), the slope of the tangent
to the curve at x c= .

Hence, the Lagrange’s mean value theorem asserts that if
a curve has a tangent at each of its points, then there is a
point c on this curve in between A and B, the tangent at
which is parallel to the chord AB.

y Example 43 Find c of the Lagrange’s mean value

theorem for which f x x( ) –= 25 2 in [ , ]1 5 .

Sol. It is clear that f x( ) has a definite and unique value for

each x Î[ , ]1 5 .

Thus, for every point in the interval [ , ]1 5 the value of f x( )
is equal to the limit of f x( ).

So, f x( ) is continuous in the interval [1, 5].

Also, f x
x

x
¢ =( )

–

–25 2
, which clearly exists for all x in

open interval ( , )1 5

Hence, f x( ) is differentiable in (1, 5).

So, there must be a value c Î( , )1 5 such that,

f c
f f¢ = = =( )

( ) – ( )

–

– –5 1

5 1

0 24

4

6

2

But f c
c

c
¢ =( )

–

–25 2

\ –

–

–c

c25

6

22
= Þ 4 6 252 2c c= ( – )

Þ c = ± 15

Clearly, c = Î15 1 5( , ) . So, for c = 15 Lagrange’s

theorem is satisfied.

y Example 44 Let f x( ) and g x( ) be differentiable for

0 2£ £x such that f g( ) , ( )0 2 0 1= = and f ( )2 8= . Let

there exists a real number c in [0, 2] such that
f c g c¢ = ¢( ) ( )3 , then the value of g ( )2 must be

(a) 2 (b) 3 (c) 4 (d) 5

Sol. As f x( ) and g x( ) are continuous and differentiable in

[0, 2], therefore there exists atleast one value ‘c’ such that

f c

g c

f f

g g

¢
¢

= -
-

( )

( )

( ) ( )

( ) ( )

2 0

2 0
Þ 8 2

2 1
3

-
-

=
g( )

Þ g g( ) ( )2 1 2 2 3- = Þ =
Hence, (b) is the correct answer.

y Example 45 If f x xe( ) log= , g x x( ) = 2 and

c Î( , ),4 5 then c log
4

5

25

16

æ

è
ç

ö

ø
÷ is equal to

(a) c elog 5 8- (b) 2 4 82( log )c e -

(c) 2 5 82( log )c e - (d) c elog 4 8-

O

Y

X
a b

A

B

C

c

(
,

(
))

a
f

a

( , ( ))b f b

Figure 7.19
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Sol. Let f = -( ) (log ) logx x xe e
2 4 16 , which is continuous in

[4, 5] and differentiable in (4, 5).

Then,  by Lagrange’s theorem, we get
f - f

-
= f¢( ) ( )

( ),
5 4

5 4
c for some c Î( , )4 5

Now, f - f =
æ

è
ç

ö

ø
÷( ) ( ) log5 4

4

5

25

16e

Also, f¢ = -( ) ( log )c
c

c e
2

4 82

\ f¢ = f - f
-

( )
( ) ( )

c
5 4

5 4

Þ 2
4 8

4

5

2
25

16c
c e e( log ) log- =

æ

è
ç

ö

ø
÷

or c clog ( log )
4

5
2 4 8

25

16

2æ

è
ç

ö

ø
÷ = -

Hence, (b) is the correct answer.

y Example 46 If 0
2

< < <a b
p

and

f a b
b a

b a
( , )

tan tan
,=

-
-

then

(a) f a b( , ) ³ 2 (b) f a b( , ) > 1

(c) f a b( , ) £ 1 (d) None of these

Sol. Consider the function f x x( ) tan ,= defined on [a, b] such

that a b, ,Î æ
èç

ö
ø÷

0
2

p
.

Applying Lagrange’s mean value theorem, we have

f c
f b f a

b a
¢ = -

-
( )

( ) ( )
for some c a bÎ( , )

Þ sec
tan tan2 c

b a

b a
= -

-

Þ f a b c( , ) sec= 2

Þ f a b( , ) > 1 [Qsec2 1c > as c Î( , / )0 2p ]

Hence, (b) is the correct answer.

y Example 47 In [0, 1] Lagrange’s mean value theorem
is not applicable to [IIT JEE 2003]

(a) f x

x x

x x

( )

,

,

=
- <

-æ
èç

ö
ø÷

³

ì

í
ïï

î
ï
ï

1

2

1

2
1

2

1

2

2

(b) f x
x

x
x

x
( )

sin
,

,
= ¹

=

ì
í
ï

îï

0

1 0

(c) f x x x( ) | |=
(d) f x x( ) | |=

Sol. For the function f x( ) given in option (a), we have (LHD

at x = 1 2/ ) = -1 and (RHD at x = 1/2) = 0.

So, it is not differentiable at x = Î1 2 0 1/ ( , ).

\ Lagrange’s mean value theorem is not applicable.

Hence, (a) is the correct answer.

y Example 48 Let f x( ) satisfy the requirements of

Lagrange’s mean value theorem in [0, 2]. If f ( )0 0=
and | ( )| /f x¢ £ 1 2 for all x Î[ , ]0 2 , then

(a) f x( ) £ 2 (b) | ( ) |f x x£ 2

(c) | ( ) |f x £ 1 (d) f x( ) = 3,
for atleast one x Î[ , ]0 2

Sol. Let x Î( , )0 2 . Since, f x( ) satisfies the requirements of

Lagrange’s mean value theorem in [0, 2]. So, it also satis-
fies in [ , ]0 x . Consequently, there exists c xÎ( , )0 such that

f c
f x f

x
¢ = -

-
( )

( ) ( )0

0
Þ f c

f x

x
¢ =( )

( )

Þ f x

x
f c

( )
| ( )| /½

½
½ ½

½
½= ¢ £ 1 2 [ | ( )| / ]Q f x¢ £ 1 2

Þ | ( ) |f x
x£
2

Þ | ( ) |f x £ 1 [ ( , ), ]Q x xÎ \ £0 2 2

Hence, (c) is the correct answer.

y Example 49 Let f : [ , ] [ , )2 7 0® ¥ be a continuous and

differentiable function. Then, the value of

( ( ) ( ))
( ( )) ( ( )) ( ) ( )

f f
f f f f

7 2
7 2 2 7

3

2 2

-
+ + ×

is

(where c Î( , ))2 7

(a) 3 2f c f c( ) ( )¢ (b) 5 2f c f c( ) ( )×

(c) 5 2f c f c( ) ( )× ¢ (d) None of these

Sol. Let g x f x( ) ( )= 3 Þ g x f x f x¢ = × ¢( ) ( ) ( )3 2

Q f : [ , ] [ , )2 7 0® ¥ \ g : [ , ] [ , )2 7 0® ¥
Using Lagrange’s mean value theorem on g x( ), we get

g c
g g

c¢ = - Î( )
( ) ( )

, ( , )
7 2

5
2 7

Þ 3
7 2

5

2
3 3

f c f c
f f

( ) ( )
( ) ( )¢ = -

Þ 5 2f c f c( ) ( )× ¢

= - + + ×( ( ) ( )) ( ( ) ( ) ( ) ( ))f f f f f f7 2 7 2 7 2

3

2 2

Hence, (c) is the correct answer.

y Example 50 The equation sin cosx x x+ = 0 has
atleast one root in the interval .

(a) -æ
èç

ö
ø÷

p
2

0, (b) ( , )0 p (c) -æ
èç

ö
ø÷

p p
2

3

2
, (d) None of these



Sol. Consider the function given by,

f x x x x dx x x( ) (sin cos ) sin= + =ò
we observe that f f( ) ( )0 0= =p
\ 0 and p are two roots of f x( ) = 0.

Consequently, f x¢ =( ) 0, i.e. sin cosx x x+ = 0 has at least
one root in (0, p).

Hence, (b) is the correct answer.

y Example 51 Between any two real roots of the
equation e xx sin - =1 0, the equation e xx cos + =1 0

has
(a) at least one root (b) at most one root

(c) exactly one root (d) no root

Sol. Let f x e xx( ) sin= -- and a and b be two roots of the

equation e xx sin - =1 0 such that a b< .

Then, e a asin = 1 and eb bsin = 1

Þ e - - =a asin 0 and e - - =b bsin 0 …(i)

Clearly, f x( ) is continuous on[ , ]a b and differentiable on
( , )a b . Also, f f( ) ( )a b= = 0 [using Eq. (i)]

\By Rolle’s theorem there exists c Î( , )a b such that

f c¢ =( ) 0

Þ - - =-e cc cos 0

Þ e cc cos + =1 0

Þ x c= is root of e xx cos ;+ =1 0 where c Î( , )a b

Hence, (a) is the correct answer.

1. If f x x x( ) log= a and f ( )0 0= , then the value of ‘a’ for which Rolle’s theorem can be applied in [ , ]0 1, is

(a) - 2 (b) - 1

(c) 0 (d)
1

2

2. If a b c, , are non-zero real numbers such that ( cos ) ( )1 8 2

0

1
+ + +ò x ax bx c dx

= + + + =ò ( cos ) ( )1 08 2

0

2
x ax bx c dx , then the equation ax bx c2 0+ + = will have

(a) one root between 0 and 1 and another between 1 and 2

(b) both the roots between 0 and 1

(c) both the roots between 1 and 2

(d) None of the above

3. Let n NÎ , if the value of c prescribed in Rolle’s theorem for the function f x x x n( ) ( )= -2 3 on [0, 3] is
3

4
, then n is

equal to

(a) 1 (b) 3

(c) 5 (d) 7

4. If f x x( ) ;> " Îx R. Then, the equation f f x x( ( )) - = 0, has [IIT]

(a) atleast one real root

(b) more than one real root

(c) no real root if f x( ) is a polynomial and one real root if f x( ) is not a polynomial

(d) no real root

5. If f x( ) is twice differentiable function such that f a( ) = 0, f b( ) = 2, f c( ) = - 1, f d( ) = 2, f e( ) = 0, where

a b c d e< < < < , then the minimum number of zeroes of g x f x f x f x( ) ( ( )) ( ) ( )= ¢ + ¢¢ ×2 in the interval [a e, ], is[IIT]

(a) 4 (b) 5

(c) 6 (d) 7
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Application of Cubic Functions
The cubic function y ax bx cx d= + + +3 2 will have

1. One real and two imaginary roots
(always monotonic), " Îx R

Condition f x¢ ³( ) 0 or f x¢ £( ) 0 together with either

f x¢ =( ) 0 has no root   (i.e. D < 0) or f x¢ =( ) 0 has a
root x = a, then f ( )a = 0.

e.g. y x x x= - + +3 22 5 4

y x x¢ = - +3 4 52 [ ]D < 0

y x= -( )2 3 Þ y x¢ = - =3 2 02( )

Þ x = 2 , also f ( )2 0= gives x y= =2 2 0, ( )

In this case, if f x¢ =( ) 0 has a root x = a and f ( )a = 0
this would mean f x( ) = 0 has repeated roots, which is
dealt with separately.

2. Exactly one root and non-monotonic

f x f x( ) ( )1 2 0× >
where x 1 and x 2 are the roots of f x¢ =( ) 0

3. Two coincident and One different f x f x( ) ( )1 2 0× =

where x 1 and x 2 are the roots of f x¢ =( ) 0

4. All three distinct real roots

f x f x( ) ( )1 2 0× <

where x 1 and x 2 are the roots of f x¢ =( ) 0

5. All the three roots are coincident

f x¢ ³( ) 0 or f x¢ £( ) 0

and f ( )a = 0

where a is a root of f x¢ =( ) 0

e.g. y x= -( )1 3

Remarks

(i) Graph of every cubic polynomial must have exactly one point
of inflection.

(ii) In case (4),if f a f b f c( ), ( ), ( ) and f d( ) alternatively change sign.

y Example 52 If the cubic function f x x px q( ) = + +3

has 3 distinct real roots, then prove that 4 27 03 2p q+ < .

Sol. f x x p x x p¢ = + = + × +( ) 3 3 02 2

Now, we have x x1 2 0+ = and x x
p

1 2
3

= , where x x1 2,
are roots of f x¢ =( ) 0

According to given condition, we have
( ) ( )x px q x px q1

3
1 2

3
2 0+ + + + <

Þ x x px x qx1
3

2
3

1
3

2 1
3× + +

+ + + + + + <p x x px x qx pqx q pqx2
1 2 1 2

3
2
3

1
2

2 0

Þ ( ) ( ) ( ) ( )x x px x x x q x x pq x x1 2
3

1 2 1
2

2
2

1
3

2
3

1 2+ + + + + +

+ + <p x x q2
1 2

2 0

Þ ( ) {( ) } {( )x x px x x x x x q x x1 2
3

1 2 1 2
2

1 2 1 2
32+ + - + +

- +3 1 2 1 2( ) ( )}x x x x + + + + <pq x x p x x q( )1 2
2

1 2
2 0

x2x1

f (x)
Y

X

x2

x1

X

Y

X ′

Y ′

X ′
Y ′

Figure 7.20
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X

X
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Y′
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x2

x2

x1

x1

Y

X

Y

X
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X
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Þ p p p
p

p
q

3 2
2 2

27 3

2

3 3
0+ -ì

í
î

ü
ý
þ

+ ì
í
î

ü
ý
þ

+ <

Þ 4 27 03 2p q+ <

y Example 53 If f x( ) is a polynomial of degree 5

with real coefficients such that f x(| | ) = 0 has 8 real

roots, then f x( ) = 0 has

(a) 4 real roots

(b) 5 real roots

(c) 3 real roots

(d) nothing can be said

Sol. Given that f x(| | ) = 0 has 8 real roots.

Þ f x( ) = 0 has 4 positive roots.

Since, f x( ) is a polynomial of degree 5, f x( ) cannot have
even number of real roots.

Þ f x( ) has all the five roots real, in which four positive
and one root is negative.

Hence, (b) is the correct answer.

y Example 54 If the function f x x x x c( ) = - + +3 29 24

has three real and distinct roots a b, and g, then the
value of [ ] [ ] [ ]a b g+ + are

(a) 5, 6

(b) 6, 7

(c) 7, 8

(d) None of the above

Sol. Take y x x x= - +3 29 24

Þ dy

dx
x x x x= - + = - +3 18 24 3 6 82 2( )

= - -3 2 4( ) ( )x x

for three real roots of

f x x x x c f f( ) , ( ) ( )= - + + <3 29 24 2 4 0

\ ( ) ( )c c+ + <20 16 0

c Î(– , – )20 16

Now, if c Î - -( , )20 18 , a bÎ Î( , ), ( , ),1 2 2 3 g Î( , )4 5

Þ [ ] [ ] [ ]a b g+ + =7

If c Î - -( , )18 16

Þ a b gÎ Î Î( , ), ( , ), ( , )1 2 3 4 4 5

Þ [ ] [ ] [ ]a b g+ + = 8

Hence, (c) is the correct answer.

1. Find all the possible values of the parameter a, so that x x a3 3 0– + = has three real and distinct roots.

2. f x( ) is a polynomial of degree 4 with real coefficients such that f x( ) = 0 is satisfied by x = 1 2 3, , only, then

f f f¢ × ¢ × ¢( ) ( ) ( )1 2 3 is equal to

(a) 0 (b) 2

(c) –1 (d) None of these

3. If the function f x x a x b( ) | | | |= + +2 has exactly three points of non-differentiability, then which of the following

can be true?

(a) b = 0,a < 0 (b) b a R< Î0,

(c) b a R> Î0, (d) All of these

4. If the equation e x b| | | |- + =2 2 has four solutions, then b lies in

(a) (log , log )2 2- (b) (log , log )2 2 2-
(c) ( , log )- 2 2 (d) ( , log )0 2
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l Ex. 1 Number of integral value(s) of k for which the

equation 4 16 0
2x x k- + = has one root lie between 1 and 2

and other root lies between 2 and 3, is

(a) 1 (b) 2 (c) 3 (d) 4

Sol. (c) Here, f f( ) ( )1 2 0× <
Þ ( )k - 12 ( )k - <16 0

Þ 12 16< <k ...(i)

Also, f f( ) ( )2 3 0× <
Þ ( )k - 16 ( )k - <12 0 Þ 12 16< <k ...(ii)

From Eqs. (i) and (ii), we get
k = { , , }13 14 15

\ Number of integral values of k = 3

l Ex. 2 Let a, b, c ÎR such that two of them are equal and

satisfy

2

2

2

0

a b c

b c a

c a b

= , then equation 24 4 0
2ax bx c+ + =

has
(a) at least one root in ( , / )0 1 2

(b) at least one root in ( / , / )-1 2 1 2

(c) at least one root in ( , )-1 0

(d) at least two roots in ( , )0 2

Sol. (a) Given determinant is

2 4 2 2 02 2 2a bc a b b ac c ab c( ) ( ) ( )- - - + - =

Þ 6 8 03 3 3abc a b c- - - =

or ( ) [( ) ( ) ( ) ]2 2 2 02 2 2a b c a b b c c a+ + - + - + - =

Þ 2 0a b c+ + = ...(i)
[ ]Qb c¹

Let f x ax bx c x( ) = + +8 23 2 Þ ¢ = + +f x a x bx c( ) 24 42

Here, f ( )0 0= and f a b c
a b c

( / ) / /1 2 2 2
2

2
= + + = + +

\ f ( / )1 2 0= [using Eq. (i)]

So, f x( ) satisfy Rolle’s theorem and hence ¢ =f x( ) 0 must
have at least one root in ( , / ).0 1 2

l Ex. 3 The set of values of ‘a’ for which the equation

log ( log ) loge e ea x x= has more than one solution is

(a) ( , )1 ¥ (b) ( , )e ¥ (c) ( , )0 e (d) ( , )1 e

Sol. (b) Here, log ( log ) loge e ea x x=
Þ a x ee

xelog log= Þ a x xelog =

If we put a e= , then log /e x x e= will have only one
solution at x e= .

[Q the line y
x

e
= is tangent to the curve y xe= log at x e= ]

Þ loge x
x

a
= has more than one solution for a eÎ ¥( , ).

l Ex. 4 The tangent to the hyperbola y
x

x
= +

+
9

5

passing

through the origin is

(a) x y+ =25 0 (b) 5 0x y+ =
(c) 5 0x y- = (d) x y- =25 0

Sol. (a) Here, y
x

= +
+

1
4

5
Þ ( / )dy dx at ( , )

( )
x y

x
1 1

1
2

4

5
= -

+
Now, equation of tangent, is

y
x x

x x- +
+

æ
èç

ö
ø÷

= -
+

-1
4

5

4

51 1
2 1

( )
( )

Since, it passes through ( , )0 0 , therefore

- -
+

=
+

1
4

5

4

51

1

1
2x

x

x( )

Þ - + - + =( ) ( )x x x1
2

1 15 4 5 4

Þ ( ) ( )x x x1
2

1 15 4 5 4 0+ + + + =

Þ x x1
2

118 45 0+ + =

Þ ( )( )x x1 115 3 0+ + = Þ x1 15= - or - 3

So, equation of tangents are

x y+ =25 0 or x y+ = 0

l Ex. 5 The tangent to the curve y e x= drawn at the point

( , )c ec intersects the line joining the points ( , )c ec- -
1

1 and

( , )c ec+ +
1

1

[IIT JEE 2007]

(a) on the left of x c= (b) on the right of x c=
(c) at no point (d) at all points

Sol. (a) Slope of the line joining the points ( , )c ec- -1 1

and ( , )c ec+ +1 1 is equal to
e e

e
c c

c
+ -- >

1 1

2

Single Option Correct Type Questions
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Þ Tangent to the curve y e x= will intersect the given line

to the left of the line x c= .

Aliter

The equation of the tangent to the curve y e x= at ( , )c ec is

y e e x cc c- = -( ) …(i)

Equation of the line joining the given points is

y e
e e e

x cc
c

- = - - --
-

1
1

2
1

( )
[ ( )] …(ii)

Eliminating y from Eqs. (i) and (ii), we get

[ ( )] [ ( )]x c e e e- - - - =- -1 2 21 1

or x c
e e

e e
- = + -

- -
<

-

-

1

1

2

2
0

( )

Þ x c<

l Ex. 6 The coordinate of the point(s) on the graph of the

function, f x
x x

x( ) = - + -
3 2

3

5

2

7 4 where the tangent drawn

cuts-off intercepts from the coordinate axes which are equal

in magnitude but opposite in sign, is

(a) 2

8

3

,
æ
èç

ö
ø÷

(b) 3

7

2

,
æ
èç

ö
ø÷

(c) 1

5

6

,
æ
èç

ö
ø÷

(d) None of these

Sol. ( , )a b Since, intercepts are equal in magnitude but oppo-
site in sign, therefore

dy

dx P

é
ëê

ù
ûú

= 1

Now,
dy

dx
x x= - + =2 5 7 1

Þ x x2 5 6 0- + =

\ x = 2 or 3

l Ex. 7 Let f R:[ , ]0 1 ® be a differentiable function with

non-increasing derivative such that f ( )0 0= , ¢ >f ( )1 0, then

(a) f f( ) ( )1 1³ ¢
(b) ¢ ¹f c( ) 0 for any c Î( , )0 1

(c) f f( / ) ( )1 2 1>
(d) None of the above

Sol. ( , )a b By Lagrange’s mean value theorem,

f f
f c

( ) ( )
( )

1 0

1 0

-
-

= ¢ , c Î( , )0 1

Q ¢f x( ) is non-increasing.

\ ¢ ³ ¢f c f( ) ( )1

Þ f c¢ >( ) 0 [ ( ) ]Q f ¢ >1 0

Also, f f f f c f( ) ( ) ( ) ( ) ( )1 1 0 1= - = ¢ ³ ¢
\ f f( ) ( ).1 1³ ¢

l Ex. 8 If f x( ) is continuous and derivable, " Îx R and

¢ =f c( ) 0 for exactly 2 real values of ‘c’, then the number of

real and distinct values of ‘d’ for which f d( ) = 0 can be

(a) 1 (b) 2 (c) 3 (d) 4

Sol. ( , , )a b c If ¢ =f x( ) 0 has n real roots, then

f x( ) = 0 has atmost ( )n + 1 real roots.

Now, if ¢ =f c( ) 0 for exactly 2 real values of c.

Then, following cases may arise

(a)

Þ f x( ) = 0 have 1 real root.

(b)

Þ f x( ) = 0 has 2 real roots.

(c)

Þ f x( ) = 0 has 3 real roots.
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l Ex. 9 Which of the following statements are true, where

f( )x is a polynomial?

(a) Between any two roots of f( )x = 0 there exists at least

one root of ¢ + =f l f( ) ( )x x 0

(b) Between any two roots of f( )x = 0 there exists at least

one root of x x x¢ + =f ( ) l f( ) 0

(c) Between any two roots of f( )x = 0 there exists at least

one root of ( ) ( ) ( )x x x2

1 0+ ¢ + =f f
(d) Between any two roots of f( )x = 0 there exists at least

one root of ¢ + =f f( ) ( )x x x 0

Sol. ( , )c d If a and b are the consecutive roots of f( )x = 0, then
¢ × ¢ £f a f b( ) ( ) 0

Let f( ) ( )( )x x x= - -1 2

¢ = -f ( )x x2 3

\ ¢ + =f l f( ) ( )x x 0

Þ ( ) ( )( )2 3 1 2 0x x x- + - - =l
Must have at least one root Î( , ).a b

Similarly, ( ) ( ) ( )x x x2 1 0+ ¢ + =f f

and ¢ + =f f( ) ( )x x x 0 has at least one root Î( , ).a b

l Ex. 10 Let f x( ) be twice differentiable function such

that ¢¢ <f x( ) 0 in [0, 2]. Then,

(a) f f f c c( ) ( ) ( ),0 2 2 0 2+ = < <
(b) f f f( ) ( ) ( )0 2 2 1+ =
(c) f f f( ) ( ) ( )0 2 2 1+ >
(d) f f f( ) ( ) ( )0 2 2 1+ <

Sol. ( , )a d By intermediate mean value theorem, we get
f f

f c
( ) ( )

( )
0 2

2

+ = , 0 2< <c ...(i)

By Lagrange’s mean value theorem, we get

f f f c( ) ( ) ( )1 0 1- = ¢ , 0 11< <c ...(ii)

f f f c( ) ( ) ( )2 1 2- = ¢ , 1 22< <c ...(iii)

On subtracting Eq. (ii) from Eq. (iii), we get

f f f f c f c( ) ( ) ( ) ( ) ( )2 0 2 1 2 1+ - = ¢ - ¢ ...(iv)

Again, by Lagrange’s mean value theorem, we get

¢¢ = ¢ - ¢
-

f c
f c f c

c c
( )

( ) ( )
3

2 1

2 1

, for some c c c3 1 2Î( , )

Þ ¢ - ¢ = - ¢¢ <f c f c c c f c( ) ( ) ( ) ( )2 1 2 1 3 0 [f x¢ ¢ <( ) 0] ...(v)

From Eqs. (iv) and (v), we get

f f f( ) ( ) ( )2 0 2 1 0+ - < Þ f f f( ) ( ) ( )0 2 2 1+ <

n Directions (Q. Nos. 11 to 13) For the following questions,

choose the correct answers from the option (a), (b), (c) and

(d) defined as follows

(a) Statement I is true, Statement II is also true;

Statement II is the correct explanation

of Statement I

(b) Statement I is true, Statement II is also true;

Statement II is not the correct explanation

of Statement I

(c) Statement I is true, Statement II is false

(d) Statement I is false, Statement II is true

l Ex. 11 Statement I The tangent at x =1 to the curve

y x x x= - - +3 2

2 again meets the curve at x = - 2 .

Statement II When an equation of a tangent solved with
the curve, repeated roots are obtained at the point of
tangency.

Sol. (d) When x y= =1 1, .then Also, y x x¢ = - -3 2 12

Þ y
x

¢ =
= 1

0 Þ equation of tangent is y = 1.

Solving x x x3 2 2 1- - + =

or x x x3 2 1 0- - + = ,  we get x = - 1 1,

\ The tangent meets the curve again at x = - 1.

\ Statement I is false and Statement II is true.

l Ex. 12 Statement I The ratio of length of tangent to

length of normal is inversely proportional to the ordinate of

the point of tengency at the curve y ax2

4= .

Statement II Length of normal and tangent to a curve

y f x= ( ) is y m1
2+ and

y m

m

1
2+

,

where m
dy

dx
= .

Sol. (a) Let the slope of the tangent be denoted by tan y and
the length of tangent = y cosec y.
Then, length of normal = y sec y

\ Length of tangent

Length of normal
= µcot y 1

y

\ Statement I is true.

Length of normal = + æ
èç

ö
ø÷

y
dy

dx
1

2
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= +y m1 2

Length of tangent = + æ
èç

ö
ø÷

=
+

y
dx

dy

y m

m
1

1
2 2

\ Statement II is true and explain Statement I.

l Ex. 13 Statement I Tangent drawn at the point (0, 1)

to the curve y x x= - +3

3 1 meets the curve thrice at one

point only.

Statement II Tangent drawn at the point (1, -1) to the

curve y x x= - +3

3 1 meets the curve at one point only.

Sol. (c)
dy

dx
x= -3 32

Statement I
dy

dx

æ
èç

ö
ø÷

= -
at ( , )0 1

3

\ Equation of the tangent is y x- = - -1 3 0( )
i.e. y x= - +3 1

Now, - + = - +3 1 3 13x x x Þ x = 0

\ The tangent meets the curve at one point only.
\ Statement I is true.

Statement II
dy

dx

æ
èç

ö
ø÷

=
-at ( , )1 1

0

\ Equation of the tangent is y x+ = -1 0 1( )
i.e. y = - 1

Now, - = - +1 3 13x x

Þ x x3 3 2 0- + =
Þ ( )( )x x x- + - =1 2 02

Þ The tangent meets the curve at two points.

\ Statement II is false.

Passage I (Ex. Nos. 14 to 18)

Let f x x ax bx c( ) = + + +3 2 be the given cubic polynomial

and f x( ) = 0 be the corresponding cubic equation, where

a b c R, , Î . Now, f x x ax b¢ = + +( ) 3 2
2

Let D a b a b= - = -4 12 4 3
2 2

( ) be the discriminant of the

equation f x¢ =( ) 0.

l Ex. 14 If D a b= - <4 3 0
2

( ) , then

(a) f x( ) has all real roots

(b) f x( ) has one real and two imaginary roots

(c) f x( ) has repeated roots

(d) None of the above

l Ex. 15 If D a b= - >4 3 0
2

( ) and f x f x( ) ( )
1 2

0× > , where

x x
1 2
, are the roots of f x( ), then

(a) f x( ) has all real and distinct roots

(b) f x( ) has three real roots but one of the roots would

be repeated

(c) f x( ) would have just one real root

(d) None of the above

l Ex. 16 If D a b= - >4 3 0
2

( ) and f x f x( ) ( )
1 2

0× < ,

where x x
1 2
, are the roots of f x( ), then

(a) f x( ) has all real and distinct roots

(b) f x( ) has three real roots but one of the roots would be

repeated

(c) f x( ) would have just one real root

(d) None of the above

l Ex. 17 If D a b= - >4 3 0
2

( ) and f x f x( ) ( )
1 2

0× = , where

x x
1 2
, are the roots of f x( ), then

(a) f x( ) has all real and distinct roots

(b) f x( ) has three real roots but one of the roots would be

repeated

(c) f x( ) would have just one real root

(d) f x( ) has three real roots but all are same

l Ex. 18 If D a b= - =4 3 0
2

( ) , then

(a) f x( ) has all real and distinct roots

(b) f x( ) has three real roots but one of the roots would be

repeated

(c) f x( ) would have just one real root

(d) None of the above

n Sol. (Ex. Nos. 14 to 18)

Case I If D < 0 Þ f x x R¢ > " Î( ) ,0

That means f x( ) would be an increasing function of x .

Also, lim ( ) lim ( )
x x

f x f x
® ¥ ® ¥

- = - ¥ = ¥and

The graph of f x( ) would look like as shown in this figure.
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It is clear that the graph of f x( ) would intersect the X -axis
only once.

That means we would have just one real root (say x 0 ).

Case II Clearly, x 0 0> , if c < 0 and x 0 0< , if c > 0.

If D f x> ¢ =0 0, ( ) would have two real roots (say x1 and x 2 ,
let x x1 2< ).

Þ f x x x x x¢ = - -( ) ( ) ( )3 1 2

Clearly, f x x x x¢ < Î( ) , ( , )0 1 2

f x x x x¢ > Î - ¥ ¥( ) , ( , ) ( , )0 1 2

That means f x( ) would increase in ( , )- ¥ x1 and ( , )x 2 ¥
and would decrease in ( , )x x1 2 . Hence, x x= 1 would be a
point of local maxima and x x= 2 would be a point of local
minima. Thus, the graph of y f x= ( ) could have these five
possibilities.

Thus, the following results are obtained from the above
graphs

(a) f x f x f x( ) ( ) , ( )1 2 0 0× > = would have just one real root.

(b) f x f x f x( ) ( ) , ( )1 2 0 0× < = would have three real and
distinct roots.

(c) f x f x f x( ) ( ) , ( )1 2 0 0× = = would have three real roots

about one of the roots would be repeated.

Case III If D f x x x= ¢ = -0 3 1
2, ( ) ( ) , where x1 is root of

f x¢ =( ) 0

Þ f x x x k( ) ( )= - +1
3

\ f x( ) = 0 has three real roots, if k = 0

f x( ) = 0 have one real root, if k ¹ 0.

14. (b) Here, f x( ) = 0 and D < 0

Þ f x x R¢ > " Î( ) ,0

15. (c) Here, f x( ) = 0 with one real root x = a and other two

imaginary roots.

From both graph, f x f x( ) ( )
1 2

0>
\ f x( ) would have one real roots.

16. (a) Here, f x( ) = 0 with three distinct root a b g, , .

From graph, f x f x( ) ( )
1 2

0<
\ f x( ) has real and distinct roots.

17. (b) Here, f x( ) = 0 with three roots x x= a,
2

(x
2

being

repeated root).

18. (b) Here, f x( ) = 0 with three real roots x x x=
1 1
, (a

being repeated root).

Passage II (Ex. Nos. 19 to 21)

n If y f x= ( ) is a curve and if there exists two points

A x f x( , ( ))1 1 and B x f x( , ( ))2 2 on it such that

f x
f x

f x f x

x x
¢ = -

¢
=

-
-

( )
( )

( ) ( )
1

2

2 1

2 1

1
, then the tangent at x1 is

normal at x2 for that curve. Now, answer the following

questions.

l Ex. 19 Number of such lines on the curve y x= sin is

(a) 1 (b) 0 (c) 2 (d) infinite

Sol. (b) Let f x y x( ) sin= =
Then, f x

dy

dx
x¢ = =( ) cos

\ cos
cos

x
x

1
2

1= - = -
-

sin sinx x

x x

2 1

2 1

i.e. cos cosx x1 2 1= -
\ sin sinx x1 2 0= =
\ There is no solution.
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X ′ X

Y ′

Y f x <

f x <

( ) 0

( ) 0
1

2
Y

0 α x1 x2
X

f x > f x >( ) 0, ( ) 01 2

or

X

Y
f x >

f x >

( ) 0

( ) 0
1

2

X ′

Y ′

α
β0 γ

x1 x2

Y

0 x1 x2
X

f x > f x =( ) 0, ( ) 01 2

X′

Y′

Y

0 x1 x2
X

f x = f x <( ) 0, ( ) 01 2

Y′

X′

Y

X

Y ′

X ′
0



l Ex. 20 Number of such lines on the curve y x= | ln | is

(a) 1 (b) 2 (c) 0 (d) infinite

Sol. (c) f x y x( ) | ln |= =

\ f x
f x

f x f x

x x
¢ = -

¢
= -

-
( )

( )

( ) ( )
1

2

2 1

2 1

1

Þ ln

| ln |

| ln |

ln

| ln | | ln |x

x x

x x

x

x x

x x

1

1 1

2 2

2

2 1

2 1

= - = -
-

…(i)

Þ ln lnx x1 2 0× <
Let 0 11< <x , then 1 2< x and x x1 2 1× =
From Eq. (i), we get

- = - = +
-

=
-

=1
0

1
2

2 1

2 1

1 2

2 1x
x

x x

x x

x x

x x

ln ln ln
,

which is not possible.

\There is no solution.

l Ex. 21 Number of such lines on the curve y x2 3= , is

(a) 1 (b) 2

(c) 3 (d) 0

Sol. (b) We know that, y x2 3=

\ y x= 3 or - x 3

2 3 2y
dy

dx
x=

3

2

2

3

1
2

1

2

2
2

x

y

y

x
= - Þ 9

4
1
2

2
2

1 2x x y y= -

\ y y1 2 0<

Let y x1 1
3= and y x2 2

3= -

Thus,
3

2

2

3

1
2

1
3

2
3

2
2

2
3

1
3

2 1

x

x

x

x

x x

x x
= - = - -

-

Þ 3

2

2

3

1

2

2
3

1
3

1 2

x

x

x x

x x
= = +

-

Þ x x1 2
4

9
=

and 3 3 2 21 1 1 2 2
3

1
3x x x x x x- = +

Þ 3
3 16

81
2

64

729
21

3

1 1
3

1
3( )x

x x
x- ´ = × +

Þ 3
16

27

128

729
21

3
1 1

3x x x- = +

Þ x x1
3

1
16

27

128

729
- =

Þ 739 432 12 01
3

1x x- - =

Consider, h t x t( ) = - -729 432 1283

h t t¢ = ´ - =( ) 3 729 432 02

Gives t = ± 4

9

h -æ
èç

ö
ø÷

=4

9
0

\ There are two distinct solutions of

729 432 128 01
3

1x x- - = .

Passage III (Ex. Nos. 22 and 23)

n Let f x t t t
x

( ) (| | | | )= - - + + -ò 1 2 2
0

dt, such that ¢¢ ¹f a( ) 1. If

vectors a b$ $i j- 2 and $ $i j+ 3b are parallel for at least one a,

then

l Ex. 22 Number of integral values of ‘b’ can be

(a) 5 (b) 10

(c) 11 (d) 13

l Ex. 23 Maximum value of ( )1 8
2- -b b is

(a) 4 (b) 8

(c) 12 (d) 16

Sol. (Ex. Nos. 22 and 23) Here, f x t t t
x

( ) (| | | | )= - - + + -ò 1 2 2
0

dt

Þ ¢ = - - + + -f x x x x( ) | | | |1 2 2

or ¢ =
+ < -

- - - £ £
- >

ì
í
ï

îï
f x

x x

x x

x x

( )

,

,

,

1 2

3 2 1

5 1

Clearly, ¢¢ ¹f a( ) 1 only when a Î -[ , ]2 1 ...(i)

Since, vectors are parallel.

\ a b

b
b ab

1 3
3 0

2
2= - Þ + = ...(ii)

Let g a b ab( ) = +2 3 must have atleast one root in [ , ]- 2 1 .

\ g g( ) ( )- × £2 1 0

Þ ( )( )b b b b2 26 3 0- + £

Þ b b b2 6 3 0( )( )- + £

\ b Î - È[ , ] { }3 6 0

Þ Number of integral values of ‘b’ can be 11.

Now, let h b b b( ) = - -1 8 2

h b b¢ = - - =( ) 8 2 0

Þ b = -4

\ h b( ) is decreasing, when b > -4

Þ ( )h b( )max at b = -3

\ ( )h( )
max

- =3 16

22. (c)

23. (d)
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l Ex. 24 Match the statements of Column I with values of

Column II.

Column I Column II

(A) The sides of a triangle vary slightly in such

a way that its circumradius remains

constant, if
da

A

db

B

dc

C
m

cos cos cos
| |,+ + + =1 then the

value of m is

(p) 1

(B) If the length of subtangent to the curve

x y
2 2 16= at the point (–2, 2) is | k |, then the

value of k is

(q) –1

(C) If the curve y e
x= 2 2 intersects the Y-axis at

an angle cot |( )/ |- -1 8 4 3n , then the value of

n is

(r) 2

(D) If the area of a triangle formed by normal at

the point (1, 0) on the curve x e
y= sin with

axes is |2t + 1 |/6 sq units, then the value

of t is

(s) –2

Sol. (A) ® (p, q); (B) ® (r, s); (C) ® (r, q); (D) ® (p, s)

(A) We know that in any DABC ,

a

A

b

B

c

C
R

sin sin sin
= = = 2

Þ a R A= 2 sin ,b R B= 2 sin ,c R C= 2 sin

Þ da

dA
R A

db

dB
R B

dc

dC
R C= = =2 2 2cos , cos , cos

Þ da

A

db

B

dc

C
R dA dB dC

cos cos cos
( )+ + = + +2

Also, A B C+ + = p
\ dA dB dC+ + = 0

Hence,
da

A

db

B

dc

Ccos cos cos
+ + = 0

or
da

A

db

B

dc

Ccos cos cos
+ + + =1 1

Þ | |m m= Þ = ±1 1

(B) We have, x y2 2 16=

Þ 2 2 02 2x y
dy

dx
xy+ = Þ dy

dx
y x= - /

Length of subtangent = =y
dx

dy
- =y

x

y
x| |

Þ Length of subtangent = 2

\ k = ± 2

(C) We have y e x= 2 2 , which  intersectY -axis at (0, 2)

Now,
dy

dx
e x= 4 2

\ dy

dx

æ
èç

ö
ø÷

=
( , )0 2

4

\ Angle of intersection with Y-axis

= - =- -p
2

4 41 1tan cot

Hence
8 4

3
4

n - = , n = 2 or – 1

(D) We have, x e y= sin

Þ dx

dy
y e y= cos sin

Slope of normal at (1, 0) = - 1

Equation of normal is x y+ = 1

Area of triangle = 1

2

\ | |2 1

6

1

2

t + =

Þ t = -1 2,

l Ex. 25 Match the statements of Column I with values of

Column II.

Column I Column II

(A) Rolle’s theorem in [–1, 1]

does not hold, if

(p) f x

x x

x x

( )

,

,

=
-æ

èç
ö
ø÷ >

-æ
èç

ö
ø÷ £

ì

í
ïï

î
ï
ï

1

2

1

2

1

2

1

2

2

(B) LMVT in [ , ]0 1 does not

hold, if

(q) f x x( ) | |=

(C) Rolle’s theorem in [ , ]0 1

does not hold, if

(r)
f x

x

x

( )

,

,

=
£ <

£ £

ì

í
ïï

î
ï
ï

1 0
1

2

2
1

2
1

(s) f x x( ) log | |=
(t) f x x x( ) = + +2 1

Matching Type Questions
JEE Type Solved Examples :



Sol. (A) ® (p,q,r,s,t); (B) ® (p, r, s); (C) ® (p,r,s,t)

(p) f x

x x

x x

( )

,

,

=
-æ

èç
ö
ø÷

>

-æ
èç

ö
ø÷

£

ì

í
ï
ï

î
ï
ï

1

2

1

2

1

2

1

2

2

\ ¢f x( ) =
- -æ

èç
ö
ø÷

>

- £

ì

í
ïï

î
ï
ï

2
1

2

1

2

1
1

2

x x

x

,

,

f f¢
æ

è
ç

ö

ø
÷ ¹ ¢

æ

è
ç

ö

ø
÷

+ -
1

2

1

2

Þ f x( ) is not differentiable at x = 1

2
.

(q) f x x( ) | |= is not differential at x = 0.

(r) f x
x

x

( )
,

,

=
£ <

£ <

ì

í
ï

î
ï

1 0
1

2

2
1

2
1

Þ f x( ) is discontinuous at x = 1

2
.

f x x( ) log| |= is discontinuous at x = 0 .

(t) f x x x( ) = + +2 1

Þ f ( )- =1 1

and f ( )1 3=
Þ f f( ) ( )- ¹1 1

l Ex. 26 Suppose that f ( )0 3= - and f x¢ £( ) 5 for all
values of x. Then, the largest value which f ( )2 can assume is
………… .
Sol. (7) Using LMVT in [0, 2]

f f
f c

( ) ( )
( )

2 0

2 0

-
-

= ¢ [where c Î( , )0 2 ]

Þ f ( )2 3

2
5

+ £

Þ f ( )2 7£

l Ex. 27 Let C be the curve y x= 3 (where x assumes all

real values). The tangent at A meets the curve again at B. If

the gradient at B is k times the gradient at A, then k is equal

to ………… .

Sol. (4)
dy

dx
x t= =3 32 2 at ‘A’

\ 3 2
3 3

2 2t
T t

T t
T Tt t= -

-
= + +

Þ T Tt t2 22 0+ - =

Þ ( ) ( )T t T t- + =2 0

Þ T t= or T t= - 2 [T t= is not possible]

Now, m
t

t
tA = =

3
2; m TB = 2
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Single Integer Answer Type Questions
JEE Type Solved Examples :

XX ′

Y

O 1/2 1

2

1

Y′

f x x( )=

O
xx′

y′

y
X ′

Y ′

X

Y

(–1, 0) (1, 0)O



Þ m

m

T

t

t

t

B

A

= =
2

2

2

2

4
[using T t= - 2 ]

\ k = 4

l Ex. 28 Consider the two graphs y x= 2 and

x xy y2 2

2 28- + = . The absolute value of the tangent of the

angle between the two curves at the points where they meet,

is ……… .

Sol. (2) y x x xy y= - + =2 2 282 2,

Solving the point of intersection are (2, 4) and ( , ).- -2 4

For 1st curve,
dy

dx
m= =2 1 …(i)

For 2nd curve,
dy

dx

y x

y x
= -

-
2

4
Þ m2 0= …(ii)

\ tan q = 2

l Ex. 29 At the point P a an
( , ) on the graph of

y x n Nn= Î( ) in the first quadrant a normal is drawn. The

normal intersects the Y-axis at the point (0, b). If lim

a
b

®
=

0

1

2

,

then n equals ......... .

Sol. (2) y xn= Þ dy

dx
n x nan n= =- -1 1 at p a an( , )

Slope of normal = - -
1

1nan

Equation of normal is y a
na

x an

n
- = - --

1
1

( )

Put x = 0 to get y-intercept , then y a
na

n

n
= + -

1
2

Hence, b a
na

n

n
= + -

1
2

Now, lim

,

,

,
a

b

n

n

n
®

=

<

=

¥ >

é

ë

ê
ê
ê0

0 2
1

2
2

2

if

if

if

Þ lim ,
a

b n
®

= =
0

1

2
2if

l Ex. 30 The maximum possible integral value of
b a
b a

-
-- -

tan tan
1 1

, where 0 3< < <a b is

Sol. (3) Let f x x( ) tan= -1 , 0 3< < <a b .

Then, by using LMVT,
tan tan- --

-
=

+

1 1

2

1

1

b a
b a c

,

where 0 3< < < <a bc

So,
1

4

1

1

1

12
<

+
<

c

Þ 1

4
1

1 1

< -
-

<
- -tan tanb a

b a

or 1 4
1 1

< -
-

<- -
b a
b atan tan

\ Maximum possible integral value is 3.

l Ex. 31 Let P be a point on the curve c y x
1

2

2: = - and

Q be a point on the curve c xy
2

9: = , both P and Q be in the

first quadrant. If d denotes the minimum distance between

P and Q, then d 2 is, ……

Sol. (8) Here, c1 is a semi-circle and c 2 is a rectangular

hyperbola. PQ will be minimum if the normal at P on

semi-circle is also a normal at Q on xy = 9.

Let the normal at P be y mx= ( ).m > 0 ...(i)

Solving with xy = 9

mx 2 9= Þ x m= 3/

Þ y m= 9 3/

\ Q m m( / , )3 3

Differentiating xy = 9 Þ x dy dx y/ + = 0

Þ dy dx y x/ /= -

\ | / |dy dx
m m

mQ = - = -3

3

Now, tangent at P and Q must be parallel.

\ - = -m m1/ Þ m2 1= Þ m = 1

\ Normal at P and Q is y x=
Now, we get P( , )1 1 and Q( , ).3 3

\ ( )PQ d2 2 4 4 8= = + =
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X

Y

O

y mx=

xy=9
Q

P

c2

√2– 2√

c1

X′

Y′
P

X
O

(0, )b

y = xn( )a, an

Y



l Ex. 32 If the line x y Pcos sina a+ = is the normal to

the curve ( )x a y c+ = 2 , then show that

a p p p p p pÎ + +æ
èç

ö
ø÷

È + +æ
èç

ö
ø÷

2

2

2 1 2

3

2

2 2n n n n, ( ) , ( ) .

Sol. Here, y
c

x a
=

+

2

Þ dy

dx

c

x a
=

+
–

( )

2

2

Slope of normal is
( )x a

c

+ >
2

2
0 for all x .

Q x y Pcos sina a+ = is normal

\ –
cos

sin

a
a

>0 Þ cota < 0

i.e. a lies in II or IV quadrant.

So, a p p p p p pÎ + +æ
èç

ö
ø÷

È + +æ
èç

ö
ø÷

2
2

2 1 2
3

2
2 2n n n n, ( ) , ( )

l Ex. 33 Find the total number of parallel tangents of

f x x x
1

2

1( ) –= + and f x x x x
2

3 2

2 1( ) – – .= +

Sol. Here, f x x x1
2 1( ) –= +

and f x x x x2
3 2 2 1( ) – –= +

Þ f x x1 1 12 1¢ =( ) –

and f x x x2 2 2
2

23 2 2¢ =( ) – –

Let the tangents drawn to the curves y f x= 1( ) and
y f x= 2( ) at ( , ( ))x f x1 1 1 and ( , ( ))x f x2 2 2 respectively are
parallel.

\ 2 1 3 2 21 2
2

2x x x– – –= or 2 3 2 11 2
2

2x x x= – –

Which is possible for infinite numbers of ordered pairs.

\It will have infinite number of parallel tangents.

l Ex. 34 Find the point on the curve 3 4 72
2 2x y- = ,

which is nearest to the line 3 2 1 0x y+ + = .

Sol. Slope of the given line 3 2 1 0x y+ + = is (– )3 2/ .

Let us locate the point ( , )x y1 1 on the curve at which the
tangent is parallel to the given line.

Differentiating the curve both sides with respect to x , we get

6 8 0x y
dy

dx
- =

Þ dy

dx

x

yx y

æ
èç

ö
ø÷

= =
( , )

–

1 1

3

4

3

2

1

1

[Qparallel to 3 2 1x y+ = ]

Also, the point ( , )x y1 1 lies on 3 4 722 2x y- =

\ 3 4 721
2

1
2x y- =

Þ 3 4
721

2

1
2

1
2

x

y y
- = Þ 3 4 4

72

1
2

( ) - =
y

as
x

y

1

1

2=é

ë
ê

ù

û
ú–

Þ y1
2 9= Þ y1 3= ±

Required points are (– , )6 3 and ( , – ).6 3

Distance of (– , )6 3 from the given line

= + + =| – |18 6 1

13

11

13

and distance of ( , )6 3- from the given line

= + = =| – |18 6 1

13

13

13
13

Thus, (– , )6 3 is the required point.

l Ex. 35 Tangent at a point P
1

(other than ( , )0 0 ) on the

curve y x= 3 meets the curve again at P
2
. The tangent at P

2

meets the curve at P
3

and so on, show that the abscissa of

P P P Pn1 2 3
, , ,..., , form a GP. Also, find the ratio of

ar P P P

ar P P P

( )

( )

D
D

1 2 3

2 3 4

.

Sol. Let P x y1 1 1( , ) be a point on the curve.

y x= 3 ...(i)

Then, we have y x1 1
3= ...(ii)

Now,
dy

dx
x= 3 2

\ Slope of the tangent at P m x1 1 1
23= =

\ Equation of the tangent at P x y1 1 1( , ) is

y x x x x– ( – )1
3

1
2

13= or y x x x= 3 21
2

1
3– ...(iii)

Solving Eqs. (i) and (iii), we get

x x x x3
1
2

1
33 2 0– + =

i.e. ( – ) ( – )x x x xx x1
2

1 1
22 0× + =

i.e. ( – )( – )( )x x x x x x1 1 12 0+ =
\ x x= 1 (neglecting)  or x x= –2 1

\ x x2 12= – , y x x2 2
3

1
38= = –

\ P x y x x2 2 2 1 1
32 8( , ) (– , – )=

Now, we find P3 , the point where the tangent, at P2 meets the
curve.

Slope of the tangent at P
dy

dx x y

2

2 2

= æ
èç

ö
ø÷

( , )

= = × =3 3 4 122
2

1
2

1
2x x x

X ¢

Y ¢

Y

X

y = x3

P x , y1 1 1( )

O

Subjective Type Questions
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\ Equation of tangent at P2 is,

y x x x x– ( – )2
3

2
2

23= ...(iv)

To get, P x y3 3 3= ( , ), solve Eqs. (i) and (iv), we get

P x y x x x x3 3 3 2 2
3

1 1
32 8 4 64= = =( , ) (– , – ) ( , ) and so on.

\Abscissa of P P P1 2 3, , , .... are given by x x x x1 1 1 12 4 8, – , , – , ....,
which forms an GP with common ratio = – .2

Now, a ( )DP P P

x y

x y

x y

1 2 3

1 1

2 2

3 3

1

2

1

1

1

=

Þ ar ( ) – –DP P P

x x

x x

x x

1 2 3

1 1
3

1 1
3

1 1
3

1

2

1

2 8 1

4 64 1

=

Þ ar ( ) – –DP P P
x

1 2 3
1
4

2

1 1 1

2 8 1

4 64 1

=

Similarly,  ar ( )D P P P

x y

x y

x y

2 3 4

2 2

3 3

4 4

1

2

1

1

1

=

Þ ar ( )

– –

–

D P P P

x x

x x

x x

2 3 4

1 1
3

1 1
3

1 1
3

1

2

2 8 1

4 64 1

8 512 1

=
-

Þ ar ( ) – –D P P P x2 3 4 1
48

1 1 1

2 8 1

4 64 1

=

\ ar

ar

( )

( )

D
D

P P P

P P P

1 2 3

2 3 4

1

16
=

l Ex. 36 Determine all polynomial P x( ) with rational

coefficient so that for all x with | |x £1 ;

P x P
x x

( )

– –

.=
+æ

è
ç
ç

ö

ø
÷
÷

3 3

2

2

Sol. Here, P x P
x x

( )
– –

=
+æ

è
ç
ç

ö

ø
÷
÷

3 3

2

2

for | |x £ 1 ...(i)

Let x = 0 Þ P P /( ) ( )0 3 2=

Which shows, P x P( ) – ( )0 is divisible by x x –
3

2

æ
è
ç

ö
ø
÷ .

Since, P x P( ) – ( )0 has rational coefficients and
3

2
is one of

the roots.

\ –
3

2
is also a root of P x P( ) – ( ).0

Thus, x x x x x
x x

– –
–3

2

3

2

3

4

4 3

4

3
3æ

è
ç

ö
ø
÷ +

æ
è
ç

ö
ø
÷ = = is

factor of P x P( ) – ( ).0

\ P x P x x P x( ) ( ) ( – ) ( )= +0 3 4 3
1 for | |x £ 1 ...(ii)

As, P x P
x x

( )
– –

=
+æ

è
ç
ç

ö

ø
÷
÷

3 3

2

2

Þ 3
3 3

2
4

3 3

2
3 4

2 2
3– –

–
– –

–
x x x x

x x
+æ

è
ç
ç

ö

ø
÷
÷

+æ

è
ç
ç

ö

ø
÷
÷ =

\ P x P
x x

1 1

23 3

2
( )

– –
=

+æ

è
ç
ç

ö

ø
÷
÷

\ P x P x x P x1 1
3

20 3 4( ) ( ) ( – ) ( )= + [using Eq. (ii)]

Þ P x P x x P x x P x( ) ( ) ( – ) ( ( )) ( – ) ( ))= + +0 3 4 0 3 43
1

3
2

= + +P x x P x x P x( ) ( – ) ( ) ( – ) ( )0 3 4 0 3 43
1

3 2
2

Thus, in general,
P x a a x x a x x( ) ( – ) ( – )= + +0 1

3
2

3 23 4 3 4

+ + ×K ( – ) ( )3 4 3x x k xk

Where k x( ) is a polynomial with rational coefficient.

l Ex. 37 Let f x x a x b x c a b c( ) ( – ) ( – ) ( – ),= < < . Show

that f x¢ =( ) 0 has two roots one belonging to ( , )a b and other

belonging to ( , ) .b c

Sol. Here, f x( ) being a polynomial, is continuous and
differentiable for all real values of x .

We also have, f a f b f c( ) ( ) ( )= =
If we apply Rolle’s theorem to f x( ) in [ , ]a b and [ , ]b c we
observe that f x¢ =( ) 0 would have atleast one root in ( , )a b
and atleast one root in ( , ).b c

But f x¢ =( ) 0 is a polynomial of degree two, hence
f x¢ =( ) 0 cannot have more than two roots.

It implies that exactly one root of f x¢ =( ) 0 would lie in
( , )a b and exactly one root of f x¢ =( ) 0 would lie in ( , ).b c

l Ex. 38 If at each point of the curve y x ax x= + +3 2

1– ,

the tangents is inclined at an acute angle with the positive

direction of the X-axis, then find the interval of a.

Sol. As, y x ax x= + +3 2 1– and the tangent is inclined at an

acute angle with the positive direction of X -axis.

\ dy

dx
³ 0 Þ 3 2 1 02x ax– + ³ , for all x RÎ

[we know, for allax bx c x R2 0+ + ³ Î

Þ > £a D0 0and ]

Þ ( ) – ( )( )2 4 3 1 02a £ Þ 4 3 02( – )a £

Þ ( – )( )a a3 3 0+ £ \ – 3 3£ £a

l Ex. 39 Show that there is no cubic curve for which the

tangent lines at two distinct points coincide.

Sol. Suppose y ax bx cx dº + + + =3 2 0 ( )a ¹ 0 be a cubic curve.

We assume that ( , )x y1 1 and ( , ), ( )x y x x2 2 1 2< are two
distinct points on the curve at which tangents coincide.

Then, by mean value theorem, there exists
x x x x3 1 3 2( )< < such that

y y

x x
y x2 1

2 1
3

–

–
( )= ¢



Since, tangent x x x1 2 3, , are solutions of equation

3 22ax bx c M+ + =

But, it is a quadratic and thus cannot have more than two
roots. Therefore, no such cubic is possible.

l Ex. 40 The tangent at a point P to the rectangular

hyperbola xy c= 2 meets the lines x y– ,= 0 x y+ = 0 at Q

and R, D
1

is the area of the D OQR, where O is the origin. The

normal at P meets the X-axis at M andY-axis at N. If D
2

is

the area of the DOMN, show that D
2

varies inversely as the

square of D
1
.

Sol. Tangent at P x y( , )1 1 is xy yx c1 1
22+ =

The point of intersection of this line with x y– = 0 is given by,

x x y c( )1 1
22+ = , i.e. x c / x y= +2 2

1 1( )

\ Q
c

x y

c

x y
is

2 22

1 1

2

1 1+ +
æ

è
ç

ö

ø
÷,

The point of intersection of the tangent with x y+ = 0 is
given by,

x y x c( – ) ,1 1
22= x

c

y x
= 2 2

1 1–

\ R is
2 22

1 1

2

1 1

c

y x

c

x y–
,

–

æ

è
ç

ö

ø
÷

Now, D1 1 2 2 1
1

2
= { – }a b a b = =1

2
1 2 2 1 1 2{– – } –a a a a a a

D1

4

1
2

1
2

4= c

x y–

The normal at ( , )x y1 1 is y y
x

y
x x– ( – )1

1

1
1=

Intersection with y = 0 is given by, x x
y

x
– –1

1
2

1

=

Þ x
x y

x
= 1

2
1
2

1

– \ M is
x y

x

1
2

2
2

1

0
-æ

è
ç

ö

ø
÷,

intersection with x = 0 is given by y y
x

y
– –1

1
2

1

=

Þ y
y x

y
= 1

2
1
2

1

–
. \ N is 0 1

2
1
2

1

,
y x

y

-æ

è
ç

ö

ø
÷

Now, D 2
1
2

1
2

1

1
2

1
2

1

1

2
= ×( – ) ( – )x y

x

y x

y

= =–
( – )

–
( – )1

2

1

2

1
2

1
2 2

1 1

1
2

1
2 2

2

x y

x y

x y

c

\ D D1
2

2

8

1
2

1
2 2

1
2

1
2 2

2

16 1

2
= æ

èç
ö
ø÷

c

x y

x y

c( – )
–

( – ) = - =8 6c constant

Þ D
D

2

1
2

1µ

or D 2 varies inversely as the square of D1.

l Ex. 41 If the function of f R:[ , ]0 4 ® is differentiable,

then show that

(i) ( ( )) – ( ( )) ( ) ( )f f f a f b4 0 82 2 = ¢ for some a b, ( , )Î 0 4 .

(ii) f t dt f f( ) { ( ) ( )}
0

4 2 22ò = +a a b b for some 0 2< <a b, .

[IIT JEE 2003]

Sol. (i) Here, f is differentiable Þ f is also continuous.

Now, by Lagrange’s mean value theorem, there exist
a Î( , )0 4 such that

f a
f f f f¢ = =( )

( ) – ( )

–

( ) – ( )4 0

4 0

4 0

4
...(i)

Also, by intermediate mean value theorem, there exists
b Î( , )0 4 such that

f b
f f

( )
( ) ( )= +4 0

2
...(ii)

From Eqs. (i) and  (ii), we get

f a f b
f f f f¢ = ´ +

( ) ( )
( ) – ( ) ( ) ( )4 0

4

4 0

2

f a f b
f f¢ =( ) ( )

( ( )) – ( ( ))4 0

8

2 2

Þ ( ( )) – ( ( )) ( ) ( )f f f a f b4 0 82 2 = ¢ for some, a b, ( , )Î 0 4

(ii) Putting t z= 2 , we have

f t dt z f z dz( ) ( )
0

4 2

0

2
2ò ò=

Consider the function f ( )t given by,

f ( ) ( )t z f z dz
t

= ò 2 2

0
; t Î[ , ]0 2

Clearly, f( )t being an integral function of a continuous
function, is continuous and differentiable on [0, 2].

\ By Lagrange’s mean value theorem, there exists

c Î( , )0 2 such that
f f = f¢( ) – ( )

–
( )

2 0

2 0
c

Þ
2 2

2 0
2

2

0

2 2

0

0

2
z f z dz z f z dz

cf c
( ) – ( )

–
( )

ò ò
=

[using f¢ =( ) ( )t t f t2 2 ]

Þ 2 42

0

2 2z f z dz cf c( ) ( )ò = ...(i)

Also, by intermediate mean value theorem for c Î( , )0 2 ,
there exist a b, ( , )Î 0 2 such that

f¢ + f¢ = f¢( ) ( )
( ),

a b
2

c where 0 2< < < <a bc

Þ 2 2 2 22 2 2a a b bf f c f c( ) ( ) { ( )}+ = ...(ii)

From Eqs. (i) and (ii), we get

2 2 22

0

2 2 2z f z dz f f( ) ( ) ( )ò = +a a b b ,

for some 0 2< <a b,

Þ f t dt f f( ) ( ( ) ( ))
0

4 2 22ò = +a a b b ,

for some 0 2< <a b,
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1. Consider the cubic equation f x x nx( ) = - + =3 1 0 where

n ³ 3, n NÎ , then f x( ) = 0 has
(a) at least one root in ( , )0 1 (b) at least one root in ( , )1 2

(c) at least one root in ( , )-1 0 (d) data insufficient

2. If the normal to y f x= ( ) at ( , )0 0 is given by y x- = 0,

then lim
( ) ( ) ( )x

x

f x f x f x® - +0

2

2 2 220 9 2 99
is

(a) 1 19/ (b) -1 19/ (c) 1 2/ (d) does not exist

3. Tangent to a curve intersects the Y-axis at a point. A line
perpendicular to this tangent through P passes through
another point ( , ) .1 0 The differential equation of the
curve is

(a) y
dy

dx
x

dy

dx
- æ

èç
ö
ø÷ =

2

1 (b) x
d y

dx

dy

dx

2

2

2

1+ æ
èç

ö
ø÷ =

(c) y
dy

dx
x+ = 1 (d) None of these

4. The number of points in the rectangle

{( , ):| | , | | }x y x y£ £9 3 which lie on the curve

y x x2 = + sin and at which the tangent to the curve is

parallel to X-axis, is

(a) 3 (b) 2 (c) 4 (d) None of these

5. If a b c d R, , , Î such that
a c

b d

+
+

= -2

3

4

3
, then the equation

ax bx cx d3 2 0+ + + = has

(a) at least one root in ( , )-1 0 (b) at least one root in ( , )0 1

(c) no root in ( , )-1 1 (d) no root in ( , )0 2

6. If 3 2 4 3 0( ) ( )a c b d+ = + ¹ , then the equation

ax bx cx d3 2 0+ + + = will have

(a) no real solution

(b) at least one real root in ( , )- 1 0

(c) at least one real root in (0, 1)

(d) None of the above

7. Let f x( ) be a differentiable function in the interval (0, 2),

then the value of f x dx( )
0

2

ò
(a) f c( ) where c Î( , )0 2 (b) 2 f c( ), where c Î( , )0 2

(c) f c¢( ), where c Î( , )0 2 (d) None of these

8. Let f x( ) be a fourth differentiable function such that

f x xf x x R( ) ( ),2 1 22 - = " Î , then f iv ( )0 is equal to

(where f iv ( )0 represents fourth derivative of f x( ) at

x = 0)
(a) 0 (b) 1

(c) - 1 (d) data insufficient

9. The curve x y x y x+ - + = +ln ( ) 2 5 has a vertical

tangent at the point ( , ) .a b Then, a b+ is equal to
(a) - 1 (b) 1 (c) 2 (d) - 2

10. Let y f x f R R= ®( ), : be an odd differentiable function

such that ¢¢¢ >f x( ) 0 and

g( , ) sin cos sin cosa b a b a b= + + -8 8 2 22 4 .

If f g¢ ¢ =( ( , ))a b 0, then sin sin2 2a b+ is equal to
(a) 0 (b) 1 (c) 2 (d) 3

11. A polynomial of 6th degree f x( ) satisfies

f x f x x R( ) ( ),= - " Î2 , if f x( ) = 0 has 4 distinct and
2 equal roots, then sum of the roots of f x( ) = 0 is
(a) 4 (b) 5 (c) 6 (d) 7

12. Let a curve y f x f x x R= ³ " Î( ), ( ) ,0 has property that

for every point P on the curve length of subnormal is
equal to abscissa of P. If f ( )1 3= , then f ( )4 is equal to

(a) - 2 6 (b) 2 6 (c) 3 5 (d) None of these

13. If a variable tangent to the curve x y c2 3= makes

intercepts, a b, on X and Y-axes respectively, then the

value of a b2 is

(a) 27 3c (b)
4

27

3c

(c)
27

4

3c (d)
4

9

3c

14. Let f x x x x

x x x

( ) .= - - -
- - -

1 1 1

3 5 3 3 1

2 1 3 1 7 1

2 3

2 5 8

Then, the

equation f x( ) = 0 has

(a) no real root

(b) atmost one real root

(c) at least two real roots

(d) exactly one real root in (0, 1) and no other real root

15. The graphs y x x= - +2 4 23 and y x x= + -3 2 1

intersect at exactly 3 distinct points. The slope of the
line passing through two of these points is
(a) equal to 4 (b) equal to 6

(c) equal to 8 (d) not unique

16. In which of the following functions Rolle’s theorem is
applicable?

(a) f x
x x

x
( )

,

,
=

£ <
=

ì
í
î 0

0 1

1
on [0, 1]

(b) f x
x

x
x

x
( )

sin ,

,
=

- £ <

=

ì
í
ï

îï 0

0

0

p
on [ , ]- p 0
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(c) f x
x x

x
( ) = - -

-

2 6

1
on [ , ]- 2 3

(d) f x

x x x

x
x

x

( )

,

,

=

- - +
-

-

¹

=

ì

í
ïï

î
ï
ï

3 22 5 6

1

6

1

1

if

if

on [ , ]- 2 3

17. The figure shows a right triangle with its hypotenuse OB

along the Y-axis and its vertex A on the parabola y x= 2 .

Let h represents the length of the hypotenuse which depends
on the x-coordinate of the point A. The value of lim ( )

t
h

® 0
is

equal to
(a) 0 (b) 1/2 (c) 1 (d) 2

18. Number of positive integral value(s) of ‘a’ for which the

curve y a x= intersects the line y x= is

(a) 0 (b) 1 (c) 2 (d) more than 2

19. If f x x( )
/

= - -æ
èç

ö
ø÷

4
1

2

2 3

, g x

x

x
x

x

( )

tan [ ]
,

,

=
¹

=

ì
í
ï

îï 1

0

0

h x x( ) { }= , k x x( ) log ( )= +5 2 3 , where [x] and {x} denote

the greatest integer and fraction part function, then in
[0, 1], Lagrange’s mean value theorem is not applicable to

(a) f g h, , (b) h k, (c) f g, (d) g h k, ,

20. If the function f x x bx x( ) = + + +4 2 8 1 has a horizontal
tangent and a point of inflection for the same value of x,
then the value of b is equal to
(a) - 1 (b) 1 (c) 6 (d) - 6

21. Coffee is coming out from a conical filter, with height
and diameter both are 15 cm into a cylindrical coffee pot
with a diameter 15 cm. The rate at which coffee comes
out from the filter into the pot is 100 cu cm/min.

The rate (in cm/min) at which the level in the pot is
rising at the instance when the coffee in the pot is
10 cm, is

(a)
9

16p
(b)

25

9p
(c)

5

3p
(d)

16

9p

22. A horse runs along a circle with a speed of 20 km/h.
A lantern is at the centre of the circle. A fence is there
along the tangent to the circle at the point at which the
horse starts. The speed with which the shadow of the
horse moves along the fence at the moment when it
covers 1/8 of the circle (in km/h) is
(a) 20 (b) 40 (c) 30 (d) 60

23. Water runs into an inverted conical tent at the rate of
20 cu ft/min and leaks out at the rate of 5 cu ft/min. The
height of the water is three times the radius of the
water’s surface. The radius of the water surface is
increasing when the radius is 5 ft, is

(a)
1

5p
ft/min (b)

1

10p
ft/min (c)

1

15p
ft/min (d) None of these

24. Let f x x x x( ) = - +3 23 2 . If the equation f x k( ) = has

exactly one positive and one negative solution, then the
value of k equals

(a) - 2 3

9
(b) - 2

9

(c)
2

3 3
(d)

1

3 3

25. The x-intercept of the tangent at any arbitrary point of

the curve
a

x

b

y2 2
1+ = is proportional to

(a) square of the abscissa of the point of tangency

(b) square root of the abscissa of the point of tangency

(c) cube of the abscissa of the point of tangency

(d) cube root of the abscissa of the point of tangency

26. If f x( ) is continuous and differentiable over [ , ]- 2 5 and

- £ ¢ £4 3f x( ) for all x in ( , )- 2 5 , then the greatest
possible value of f f( ) ( )5 2- - is
(a) 7 (b) 9
(c) 15 (d) 21

27. A curve is represented parametrically by the equations

x t e at= + and y t e at= - + , where t RÎ and a > 0. If the

curve touches the axis of x at the point A, then the
coordinates of the point A are
(a) (1, 0) (b) ( / , )1 0e
(c) ( , )e 0 (d) ( , )2 0e

28. At any two points of the curve represented
parametrically by x a t t= -( cos cos ),2 2
y a t t= -( sin sin )2 2 , the tangents are parallel to the axis
of x corresponding to the values of the parameter t

differing from each other by
(a) 2 3p / (b) 3 4p / (c) p / 2 (d) p / 3

29. Let F x e dtt

x

x
( ) ( ( ))= +ò 1 2sin

sin

cos –1

on 0
2

,
pé

ëê
ù
ûú
, then

(a) F c¢ ¢ =( ) 0 for all c Îæ
èç

ö
ø÷0

2
,

p

(b) F c¢ ¢ =( ) 0 for some c Îæ
èç

ö
ø÷0

2
,

p

(c) F c¢ =( ) 0 for some c Îæ
èç

ö
ø÷0

2
,

p

(d) F c( ) ¹ 0 for all c Îæ
èç

ö
ø÷0

2
,

p
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30. If f ¢ =( )1 1 and
d

dx
f x f x x( ( )) ( ),2 0= ¢ " > . If f x¢ ( ) is

differentiable, then there exists a number c Î( , )2 4 such
that f c¢ ¢ ( ) is equal to
(a) - 1 /4
(b) - 1 /8
(c) 1/4
(d) 1/8

31. Let f x( ) and g x( ) be two functions which are defined

and differentiable for all x x³ 0 . If f x g x( ) ( )0 0= and
f x g x¢ > ¢( ) ( ) for all x x> 0 , then
(a) f x g x( ) ( )< for some x x> 0

(b) f x g x( ) ( )= for some x x> 0

(c) f x g x( ) ( )> only for some x x> 0

(d) f x g x( ) ( )> for all x x> 0

32. The range of values of m for which the line y mx= and

the curve y
x

x
=

+2 1
enclose a region, is

(a) ( , )- 1 1 (b) ( , )0 1
(c) [ , ]0 1 (d) ( , )1 ¥

33. Let S be a square with sides of length x. If we
approximate the change in size of the area of S by

h
dA

dx x x

×
= 0

, when the sides are changed from x 0 to

x h0 + , then the absolute value of the error in our
approximation, is
(a) h2 (b) 2 0hx (c) x0

2 (d) h

34. Consider f x t
t

dt
x

( ) = +æ
èç

ö
ø÷ò

1
1

and g x f x( ) ( )= ¢ for

x Îé
ëê

ù
ûú

1

2
3, . If P is a point on the curve y g x= ( ) such that

the tangent to this curve at P is parallel to a chord

joining the points
1

2

1

2
, g

æ
èç

ö
ø÷

æ
èç

ö
ø÷

and ( , ( ))3 3g of the curve,

then the coordinates of the point P are

(a) can’t be found out (b)
7

4

65

28
,

æ
èç

ö
ø÷

(c) (1, 2) (d)
3

2

5

6
,

æ
è
ç

ö
ø
÷

35. For the curve represented parametrically by the
equation, x t= +2 1log(cot ) and y t t= +tan cot , then

(a) tangent at t = p
4

is parallel to X -axis

(b) normal at t = p
4

is parallel to Y -axis

(c) tangent at t = p
4

is parallel to y x=

(d) normal at t = p
4

is parallel to y x=

36. Consider the curve f x x( ) ,/= 1 3 then

(a) the equation of tangent at (0, 0) is x = 0

(b) the equation of normal at (0, 0) is y = 0

(c) normal to the curve does not exist at (0, 0)

(d) f x( ) and its inverse meet at exactly 3 points

37. The angle at which the curve y ke kx= intersectsY -axis

is

(a) tan ( )-1 2k (b) cot ( )-1 2k

(c) sin-

+

æ

è
ç
ç

ö

ø
÷
÷

1

4

1

1 k
(d) sec ( )- +1 41 k

38. Let f x x x x( ) = - - +8 6 2 13 2 , then

(a) f x( ) = 0 has no root in ( , )0 1

(b) f x( ) = 0 has at least one root in (0, 1)

(c) f c¢( ) vanishes for some c Î( , )0 1

(d) None of the above

39. If f f f( ) ( ) ( )0 1 2 0= = = and function f x( ) is twice

differentiable in ( , )0 2 and continuous in [0, 2], then
which of the following is/are definitely true?
(a) f c c¢ ¢ = " Î( ) ; ( , )0 0 2

(b) f c¢ =( ) 0 ; for at least two c Î( , )0 2

(c) f c¢ =( ) 0 ; for exactly one c Î( , )0 2

(d) f c¢ ¢ =( ) 0 ; for at least one c Î( , )0 2

40. Equation
1

1
3 0

3( )
sin

x
x x

+
- + = has

(a) no real root

(b) two real and distinct roots

(c) exactly one negative root

(d) exactly one root between - 1 and ¥

41. If f is an odd continuous function in [ , ]- 1 1 and

differentiable in ( , )- 1 1 , then
(a) f A f¢ =( ) ( )1 for some A Î -( , )1 0

(b) f B f¢ =( ) ( )1 for some B Î( , )0 1

(c) n f A f A fn n( ( )) ( ) ( ( ))- ¢ =1 1 for some A n NÎ - Î( , ),1 0

(d) n f B f B fn n( ( )) ( ) ( ( ))- ¢ =1 1 for some B n NÎ Î( , ),0 1

42. The parabola y x px q= + +2 intersects the straight line

y x= -2 3 at a point with abscissa 1. If the distance
between the vertex of the parabola and the X -axis is
least, then

(a) p = 0 and q = - 2

(b) p = - 2 and q = 0
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(c) least distance between the vertex of the parabola and

X -axis is 2

(d) least distance between the vertex of the parabola and

X -axis is 1

43. The abscissa of the point on the curve xy a x= + , the

tangent at which cuts off equal intersects from the
coordinate axes, is ( )a > 0

(a)
a

2
(b) - a

2
(c) a 2 (d) - a 2

44. If the side of a triangle vary slightly in such a way that
its circumradius remains constant, then

da

A

db

B

dc

Ccos cos cos
+ + is equal to

(a) 6R (b) 2R

(c) 0 (d) 2R dA dB dC( )+ +

45. Let f x( ) satisfy the requirements of Lagrange’s mean

value theorem in [0, 1], f ( )0 0= and
f x x x¢ £ - " Î( ) , ( , )1 0 1 , then

(a) f x x( ) ³ (b) | ( )|f x ³ 1

(c) f x x x( ) ( )£ -1 (d) f x( ) /£ 1 4

46. For function f x
x

x
( )

ln= , which of the following

statements are true?
(a) f x( ) has horizontal tangent at x e=
(b) f x( ) cuts the X -axis only at one point

(c) f x( ) is many-one function

(d) f x( ) has one vertical tangent

47. Equation of a line which is tangent to both the curves

y x= +2 1 and y x= - 2 is

(a) y x= +2
1

2
(b) y x= -2

1

2

(c) y x= - +2
1

2
(d) y x= - -2

1

2

48. Let F x f x f x( ) ( ( )) ( ( ))= + ¢2 2 , F( )0 6= where f x( ) is

thrice differentiable function such that | ( )|f x £ 1 for all
x Î -[ , ]1 1 , then choose the correct statement(s).

(a) There is at least one point in each of the intervals ( , )-1 0

and ( , )0 1 where | ( )|¢ £f x 2

(b) There is at least one point in each of the intervals ( , )-1 0

and ( , )0 1 where F x( ) £ 5

(c) There is no point of local maxima of F x( ) in ( , )-1 1

(d) For some c Î -( , )1 1 , F c( ) ³ 6, ¢ =F c( ) 0 and ¢¢ £F c( ) 0

49. If the Rolle’s theorem is applicable to the function f

defined by

f x

ax b x

x
c

x
x

( )

, | |

, | |

| |
, | |

=
+ £

=

>

ì

í
ï
ï

î
ï
ï

2 1

1 1

1

in the interval [ , ]-3 3 , then which of the following
alternative(s) is/are correct?
(a) a b c+ + = 2 (b) | | | | | |a b c+ + = 3

(c) 2 4 3 8a b c+ + = (d) 4 4 5 152 2 2a b c+ + =

n Directions (Q. Nos. 50 to 56) For the following questions,
choose the correct answer from the options (a), (b), (c) and
(d) defined as follows

(a) Statement I is true, Statement II is also true; Statement II

is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true; Statement II

is not the correct explanation of Statement I

(c) Statement I is true, Statement II is false

(d) Statement I is false, Statement II is true

50. Statement I If g x( ) is a differentiable function

g g( ) , ( )1 0 1 0¹ - ¹ and Rolle’s theorem is not applicable

to f x
x

g x
( )

( )
= -2 1

in [ , ],- 1 1 then g x( ) has atleast one root

in ( , ).- 1 1

Statement II If f a f b( ) ( )= , then Rolle’s theorem is

applicable for x a bÎ( , ) .

51. Statement I Shortest distance between | | | |x y+ = 2 and

x y2 2 16+ = is 4 2- .

Statement II Shortest distance between the two smooth
curves lies along the common normal.

52. Statement I If a a a a1 2 3, , , ,K n are the n real roots of

a polynomial equation of nth degree with real
coefficients such that sum of the roots taken r r n( )1 £ £
at a time is positive, then all the roots are positive.

Statement II The number of times sign of coefficients
change while going left to right of a polynomial
equation is the number of maximum positive roots.

53. Statement I Tangents at two distinct points of a cubic
polynomial cannot coincide.

Statement II If P x( ) is a polynomial of degree
n n( )³ 2 , then P x k¢ +( ) cannot hold for n or more
distinct values of x.
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54. Statement I For f x

x

x

x

x

( )

,

,

=
-

-æ
èç

ö
ø÷

<

³

ì

í
ïï

î
ï
ï

1

2

1

2

1

2

1

2

2 , mean value

theorem is applicable in the interval [0, 1].

Statement II For application of mean value theorem,
f x( ) must be continuous in [0, 1] and differentiable in (0, 1).

55. Let f x x
x

x
( ) ln ( )= + - +

+
2

2 2

3
.

Statement I The function f x( ) = 0 has a unique
solution in the domain of f x( ).

Statement II If f x( ) is continuous in [ , ]a b and is strictly
monotonic in ( , )a b , then f has a unique root in ( , ).a b

56. Consider the polynomial function

f x
x x x

( ) = - +
7 6 5

7 6 5
- + - +x x x

x
4 3 2

4 3 2

Statement I The equation f x( ) = 0 cannot have two or
more roots.

Statement II Rolle’s theorem is not applicable for
y f x= ( ) on any interval [ , ]a b , where a b R, Î .

Passage I (Q. Nos. 57 to 59)

We say an equation f x g x( ) ( )= is consistent, if the curves

y f x= ( ) and y g x= ( ) touch or intersect at at least one point. If

the curves y f x= ( ) and y g x= ( ) do not intersect or touch, then

the equation f x g x( ) ( )= is said to be inconsistent, i.e. has no

solution.

57. The equation cos cos sin sinx x x x+ = +- -1 1 is

(a) consistent and has infinite number of solutions

(b) consistent and has finite number of solutions

(c) inconsistent

(d) None of the above

58. The equation sin x x x= + +2 1 is

(a) consistent and has infinite number of solutions

(b) consistent and has finite number of solutions

(c) inconsistent

(d) consistent and has unique solution

59. Among the following equations, which is consistent in
( , / )0 2p ?

(a) sin x x+ =2 0 (b) cos x x=
(c) tan x x= (d) All of these

Passage II (Q. Nos. 60 to 62)

To find the point of contact P x yº ( , )1 1 of a tangent to the graph

of y f x= ( ) passing through origin O, we equate the slope of

tangent to y f x= ( ) at P to the slope of OP. Hence, we solve the

equation f x
f x

x
¢ =( )

( )
1

1

1

to get x1 and y1.

60. The equation |ln mx px| = , where m is a positive
constant, has a single root for

(a) 0 < <p
m

e
(b) p

e

m
<

(c) 0 < <p
e

m
(d) p

m

e
>

61. The equation |ln mx px| = , where m is a positive

constant, has exactly two roots for

(a) p
m

e
= (b) p

e

m
=

(c) 0 < £p
e

m
(d) 0 < £p

m

e

62. The equation |ln mx px| = , where m is a positive

constant, has exactly three roots for

(a) p
m

e
< (b) 0 < <p

m

e

(c) 0 < <p
e

m
(d) p

e

m
<

Passage III (Q. Nos. 63 to 64)

Consider the family of circles: x y x y c i
2 2 3 4 0+ - - - = , c Ni Î

( , , ,..., )i n= 1 2 3 .
Also, let all circles intersects X -axis at integral points only and
c c c c cn1 2 3 4< < < <... . A point ( , )x y is said to be integral point,
if both coordinates x and y are integers.

63. If circle x y x y c c2 2
2 13 4 0+ - - - - =( ) and circle

x y r2 2 2+ = have only one common tangent, then

(a) r = 1 2/

(b) tangent passes through ( , )10 0

(c) (3, 4) lies outside the circle x y r2 2 2+ =
(d) c r c2 12= +

64. The ellipse 4 9 362 2x y+ = and hyperbola a x y2 2 2 4- =
intersect orthogonally, then the equation of circle
through the points of intersection of two conics is

(a) x y c2 2
5

2+ = ( ) (b) x y
c2 2 4

7
+ =

(c) x y c c2 2
3 12+ = - (d) x y c2 2

7 14+ = /
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Passage Based Questions
dy dx/ as Rate Measurer & Tangents, Normals Exercise 4 :



65. Match the statements of Column I with values of
Column II.

Column I Column II

(A) The equation x x xlog = -3 has

at least one root in

(p) (0, 1)

(B) If 27 9 3 0a b c d+ + + = , then the

equation

4 3 2 03 2
ax bx cx d+ + + = has at

least one root in

(q) (1, 3)

(C) If c = 3 and f x x
x

( ) = + 1
, then

interval of x in which LMVT is

applicable for f x( ) is

(r) (0, 3)

(D) If c = 1

2
and f x x x( ) = -2 2, then

the interval of x in which LMVT is

applicable for f x( ), is

(s) ( , )- 1 1

66. Match the statements of Column I with values of
Column II.

Column I Column II

(A) A circular plate is expanded by heat

from radius 5 cm to 5.06 cm.

Approximate increase in area is

(p) 4

(B) If an edge of a cube increases by 1%,

then percentage increase in volume is

(q) 0.6 p

(C) If the rate of decrease of
x

x
2

2
2 5- +

is twice the rate of decrease of x, then

x is equal to (rate of decrease is

non-zero)

(r) 3

(D) Rate of increase in area of equilateral

triangle of side 15 cm, when each

side is increasing at the rate of

0.1 cm/s, is

(s) 3 3

4

67. A point is moving along the curve y x3 27= .  The

interval in which the abscissa changes at slower rate
than ordinate, is (a, b). Then, ( )a b+ is ……… .

68. The slope of the curve 2 2 2y ax b= + at ( , )1 1- is - 1.

Then, ( )a b- is ……… .

69. Let f ( )1 2= - , f x¢ ³( ) .4 2 for 1 6£ £x . The smallest

possible value of f ( )6 16- is ……… .

70. Let f x
x x

x x
( )

,

,
= - <

+ ³

ì
í
î

2

2

0

8 0

for

for
.  Then, the absolute

value of x-intercept of the line that is tangent to the
graph of f x( ), is ……… .

71. The tangent to the graph of the function y f x= ( ) at that

point with abscissa, x a= forms with the X - axis at an

angle of
p
3

and the point with abscissa at x b= at an

angle
p
4

, then the value of f x f x dx
a

b
¢ × ¢ ¢ò ( ) ( ) is …… .

72. Two curves C y x1
2 3: = - and C y kx2

2: ,= k RÎ
intersect each other at two different points. The tangent
drawn to C 2 at one of the points of intersection
A a y a( , ), ( )1 0> meets C1 again at B y( , )1 2 .

The value of a is ……… .

73. Consider the function f x x x( ) = - +8 7 52 on the

interval [ , ]- 6 6 . The value of c that satisfies the
conclusion of the mean value theorem, is ……… .

74. Suppose that f is differentiable for all x and that

f x¢ £( ) 2 for all x. If f ( )1 2= and f ( )4 8= , then f ( )2 has
the value equal to ……… .

75. Suppose a b c, and are positive integers with a b c< <
such that 1 1 1 1/ / /a b c+ + = . The value of ( )a b c+ + - 5
is ……… .
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Single Integer Answer Type Questions
dy dx/ as Rate Measurer & Tangents, Normals Exercise 6 :

Matching Type Questions
dy dx/ as Rate Measurer & Tangents, Normals Exercise 5 :



76. Show that a tangent to an ellipse whose segment
intercepted by the axes is the shortest, is divided at the
point of tangency into two parts respectively, is equal to
the semi-axes of the ellipse.

77. Tangents are drawn from the origin to the curve

y x= sin . Prove that points of contact lie on y
x

x

2
2

21
=

+
.

78. If f is a continuous function with f t dt
x

( ) ® ¥ò0
as

| |x ® ¥, then show that every line y mx= intersects the

curve y f t dt
x2

0
2+ =ò ( ) .

79. Find the equation of the straight line which is a tangent
at one point and normal at another point to the curve

y t x t= = +8 1 4 33 2– , .

80. Let a curve y f x= ( ) passes through (1, 1), at any point P

on the curve tangent and normal are drawn to intersect
the X -axis at Q and R, respectively. If QR = 2, find the
equation of all such possible curves.

81. Show that the angle between the tangent at any point P

and the line joining P to the origin ‘O’ is the same at all

points of the curve log ( ) tan ( )–x y c y/x2 2 1+ = , where

c is constant.

82. If the equation of two curves are y ax2 4= and x ay2 4=
(i) Find the angle of intersection of two curves.

(ii) Find the equation of common tangents to these curves.

83. A straight line intersects the three concentric circles at
A B C, , . If the distance of the line from the centre of the
circles is ‘ ’P , prove that the area of the triangle formed by

the tangents to the circle at A B C, , is
1

2P
AB BC CA× × ×æ

èç
ö
ø÷
.

84. Find the equation of all possible curves such that length
of intercept made by any tangent on X-axis is equal to
the square of x-coordinate of the point of tangency.
Given that the curve passes through ( , )2 1 .

85. The tangent to the curve y x x= – 3 at a point P meets

the curve again at Q. Prove that one point of trisection of
PQ lies on the Y-axis. Find the locus of the other points
of trisection.

86. Determine all the curves for which the ratio of the
length of the segment intercepted by any tangent on the
Y-axis to the length of the radius vector is constant.

87. If t be a real number satisfying 2 9 30 03 2t t a– –+ = ,

then the values of the parameter a for which the

equation x
x

t+ =1
gives six real and distinct values of x.

Chap 07 dy/dx as a Rate Measurer and Tangents, Normals 443

(i) JEE Advanced & IIT-JEE

88. The slope of the tangent to the curve ( ) ( )y x x x- = +5 2 2 21 at the point (1, 3) is [Integer Type Question 2014]

89. Let f x x( ) cos= +2 ,  for all real x.

Statement I For each real t, there exists a point c in [ , ]t t + p , such that f c¢ =( ) 0. Because

Statement II f t f t( ) ( )= + 2p for each real t . [Assertion and Reason 2007]

(a) Statement I is correct, Statement II is also correct; Statement II is the correct explanation of Statement I

(b) Statement I is correct, Statement II is also correct; Statement II is not the correct explanation of Statement I

(c) Statement I is correct; Statement II is incorrect

(d) Statement I is incorrect; Statement II is correct

90. If | ( ) ( ) | ( ) ,f x f x x x1 2 1 2
2- £ - " Îx x R1 2, . Find the equation of tangent to the curve y f x= ( ) at the point (1, 2).

[Analytical Descriptive 2005]

91. The point(s) on the curve y x y3 23 12+ = , where the tangent is vertical, is (are) [One Correct Option 2002]

(a) ± -æ
èç

ö
ø÷

4

3
2, (b) ±

æ
è
ç

ö
ø
÷

11

3
0, (c) (0, 0) (d) ±æ

èç
ö
ø÷

4

3
2,

Questions Asked in Previous 10 Years’ Exams
dy dx/ as Rate Measurer & Tangents, Normals Exercise 8 :

Subjective Type Questions



92. If the normal to the curve y f x= ( ) at the point (3, 4) makes an angle
3

4

p
with the positive X-axis, then f ¢( )3 is equal to

[One Correct Option 2000]

(a) –1 (b) –3/4 (c) 4/3 (d) 1

(ii) JEE Main & AIEEE

93. The normal to the curve y x x x( ) ( )- - = +2 3 6 at the point where the curve intersects the Y-axis passes through the

point [2017 JEE Main]

(a)
1

2

1

3
,

æ
èç

ö
ø÷ (b) - -æ

èç
ö
ø÷

1

2

1

2
, (c)

1

2

1

2
,

æ
èç

ö
ø÷ (d)

1

2

1

3
, -æ

èç
ö
ø÷

94. The normal to the curve x xy y2 22 3 0+ - = at (1,1) [2015 JEE Main]

(a) does not meet the curve again (b) meets in the curve again the second quadrant

(c) meets the curve again in the third quadrant. (d) meets the curve again in the fourth quadrant

Answers
Exercise for Session 1

1. 6 cm3/s 2. ( , / )1 5 3 and ( , / )-1 1 3

3. 8 cm/s 4. 750 cm3/s 5.
200

5

3

2

pr

r( )+
km2/h

6.
1

48 p
cm/s 7. - 1

3p
cm/s 8.

1

10p
cm/s

9. 20 m/s 10.
-3

10
rad /s 11. (a)

1

40p
cm/s

(b)
1

30
cm2/s (c)

10

30
cm2/s

12.
0 004.

p
m/s and

0 02.

p
m/s 13. 3

16

3
,

æ
èç

ö
ø÷
, - -æ

èç
ö
ø÷

3
16

3
,

14.
2a

b

æ
èç

ö
ø÷

units/s 15. - 3

8
m/s

Exercise for Session 2

1.
50

7
2. 2.1983 3. 0.02%

4.
1

8

æ
èç

ö
ø÷
%

Exercise for Session 3

1. (a) 2. (c) 3. (b) 4. (a) 5. (b)

6. (b) 7. (d) 8. (c) 9. (b) 10. (a)

Exercise for Session 4

1. (b) 2. (d) 3. (a) 4. (b) 5. (c)

6. (b) 7. (c) 8. (b) 9. (c) 10. (d)

Exercise for Session 5

1. (d) 2. (a) 3. (b) 4. (d) 5. (c)

Exercise for Session 6

1. Real and distinct roots if a Î -( , ).2 2

2. (a) 3. (a) 4. (b)

Chapter Exercises

1. (a) 2. (b) 3. (a) 4. (b) 5. (b)

6. (b) 7. (b) 8. (a) 9. (b) 10. (b)

11. (c) 12. (b) 13. (c) 14. (c) 15. (c)

16. (d) 17. (c) 18. (b) 19. (a) 20. (d)

21. (d) 22. (b) 23. (a) 24. (a) 25. (c)

26. (d) 27. (d) 28. (a) 29. (b) 30. (b)

31. (d) 32. (b) 33. (a) 34. (d)

35. (a, b) 36. (a, b, d) 37. (b, c) 38. (b, c)

39. (b, d) 40. (b, c, d)

41. (a, b, d) 42. (b, d) 43. (a, b) 44. (c, d)

45. (c, d) 46. (a, b, c) 47. (a, c)

48. (a, b, d) 49. (a, b, c, d) 50. (c)

51. (d) 52. (a) 53. (d) 54. (d) 55. (c)

56. (a) 57. (b) 58. (c) 59. (b) 60. (d) 61. (a)

62. (b) 63. (b) 64. (d)

65. (A) ® (q); (B) ® (r); (C) ® (q); (D) ® (p)

66. (A) ® (q); (B) ® (r); (C) ® (p); (D) ® (s)

67. (0) 68. (2) 69. (3) 70. (1) 71. (1)

72. (3) 73. (0) 74. (4) 75. (6)

79. ± -2 27 105( )x

80. log logy x
y

y
y- = ± - - - + -

æ

è

ç
ç

ö

ø

÷
÷ -1 1

1 1
2

2

82. (i) Q = æ
èç

ö
ø÷

-tan 1 3

4
(ii) x y a+ = = 0

84. Possible curve are y
x

x
=

-2 1( )
or y

x

x
=

+
3

2 1( )
.

85. y x x= - 5 3
86. ( )y x y x c

k+ + =-2 2 1
1

87. No real value 88. 8 89. (b) 90. y - =2 0

91. (d) 92. (d) 93. (c) 94. (d)
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1. Here, f x x nx( ) = - +3 1

f ( )0 1= and f n n( )1 1 1 2= - + = -
Q n ³ 3

\ f ( )1 0< and also we have, f ( )0 0>
\ f x( ) must have at least one real root in ( , )0 1 .

2. Given, slope of normal to y f x= ( ) is 1.

Þ -
¢

æ
è
ç

ö
ø
÷ =1

1
0 0

f x( )
( , )

Þ ¢ = -f ( )0 1 ...(i)

Now, lim
( ) ( ) ( )x

x

f x f x f x® - +0

2

2 2 220 9 2 99

=
¢ × - ¢ × + ¢ ×®

lim
( ) ( ) ( ) ( )x

x

f x x f x x f x x0 2 2 2

2

2 20 9 18 2 99 198

[using L’ Hospital’s rule]

=
¢ - ¢ + ¢ ×®

lim
( ) ( ) ( ) ( )x f x f x f x0 2 2 2

1

180 9 99 198

=
¢ - × ¢ + × ¢

1

0 180 0 198 0f f f( ) ( ) ( )

=
- + -

1

1 180 198

= - 1

19

3. The equation of the tangent at the point R x f x( , ( )) is

Y f x f x X x- = ¢ -( ) ( )( ) ...(i)

The point of intersection on Y-axis, is P f x x f x( , ( ) ( ))0 - ¢ .

The slope of line perpendicular to tangent at R, is

m
f x xf x

PQ = - ¢ -
-

( ( ) ( )) 0

0 1
...(ii)

\ ¢ × = -f x mPQ( ) 1

Þ ¢ × - ¢
-

= -f x
f x xf x

( )
( ( ) ( ))

1
1

Þ f x f x x f x( ) ( ) ( ( ))¢ - ¢ =2 1

4. Here, y x x2 = + sin

Þ 2 1y dy dx x/ cos= +
For horizontal tangent, dy dx/ = 0

\ cosx = -1 Þ x n= +( )2 1 p
Since, y x x2 = + sin and | |y £ 3

Þ 0 9£ £x

Þ 0 2 1 9£ + £( )n p
\ n = 0 Þ x = p
Þ y 2 = p or y = ± p

Thus, points are ( , )p p and ( , ).p p-

\ Number of points is 2.

5. Here,
a c

b d

+
+

= -2

3

4

3

Þ 3 6 4 12a c b d+ = - -
Þ 3 4 6 12 0a b c d+ + + =

or
a b c

d
4 3 2

0+ + + = ...(i)

Consider, f x
ax bx cx

dx( ) = + + +
4 3 2

4 3 2

Then, f f( ) ( )0 0 1= = [using Eq. (i)] ...(ii)

\ f x( ) satisfy the condition of Rolle’s theorem in [ , ].0 1

Hence, ¢ =f x( ) 0 has at least one solution in ( , )0 1 .

6. Let f x
ax bx cx

dx( ) = + + +
4 3 2

4 3 2
,

which is continuous and differentiable.

Also, f f
a b c

d( ) , ( )0 0 1
4 3 2

= - = - + -

= + - + =1

4
2

1

3
3 0( ) ( )a c b d

So, according to Rolle’s theorem, there exists at least one root
of f x¢ =( ) 0 in ( , )- 1 0 .

7. Let us consider g t f x dx
t

( ) ( )= ò 0

Applying LMVT in (0, 2), we get

g g
g c

( ) ( )
( ),

2 0

2 0

-
-

= ¢ where c Î( , )0 2

Þ f x dx f c( ) ( ),=ò 2
0

2
where c Î( , )0 2

8. Replace x by - x

Þ x f x f x[ ( ) ( )]+ - = 0 Þ f x( ) is an odd function.

Þ f xiv( ) is also odd Þ f iv ( )0 0=

9. Given, x y x y x+ - + = +ln ( ) 2 5

Þ 1
1

1 2+ -
+

+æ
èç

ö
ø÷ =dy

dx x y

dy

dx

Þ dy

dx

x y

x y
= + +

+ -
1

1

Þ dy

dx

æ
èç

ö
ø÷ = + +

+ -
= ¥

( , )a b

a b
a b

1

1
, when a b+ = 1

Solutions

X

Y

O

R
x

f x

(
,

(
))

(1, 0)

Q

P

Y ′

X ′



10. Since, f x¢¢( ) is odd function.

\ g ( , )a b = 0

Þ (sin ) (cos ) (sin cos )4 2 4 2 2 2 21 1 2 0a b a b- + - + - =

Þ sin sin2 2 1a b+ =

11. Let a be the root of f x( ) = 0.

Þ f f( ) ( )a a= - =2 0

\ f x( ) has 4 distinct and 2 equal roots.

\ Sum of the roots = 6

12. Given, y
dy

dx
x=

Þ y dy x dx= Þ y x c2 2= +

Q f ( )1 3=
\ 9 1= + c Þ c = 8 Þ y x2 2 8= +

Þ f x x( ) = +2 8

Þ f ( )4 16 8 2 6= + =

13. Given, x y c2 3=

Þ x
dy

dx
xy2 2 0+ =

Þ dy

dx

y

x
= - 2

Equation of tangent at ( , )x y , is Y y
y

x
X x- = - -2

( )

Y = 0, gives X
x

a= =3

2

and X = 0, gives Y y b= =3

Now, a b
x

y x y c2
2

2 39

4
3

27

4

27

4
= × = =

14. Clearly, f f( ) ( )0 1 0= = and f x( ) is a polynomial of degree 10.

Therefore, by LMVT, we must have at least one root in (0, 1).

Since, the degree of f x( ) is even.

\ It has at least two real roots.

15. Let ( , )x y1 1 and ( , )x y2 2 be two intersect points.

Given, y x x= + -3 2 1 and y x x= - +2 4 23

\ y x x1 1
3

12 4 2= - + …(i)

and 2 2 4 21 1
3

1y x x= + - …(ii)

Subtracting Eq. (i) from Eq. (ii), we get

y x1 18 4= - …(iii)

Similarly, y x2 28 4= - …(iv)

Now, from Eqs. (iii) and (iv), we get y y x x2 1 2 18- = -( )

\ y y

x x

2 1

2 1

8
-
-

=

16. (a) Discontinuous at x = 1, therefore not applicable.

(b) Discontinuous at x = 0, therefore not applicable.

(c) Discontinuity at x = 1 Þ not applicable.

(d) Note that x x x x x x3 2 22 5 6 1 6- - + = - - -( ) ( ).

Hence, f x x x( ) = - -2 6, if x ¹ 1 and f ( )1 6= -

Þ f is continuous at x = 1.

So, f x x x( ) = - -2 6 is continuous throughout the interval

[ , ].- 2 3

Also, note that f f( ) ( )- = =2 3 0. Hence, Rolle’s theorem is
applicable.

17. Let A t t= ( , ).2 Then, m tOA = ,m
t

AB = - 1

Equation of AB, y t
t

x t- = - -2 1
( )

Putting x = 0

Þ h t= +2 1

Now, lim ( ) lim ( )
t t

h t
® ®

= + =
0 0

21 1

18. For 0 1< £a , the line always intersects y ax=

For a > 1, say a e= . Consider f x e xx( ) = - , f x ex¢ = -( ) 1

f x¢ >( ) 0 for x > 0 and f x¢ <( ) 0 for x < 0
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Y

R

Q

O

P

X

Y ′

X ′

B

h

O
X

A t, t( )2

X ′
Y ′

Y

Y

O
X

y = a , ax ∈ (0, 1)

X ′

Y ′

Y

O
X

a = 1

X ′

Y ′



\ f x( ) is increasing ( ) for x > 0

and decreasing ( )¯ for x < 0

y ex= always lies above y x= , i.e. e xx - ³ 1 for a > 1

Hence, the line y x= intersect when a Î( , ]0 1 .

19. Q f is not differentiable at x = 1

2
,

g is not continuous in [0, 1] at x = 0 and 1 ,

and h is not continuous in [0, 1] at x = 1

k x x x p( ) ( ) ( ) ,ln= + = +3 32 5 where 2 3< <p

\None of these, f , g, h follows Lagrange’s mean value
theorem.

20. f x¢ =( ) 0 and ¢¢ =f x( ) 0 for the same x x= 1 [say]

Now, f x x bx¢ = + +( ) 4 2 83

f x x bx¢ = + + =( ) [ ]1 1
3

12 2 4 0 …(i)

f x x b¢¢ = + =( ) [ ]1 1
22 6 0 …(ii)

From Eq. (ii), b x= - 6 1
2

Substituting this value of b in Eq. (i), we get

2 6 4 01
3

1
3x x+ - + =( )

Þ 4 41
3x =

Þ x1 1=
Hence, b = - 6

21. For a cylindrical pot, V r h= p 2

Þ dV

dt
r

dh

dt
h r

dr

dt
= + ×é

ëê
ù
ûú

p 2 2 r
dr

dt
= =é

ëê
ù
ûú

constant, 0

Þ 100 2= pr
dh

dt
Þ 100

225

4
= × ×p dh

dt
Q r =é

ëê
ù
ûú

15

2
cm

Þ dh

dt
= =400

225

16

9p p
cm/min

22. tan /q = x r Þ x r= tan q

Þ dx dt r d dt r v/ sec ( / ) sec sec= = =2 2 2q q w q q

when, q p p= = = =2 8 4 2 402/ , / sec ( / )dx dt v v km/h.

23.
dV

dt
= 15, h r= 3 , V x y

dx

dt
= =1

3

2p , ?, when x = 5

x

y

r

h
= = 1

3
Þ V r x x= =2

3
32 3p p

dV

dt
x

dx

dt
= 3 2p

Þ 15 3 25= ×p dx

dt

Þ dx

dt
= 1

5p

24. Given, f x x x x( ) ( )= - +2 3 2

Þ f x x x x( ) ( )( )= - -2 1

Graph of y f x= ( ) is shown as

Now, for exactly one positive and one negative solution of the
equation f x K( ) =

We should have, k f= +æ
èç

ö
ø÷1

1

3

Q -é
ëê

1

3
and 1

1

3
+ are the roots of f x¢ =

ù

û
ú( ) 0

\ k

x x x

= +æ
èç

ö
ø÷ -æ

èç
ö
ø÷

æ
èç

ö
ø÷

- -

1
1

3

1

3
1

1

3

2 1
1 24 34 1 24 34 123

= -æ
èç

ö
ø÷

æ
èç

ö
ø÷ = -1

3
1

1

3

2

3 3

= - 2 3

3
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15 cm

15 cm

xx′ 1
O

y′

y

θ
rO

x

X

Y

X ′

Y ′

15 cm

r

x h

y

X′

Y′

1 – 1/ 3√

Y

XO
1 + 1/ 3√

y = k

1 2



25. We have,
a

x

b

y2 2
1+ =

Þ - - =2 2
0

3 3

a

x

b

y

dy

dx
Þ dy

dx

ay

bx
= -

3

3
…(i)

Equation of tangent is Y y
ay

bx
X x- = - -

3

3
( )

For x-intercept, put Y = 0

\ X
bx

ay
x= +

3

2

Þ X x
bx ay

ay
x

x y

ay

x

a
= +é

ë
ê

ù

û
ú =

é

ë
ê

ù

û
ú =

2 2

2

2 2

2

3

[using Eq. (i)]

Þ x-intercept is proportional to cube of abscissa.

26. Using LMVT in [- 2 5, ], we get

- £ - - £4
5 2

7
3

f f( ) ( )

Þ - £ - - £28 5 2 21f f( ) ( )

27. Given, x t eat= + , y t eat= - +

Þ dx

dt
ae

dy

dt
aeat at= + = - +1 1, ,

dy

dx

ae

ae

at

at
= - +

+
1

1

At the point A, y = 0 and
dy

dx
= 0 for some t t= 1

\ aeat1 1= …(i)

Also, 0 1
1= - +t eat

\ e tat1
1= …(ii)

Putting this value in Eq. (i), we get

at1 1= Þ t
a

1
1=

Now from Eq. (i), ae = 1

Þ a
e

= 1

Hence, x t e e e eA
at= + = + =1

1 2

Þ A eº ( , )2 0

28. Given, x a t t= -( cos cos )2 2 , y a t t= -( sin sin )2 2

\ dy

dx

t t

t t
= -

-
=cos cos

sin sin

2

2
0

Þ cos cos2t t=
Þ cos cos ( )2 2t t= -p
Þ t = 2 3p /

29. F x e x e xx x¢ = × - - ×+ +-
( ) ( sin ) cos( sin (cos )) ( )1 11 2 2

\ F e e¢ = - = -( )0 0

and F e e¢ æ
èç

ö
ø÷ = - - = -p

2
0

Hence, Rolle’s theorem is applicable for the function F x¢( ).

So, there exists c in 0
2

,
pæ

èç
ö
ø÷ for which F c¢¢ =( ) 0 as

Rolle’s theorem is applicable for F x¢( ) in 0
2

, .
pé

ëê
ù
ûú

Also, F f t dt( ) ( )0
0

1
= ò and F f t dt

p
2 1

0æ
èç

ö
ø÷ = ò ( )

Hence, F ( )0 and F
p
2

æ
èç

ö
ø÷ have opposite signs.

Þ F c( ) = 0 for some c Îæ
èç

ö
ø÷0

2
,

p

30. Given, f ¢ =( )1 1, 2 2× ¢ = ¢f x f x( ) ( )

Put x f
f= ¢ = ¢ =1 2

1

2

1

2
, ( )

( )

and f f¢ = ¢ =( ) ( )4
1

2
2

1

4

Applying LMVT for y f x= ¢( ) in [2, 4], we get

f c
f f¢ ¢ = ¢ - ¢ =

-
= -( )

( ) ( )4 2

2

1

4

1

2
2

1

8

31. Consider f = -( ) ( ) ( )x f x g x Þ f¢ = ¢ - ¢ >( ) ( ) ( )x f x g x 0.

Clearly, f ( )x is also continuous and derivable in [ , ].x x0

Using LMVT for f ( )x in [ , ]x x0 , we get

f¢ = f - f
-

( )
( ) ( )

c
x x

x x

0

0

Since, f¢ = ¢ - ¢( ) ( ) ( )x f x g x > 0 for all x x> 0

\ f¢ >( )c 0

Hence, f - f >( ) ( )x x0 0

Þ f > f( ) ( )x x0

Þ f( )x > 0 [ ( ) ( ) ( ) ]Q f = - =x f x g x0 0 0 0

Þ f x g x( ) ( )- > 0

32. Solving, mx
x

x
=

+2 1
Þ x

m

2 1
1+ = or x = 0

Þ x
m

2 1
1 0= - > for a region

Þ m

m

- <1
0 Þ m Î( , )0 1

? Remark

For m = 0 or 1, the line does not enclose a region.

33. Q Side = x

\Area A x= 2 Þ dA

dx
x= 2 . So,

dA

dx
h x h

x x

æ
èç

ö
ø÷ ´

ì
í
ï

îï

ü
ý
ï

þï
=

= 0

2 0

The exact change in the area of S when x is changed from x0 to
x h0 + , is

( )x h x x x h h x x h h0
2

0
2

0
2

0
2

0
2

0
22 2+ - = + + - = +

The difference between the exact change and the approximate

change is 2 20
2

0
2x h h x h h+ - =
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34. f x t
t

dt
x

( ) = +æ
èç

ö
ø÷ò

1

1
Þ f x x

x
¢ = +( )

1

\ g x x
x

( ) = + 1

For x Îé
ëê

ù
ûú

1

2
3, ,

g g
1

2
2

1

2

5

2
3 3

1

3

10

3

æ
èç

ö
ø÷ = + = = + =, ( )

Let P c g c cº Îé
ëê

ù
ûú

( , ( )), ,
1

2
3

By LMVT, g c

g g

¢ =
- æ

èç
ö
ø÷

-
( )

( )3
1

2

3
1

2

\ 1
1

10

3

5

2

3
1

2

2
- =

-

-c

Þ c 2 3

2
=

Þ c = 3

2

\ g c( ) = + =3

2

1

3

2

5

6

Thus, P º
æ
è
ç

ö
ø
÷

3

2

5

6
,

35. Here,
dx

dt

t

t
= -2 2( )

cot

cosec

Þ dx

dt tat =
= -p

4

4

and
dy

dt
t t= -sec cosec2 2

Þ dy

dt tat =
=

p
4

0

\ dy

dx
= 0

Hence, tangent is parallel to X -axis and its normal is parallel
to Y -axis.

36. Here, f x
x

¢ =( )
/

1

3 2 3

Þ f ¢ ® ¥( )0 and tangent is vertical at x = 0.

Equation of tangent at ( , )0 0 is x = 0.

Equation of normal is y = 0.

Now, f x f x( ) ( )= -1 Þ x x1 3 3/ =

Þ x x9 = Þ x = -0 1 1, ,

37. Here,
dy

dx
k ekx= 2

Þ dy

dx
k

x

æ
èç

ö
ø÷ = =

= 0

2 tanq, where q is angle made by X - axis.

Let f be the angle made by Y -axis.

\ tan tanq p f= -æ
èç

ö
ø÷

3

2
= cot f

Þ cot f = k2 Þ f = -cot 1 2k

Þ f =
+

æ

è
ç
ç

ö

ø
÷
÷

-sin 1

4

1

1 k

38. As, f x( ) is continuous in [0, 1] and differentiable in (0, 1) and

f f( ) ( )0 1 1= = .

\By Rolle’s theorem, there must exist at least one x c= Î( , )0 1
such that f c¢ =( ) 0

\ f c¢( ) vanishes for some c Î( , )0 1 .

Now, f ( )0 1= , f ( / )1 2
1

2
= - and f ( )1 1=

\By intermediate value theorem, f x( ) must have one root

belongs to 0
1

2
,

æ
èç

ö
ø÷ and other in the interval

1

2
1,

æ
èç

ö
ø÷.

39. Here, f f( ) ( )0 1= and f is continuous in [0, 1] and derivable in

(0, 1).

\ f c¢ =( )1 0 for at least one c1 0 1Î( , )

Similarly, as f f( ) ( )1 2=
\ f c¢ =( )2 0 for at least one c2 1 2Î( , ). Þ f c f c¢ = ¢( ) ( )1 2

Þ f c¢ ¢ =( ) 0 for at least one c c cÎ( , )1 2 .

40. Let f x
x

x x( )
( )

sin=
+

- +1

1
3

3

Domain of f is ( , ) ( , )-¥ - È - ¥1 1 .

f x
x

x¢ = -
+

+
é

ë
ê

ù

û
ú +( )

( )
cos3

1

1
1

4
Þ f x¢ <( ) 0

Þ f is decreasing.

Also, lim ( )
x

f x
® - +

® ¥
1

, lim ( )
x

f x
® - -

® -¥
1

and lim ( )
x

f x
® ¥

® - ¥, lim ( )
x

f x
® - ¥

® ¥
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Þ f x( ) = 0 has exactly two roots.

41. Clearly, f f( ) ( )- = -1 1 and f ( )0 0= . For (a) and (b) apply

LMVT for the function f x( ) in ( , )- 1 0 and ( , )0 1 , respectively.
For (d) apply LMVT for ( ( ))f x n in ( , )0 1 .

42. When x y= = -1 1, [from the line]

Thus, it must lie on the parabola y x px q= + +2

Þ - = + +1 1 p q Þ p q+ = - 2

\ Now, distance of the vertex of the parabola from the X -axis
is

d f
p p p

q q
p= -æ

èç
ö
ø÷ = - + = -

2 4 2 4

2 2 2

Substituting q p= - -2 , we get

d p
p= - - -2
4

2

Now, take g p p
p

( ) = - - -2
4

2

So, g p
p¢ = - - =( ) 1
2

0 Þ p = - 2

Hence, q = 0

Note that least distance of the vertex from X -axis is 1.

43. Given, xy a x= + Þ xy a x ax= + +2 2 2

Þ y
a

x
x a= + +

2

2

Þ dy

dx

a

x
= - + = -

2

2
1 1

Þ 2 2 2x a=

Þ x
a= ±
2

44. Given,
a

A

b

B

c

C
R

sin sin sin
= = = 2 [say]

\ da R A dA db R B dB= =2 2cos , cos ,

dc R C dC= 2 cos

\ da

A

db

B

dc

C
R dA dB dC

cos cos cos
( )+ + = + +2 …(i)

Also, A B C+ + = p
So, dA dB dC+ + = 0 …(ii)

From Eqs. (i) and (ii), we get

da

A

db

B

dc

Ccos cos cos
+ + = 0

45.
f x f

x
f c x

( ) ( )
( )

-
-

= ¢ £ -0

0
1 for some c Î( , )0 1 .

Þ f x x x( ) ( ) /£ - £1 1 4

46. Here, f x
x

x
( )

ln= …(i)

\ Domain is R + .

Q f x
x

x
x

x

x

x
¢ =

× -
= -

( )
ln

ln
1

1
2 2

(a) For horizontal tangent, f x¢ =( ) 0

Þ ln x = 1 Þ x e= [true]

(b) If f x( ) intersects the X -axis.

ln x

x
= 0 Þ x = 1 [true]

(c) f x¢( ) is positive, if x eÎ( , )0 and f x¢( ) is negative, if
x eÎ ¥( , )

\ f x( ) is not monotonic.

\ f x( ) is many-one.

(d) For vertical tangent, f x¢ = ¥( ) [true]

Þ 1
2

- = ¥ln x

x
Þ x

x

2

1
0

-
=

ln

Þ x = 0 which is not in the domain of f x( ). [false]

47. Let the tangent line be y ax b= +

The equation for its intersection with the upper parabola is

x ax b2 1+ = +

Þ x ax b2 1 0- + - =( )

This has a double root when a b2 4 1 0- - =( )

or a b2 4 4+ =

For the lower parabola, ax b x+ = - 2

Þ x ax b2 0+ + =

This has a double root when a b2 4 0- =

On subtracting these two equations, we get 8 4b = or b = 1

2

On adding these equations, we get 2 42a = or a = ± 2

The tangent lines are y x= +2
1

2
and y x= - +2

1

2

48. For some a Î( , )0 1 , | ( )|
( ) ( )

| ( )| | ( )|¢ = -
-

£ +f
f f

f fa 1 0

1 0
1 0

Þ | ( )|¢ £ + =f a 1 1 2

Similarly, for some b bÎ - ¢ £( , ), | ( )|1 0 2f

Also, F x f x f x( ) ( ( )) ( ( ))= + ¢2 2

Þ F f f( ) ( ( )) ( ( ))a a a= + ¢ £ + £2 2 1 4 5

Similarly, F ( )b £ 5 for some b Î -( , )1 0

X ′ X

Y ′

O 1 2

–1

1

–1

y x= 2 – 3
Y

X ′

Y ′

–1 O
X

Y



As, F ( )0 6= , so there must be a point of local maxima for F x( )
in ( , )-1 1 and at the point of maxima, say x c= ,

F c( ) ³ 6 Þ F c¢ =( ) 0 and F c¢¢ £( ) 0

49. As, Rolle’s theorem is applicable, the function should be
continuous and differentiable in [ , ].-3 3

So, at x = 1 it is continuous

Þ lim ( ) lim ( ) ( )
x x

f x f x f
® ®- +

= =
1 1

1

Þ a b c+ = = 1 ...(i)

Since, differentiable at x = 1, therefore

¢ = ¢+ -f f( ) ( )1 1

Þ lim
h

c

h
h

a
®

+
-

=
0

1
1

2

Þ 2
1

10
a

c h

h hh
= - -

+®
lim

( )
exists only when c = 1

Þ 2
1

1
1

0
a

hh
= -

+
= -

®
lim

( )

\ a = -1 2/ and c = 1 ...(ii)

From Eqs. (i) and (ii), we get

b = 3 2/ ...(iii)

\ a b c+ + = 2 ...(iv)

| | | | | |a b c+ + = 3 ...(v)

2 4 3 8a b c+ + = ...(vi)

4 4 5 152 2 2a b c+ + = ...(vii)

50. Statement I As, f f( ) ( )- =1 1 and Rolle’s theorem is not

applicable, then it implies that f x( ) is either discontinuous or
f x¢( ) does not exist at at least one point in ( , )- 1 1 .

Þ g x( ) = 0 for at at least one value of x in ( , )-1 1 .

Statement II is false. Consider the example in Statement I.

51. Common normal is y x=
Solving, y x= with x y+ = 2 , we get A( , )1 1

and with x y2 2 16+ = , we get B( , )2 2 2 2

The shortest distance between the given curves is AB = -4 2.

But as the curves are not smooth, check at slope points. The
coordinates in 1st quadrant are (2, 0) and (4, 0) and here
distance = 2.

\ 4 2- is not the shortest.

52. If P x( ) = 0 is a polynomial equation, then P x( )- = 0 has no

positive root.

Þ P x( ) = 0 cannot have negative roots.

53. Let A a P a B b P b( , ( )), ( , ( )), then slope of AB P a P b= ¢ = ¢( ) ( ) from

LMVT there exists c a bÎ( , ), where P c¢ =( ) slope of AB.

54. f x

x x

x x

( )

,

,

=
- <

-æ
èç

ö
ø÷ ³

ì

í
ïï

î
ï
ï

1

2

1

2

1

2

1

2

2

Þ f x

x

x x
¢ =

- <

-æ
èç

ö
ø÷ - >

ì

í
ï

î
ï

( )

,

( ),

1
1

2

2
1

2
1

1

2

Left hand derivative at x = 1 2/ is ( )- 1 and right hand
derivative at x = 1 2/ is 0, so the function is not differentiable
at x = 1 2/ .

55. f x x
x

x
( ) ln ( )= + - +

+
2

2 2

3
is continuous in [ , )- ¥2 .

f x
x x

x x

x x
¢ =

+
-

+
= + - +

+ +
( )

( )

( ) ( )

( ) ( )

1

2

4

3

3 4 2

2 32

2

2

= + +
+ +

= +
+ +

>x x

x x

x

x x

2

2

2

2

2 1

2 3

1

2 3
0

( ) ( )

( )

( ) ( )

[ ( )f x¢ = 0 at x = - 1]

Þ f is increasing in ( , )- ¥2 .

Also, lim ( )
x

f x
® - +

® - ¥
2

and lim ( )
x

f x
® ¥

® ¥ Þ unique root.

56. Let f x( ) = 0 has two roots say x r= 1 and x r= 2 , where

r r a b1 2, [ , ]Î .

Þ f r f r( ) ( )1 2=
Hence, there must exist some c r rÎ( , )1 2 , where f c¢ =( ) 0

But f x x x x x x x¢ = - + - + - +( ) 6 5 4 3 2 1

for x ³ 1, f x x x x x x x¢ = - + - + - + >( ) ( ) ( ) ( )6 5 4 3 2 1 0

for x £ 1, f x x x x x x x¢ = - + - + - + >( ) ( ) ( ) ( )1 02 3 4 5 6

Hence, f x¢ >( ) 0 for all x.

\ Rolle’s theorem fails.

Þ f x( ) = 0 cannot have two or more roots.

57. Let f x x x x x( ) cos sin cos sin= - + -- -1 1 , x Î -[ , ]1 1

Q f f( ) ( )- <1 1 0

\There exists at least one c Î -( , )1 1 such that f c( ) = 0.

Hence, the curves y x x= + -cos cos 1 and y x x= + -sin sin 1

intersect each other at at least one point.

58. Given, sin x x x x= + + = +æ
èç

ö
ø÷ +2

2

1
1

2

3

4
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(0, 1)
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Inconsistent

y = xsin

y = x x ++ 12



59.

Sol. (Q. Nos. 60 to 62)

Slope of tangent at P = Slope of OP

Þ 1

t

mt

t
= ln

Þ t
e

m
=

Þ P
e

m
º æ

èç
ö
ø÷, 1

Þ tan a = =p
m

e

60. p m e> / 61. p m e= /

62. 0 < <p m e/

63. Putting y = 0, we get x x ci
2 3 0- - =

As roots are integers and D ci= +9 4 must be perfect square,

therefore 9 4 2 1 2+ = +ci ( )l , l Î I .

Þ ci = + -l l2 2

Þ c k kk = +( )3 , k = 1 2 3, , ,...

\ c1 4= , c2 10= ,...

Þ x y x y c c2 2
2 13 4 0+ - - - - =( )

or x y x y2 2 3 4 6 0+ - - - =

and x y r2 2 2+ = will touch each other, if

9 4 4 9 4 10/ | / |+ = - +r

Þ | / | /r - =7 2 5 2

Þ r = 6

\ Common tangent is 3 4 30 0x y+ - = and passes through
(10, 0).

64. An ellipse and hyperbola intersect orthogonally.

They must be confocal Þ a = 2

Let point P( , )a b lies on both the curves, then

4 9 362 2a b+ = ...(i)

and 4 42 2a b- = ...(ii)

On adding Eqs. (i) and (ii), we get

8 8 402 2a b+ =
Þ a b2 2 5+ =

or x y
c2 2 7

14
+ = , as c7 70= .

65. (A) f x x
x

¢ = - +( ) log
3

1

Þ f x x x c( ) ( ) log= - +3

Þ f f( ) ( )1 3=
(B) f x ax bx cx d¢ = + + +( ) 4 3 23 2

Þ f x ax bx cx dx e( ) = + + + +4 3 2

Þ f f( ) ( )0 3= [ ]Q 27 9 3 0a b c d+ + + =

(C)
f b f a

b a
f

( ) ( )
( )

-
-

= ¢ =3
2

3

Þ ab

ab

- =1 2

3

(D)
f b f a

b a
f

( ) ( )-
-

= ¢ æ
èç

ö
ø÷ =1

2
1

Þ a b+ = 1

66. (A) Here, r = 5 cm, Dr = 0 06.

Q A r= p 2,

\ dA r dr= 2p = × = ´2 10 0 06p pr rD . = 06. p
(B) v x= 3, dv x dx= 3 2

dv

v

dx

x
´ = ´ = ´ =100 3 100 3 1 3

(C) ( )x
dx

dt

dx

dt
- =2 2 Þ x = 4

(D) A x= 3

4

2

dA

dt
x

dx

dt
= × ×3

2

= × × =3

2
15

1

10

3 3

4
cm / s2

67. Q

dx

dt

dy

dt
< Þ dy

dx
> 1

and 3 272y
dy

dx
× = or

dy

dx y
= 9

2

\ 9
1

2y
> Þ y 2 9<

Þ - < <3 3y Þ - < <27 273y

Þ - < <27 27 27x Þ - < <1 1x

\ x Î -( , )1 1 Þ a b+ = 0
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α
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X′

Y

Y
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Inconsistent

π/2

(a)

y = x

Consistent
π/2

(b)

y = xcos

X
O

y = xtan

Inconsistent

(c)

y = x

X′

X′ X

X



68. Here, 4 2y
dy

dx
ax=

\ dy

dx

a

( , )1 1 2
1

-
= - = -

Þ a = 2

Also, 2 2 2y ax b= + at ( , )1 1- is

2 = +a b

Þ b = 0

\ a b- = 2

69. Using LMVT, for some c Î( , )1 6 , we get

f c
f f¢ = -

( )
( ) ( )6 1

5

= + ³f ( )
.

6 2

5
42

Þ f ( )6 19³
Þ f ( )6 16 3- ³
\ Least value of f ( )6 16 3- =

70. Let y mx c= + be a tangent to f x( ).

For, x ³ 0, intersection point is given by

mx c x+ = +2 8 [ , ]Q y x x= + ³2 8 0for

Þ x mx c2 8 0- + - =( )

For line to be tangent, D = 0

\ m c2 4 8= -( ) …(i)

Again,  for x < 0

mx c x+ = - 2 [ , ]Q y x x= - 2 for < 0

Þ x mx c2 0+ + =

Now, D = 0

Þ m c2 4= …(ii)

From Eqs. (i) and (ii), we get

c = 4, m = 4

\Tangent is y x= +4 4

Putting y = 0, we get

x = - 1

\Absolute value of x-intercept is 1.

71. Here, f a¢ =( ) 3 and f b¢ =( ) 1

\ f x f x dx
a

b
¢ × ¢¢ò ( ) ( ) = ¢æ

è
ç

ö
ø
÷

( ( ))f x

a

b2

2
= ¢ - ¢1

2

2 2( ( )) ( ( ))f b f a

= -1

2
1 3 = 1

72. Point A a y( ), 1 lies on C1 and C2.

\ y a1
2 3= - and y ka1

2= .

Þ a ka2 23- = …(i)

Now, y kx= 2

Þ dy

dx
kx= 2

\ dy

dx
ka

a y

æ
èç

ö
ø÷ =

( , )1

2 = -
-

y y

a

2 1

1

But, y 2 1 3= - = - 2

\ 2
2 3

1

2

ka
a

a
= - - -

-
( )

Þ 2
1

1
1

2

ka
a

a
a= -

-
= +

Þ 2 1ak a= + …(ii)

Substituting k
a

a
= -2

2

3
from Eq. (i) in Eq. (ii), we get

2 3
1

2

2

a a

a
a

( )- = +

Þ 2 62 2a a a- = +

Þ a a2 6 0- - =

Þ a = 3, -2

\ a = 3 [Q -2 is rejected as a > 0]

73. f c c
f f¢ = - = - -

( )
( ) ( )

16 7
6 6

12

= × - × + - × + × +( ) ( )8 36 7 6 5 8 36 7 6 5

12

= - × × = -2 7 6

12
7

Þ 16 0c = Þ c = 0

74. Using LMVT for f in [1, 2], we get, for some c Î( , )1 2

f f
f c

( ) ( )
( )

2 1

2 1
2

-
-

= ¢ £

f f( ) ( )2 1 2- £
Þ f ( )2 4£ …(i)

Again, using LMVT in [2, 4], we get, for some d Î( , )2 4

Þ f f
f d

( ) ( )
( )

4 2

4 2
2

-
-

= ¢ £
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X

Y

y= x2– 3

B
,y(1 )2

O

(0,–3) y= kx2

A a, y( ), 1

Y ′

X ′

XX′

Y′

O

Y



\ f f( ) ( ) ,4 2 4- £ 8 2 4- £f ( ) , 4 2£ f ( )

Þ f ( )2 4³ …(ii)

From Eqs. (i) and (ii), we get f ( )2 4=
75. As, a b, and c are positive integers.

We must have
1

1
a

< , so a > 1. similarly,
1

1
1

1
b c

< <é
ëê

ù
ûú

,

Since,
1 1 1

a b c
> >

Þ 1 1

3a
> Þ a < 3 Þa = 2

\ 1 1 1
1

a b c
+ + = Þ 1 1 1

2b c
+ = , where 2 < <b c.

Similarly,
1 1

4b
> , so b < 4 Þ b = 3

Now,
1 1 1

1
a b c

+ + =

Þ 1

2

1

3

1
1+ + =

c

Þ c = 6

\ ( )a b c+ + - = + + - =5 2 3 6 5 6

76. Equation of ellipse is
x

a

y

b

2

2

2

2
1+ =

Equation of tangent at ( cos , sin )a bq q is

x

a

y

b
cos sinq q+ = 1

Intercept on the X-axis = ( )a sec q
Intercept on the Y-axis = ( )b cosec q
Length of intercept of the tangent by the axes

= +a b2 2 2 2sec cosecq q

Let l a b= +2 2 2 2sec cosecq q

Þ dl

d
a b

q
q q q q= 2 22 2 2 2sec cosectan – cot

Now,
dl

dq
= 0

Þ a b2 4 2 4sin cosq q= Þ a

b
= cot 2q

Þ sin2 q =
+
b

a b
, cos2 q =

+
a

a b

Distance between ( sec , )a q 0 and point of tangency
( cos , sin )a bq q is

= +a b2 2 2 2(sec – cos ) sinq q q

= +a b2 2 2 2 2 21cos (sec – ) sinq q q

= +æ
èç

ö
ø÷ +a

a b

a
b2 2

2
2 21cos – sinq q

= +a
b

a
b2 2

2

2
2 2cos sinq q =b

Similarly, distance between ( , )0 b acosec q =

77. Let ( , )x y1 1 be a point of contact of tangents from the origin (0, 0)

to the curve y x= sin .

Here, y x= sin

\ dy

dx
x= cos

Þ dy

dx
x

x y

æ
èç

ö
ø÷ =

( , )

cos
1 1

1

Now,  equation of tangent at ( , )x y1 1 is

y y
dy

dx
x x

x y

– ( – )
( , )

1 1

1 1

= æ
èç

ö
ø÷

Þ y y x x x– (cos ) ( – )1 1 1=
Q It passes through (0, 0).

\ – (cos ) (– )y x x1 1 1= ...(i)

Also, ( , )x y1 1 lies on the curve.

So, y x1 1= sin ...(ii)

Squaring and adding Eqs. (i) and (ii), we get

y

x
y x x1

1

2

1
2 2

1
2

1 1
æ
èç

ö
ø÷

+ = + =cos sin

or y x y x1
2

1
2

1
2

1
2+ =

i.e. ( )x y x1
2

1
2

1
21+ =

\ The point of contact ( , )x y1 1 lies on the curve y
x

x

2
2

2 1
=

+
.

78. We must show that for a given m RÎ these exists x RÎ such

that,

m x f t dt
x2 2

0
2+ =ò ( )

Let f x m t f t dt
x

( ) [ ( )] – ,= +ò 2 22

0
x RÎ

Since, f x( ) is continuous and 2 2 2m t is continuous, therefore

[ ( )]2 2

0
m t f t dt

x
+ò continuous on R,

\ f is continuous on R, also

f m t f t dt( ) [ ( )] – – –0 2 2 0 2 22

0

0
= + = =ò

and f x m t f t dt
x

( ) [ ( )] –= +ò 2 22

0

where, f x m x f t dt
x

( ) ( ) –= + ® ¥ò2 2

0
2

Q f t dt
x

( ) ® ¥é
ëê

ù
ûúò 0

As, | |x ® ¥
Thus, these exists some a RÎ such that;

f x( ) > 1, for | |x a>
Note that f is a continuous on [ , ]0 1a + and f f a( ) ( )0 1 0+ < .
By the intermediate value theorem of continuous functions, we
have that there exists some b aÎ +( , )0 1 such that f b( ) = 0, i.e.
there exists a real b which satisfies the equation

m x f t dt
x2 2

0
2+ =ò ( )

79. Tangent at any point P ( ),t1 i.e. ( , – )4 3 8 11
2

1
3t t+ be normal to

the curve at Q t( )2 ,  i.e. ( , – )4 3 8 12
2

2
3t t+ .
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The equation of the tangent at t1 is

y t
dy

dx
x t

t

– ( – ) { – ( )}8 1 4 31
3

1
2

1

= æ
èç

ö
ø÷ × +

or y t
dy/dt

dx/dt
x t

t

– ( – ) { – ( )}8 1 4 31
3

1
2

1

= æ
èç

ö
ø÷ × +

or y t
t

t
x t– ( – ) { – ( )}8 1

24

8
4 31

3 1
2

1
1
2= × +

or y t t x t– ( – ) { – ( )}8 1 3 4 31
3

1 1
2= + ...(i)

Clearly, slope of tangent at t1 = slope of tangent at t2.

\ dy

dx dy

dx
t

t

æ
èç

ö
ø÷ =

æ
èç

ö
ø÷

1

2

1–
i e. . 3

1

3
1

2

t
t

= –
...(ii)

Þ Equation of normal at t2 is y t t x t- - = - +( ) { ( )}8 1 3 4 32
3

1 2
3

…(iii)
On subtracting Eq. (iii) from Eq. (i), we get

( – ) – ( – ) {( ) – ( )}8 1 8 1 3 4 3 4 32
3

1
3

1 2
2

1
2t t t t t= + +

Þ 2 2
2

1 2 1
2t t t t= +

Þ 2
1

9

1

91

2

1
2×

æ
è
ç

ö
ø
÷ = +–

–
t

t [using Eq. (ii)]

Þ 2 9 811
2

1
4= +– t t

\ 81 9 2 01
4

1
2t t– – =

Þ t1
2

3
= ±

Putting in Eq. (i), the equation is

27 1 16 2 2 27 105( ) ( – )y x+ = ±m

80. Equation of tangent at ( , )x y is

Y y
dx

dy
X x– ( – )=

\ Q x y
dx

dy
=

æ
è
ç

ö
ø
÷– , 0

Equation of normal at ( , )x y is

Y y
dx

dy
X x– – ( – )=

\ R x y
dy

dx
= +æ

èç
ö
ø÷, 0

Given, QR = 2

Þ y
dy

dx
y

dx

dy
+ = 2

Þ y
dy

dx

dy

dx
y

æ
èç

ö
ø÷

æ
èç

ö
ø÷ + =

2

2 0–

Þ dy

dx

y

y

y

y
=

±
=

±2 4 4

2

1 12 2– –

Þ y dy

y
dx

1 1 2±
=

–
or

1 1 2
m – y

y
dy dx=

On integrating both the sides, we get

Þ log log
– –

–y
y

y
y x cm

1 1
1

2
2+

æ

è
ç
ç

ö

ø
÷
÷ = +

The curve passes through ( , )1 1 , so c = -1

Hence, the possible curves

log – log
– –

–y x
y

y
y= ± +

æ

è
ç
ç

ö

ø
÷
÷ -

1 1
1 1

2
2

81. Let the point P x y( , ) be on the curve,

log ( ) tan–x y c
y

x

2 2 1+ = æ
èç

ö
ø÷

Differentiating both the sides w.r.t. ‘ ’x , we get

2 2
2 2 2 2

x yy

x y

c xy y

x y

+ ¢
+

= ¢
+( )

( – )

( )

Þ y
x cy

cx y
m¢ = + =2

2
1

–
(say)

Slope of OP
y

x
m= = 2 (say)

Let the angle between the tangent at P and OP be q.

Then, tan
– –

–

( – )

q =
+

=

+

+ +
=m m

m m

x cy

cx y

y

x

xy cy

x cx y

c

1 2

1 2
21

2

2

1
2

2

2

\ q = æ
èç

ö
ø÷ =tan–1 2

c
constant.

Hence, the angle between the tangent at any point P and the
line joining P to the origin O is the same.

82. (i) The given curves are

y ax2 4= ...(i)

and x ay2 4= ...(ii)

Point of intersection of Eqs. (i) and (ii) are ( , )0 0 and ( , )4 4a a .

From Eq. (i),
dy

dx

a

y
m= =2

1 (say)

From Eq. (ii),
dy

dx

x

a
m= =

2
2 (say)

Let the angle of intersection of two curves is q, then

tan
–

–
–

( )
q =

+
=

+
=

+
m m

m m

a

y

x

a

x

y

a xy

a x y

1 2

1 2

2

1

2

2

1

4

2

\ (tan )( , )q 0 0 = ¥ or q = °90

and (tan )
–

–( , )q 4 4

1

2
2

1 1

3

4

3

4
a a =

+
= =

Hence, q = æ
èç

ö
ø÷tan–1 3

4
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(ii) The given curves are y ax2 4= ...(i)

and x ay2 4= ...(ii)

Tangents of Eq. (i) in terms of slope m is

y mx
a

m
= + ...(iii)

Now, Eq. (iii) is also tangent of Eq. (ii).

Eliminating y from Eqs. (ii) and (iii), we have

x a mx
a

m

2 4= +æ
èç

ö
ø÷

Þ x amx
a

m

2
2

4
4

0– – = ...(iv)

Þ B AC2 4 0– =

Þ 16 4
4

02 2
2

a m
a

m
– –

æ
è
ç

ö
ø
÷ =

Þ m3 1= – or m = –1

From Eq. (iii) common tangent is
y x a= – – or y x a+ + = 0

Hence, the common tangent is x y a+ + = 0.

83. Let the coordinate system be chosen such that the given
straight line is x p= and the equations of the circles are
x y a2 2 2+ = , x y b2 2 2+ = , x y c2 2 2+ = .

The line x p= cuts these circles at A B, and C, respectively.

The coordinates of these points are A p a p( , – )2 2 ,

B p b p( , – )2 2 and C p c p( , – )2 2 .

Equations of the tangents at these points are

px a p y a+ =2 2 2– , px b p y b+ =2 2 2–

and px c p y c+ =2 2 2– .

These tangents intersect at

p a p b p

p
a p b p

2 2 2 2 2
2 2 2 2– – –

, – – ,+
é

ë
ê
ê

ù

û
ú
ú

p b p c p

p
b p c p

2 2 2 2 2
2 2 2 2– – –

, – – ,+
é

ë
ê
ê

ù

û
ú
ú

p c p c p

p
c p a p

2 2 2 2 2
2 2 2 2– – –

, – –+
é

ë
ê
ê

ù

û
ú
ú
.

Area of D formed by the tangents at A B C, , is

D =

+

+1

2

1
2 2 2 2 2

2 2 2 2

2 2 2 2 2
2 2

p a p b p

p
a p b p

p b p c p

p
b p

– – –
– –

– – –
– c p

p c p c p

p
c p a p

2 2

2 2 2 2 2
2 2 2 2

1

1

–

– – –
– –+

=

( – – – )( – – – )

( – – – )

a p c p c p b p

b p a p

p

2 2 2 2 2 2 2 2

2 2 2 2

2

= × ×CA BC AB

p2

84. Let the curve be y f x= ( ) and tangent drawn at P x y( , ) meets

the X-axis at T .

We have, OT x= 2

Equation of tangent at P x y( , );

Y y f x X x– ( ) ( – )= ¢

Þ T x
y

f x
º

¢
æ

è
ç

ö

ø
÷–

( )
, 0

Þ x
y

f x
x–

( )¢
= 2

Þ x
f x

f x
x–

( )

( )¢
= ± 2

Þ x f x f x

x
f x

¢ = ± ¢( )– ( )
( )

2

Þ d

dx

f x

x
f x

( )
( )

æ
èç

ö
ø÷ = ± ¢

On integrating both the sides, we get
f x

x
f x c

( )
( )= ± +

Since, the curve passes through (2, 1).

\ 1

2
1= ± + c

Þ c = – ,
1

2

3

2

Þ f x
x

x
( )

( – )
=

2 1
or f x

x

x
( )

( )
=

+
3

2 1

Hence, possible curves are y
x

x
=

2 1( – )
and y

x

x
=

+
3

2 1( )
.

85. For y x x= – ,3 dy

dx
x= 1 3 2–

Therefore, the equation of the tangent at the point P x y( , )1 1 is

y y x x x– ( – ) ( – )1 1
2

11 3=

It meets the curve again at Q x y( , )2 2 .

Hence, x x x x x x x2 2
3

1 1
3

1
2

2 11 3– – ( – ) ( – ) ( – )=

Þ ( – ) [ – ( )] ( – ) ( – )x x x x x x x x x2 1 2
2

1 2 1
2

2 1 1
21 1 3+ + =

Þ 1 1 32
2

1 2 1
2

1
2– – – –x x x x x=

Þ x x x x2
2

1 2 1
22 0+ =–

Þ x
x x

2
1

2
1
2

2

9

4
+æ

èç
ö
ø÷ = Þ x

x x
2

1 1

2

3

2
+ = ±

Since, x x1 2¹ , we have x x2 12= –

Þ Q is (– , – )2 2 81 1 1
3x x x+ .

If L1 ( , )a b is the point of trisection of PQ, then

a = =2 2

3
01 1x x–
. Hence, L1 lies on the Y -axis. If L h k2 ( , ) is the

other point of trisection, then h
x x

x= =1 1
1

4

3

–
– and

k
y x x= +1 1 1

34 16

3

–

i.e. k
x x x x

x x= + = +1 1
3

1 1
3

1 1
34 16

3
5

– –
–

Þ k h h= – 5 3

\ Locus of ( , )h k is y x x= – 5 3.
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86. Let the curve be y f x= ( )

The equation of the tangent at any point ( , )x y is

Y y
dy

dx
X x– ( – )=

Its intercept on the y-axis is given by ( )X = 0

Y y x
dy

dx
k x y= = +– 2 2

So, x
dy

dx
y k x y– + + =2 2 0 is the differential equation

governing the curve. This can be written as

dy

dx

y k x y

x
=

+– 2 2

Let y vx= , so that
dy

dx
v x

dv

dx
= +

The differential equation becomes

v x
dv

dx
v k v+ = +– 1 2

Þ dv

v
k

dx

x1
0

2+
+ =

Þ log | | log | |v v k x c+ + + =1 2 (on integrating)

Þ log log | |
y

x

y

x
k x c+ + + =1

2

2

Þ log | | ( – ) log | |y x y k x c+ + + =2 2 1

Þ ( ) –y x y x ck+ + =2 2 1
1

87. We have, 2 9 30 03 2t t a– –+ =
Any real root t0 of this equation gives two real and distinct
values of x if | |t0 2> .

Thus, we need to find the condition for the equation in t to
have three real and distinct roots none of which lies in [– , ]2 2 .

Let f t t t a( ) – –= +2 9 303 2

Þ f t t t¢ = =( ) –6 8 02 Þ t = 0 3,

So, the equation f t( ) = 0 has three real and distinct roots, if
f f( ) ( )0 3 0× <
Þ ( – ) ( – – )30 54 81 30 0a a+ <
Þ ( – ) ( – )30 3 0a a <
Þ ( – ) ( – )a a3 30 0< , using number line rule i.e.,

Þ a Î( , )3 30 ...(i)

Also, none of the roots lie in [– , ]2 2

if f (– )2 0> and f ( )2 0>
Þ (– – – )16 36 30 0+ >a and ( – – )16 36 30 0+ >a

Þ a + <22 0 and a – 10 0<
Þ a <– 22 and a < 10

Þ a < –22 ...(ii)

From Eqs. (i) and (ii) no real value of a exists.

88. Slope of tangent at the point ( , )x y1 1 is given by
dy

dx x y

æ
èç

ö
ø÷

( , )

.
1 1

Given curve, ( ) ( )y x x x- = +5 2 2 21

Þ 2 5 1 2 1 25 4 2 2 2( ) ( ) ( )y x
dy

dx
x x x x x- -æ

èç
ö
ø÷ = + + + ×

Put x = 1 and y = 3, then

dy dx/ = 8

89. Given, f x x x R( ) cos ,= + " Î2

Statement I There exists a point Î +[ , ],t t p where f c¢ =( ) 0

Hence, Statement I is true.

Statement II f t f t( ) ( )= + 2p is true. But Statement II is not
correct explanation for Statement I.

90. As, | ( ) ( )| ( )f x f x x x1 2 1 2
2- £ - , " Îx x R1 2,

Þ | ( ) ( )| | |f x f x x x1 2 1 2
2- £ - [as x x2 2= | | ]

\ f x f x

x x
x x

( ) ( )
| |1 2

1 2
1 2

-
-

£ -

Þ lim
( ) ( )

lim | |
x x x x

f x f x

x x
x x

1 2 1 2

1 2

1 2
1 2

® ®

-
-

½

½
½ ½

½
½£ -

Þ | ( )|f x¢ £1 0, " Îx R1

\ | ( )| ,f x¢ £ 0 which shows | ( )|f x¢ = 0

[as modulus is non-negative or | ( )| ]f x¢ ³ 0

\ f x¢ =( ) 0 or f x( ) is constant function.

Þ Equation of tangent at (1, 2) is

y

x
f x

-
-

= ¢2

1
( )

or y - =2 0 [Q f x¢ =( ) ]0

\ y - =2 0 is required equation of tangent.

91. Given, y x y3 23 12+ = ...(i)

On differentiating w.r.t. x, we get

3 6 122y
dy

dx
x

dy

dx
+ =

Þ dy

dx

x

y
=

-
6

12 3 2

Þ dx

dy

y

x
= -12 3

6

2

For vertical tangent,

dx

dy
= 0

Þ 12 3 02- =y

Þ y = ± 2

On putting, y = 2 in Eq. (i), we get x = ± 4

3
and again putting

y = - 2 in Eq. (i), we get 3 162x = - , no real solution.

So, the required point is ±æ
èç

ö
ø÷

4

3
2, .

92. Slope of tangent to the curve, y f x= ( ) is

dy

dx
f x

( , )
( , )( )

3 4
3 4= ¢

+ – +

303

–2 0 2 3



Therefore, slope of normal = -
¢

= -
¢

1 1

33 4f x f( ) ( )( , )

But -
¢

= æ
èç

ö
ø÷

1

3

3

4f ( )
tan

p
[given]

Þ -
¢

= +æ
èç

ö
ø÷ = -1

3 2 4
1

f ( )
tan

p p

f ¢ =( )3 1

93. We have, y
x

x x
= +

- -
6

2 3( ) ( )

Point of intersection with Y -axis (0, 1)

y
x x x x

x x
¢ = - + - + -

- +
( ) ( ) ( ) ( )

( )

2

2 2

5 6 1 6 2 5

5 6

Þ y ¢ = 1 at point (0, 1).

\Slope of normal is - 1.

Hence, equation of normal is x y+ = 1.

\ 1

2

1

2
,

æ
èç

ö
ø÷ satisfy it.

94. Given equation of curve is

x xy y2 22 3 0+ - = …(i)

On differentiating w.r.t. x, we get

2 2 2 6 0
3

x xy y yy y
x y

y x
+ ¢ + - ¢ = Þ ¢ = +

-

At x y y= = ¢ =1 1 1, , i.e.
dy

dx

æ
èç

ö
ø÷ =

( , )1 1

1

Equation of normal at (1, 1) is

y x- = - -1
1

1
1( ) Þ y x- = - -1 1( )

Þ x y+ = 2 …(ii)

On solving Eqs. (i) and (ii) simultaneously, we get

Þ x x x x2 22 2 3 2 0+ - - - =( ) ( )

Þ x x x x x2 2 24 2 3 4 4 0+ - - + - =( )

Þ - + - - + =x x x x2 24 12 3 12 0

Þ - + - =4 16 12 02x x

Þ 4 16 12 02x x- + =

Þ x x2 4 3 0- + =

Þ ( )( )x x- - =1 3 0

\ x = 1 3,
Now, when x = 1, then y = 1

and when x = 3, then y = -1.

\ P = ( , )1 1 and Q = -( , )3 1

Hence, normal meets the curve again at (3, –1) in fourth
quadrant.

Aliter

Given, x xy y2 22 3 0+ - =

Þ ( )( )x y x y- + =3 0

Þ x y x y- = + =0 3 0or

Equation of normal at (1, 1) is

y x- = - -1 1 1( )

Þ x y+ - =2 0

It intersects x y+ =3 0 at (3, –1) and hence normal meets the
curve again in fourth quadrant.
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Monotonicity
A function is said to be monotonic if it is either
increasing or decreasing in its domain.

Strictly Increasing
Consider a function represented by the following
graph.

i.e. x x1 2<
implies f x f x( ) ( )1 2<
Such a function is called a strictly increasing
function or a monotonically increasing
function.

For two different input arguments x 1 and x 2 ,
where x x1 2< , y f x1 1= ( ) will always be less
than y f x2 2= ( ).

The word ‘monotonically’ apparently has its origin
in the word monotonous.

e.g. A monotonous routine is one in which one
follows the same routine repeatedly or
continuously.

Similarly, a monotonically increasing function is
one that increases continuously.

e.g. consider f x x( ) [ ].=
For this function x x1 2< does not always imply
f x f x( ) ( )1 2< .

However, x x1 2< does imply f x f x( ) ( )1 2£ .

In other words, f x x( ) [ ]= is not strictly (or
monotonically) increases. It will nevertheless be
termed increasing.

Strictly Decreasing
Now, we consider a function represented by the following graph.

For two different input arguments x1 and x 2 , where
x x y f x1 2 1 1< =, ( ) will always be greater than y f x2 2= ( ).

i.e. x x1 2< Þ f x f x( ) ( )1 2>
Such a function is called a strictly decreasing function or a
monotonically decreasing function. e.g. consider f x x( ) [= - ].

For this function x x1 2< does not implyf x f x( ) ( )1 2> .

However, x x1 2< Þ f x f x( ) ( )1 2³
In other words, f x x( ) [ ]= - is not strictly decreasing. It would
only be termed decreasing. The following table list down a few
Examples of functions and their behaviour in different intervals.

Function Behaviour

f x x( ) = Strictly increasing on R

f x x( ) = 2 Strictly decreasing on ( , ]- ¥ 0

Strictly increasing on [ , )0 ¥
f x x( ) = Strictly increasing on [ , )0 ¥

f x x( ) = 3 Strictly increasing on R

f x x( ) | |= Strictly decreasing on ( , ]- ¥ 0

Strictly increasing on [ , )0 ¥

f x
x

( ) = 1 Neither decreasing nor increasing on R.

Strictly decreasing on ( , )-¥ 0 , Strictly decreasing on ( , )0 ¥
f x x( ) [ ]= Increasing on R

f x x( ) { }= Neither increasing nor decreasing on R.

However, strictly increasing on [ , )n n +1 , where n ZÎ

f x x( ) sin= Neither increasing nor decreasing on R.

Strictly increasing on 2
1

2
2

1

2
n n n Z-æ

èç
ö
ø÷ +æ

èç
ö
ø÷

é
ëê

ù
ûú

Îp, p ;

Strictly decreasing on 2
1

2
2

3

2
n n n Z+æ

èç
ö
ø÷ +æ

èç
ö
ø÷

é
ëê

ù
ûú

Îp, p ;

y=f x( )

y2

y1

x1 x2
X

Y

Figure 8.2

y=f x( )

y2

y1

x1 x2

Y

X

Figure 8.1
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Function Behaviour

f x x( ) cos= Neither increasing nor decreasing on R.

Strictly increasing on [( ) ];2 1 2n n n Z- Îp, p
Strictly decreasing on [ ( ) ];2 2 1n n n Zp, p+ Î

f x x( ) tan= Neither increasing nor decreasing on R.

Strictly increasing on n n n Z-æ
èç

ö
ø÷ +æ

èç
ö
ø÷

é
ëê

ù
ûú

Î1

2

1

2
p, p ;

f x ex( ) = Strictly increasing on R

f x e x( ) = - Strictly decreasing on R

f x x( ) ln= Strictly increasing on (0, ¥)

Monotonicity with
the Help of Derivative
Let us now deduce the condition(s) on the derivative of a
function f x( ) which determines whether f x( ) is
increasing/decreasing on a given interval. We are
assuming that f x( ) is everywhere differentiable.

In figure 8.3, the function y f x= ( ) is a strictly increasing
function. Notice that the slope of the tangent drawn at any
point on this curve is always positive.

Hence, a sufficient condition for f x( ) to be strictly
increasing on a given domain D is f x x D¢ > " Î( ) 0
(Later on, we will see that this is not a necessary condition
for a function to be strictly increasing).

In figure 8.4, the function y g x= ( ) is not strictly
increasing though it is increasing. Notice that g x¢ >( ) 0 or
g x¢ =( ) 0, "x . g x¢ ( ) is never negative.

Hence, a sufficient condition for g x( ) to be increasing on
a given domain D is g x¢ ³( ) 0, " Îx D. Now, consider
f x( ) and g x( ) in given figure.

Extending as above, we get the conditions for a strictly
decreasing and decreasing functions

Strictly decreasing : f x¢ <( ) 0 " Îx D

Decreasing : g x¢ £( ) 0 " Îx D

Note

(i) Above conditions on the derivatives to be applied, the

function must be differentiable in the given domain.

However, these conditions will hold good even if the

function is non differentiable, at a finite number (or

infinitely countable number) of points. e.g.

f x x x( ) [ ] { }= + is strictly increasing on R. However, f x( )

is non-differentiable at all integers (a countable set).

(ii) A function must be continuous for above conditions to be
applied. Consider y x={ }. This is non-differentiable (due to
discontinuities) at all integers. At all other points, y¢ = >1 0.
However, we know that y x= { } is not strictly increasing.

Similarly, y
x

= 1
is non-differentiable (and non-continuous)

at x = 0. At all other points, y
x

¢ = - <1
0

2
, so y should be

strictly decreasing on R \ { }0 . However, it is not strictly
decreasing on R \ { }0 although it is strictly decreasing in
the separate intervals ( , )-¥ 0 and ( , )0 ¥ .

Therefore, we see that discontinuous functions cannot be
subjected to the derivative condition. Even though they may
be discontinuous only at finite (on infinitely countable)
number of points.

Properties
(i) If f x( ) is strictly increasing, then f x-1 ( ) is also

strictly increasing. Similarly, if f x( ) is strictly
decreasing, then f x-1 ( ) is also strictly decreasing.

(ii) If f x( ) and g x( ) have the same monotonicity (both
increasing or decreasing) on[ , ]a b , then f g x( ( )) and
g f x( ( )) are monotonically increasing on[ , ]a b .

(iii) If f x( ) and g x( ) have opposite monotonicity on [ , ]a b ,
then f g x( ( )) and g f x( ( )) are strictly decreasing on [ , ]a b .

(iv) The inverse of a continuous function is continuous

(v) If f x¢ >( ) 0, " Îx a b( , ) except for a finite (or an
infinitely countable) number of points, where
f x f x¢ =( ) , ( )0 is still strictly increasing on ( , )a b . That
is why, we said earlier that f x¢ >( ) 0, " Îx D is not
necessary condition for strict increase. e.g. In a later
Example, we will consider the graph of the function
f x x x( ) cos= + . We will see that f x x¢ = -( ) sin1 is

not always positive at x n n Z f x= + Î ¢ =æ
èç

ö
ø÷

2
2

0p p
, , ( ) ;

even then, f x( ) increases strictly because the points
at which f x¢ =( ) 0 are countable.

(vi) Similarly if f x¢ <( ) 0, ( , )" Îx a b except for a finite
(or an infinitely countable) number of points, where
f x¢ =( ) 0, f x( ) is still strictly decreasing on ( , )a b .
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Yy=f x( )

f x′( )<0

X

y=g x( )

g x′ ≤( ) 0

X

Strictly decreasing function Decreasing function

Y

Figure 8.5

Y y=f x( )

f x′( )>0

X

y=g x( )

g x′( )>0

X

Strictly increasing function Increasing function

Y

Figure 8.3 Figure 8.4



Classification of Strictly
Increasing Functions
Increasing functions can be classified as

(i) Concave up When f x¢ >( ) 0 and f x¢¢ >( ) 0,
" Îx domain.

From the figure 8.6, it is clear that the graph of f x( ) is
concave up and increasing as x increases.

(ii) Concave down When f x¢ >( ) 0 and f x¢¢ <( ) 0,
" Îx domain.

From the figure 8.7 it is clear that the graph of f x( ) is
concave down and increasing as x increases.

(iii) When f x¢ >( ) 0 and f x¢¢ =( ) 0, " Îx domain.

From the figure 8.8, it is clear that the graph of f x( ) is
neither concave up nor concave down but still
increasing as x increases.

Classification of Strictly
Decreasing Functions
Decreasing functions can be classified as follows :

(i) Concave up When f x¢ <( ) 0 and f x¢ ¢ >( ) 0, " Îx

domain.

From the figure 8.9, it is clear that the graph of the
function f x( ) is concave up and decreasing as x increases.

(ii) Concave down When f x¢ <( ) 0 and ¢¢ <f x( ) 0,
" Îx domain.

From the figure 8.10, it is clear that the graph of f x( ) is
concave down and f x( ) is decreasing as x increases.

(iii) When f x¢ <( ) 0 and ¢¢ =f x( ) 0, " Îx domain.

From the figure 8.11, it is clear that the graph of f x( )
is neither concave up nor concave down but f x( ) is
decreasing as x increases.

y Example 1 Find the interval in which
f x x x x( ) –= + +2 3 12 13 2 is increasing.

Sol. Given, f x x x x( ) –= + +2 3 12 13 2

Differentiating both the sides, we have

f x x x¢ = +( ) –6 6 122

Þ f x x x¢ = +( ) ( – )6 22

Þ f x x x¢ = +( ) ( ) ( – )6 2 1

Using number line rule, we have

Hence, f x¢ ³( ) 0

when x Î ¥ È ¥(– , – ] [ , )2 1

Þ f x( ) is increasing when x Î ¥ È ¥(– , – ] [ , )2 1
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O
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O
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′
′′
( )<0
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Figure 8.10
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X
O
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′
′′
( ) 0

( ) 0

f x( )
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y Example 2 Find the interval in which
f x x x x( ) – –= +3 23 9 20 is strictly increasing or strictly

decreasing.

Sol. Given, f x x x x( ) – –= +3 23 9 20

f x x x¢ =( ) – –3 6 92

Þ f x x x¢ =( ) ( – – )3 2 32

Þ f x x x¢ = +( ) ( – ) ( )3 3 1

Using number line method as shown in figure,

f x¢ >( ) 0

For x Î ¥ È ¥(– , – ) ( , )1 3 and f x¢ <( ) 0,

For x Î(– , )1 3

Thus, f x( ) is strictly increasing for x Î ¥ È ¥(– , – ) ( , )1 3 and
strictly decreasing for x Î(– , )1 3 .

y Example 3 Show that the function f x x( ) = 2 is a

strictly increasing function on (0, ¥).

Sol. Given, f x x( ) = 2 Þ f x x¢ =( ) 2

Þ f x¢ >( ) 0 for x Î ¥( , )0 [ ( , ) ]Q x xÎ ¥ Þ >0 2 0

Thus, f x( ) is strictly increasing for x Î ¥( , )0 .

y Example 4 Find the interval of increasing or

decreasing of thef x t t t dt
x

( ) ( ) ( – )= +
-ò

2 2

1
2 1 .

Sol. Given, f x t t t dt
x

( ) ( ) ( – )= +
-ò

2 2

1
2 1

On differentiating both the sides, we have

f x x x x
d

dx
x

d

dx
¢ = + ì

í
î

ü
ý
þ

- ì
( ) ( ) ( – ) ( ) –( ) ( – ) (– )2 22 1 1 2 1 1 1í

î
ü
ý
þ

[using Leibnitz rule]

Þ f x x x x¢ = +( ) ( ) ( – )2 22 1

Þ f x x x x x¢ = + +( ) ( ) ( ) ( – )2 1 1

Using number line rule as shown in figure,

Clearly, f x¢ ³( ) 0 when x Î ¥ È È ¥(– , – ] [– , ] [ , )2 10 1

and f x¢ £( ) 0 when x Î È[– , – ] [ , ]2 1 0 1 .

Hence, f x( ) is increasing, when
x Î ¥ È È ¥(– , – ] [– , ] [ , )2 1 0 1 and f x( ) is decreasing, when

x Î È[– , – ] [ , ]2 1 0 1 .

Remark

In above example, Leibnitz rule is used which is stated as
d

dx
f t dt f x

d

dx
x f

x

x
( ) ( ( )) ( ) – ( (

( )

( )

f

y
y y fòé

ëê
ù
ûú

= ì
í
î

ü
ý
þ

x
d

dx
x)) ( )fì

í
î

ü
ý
þ
.

y Example 5 The function f x x x( ) sin cos= +4 4

increasing, if
(a) 0 8< <x /p (b) p p/ x /4 3 8< <
(c) 3 8 5 8p p/ x /< < (d) 5 8 3 4p p/ x /< <

[IIT JEE 1999]

Sol. Here, f x x x( ) sin cos= +4 4

Þ f x x x x x¢ = × +( ) sin cos cos (–sin )4 43 3

f x x x x x¢ =( ) sin cos (sin – cos )4 2 2

f x x x¢ =( ) (sin ) (–cos )2 2 2 Þ f x x¢ =( ) –sin 4

Now, f x¢ ³( ) 0,  if sin 4 0x £ Þ p p£ £4 2x

Þ p p/ x /4 2£ £

Here,
p p
4

3

8
,

æ
èç

ö
ø÷

is only subset of
p p
4 2

,
é
ëê

ù
ûú
.

Hence,  (b) is the correct answer.

y Example 6 Let f x e t t dttx
( ) ( – ) ( – )= ò 1 2

0
. Then, f

decreases in the interval [IIT JEE 2000]

(a) (– , –¥ 2) (b) (– , –2 1)

(c) [1, 2] (d) ( , )2 ¥

Sol. Here, f x e t t dttx
( ) ( – ) ( – )= ò 1 2

0

f x e x xx¢ =( ) ( – ) ( – )1 2 , [using Leibnitz rule]

Using number line rule for f x¢( ), we get

f x¢ £( ) 0 when 1 2£ £x , as e x is always positive.

\ f decreases when 1 2£ £x

Hence, (c) is the correct answer.

y Example 7 If f x x e x x( ) ( – )= × 1 , then f x( ) is

[IIT JEE 2000]

(a) increasing on – ,
1

2
1

é
ëê

ù
ûú

(b) decreasing on R

(c) increasing on R (d) decreasing on – ,
1

2
1

é
ëê

ù
ûú

Sol. Here, f x x e x x¢ = ×( ) ( – )1 ×( – ) ( – )1 2 1 1x e x x+ ×
f x e x xx x¢ = +( ) [ – ]( – )1 22 1

f x e x xx x¢ = +( ) – ( – ) ( )( – )1 1 2 1

Using number line rule for f x¢( ) we get, f x¢ ³( ) ,0 when

x Î é
ëê

ù
ûú

– ,
1

2
1 as shown in figure.

Hence, (a) is the correct answer.
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y Example 8 Find the interval for which f x x x( ) – sin=
is increasing or decreasing.

Sol. Given, f x x x( ) –sin= ,

Differentiating both the sides w.r.t. x, we have

f x x¢ =( ) – cos1

We know, – cos1 1£ £x

or cos x £ 1

Þ 1 0– cos x ³
Therefore, f x¢ ³( ) 0, " Îx R

Which shows f x( ) is increasing for the entire number
scale.

i.e. all real numbers.

y Example 9 Discuss the nature of following
functions graphically.

(i) f x x( ) = 3 (ii) f x
x

( )
| |

= 1

(iii) f x e x( ) = (iv) f x x( ) [ ]=
Sol. (i) f x x( ) = 3 can be graphically plotted as shown in the

following figure, which shows f x x( ) = 3 is strictly

increasing in R.

(ii) f x
x

( )
| |

= 1
can be graphically plotted as shown in the

following figure, which shows f x
x

( )
| |

= 1
is strictly

increasing in ]– , [¥ 0 and strictly decreasing in ] , [0 ¥ .

(iii) f x e x( ) = can be graphically plotted as shown in the

following figure, which shows f x e x( ) = is strictly

increasing in R.

(iv) f x x( ) [ ]= can be graphically plotted as shown in the
following figure, which shows f x x( ) [ ]= is increasing
but not strictly increasing i.e. non-decreasing in R.

y Example 10 If H x( )0 0= for some x x= 0 and
d

dx
H x cx H x( ) ( )> 2 for all x x³ 0 , where c > 0, then

prove that H x( ) cannot be zero for any x x> 0 .

Sol. Given that,
d

dx
H x cx H x( ) ( )> 2

Þ d

dx
H x cx H x( ) – ( )2 0>

Þ d

dx
H x e cxe H xc x c x{ ( )} – ( )– –2 2

2 0× >

Þ d

dx
H x e H x

d

dx
ec x c x( ) ( )– –ì

í
î

ü
ý
þ

+ ì
í
î

ü
ý
þ

>
2 2

0

Þ d

dx
H x e c x( ) –×ì

í
î

ü
ý
þ

>
2

0

\ H x e cx( ) – 2

is an strictly increasing function.

But H x( )0 0= and e cx– 2

is always positive.

Þ H x( )0 0> for all x x> 0

Þ H x( ) cannot be zero for any x x> 0 .

y Example 11 If f x( ) is a decreasing function and attain

positive values, then the set of value of ‘k’, for which

the major axis of the ellipse
x

f k k

y

f k

2

2

2

2 5 11
1

( ) ( )+ +
+

+
= ,

is the X-axis, is ( , )-a b , then ( )a b+ is
Sol. Here, f x( ) is decreasing function and major axis is X -axis

Þ f k k f k( ) ( )2 2 5 11+ + > +

[Q for the ellipse
x

a

y

b

2

2

2

2
1+ = major axis lies

along X -axis, then a b2 2> ]

As, f x( ) is decreasing, therefore

k k k2 2 5 11+ + < +
Þ k k2 6 0+ - <
Þ ( )( )k k+ - <3 2 0

Þ k a bÎ - = -( , ) ( , )3 2

\ a b+ = 5
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y Example 12 Let f x x( ) = +3 5, then show that f x( ) is

strictly increasing and f x– ( )1 exists and is strictly

increasing for x RÎ .
Sol. Here, f x x( ) = +3 5

f x¢ = >( ) 3 0, which is strictly increasing for x RÎ .

Now, finding f x– ( ),1 let f x y( ) = , y x= +3 5

or x
y= –5

3

or f y
y– ( )

–1 5

3
= [as f x y( ) = Þ x f y= – ( )1 ]

f x
x– ( )

–1 5

3
=

Which shows f x
x– ( )

–1 5

3
= exists for all x RÎ and is

strictly increasing as
d

dx
f x( ( ))–1 1

3
0= > for all x RÎ .

y Example 13 Let f ( ) sin (cos )x x= , then check whether

it is increasing or decreasing in [ , ].0 2p/
Sol. l. Given, f ( ) sin (cos )x x=

Þ f ¢ = ×( ) cos (cos ) (–sin )x x x

Þ f ¢ = ×( ) –cos (cos ) sinx x x

Q cos(cos ) sin , ,x x x> > " Î æ
èç

ö
ø÷

é

ëê
ù

ûú
0 0 0

2
and

p

Therefore, it is clearly decreasing for x /Î[ , ]0 2p as
f¢ £( )x 0.

Aliter

Here, f x x( ) sin= and g x x( ) cos= are increasing and
decreasing in [ , ]0 2p/ .

Þ ( ) ( ) ( ) sin (cos )fog x x x= =f is decreasing.

y Example 14 Let f ( ) cos (cos )x x= , then check

whether it is increasing or decreasing in [ , ].0 2p/
Sol. Given, f ( ) cos (cos )x x=

Þ f ¢ = ×( ) –sin (cos ) (–sin )x x x

Þ f ¢ =( ) sin sin (cos )x x x

Q sin(cos ) sin , ,x x x> > " Î æ
èç

ö
ø÷

é

ëê
ù

ûú
0 0 0

2
and

p

Therefore, it is clearly increasing for x /Î[ , ]0 2p as f ¢ ³( )x 0.

Aliter

Here, f x x( ) cos= and g x x( ) cos= are decreasing in [ , ]0 2p/ .

Þ ( ) ( ) cos (cos ) ( )fog x x x= = f is increasing.

y Example 15 Let f x
xe x

x ax x x

ax

( )
;

– ;
=

£
+ >

ì
í
î

0

02 3
where a

is positive constant. Find the interval in which f x¢( )

is increasing. [IIT JEE 1996]

Sol. Given, f x
xe x

x ax x x

ax

( )
;

– ;
= £

+ >
ì
í
î

0

02 3

Differentiating both the sides, we have

f x
axe e x

ax x x

ax ax

¢ = + £
+ >

ì
í
î

( )
;

– ;

0

1 2 3 02

Again, differentiating both sides, we have

f x
ae a xe x

a x x

ax ax

¢¢ = + £
>

ì
í
î

( )
;

– ;

2 0

2 6 0

2

Now, f x¢¢ =( ) 0, then in the interval x £ 0 the root is

x
a

= –
2

and in interval x > 0 root is x
a=
3

Using sign scheme or number line rule as shown in figure,
we get

f x¢( ) decreases on – , – ,¥æ
èç

ù
ûú

È ¥é
ëê

ö
ø÷

2

3a

a
and increases on

– ,
2

3a

aé
ëê

ù
ûú
.

y Example 16 If a < 0 and f x e eax ax( ) –= + is

monotonically decreasing. Find the interval to which
x belongs.

Sol. Given, a < 0 and f x e eax ax( ) –= + is monotonically

decreasing. ...(i)

Þ f x¢ <( ) 0

Þ ae aeax ax– – < 0

Þ a
e

e

ax

ax

2 1
0

–æ

è
ç

ö

ø
÷ < ...(ii)

As from Eq. (i), a < 0

Þ ( – )e ax2 1 0>

Þ e ax2 1>
Þ 2 0ax >
Þ ax > 0

Þ x < 0 [as a < 0]

Thus, f x( ) is monotonically decreasing, if x Î -¥( , )0 .

y Example 17 If 0
6

< <a
p

, then the value of

(a cosec a) is

(a) less than
p
3

(b) more than
p
3

(c) less than
p
6

(d) more than
p
6
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Sol. From the figure, we can say

Slope of OA > Slope of OB

where A = ( , sin )a a and B
p p
6 6

, sin
æ
èç

ö
ø÷

.

Þ sin
sina

a

p

p
-

-
>

-

-

0

0
6

0

6
0

Þ sina
a p

> 3
or

a
a

p
sin

<
3

Þ a a p
cosec <

3

Hence, (a) is the correct answer.

y Example 18 If f x ax bx cx d( ) = + + +3 2 , where

a b c d, , and are real numbers and 3 2 2b c< , is an

increasing cubic function and
g x af x bf x c( ) ( ) ( ) ,= ¢ + ¢¢ + 2 then

(a)
a

x
g t dtò ( ) is a decreasing function

(b)
a

x
g t dtò ( ) is an increasing function

(c)
a

x
g t dtò ( ) is a neither increasing nor a decreasing function

(d) None of the above

Sol. f x ax bx c¢ = + + >( ) 3 2 02 [since, f x( ) is increasing]

Þ a > 0 and b ac2 3 0- < Þ a > 0 and b ac2 3<

Also, g x af x bf x c( ) ( ) ( )= ¢ + ¢¢ + 2

g x a x abx ac abx b c( ) = + + + + +3 2 6 22 2 2 2

g x a x abx b c ac( ) ( )= + + + +3 8 22 2 2 2

where D a b a b c ac= - × × + +64 4 3 22 2 2 2 2( )

= - - -4 16 6 3 32 2 2 2a b b c ac( )

= - - < - -4 10 3 3 4 10 32 2 2 2 2 2 2a b c ac a b c b( ) ( )

[as 3 32 2ac b ac b> Þ - < - ]

= -4 9 32 2 2a b c( )= -12 32 2 2a b c( ) [ ]given 3 2 2b c<

\ D < 0 Þ g x x R( ) ,> " Î0

\ g t dt
a

x

ò ( ) is an increasing function.

Q

d

dx
g t dt g x

a

x
( ) ( )òæ

èç
ö
ø÷ = >é

ëê
ù
ûú

0

Hence, (b) is the correct answer.

y Example 19 If f R R: ® , f x( ) is a differentiable

bijective function, then which of the following is true?
(a) ( ( ) ) ( ) ,f x x f x x R- ¢¢ < " Î0

(b) ( ( ) ) ( ) ,f x x f x x R- ¢¢ > " Î0

(c) If ( ( ) ) ( ) ,f x x f x- ¢¢ > 0 then f x f x( ) ( )= -1 has no solution

(d) If ( ( ) ) ( ) ,f x x f x- ¢¢ > 0 then f x f x( ) ( )= -1

has at least one real solution

Sol. As, ( ( ) ) ( ) ,f x x f x x R- ¢¢ < " Î0

Þ ( ( ) ) and ( ) )f x x f x- > ¢¢ <0 0

or ( ( ) ) and ( ) )f x x f x- < ¢¢ >0 0

Can’t be true as f x x( ) - > 0 and f x¢( ) are decreasing.
Then, f x( ) has to intersect the line y x= .

Similarly, f x x( ) - < 0 and f x¢( ) is increasing, is not
possible.

Also, f x x( ) - ¹ 0

Þ f x f x( ) ( )= -1 has no solution.

Hence, (c) is the correct answer.

y Example 20 If f x( ) and g x( ) are two positive

and increasing functions, then

(a) ( ( )) ( )f x g x is always increasing

(b) if ( ( )) ( )f x g x is decreasing, then f x( ) < 1

(c) if ( ( )) ( )f x g x is increasing, then f x( ) > 1

(d) if f x( ) > 1, then ( ( )) ( )f x g x is increasing

Sol. Let h x f x g x( ) ( ( )) ( )=

Þ log ( ( )) ( ) {log ( )}h x g x f x=

Þ 1

h x
h x

g x

f x
f x f x g x

( )
( )

( )

( )
( ) {log ( )} ( )× ¢ = × ¢ + ¢

and h x( ) is increasing, if log ( ( ))f x > 0 Þ f x( ) > 1

Hence, (d) is the correct answer.

y Example 21 If the function y f x= sin ( ( )) is monotonic
for all values of x [where f x( ) is continuous], then the
maximum value of the difference between the
maximum and the minimum value of f x( ) , is

(a) p (b) 2p (c)
p
2

(d) None of these

Sol. As, y f x= sin ( ( )) is monotonic for

f x n n( ) ,Î - +é
ëê

ù
ûú

2
2

2
2

p p p p

or 2
2

2
3

2
n np p p p+ +é

ëê
ù
ûú

,

\ The maximum value of difference is p.

Hence, (a) is the correct answer.
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Exercise for Session 1

y Example 22 If f x¢¢ >( ) 0 and f ¢ =( )1 0 such that
g x f x x( ) (cot cot ),= + +2 2 2 where 0 < <x p, then the
interval in which g x( ) is decreasing is

(a) ( , )0 p (b)
p p
2

,æ
èç

ö
ø÷

(c)
3

4

p p,æ
èç

ö
ø÷

(d) 0
3

4
,

pæ
èç

ö
ø÷

Sol. Here, g x f x x( ) (cot cot )= + +2 2 2

Þ g x f x x x x¢ = ¢ + + × -( ) (cot cot ) { cot2 2 2 2 cosec2

- 2 cosec2 x }

for g x( ) to be decreasing, g x¢ <( ) 0

Þ f x x x¢ + + × - + <{(cot ) } ( ) (cot )1 1 2 1 02 2cosec

Þ f x x¢ + + × + >{(cot ) } (cot )1 1 1 02 …(i)

As f x f x¢¢ > Þ ¢( ) ( )0 is increasing, then

f x f¢ + + > ¢ ={(cot ) } ( )1 1 1 02 , " Î æ
èç

ö
ø÷

È æ
èç

ö
ø÷

x 0
3

4

3

4
, ,

p p p

Thus, Eq. (i) holds, if cot x + >1 0

Þ cot ,x x> - " Î æ
èç

ö
ø÷

1, 0
3

4

p

Hence, (d) is the correct answer.

1. The curve y f x= ( ) which satisfies the condition f x¢ >( ) 0 and f x¢¢ <( ) 0 for all real x, is

2. The interval in which f x x x( ) cot= +-1 increases, is

(a) R (b) ( , )0 ¥ (c) R n- { }p (d) None of these

3. The interval in which f x x x x( ) cos cos cos= + + -3 10 6 34 3 2 increase or decrease in ( , )0 p

(a) decreases on
p p
2

2

3
,æ

èç
ö
ø÷

and increases on 0
2

2

3
, ,

p p pæ
èç

ö
ø÷

È æ
èç

ö
ø÷

(b) decreases on
p p
2

,æ
èç

ö
ø÷

and increases on 0
2

,
pæ

èç
ö
ø÷

(c) decreases on 0
2

2

3
, ,

p p pæ
èç

ö
ø÷

È æ
èç

ö
ø÷

and increases on
p p
2

2

3
,æ

èç
ö
ø÷

(d) decreases on 0
2

,
pæ

èç
ö
ø÷

and increases on
p p
2

,æ
èç

ö
ø÷

4. The interval in which f x t e t t dt
x t( ) {( ) ( ) ( ) ( )}= + - - +ò0

1 1 2 4 increases and decreases

(a) increases on ( , ) ( , ) ( , )-¥ - È - È ¥4 1 0 2 and decreases on ( , ) ( , )- - È4 1 0 2

(b) increases on ( , ) ( , )-¥ - È -4 1 2 and decreases on ( , ) ( , )- - È ¥4 1 2

(c) increases on ( , ) ( , )-¥ - È ¥4 2 and decreases on ( , )-4 2

(d) increases on ( , ) ( , )- - È4 1 0 2 and decreases on ( , ) ( , ) ( , )-¥ - È - È ¥4 1 0 2

5. The interval of monotonicity of the function f x
x

xe

( )
log

,= is

(a) increases when x eÎ ¥( , ) and decreases when x eÎ( , )0

(b) increases when x eÎ ¥( , ) and decreases when x eÎ -( , ) { }0 1

(c) increases when x eÎ( , )0 and decreases when x eÎ ¥( , )

(d) increases when x eÎ -( , )0 {1 } and decreases when x eÎ ¥( , )

6. Let f x x ax bx x( ) sin= + + +3 2 25 be an increasing function on the set R. Then,

(a) a b2 3 15 0- + > (b) a b2 3 5 0- + < (c) a b2 3 15 0- + < (d) a b2 3 5 0- + >

7. Let g x f x f x( ) ( ) ( )= + -1 and f x x¢¢ > " Î( ) , ( , )0 0 1. Then, g x( ) is

(a) increasing on 0
1

2
,æ

èç
ö
ø÷

and decreasing on
1

2
1,æ

èç
ö
ø÷

(b) increasing on
1

2
1,æ

èç
ö
ø÷

and decreasing on 0
1

2
,æ

èç
ö
ø÷

(c) increasing on (0, 1) (d) decreasing on (0, 1)
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X
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X
O

(c) X ′
Y ′



Critical Points
It is a collection of points for which,

(i) f x( ) does not exist (ii) f x¢( ) does not exist

(iii) f x¢ =( ) 0.

All the values of x obtained from above conditions are said
to be the critical points.

It should be noted that critical points are the interior
points of an interval.

y Example 23 Find the critical points for
f x x x( ) ( – ) ( )/= +2 2 12 3 .

Sol. Given, f x x x( ) ( – ) ( )/= +2 2 12 3

Þ f x x x x¢ = + + ×( ) ( – ) ( ) ( – )– / /2

3
2 2 1 2 21 3 2 3

or f x
x

x

x¢ = + +
é

ë
ê

ù

û
ú( )

( )

( – )

( – )
/

/

2
2 1

3 2

2

11 3

2 3

Clearly, f x¢( ) is not defined at x = 2, so x = 2 is a critical point.

Another critical point is given by

f x¢ =( ) 0

i.e. 2
2 1 3 2

2
0

1 3

( ) ( – )

( – ) /

x x

x

+ +é

ë
ê

ù

û
ú =

Þ 5 5 0x – = Þ x = 1

Hence, x = 1 and x = 2 are two critical points of f x( ).

y Example 24 Find all the values of a for which the
function

f x a a
x

a x( ) ( – )cos ( – )= + æ
èç

ö
ø÷

+2 3 2
2

1 , possess critical

points.

Sol. Given, f x a a
x

a x( ) ( – ) cos ( – )= + æ
èç

ö
ø÷

+2 3 2
2

1

Þ f x a a
x

a¢ = æ
èç

ö
ø÷

+( ) – ( – ) ( – ) sin ( – )
1

2
1 2

2
1

Þ f x a a
x¢ = æ

èç
ö
ø÷

é

ëê
ù

ûú
( ) ( – ) – ( – ) sin1 1

1

2
2

2

If f x( ) possess critical points, then

f x¢ =( ) 0

Þ ( – ) –
–

sina
a x

1 1
2

2 2
0

æ
èç

ö
ø÷

é

ëê
ù

ûú
=

Þ a = 1 and 1
2

2 2
0–

–
sin

a xæ
èç

ö
ø÷

= ,

but at a = 1 Þ f x( ) = 0

Thus, sin
–

x

a2

2

2

æ
èç

ö
ø÷

=

Þ 2

2
1

a –
£

Þ | – |a 2 2³ Þ a –2 2³
or a – –2 2£

a ³ 4 or a £ 0

Therefore, a Î ¥ È ¥(– , ] [ , )0 4

y Example 25 The set of all values of ‘b’ for which the
function
f x b b x x( ) ( ) (cos sin )= - + -2 2 23 2 + - +( ) sinb x1 2

does not possess stationary points is
(a) [1, ¥) (b) ( , ) ( , )0 1 1 4È

(c)
3

2

5

2
,æ

èç
ö
ø÷

(d) None of these

Sol. Here, f x b b x x b x( ) ( )(cos sin ) ( ) sin= - + - + - +2 2 23 2 1 2

= - + + - +( )cos ( ) sinb b x b x2 3 2 2 1 2

Þ f x b b x b¢ = - + × - + -( ) ( ) ( sin ) ( )2 3 2 2 2 1 .

As, f x( ) does not possess stationary points.

Þ f x¢ ¹( ) 0

Þ ( ) ( ) ( sin ) ( )b b x b- - - + - ¹1 2 2 2 1 0,
for any x RÎ
Þ ( ) { ( ) sin }b b x- - - ¹1 1 2 2 2 0

Þ 1

2 2
1

( )b -
½
½
½ ½

½
½> and b ¹ 1

Þ - < - <1

2
2

1

2
b and b ¹ 1

Þ 3

2

5

2
< <b Þ b Î æ

èç
ö
ø÷

3

2

5

2
,

Hence, (c) is the correct answer.
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Exercise for Session 2

y Example 26 Find the set of critical points of the
function

f x x x
z

z dz
x

( ) – log – – cos= + æ
èç

ö
ø÷ò

1
2 2 4

2
.

Sol. Here, f x x x
z

z dz
x

( ) – log – – cos= + æ
èç

ö
ø÷ò

1
2 2 4

2

Þ f x
x x

x¢ = + æ
èç

ö
ø÷

( ) – – – cos ( ) –1
1 1

2 2 4 1 0

= – – cos1 2 4x [using Leibnitz rule]
Put f x¢ =( ) 0,

Þ cos –4
1

2
x = or cos cos4

3
x = -æ

èç
ö
ø÷

p p

or 4 2
2

3
x n= +p p

, n Î Integer

Þ x
n

n I= ± Îp p
2 6

,

But log x is defined for x > 0

\ Forn x= = ±0
6

,
p

Þ x = p
6

[neglecting x /= – p 6 ]

\ Set of critical points = ±ì
í
î

ü
ý
þ

p p p
6 2 6

,
n

, where n NÎ .

1. Determine all the critical points for the function f x x x x( ) = + - +6 33 30 1005 4 3 .

2. Find the critical points of f x x x( ) ( )/= -2 3 2 1.

3. Determine all the critical points for the function f x xe x( ) =
2

.

4. The number of critical points of f x x x x( ) max {sin , cos }, ( , )= " Î -2 2p p is

(a) 5 (b) 6

(c) 7 (d) 8
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Comparison of Functions
Using Calculus
If we want to compare f( )x and g x( ) then we consider a
function f x x g x( ) ( ) – ( )= f or f x g x x( f) ( ) – ( )= and
check whether f x( ) is increasing or decreasing in given
domain of f( )x and g x( ). The procedure is illustrated by
following examples :

y Example 27 Using calculus, find the order relation
between x and tan –1 x when x Î ¥[ , )0 .

Sol. Let f x x x( ) – tan ( )–= 1

Þ f x
x

¢ =
+

( ) –1
1

1 2

Þ f x
x

x
¢ =

+
³( )

2

21
0, " Î ¥x [ , )0

Thus, f x( ) is an increasing function.

As, we know x x1 2£ Þ f x f x( ) ( )1 2£ for increasing function

\ x ³ 0, " Î ¥x [ , )0

Þ f x f( ) ( )³ 0 , " Î ¥x [ , )0

Þ x x– tan – tan ( ),– –1 10 0³ " Î ¥x [ , )0

Þ x x³ tan ,–1 " Î ¥x [ , )0

Thus, the above relation is the order relation between x and

tan–1 x .

y Example 28 Using calculus, find the order relation

between x and tan –1 x when x Î ¥(– , ].0

Sol. Let f x x x( ) ( )– tan ( )–= 1

Þ f x
x

¢ =
+

( ) –1
1

1 2

Þ f x
x

x
¢ =

+
³( )

2

21
0, " Î ¥x (– , 0]

Thus, f x( ) is increasing function.

As, we know x x1 2£ Þ f x f x( ) ( )1 2£ for increasing
function.

\ x £ 0, " Î ¥x (– , ]0

Þ f x f( ) ( )£ 0 , " Î ¥x (– , ]0

Þ x x– tan–1 0£ , " Î ¥x (– , ]0

Þ x x£ tan–1 , " Î ¥x (– , ]0

Thus, the above relation is the order relation between x and

tan–1 x .

y Example 29 For all x Î( , )0 1 [IIT JEE 2000]

(a) e xx < +1 (b) log ( )e x x1 + <

(c) sin x x> (d) loge x x>
Sol. (a) Let f x e xx( ) – –= 1

Þ f x e x¢ = >( ) –1 0, " Îx ( , )0 1

So, f x( ) is increasing, when 0 1< <x

Þ f x f( ) ( )> 0 or e xx – –1 0>

Þ e xx > +1

Hence, (a) is false.

(b)  Let g x x x( ) log ( )–= +1

Þ g x
x

x

x
¢ =

+
=

+
<( ) –

–
,

1

1
1

1
0 " Îx ( , )0 1

So, g x( ) is decreasing,  when 0 1< <x

Þ g g x( ) ( )0 > Þ log ( )1 + <x x

Hence, (b) is true.

(c) Let h x x x( ) sin –= Þ h x x¢ = <( ) cos – ,1 0 " Îx ( , )0 1

So, h x( ) is decreasing, when 0 1< <x Þ h x h( ) ( )< 0

Þ sin x x<
Hence, (c) is false.

(d) Let g x x x( ) log –= Þ g x
x

¢ =( ) –
1

1

\ g x¢ >( ) ,0 " Îx ( , )0 1 or g x g( ) ( )< 1

Þ log – –x x < 1

Þ x x– log1 > or x x> log

Hence, (d) is false.

Thus, (b) is the correct answer.

y Example 30 Prove that

tan (tan )– –1
2

2

1 2

2

1 2

1

2

1e

e

e
e

e

æ
èç

ö
ø÷

+
+

< +
+

.

Sol. Let us consider a function f x( ),

i.e. f x x
x

( ) (tan )–= +
+

1 2

2

2

1
for all x RÎ

\ f x
x

x

x

x /
¢ =

+ +
( )

tan
–

( )

–2

1

2

1

1

2 2 3 2

=
+ +

é

ë
ê
ê

ù

û
ú
ú

2

1 1
2

1

2x
x

x

x
tan ––
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Þ f x
x

g x¢ =
+

( ) ( ),
2

1 2

where g x x
x

x
( ) tan ––=

+
1

2 1
...(i)

\ g x
x x

x

x /
¢ =

+ +
+

+
( ) –

( )

1

1

1

1 12 2

2

2 3 2

=
+ +
1

1

1

12 2 3 2x x /
–

( )

=
+ +

æ

è
ç
ç

ö

ø
÷
÷ >1

1
1

1

1
0

2 2x x
–

( )
for all x RÎ

Þ g x( ) is increasing for x RÎ
Þ g x g( ) ( )> 0 for all x RÎ

Þ tan ––1

2 1
0x

x

x +
> ...(ii)

\ From Eqs. (i) and (ii), f x¢ >( ) 0 for all x > 0

\ f x( ) is increasing for all x > 0

Þ f /e f e( ) ( )1 <

Þ tan (tan )– –1
2

2

1 2

2

1 2

1

2

1e

e

e
e

e

æ
èç

ö
ø÷

+
+

< +
+

1. Show that sin tanx x x< < for 0 2< <x p / .

2. Show that
x

x
x x

( )
log( )

1
1

+
< + < for x > 0.

3. Show that x
x

x- <
3

6
sin for 0

2
< <x

p
.

4. If ax
b

x
c2 + ³ for all positive x, where a b, > 0, then

(a) 27 42 3ab c³ (b) 27 42 3ab c<

(c) 4 272 3ab c³ (d) None of these

5. If ax
b

x
c+ ³ for all positive x, where a b, ,> 0 then

(a) ab
c<

2

4
(b) ab

c³
2

4

(c) ab
c³
4

(d) None of these
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Introduction to
Maxima and Minima
By the maximum/minimum value of function f x( ) we
mean local or regional maximum/minimum value and not
the greatest/least value attainable by the function. It is
also possible in a function that local maximum at one
point is smaller than local minimum at another point.
Sometimes, we use the word extrema for maxima and
minima.

Definition A function f x( ) is said to have a maximum at
x a= , if f a( ) is greatest of all values in the suitably small
neighbourhood of a, where x a= is an interior point in the
domain of f x( ).

Analytically, this means f a f a h( ) ( )³ + and
f a f a h( ) ( – )³ , where h ³ 0 (very small quantity).

Similarly, a function y f x= ( ) is said to have a minimum at
x b= , if f b( ) is smallest of all values in the suitably small
neighbourhood of b, where x b= is an interior point in the
domain of f x( ).
Analytically, f b f b h( ) ( )£ + and f b f b h( ) ( – )£ , where
h ³ 0 (very small quantity).

Methods of Finding Extrema
of Continuous Functions
The following tests apply to a continuous function in order
to get the extrema

First Derivative Test
As we know the function attains maximum, when it has
assumed its maximum value and attains minimum, when it
has assumed its minimum value which could be shown as

(i) At a critical point x a=
(a) When f x( ) attains maximum at ( )x a=
Consider the following graph

From above graph, we see that

for , tan

for , ta

x a x a

x a

< < ° Þ > <
=

q q1 190 0 or increasing for

n

for

q = 0 Þ
=

>

neither increasing nor

decreasing for x a

x a x a, tanq q2 290 0> ° Þ < >

ì

í
ïï

î
ï
ï or decreasing for

Thus, we can say,

f x( ) is maximum at some point ( )x a= .

Þ
f x x a

f x x

( )

( )

is increasing for

is decreasing for

<

>a

ì
í
î

Y

X

in
cr

ea
si

ng

in
cr

ea
si
ng

f a h( – )
decreasing

f b( )

f b h( + )

f a h( + )
f a( )

a h– a h+

b h–
b b h+O

f b h( – )
a

Figure 8.12

Session 4
Introduction to Maxima and Minima, Methods of Finding
Extrema of Continuous Functions, Convexity/Concavity
& Point of Inflection, Concept of Global Maximum/Minimum

Y

X

in
cr

ea
sin

g decreasing

f a( )
f a h( – )

f b( )

f b h( – )

a h– a a h+ b h– b b h+

f b h( + )

f a h( + )

O

Figure 8.13

O x = a

Y

X
θ1 < 90°

θ2 > 90°

y x = amax at

Tangent at any point when <x a Tangent at any
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(b) When f x( ) attains minimum at ( )x a=
Consider the following graph

From the above graph, we see that
for , tan

for , t

x a x a

x a

< > ° Þ < <
=

q q1 190 0 or decreasing when

an

fo

q = Þ
=
0 neither increasing nor

decreasing for x a

r , tanx a x a> < ° Þ > >

ì

í
ïï

î
ï
ï q q2 290 0 or increasing when

Thus, we can say,

f x( ) is minimum at some points ‘x a= ’,

Þ
f x x a

f x x a

( )

( )

is decreasing for

is increasing for

<

>

ì
í
î

Here, some of the examples are given to make it more
clear.

Remark (Ex. Nos. 31-33)

Statement of example Number 31, 32, 33 can be used directly
as result.

y Example 31 If f x¢( ) changes from positive to

negative at x 0 while moving from left to right,
i.e. f x¢ >( ) 0, x x< 0

f x¢ <( ) 0, x x> 0 , then f x( ) has local
maximum value at x x= 0 .

Sol. Consider the following graph

In both the graph we see that f x¢ ( ) changes its sign from
positive to negative when we move through x 0 and the
function has local maxima at x x= 0 .

y Example 32 If f x¢( ) changes from negative to

positive at x 0 while moving from left to right,
i.e. f x¢ <( ) 0, x x< 0

f x¢ >( ) 0, x x> 0 ,
then f x( ) has local minimum value at x x= 0

Sol. Consider the following graph

In both the graph we see that f x¢ ( ) changes its sign from
negative to positive when we move through x 0 and the
curve has local minima at x x= 0 .

y Example 33 If sign of f x¢( ) doesn’t change at x 0 ,

while moving from left to right, then f x( ) has neither a
maximum nor a minimum at x 0 .

Sol. Consider the following graph

In both the graph we see that f x¢ ( ) has same sign when
we move through x 0 , therefore f x( ) has neither maxima
nor minima at x x= 0 .

y Example 34 Let f x x x( ) –= +3 23 6 find the point at

which f x( ) assumes local maximum and local minimum.

Sol. Given, f x x x( ) –= +3 23 6

Þ f x x x x x¢ = =( ) – ( – )3 6 3 22

Using number line rule,

f x¢( ) changes sign from +ve to –ve at x = 0 and f x¢( )
changes sign from –ve to +ve at x = 2.

Therefore, at x = 0, we have local maxima and at x = 2 , we
have local minima.
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y Example 35 Let f x x( ) = 3 find the point at which

f x( ) assumes local maximum and local minimum.

Sol. Given, f x x( ) = 3

Þ f x x¢ =( ) 3 2

Here, f x¢ ³( ) 0 for all x, it does not change sign from
negative to positive or positive to negative.

Thus, f x( ), we has neither maximum nor minimum.

y Example 36 Let f x x
x

( ) = +
1
, x ¹ 0. Discuss the

maximum and minimum value of f x( ).

Sol. Here, f x x
x

( ) = + 1

Þ f x
x

¢ =( ) –1
1

2

f x
x

x

x x

x
¢ = = +
( )

– ( – )( )2

2 2

1 1 1

Using number line rule, we have maximum at x = – 1 and
minimum at x = 1

\ At x = –1, we have local maximum Þ =f x( ) –max 2

and at x = 1, we have local minimum Þ =f x( )min 2

y Example 37 The function

f x t e t t t dttx
( ) ( – ) ( – ) ( – ) ( – )=

-ò 1 1 2 33 5

1
has a local

maximum at x equals [IIT JEE 1999]

(a) 0 (b) 1
(c) 2 (d) 3

Sol. Given, f x t e t t t dttx
( ) ( – ) ( – ) ( – ) ( – )=

-ò 1 1 2 33 5

1

f x x e x x xx¢ =( ) ( – ) ( – ) ( – ) ( – )1 1 2 33 5

[using Leibnitz rule]

Using number line rule for f x¢( ), we get the following
figure which shows local maxima at x = 2 as f x¢( ) changes
from (+ve) to (–ve) and local minima at x = 1 and x = 3 as
f x¢( ) changes from (–ve) to (+ve).

\ Local minima at x =1 3, and local maxima at x =2.

Hence, (c) is the correct answer.

(ii) At left end point a and right end
point b in [a,b]

Let f x( ) be defined on[ , ]a b and if f x¢ <( ) 0 for x a> , then
f x( ) has local maximum at x a= and local minimum at
x b= .

Again, if f x¢ >( ) 0 for x a> , then f x( ) has local minimum
at x a= and local maximum at x b= .

We can summarise above result as

(a) If a function is strictly increasing in[ , ]a b , then
f a

f b

( )

( )

is local minimum

is local maximum

ì
í
î

(b) If a function is strictly decreasing in[ , ]a b , then
f a

f b

( )

( )

is local maximum

is local minimum

ì
í
î

y Example 38 Find the local maximum and local minimum
of f x x x( ) = +3 3 in [– , ]2 4 .

Sol. Given, f x x x( ) = +3 3

Þ f x x¢ = +( ) 3 32 which is strictly increasing for all x RÎ
and thus, increasing for [– , ]2 4 .

Hence, local minimum is f (– ) (– ) (– ) –2 2 3 2 143= + =
and local maximum is f ( ) ( ) ( )4 4 3 4 763= + =

y Example 39 If f x( ) =
3 12 1 1 2

37 2 3

2x x x

x x

+ £ £
< £

ì
í
î

– , –

– , ,
,

then
(a) f x( ) is increasing on [– , ]1 2 [IIT JEE 1993]

(b) f x( ) is continuous on [– , ]1 3

(c) f x¢( ) does not exist at x = 2

(d) f x( ) has the maximum value at x = 2

Sol. Given, f x
x x x

x x
( )

– , –

– ,
= + £ £

< £
ì
í
î

3 12 1 1 2

37 2 3

2

Þ f x
x x

x
¢ =

+ £ <
< £

ì
í
î

( )
, –

– ,

6 12 1 2

1 2 3

(a) Which shows f x¢ >( ) 0 for x Î[– , ]1 2
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So, f x( ) is increasing on [– , ]1 2 . Hence, (a) is correct.

(b) For continuity of f x( ). [check at x = 2]

Q f x x x x( ) ,= + - - £ £3 12 1 1 22

It is a polynomial, therefore continuous in [– 1, 2].

Also, for (2,3], f x x( ) = -37 which is again a
polynomial, therefore continuous in (2,3].

Now, we have to check continuity of f x( ) at x = 2

LHL = - = - + - - =
® ®

lim ( ) lim ( ) ( )
h h

f h h h
0 0

22 3 2 12 2 1 35

RHL = +
®

lim ( )
h

f h
0

2 = - + =
®

lim ( )
h

h
0
37 2 35

RHL = 35 , LHL = 35 and f ( )2 35=
So, (b) is correct.

(c) As discussed in previous chapter,

Rf
h

hh

¢ = - + - = -
®

( ) lim
( )

2
37 2 35

1
0

and Lf
h h

hh

¢ = - + - - -
-

=
®

( ) lim
( ) ( )

2
3 2 12 2 1 35

24
0

2

So, not differentiable at x = 2

Hence, (c) is correct.

(d) We know f x( ) is increasing on [– , ]1 2 and decreasing
on (2, 3]. Thus, maximum at x = 2

Hence, (d) is correct.

\ Hence, (a), (b), (c) and (d) all are correct answers.

y Example 40 Let f x x x( ) sin –= on [ , ]0 2p/ , find local

maximum and local minimum.
Sol. Given, f x x x( ) sin –=

f x x¢ =( ) cos –1, " Îx /[ , ]0 2p
(cos – )x 1 0£ , " Îx /[ , ]0 2p , as cos x £ 1

\ f x¢ £( ) 0, " Îx /[ , ]0 2p
\ f x( ) is decreasing for x /Î[ , ]0 2p .

Hence, maximum value of f x( ) is at x = 0

i.e. f max( ) sin –0 0 0 0= =
and minimum value of f x( ) is at x = p / 2

i.e. f min sin – –
p p p p
2 2 2

1
2

æ
èç

ö
ø÷

= =

‘‘nth Derivative Test’’
First we find the root of f x¢ =( ) 0. Suppose x a= is one of
the roots of f x¢ =( ) 0.

Now, find f x¢ ¢ ( ) at x a=
(i) If f a¢¢ =( ) negative, then f x( ) is maximum at x a=

(ii) If f a¢¢ =( ) positive, then f x( ) is minimum at x a=
(iii) If f a¢¢ =( ) zero

Then, we find f x¢¢¢( ) at x a=

If f a¢¢¢ ¹( ) 0, then f x( ) has neither maximum nor
minimum (inflexion point), at x a= .

But, if f a¢¢¢ =( ) 0, then find f aiv ( )

If f aiv ( ) = positive, then f x( ) is minimum at x a= .

If f aiv ( ) = negative, then f x( ) is maximum at x a= .
and so on, process is repeated till point is discussed.

Convexity/Concavity and
Point of Inflection
Observe the two graphs sketched in the figure below.
What is the difference between them? Although they are
both increasing, the first graph’s rate of increase in itself
increasing whereas the rate of increase is decreasing in
case of the second graph.

On graph (i), if you draw a tangent any where, the entire
curve will lie above this tangent. Such a curve is called a
concave upwards curve.

For graph (ii), the entire curve will lie below any tangent
drawn to itself. Such a curve is called a concave
downwards curve.

The concavity’s nature can of course be restricted to
particular intervals. e.g. A graph might be concave
upwards in some interval while concave downwards in
another shown in fig. 8.19.

Relation of Concavity
with the Derivative
Let us again consider a graph in figure.
This is a concave upwards curve. We see
that the rate of increase of the graph
itself increases with increasing x , i.e. rate
of increase of slope is positive.
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d

dx

dy

dx

æ
èç

ö
ø÷

> 0 Þ d y

dx

2

2
0>

Similarly, for a concave downwards curve,
d y

dx

2

2
0<

The nature of concavity is simply related to the sign
of the second derivative.

We now finally come to what we mean by point of
inflection.

Consider f x x( ) = 3 again f f¢ = ¢¢ =( ) ( )0 0 0

f x¢ ¢ <( ) 0 for x < 0

and > 0 for x > 0

Þ f x¢ ¢ ( ) changes sign as x crosses 0.

Þ f x( ) changes the nature of its concavity as x crosses 0.

Such a point is called a point of inflection, a point at
which the concavity of the graph changes.

Notice that ¢¢ =f a( ) 0 alone is not sufficient to guarantee a
point of inflection at x a f x= ¢¢. ( ) must also change sign as
x crosses a.

e.g. In f x x f( ) , ( )= ¢¢ =4 0 0, but x = 0 is not a point of

inflection since ¢¢f x( ) does not change its sign as x
crosses 0. From the higher order derivative test, we know
that x = 0 is a local minimum for f x x( ) = 4 .

A summary of results for maxima,
minima and point of Inflection

First order
derivative test

Second order
derivative test

Higher order
derivative test

Max
.

f a¢ =( ) 0

f x¢( ) changes
sign from +ve to
-ve as x crosses a

f a¢ =( ) 0

f a¢ ¢ <( ) 0

f a¢ =( ) 0

f a¢ ¢ =( ) 0

M

f an - =1 0( )

f an( ) < 0

where n is even
(If n is odd, x a= is not
an extremum point; it is
a point of inflextion)

Min. f a¢ =( ) 0
f x¢( ) changes
sign from -ve to
+ve as x crosses a

f a¢ =( ) 0

f a¢ ¢ >( ) 0

f a¢ =( ) 0

f a¢ ¢ =( ) 0

M

f an - =1 0( )

f an( ) > 0

where n is even

(If n is odd, x a= is not
an extremum point; it is
a point of inflextion)

Point of inflection ¢¢f x( ) change sign
at x a=

y Example 41 Let f x x x( ) ( – )= 1 2 , find the point at

which f x( ) assumes maximum and minimum.

Sol. Given, f x x x( ) ( – )= 1 2

f x x x x¢ = +( ) ( – ) ( – )2 1 1 2

f x x x x¢ = +( ) ( – ) [ – ]1 2 1

f x x x¢ =( ) ( – ) ( – )1 3 1

Using number line rule for f x¢( ), we have the following
figure which shows f x¢( ) changes sign from + ve to – ve at
x /=1 3. Hence, at x /=1 3, we have maximum and f x¢( )
changes sign from – ve to + ve at x =1.

Hence, f x( ) is minimum at x =1.

Aliter

We have, f x x x¢ =( ) ( – )( – )1 3 1 and ¢¢ =f x x( ) –6 4

Let f x¢ =( ) 0 Þ x /=1 1 3, [critical points]

\ f ¢¢ = >( )1 2 0, i.e. minimum at x =1

and f /¢ ¢ = <( ) –1 3 2 0, i.e. maximum at x /=1 3

y Example 42 Let f x x( ) ( – )= 1 4 discuss the point at

which f x( ) assumes maximum or minimum value.

Sol. Given, f x x( ) ( – )= 1 4

f x x¢ =( ) ( – )4 1 3

Using number line rule.

Shows f x¢( ) changes sign from –ve to + ve.

Therefore, f x( ) assumes minimum at x = 1.

Aliter

Given, f x x( ) ( – )= 1 4 Þ f x x¢ =( ) ( – )4 1 3

Let f x¢ =( ) 0 Þ x = 1

Now, f x x¢¢ =( ) ( – )12 1 2 which is zero at x = 1

i.e. f ¢¢ =( )1 0

Thus, finding f x x¢¢¢ =( ) ( – )24 1 which is again zero at
x = 1

i.e. f ¢¢¢ =( )1 0

Again, finding f xiv ( ) = 24 which is positive at x = 1,

i.e. f iv ( )1 0>

Therefore, minimum at x = 1.

y Example 43 Discuss the function
f x x x x( ) = - + -6 4 23 3 5, and plot the graph.

Sol. The domain is obviously R.

f x( ) is an even function.

Since f x( ) is a polynomial function, it is continuous and
differentiable on R.
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f x x x x¢ = - +( ) 6 12 65 3 = - +6 2 14 2x x x( ) = -6 12 2x x( )

f x¢ =( ) 0 Þ ±0 1,

f x x x x¢ ¢ = - + -( ) ( ) ( )6 1 24 12 2 2 2

= - - +( ) { ( ) }x x x2 2 21 6 1 24

= - -( )( )x x2 21 30 6 …(i)

= - +6 5 6 14 2( )x x

f f¢ ¢ = ¢ ¢ ± =( ) , ( )0 6 1 0

Þ x =0 is a point of local minimum and x = ±1 are points
of inflection

(verify that ¢¢f x( ) does not change sign as x crosses ±1).

Now, f x¢ >( ) 0 if x > 0 andf x¢ <( ) 0 if x < 0.

Therefore, f x( ) decreases on ( , )- ¥ 0 and increases on
( , )0 - ¥ .

There is one more important fact we must take into

account. f x¢ ¢( ) has roots ±1 and additionally, ± 1

5
.

[from Eq. (i)]

Therefore, at these four points the convexity of the graph
changes

Þ f x x¢ ¢ > " Î - ¥ - È -æ
èç

ö
ø÷

È ¥( ) ( , ) , ( , )0 1
1

5

1

5
1 so that

f x( ) is concave upwards in these intervals.

Þ ¢¢ < " Î - -æ
èç

ö
ø÷

È æ
èç

ö
ø÷

f x x( ) , ,0 1
1

5

1

5
1 so that f x( ) is

concave downwards in these intervals.

f f( ) , ( ) ,0 5 1 4= - ± = - f ( )± =2 23

Therefore one root each of f x( ) lies in ( , )- -2 1 and (1, 2).

This information is sufficient to accurately draw the graph
of the given function.

y Example 44 Discuss the function

f x x x( ) sin cos= +
1

2
2 ., and plot its graph.

Sol. The domain of f x( ) is R.

f x( ) is periodic with period 2p and therefore we need to
analyse it only in [0, 2p].

f x( ) is continuous and differentiable on R.

f x x x¢ = -( ) cos sin2

= - -1 2 2sin sinx x

= + -( sin ) ( sin )1 1 2x x

This is 0 in [0, 2p] when x = p p p
6

5

6

3

2
, ,

¢¢ = - -f x x x( ) sin cos2 2

Now, ¢¢æ
èç

ö
ø÷

<f
p
6

0, ¢¢ æ
èç

ö
ø÷

>f
5

6
0

p
and ¢¢ æ

èç
ö
ø÷

=f
3p
2

0

Þ x = p
6

is a local maximum for f x f( );
p
6

3 3

4

æ
èç

ö
ø÷

=

x = 5p
6

is a local minimum for f x f( );
5p
6

3 3

4

æ
èç

ö
ø÷

= -

x = 3p
2

is a point of inflection; f
3p
2

0
æ
èç

ö
ø÷

=

We now need to analyse the sign of ¢¢f x( ).

¢¢ = - -f x x x( ) sin cos2 2

= - -4sin cos cosx x x

= - +cos ( sin )x x1 4

This is 0 in [0, 2p] when

x = + -- -p p p p
2

1

4

3

2
2

1

4

1 1, sin , , sin

We see that f x( ) will change its convexity at four different
points.

Þ ¢¢ > " Î +æ
èç

ö
ø÷

È-f x x( ) , sin0
2

1

4

1p p 3p p
2

2
1

4

1, sin-æ
èç

ö
ø÷

-

So that f x( ) is concave upwards in these intervals

Þ f x x¢ ¢ < " Î æ
èç

ö
ø÷

È( ) ,0 0
2

p

p 3p p p+æ
èç

ö
ø÷

È -æ
èç

ö
ø÷

- -sin , sin ,1 11

4 2
2

1

4
2

So that, f x( ) is concave downwards in these intervals.

f f f( ) , , ( )0 1
2

0 2 1= æ
èç

ö
ø÷

= =p p

The graph has been plotted below for [0, 2p]
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y Example 45 Discuss the function
y x x= + -ln ( )2 1 and plot its graph.

Sol. The domain is given by x 2 1 0- >

Þ D R= -\ [ , ]1 1

f x( ) is continuous and differentiable on D.

\ lim ;
x

y
® +

= - ¥
1

lim
x

y
® -

= - ¥
1

Þ x = ± 1 are vertical asymptotes to the curve.

Verify that the graph has no other asymptotes.

y
x

x
¢ = +

-
1

2

12

Þ y ¢ = 0 when x x2 2 1 0+ - =

Þ x = - ±1 2

x = - +1 2 does not belong to D.

x = - -1 2 is an extremum point.

Þ ¢¢ = - +
-

< "y
x

x
x

2 1

1
0

2

2 2

( )

( )
,

Þ The curve is always concave downwards so that
x = - -1 2 is a point of local maximum.

lim
x

y
® + ¥

= ¥

lim
x

y
® - ¥

= - ¥

\ Based on this data, the graph can be plotted as
shown below.

Concept of Global
Maximum/Minimum
Let y f x= ( ) be a given function with domain D.

Let [ , ]a b DÍ , then global maximum/minimum of f x( )
in [ , ]a b is basically the greatest/least value of f x( ) in
[ , ]a b .

Global maxima/minima in[ , ]a b would always occur at
critical points of f x( ) within[ , ]a b or at the end points
of the interval.

Global Maximum/Minimum in [ ]a, b
In order to find the global maximum and minimum of f x( ) in
[ , ],a b find out all critical points of f x( ) in [ , ]a b (i.e. all points
at which f x¢ =( ) 0).

Let c c c cn1 2 3, , , ..., be the points at which f x¢ =( ) 0

and let f c f c f cn( ), ( ), ...., ( )1 2 be the values of the function at
these points,

max { ( ), ( ), ( ), ..., ( ), ( )}f a f c f c f c f b Mn1 2 1= (say)

min { ( ), ( ), ( ), ..., ( ), ( )}f a f c f c f c f b Mn1 2 2= (say)

Then, M1 is the greatest value or global maxima in[ , ]a b and
M2 is the least value or global minima in[ , ]a b .

y Example 46 Let f x x x x( ) –= + +2 9 12 63 2 . Discuss the

global maxima and minima of f x( ) in [0, 2].

Sol. Given, f x x x x( ) –= + +2 9 12 63 2

Þ f x x x¢ = +( ) –6 18 122

Þ f x x x¢ = +( ) ( – )6 3 22

Þ f x x x¢ =( ) ( – ) ( – )6 1 2

Put f x¢ =( ) 0

\ x = 1 2, [say c1 and c 2]

Then, for global maximum or global minimum.

We have, f ( )0 6= , f ( )1 11= , f ( )2 10= ,

\ Global maximum Þ M1 6 10 11 11= =max { , , }

and  global minimum Þ M 2 6 10 11 6= =min { , , }

\ f ( )1 11= global maximum and f ( )0 6= global minimum.

Global Maximum/Minimum in (a, b)
Method for obtaining the greatest and least values of f x( ) in
(a, b) is almost the same as the method used for obtaining the
greatest and least values in [a, b].

However a caution may be exercised

let M f c f c f cn1 1 2= max { ( ), ( ), ..., ( )}
and M f c f c f cn2 1 2= min { ( ), ( ), ..., ( )}

Now, M1 and M2 are global maximum and global minimum,
respectively.

But, if lim ( )
x a

f x M
® +

> 1

or lim ( )
–x b

f x M
®

< 2

Þ f x( ) would not possess global maximum or global minimum
in ( , )a b .

This means that if limiting values at the end points are
greater than M1 or less than M 2 , then global maximum
or global minimum does not exist in ( , )a b .
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y Example 47 Let f x x x x( ) –= + +2 9 12 63 2
. Discuss the

global maxima and global minima of f x( ) in (1, 3).

Sol. Given, f x x x x( ) –= + +2 9 12 63 2

Þ f x x x¢ = +( ) –6 18 122 Þ f x x x¢ =( ) ( – ) ( – )6 1 2

Put f x¢ =( ) 0 Þ x = 1 2,

\ f ( )1 11= and f ( )2 10= ...(i)

Let us consider the open interval (1, 3).

Clearly, x = 2 is the only point in (1, 3).

And f ( )2 10= [from Eq. (i)]

Now, lim ( ) lim ( ) lim ( ) ( )
x h h

f x f h h h
® ® ®+

= + = + - +
1 0 0

3 21 2 1 9 1

+ + + =12 1 6 11( )h

and lim ( ) lim ( ) lim ( ) ( )
–x h h

f x f h h h
® ® ®

= - = - - -
3 0 0

3 23 2 3 9 3

+ - + =12 3 6 15( )h

Thus, x = 2 is the point of global minima in (1, 3) and global
maxima does not exist in (1, 3).

Remark

Based on the above discussion, we can summarize things in a
single graph as given below.

1. The minimum value of x x is attained when x is equal to

(a) e (b) e-1 (c) 1 (d) e2

2. The function f is defined by f x x xp q( ) ( )= -1 for all x RÎ , where p q, are positive integers, has a maximum

value, for x is equal to

(a)
pq

p q+
(b) 1 (c) 0 (d)

p

p q+

3. The least area of the circle circumscribing any right triangle of areaS is

(a) pS (b) 2pS (c) 2pS (d) 4pS

4. The coordinates of the point on the curve x y2 4= , which is atleast distance from the line y x= - 4 is

(a) (2, 1) (b) ( 2, 1)-
(c) ( 2, 1)- - (d) none of these

5. The largest area of a rectangle which has one side on the x-axis and the two vertices on the curve y e x= - 2

is

(a) 2 1 2e- / (b) 2 1 2e- /

(c) e-1 2/ (d) none of these

6. Let f x x x
x

( ) ln ( ) sin= - +2
2

2 p
. Then,

(a) graph of f is symmetrical about the line x = 1 (b) graph of f is symmetrical about the line x = 2

(c) maximum value of f is 1 (d) minimum value of f does not exist

7. The sum of the legs of a right triangle is 9 cm. When the triangle rotates about one of the the legs, a cone

results which has the maximum volume. Then,

(a) slant height of such a cone is 3 5 (b) maximum volume of the cone is 32 p
(c) curved surface of the cone is 18 5 p (d) semi vertical angle of cone is tan-1 2

8. Least value of the function f x x

x
( ) = - +

+
2 1

2

2 1

2

2
is

(a) 0 (b)
3

2
(c)

2

3
(d) 1
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in
cr

ea
si

ng

x1 x2 x3 x4 x5a b

f >′
0

f ′ <0

decreasingf ′<
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9. The greatest and the least value of the function, f x x x x x( ) ,= - + - + +1 2 1 22 2 x Î - ¥ ¥( , ) are

(a) 2, - 2 (b) 2 1,-
(c) 2, 0 (d) none

10. The minimum value of the polynomial x x x x( ) ( ) ( )+ + +1 2 3 is

(a) 0 (b)
9

16

(c) - 1 (d) - 3

2

11. The difference between the greatest and least values of the functions, f x x x x( ) cos cos cos= + -1

2
2

1

3
3 is

(a)
4

3
(b) 1

(c)
9

4
(d)

1

6

12. The point at which the slope of the tangent of the function, f x e xx( ) cos= × attains minima, when x Î[ , ]0 2p is

(a)
p
4

(b)
p
2

(c)
3

4

p
(d) p

13. If l m, are real numbers such that, x x x3 2 6 0- + - =l m has its real roots and positive, then the minimum value

of m is

(a) 3 6 1 3( ) / (b) 3 6 2 3( ) /

(c) ( ) /6 1 3 (d) ( ) /6 2 3

14. The points for which the function f x t t t t dt
x

( ) { ( ) ( ) ( ) ( ) }= - - + - -ò1

3 2 22 1 2 3 1 2 attains maxima and minima, is

(a) maximum when x = 7

5
and minimum when x = 1 (b) maximum when x = 1and minimum when x = 0

(c) maximum when x = 1and minimum when x = 2 (d) maximum when x = 1and minimum when x = 7

5

15. The set of values of ‘a’ for which the function f x
ax

( ) = +
3

3
( ) ( )a x a x+ + - +2 1 22 possess a negative point of

inflection.

(a) ( , ) ( , )- ¥ - È ¥2 0 (b) { / }- 4 5

(c) ( , )- 2 0 (d) empty set
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Maxima and Minima of
Discontinuous Functions
In discontinuous functions we don’t apply any of the
methods discussed earlier but we observe certain
conditions and their graphs which would give you more
clear picture.

Minimum of Discontinuous Functions
Let f x( ) be a function discontinuous or not differentiable
at x a= , then the following four cases arise for minimum
at x a=
Case (i) From figure 8.22

f a f a h( ) ( )< + f a f a h( ) ( – )<
Case (ii) From figure 8.23

f a f a h( ) ( )< + f a f a h( ) ( – )<

Case (iii) From figure 8.24

f a f a h( ) ( )< + f a f a h( ) ( – )£
Case (iv) From figure 8.25

f a f a h( ) ( )£ + f a f a h( ) ( – )<

from all the four above mentioned cases for minimum of
discontinuous functions, we have

f a f a h( ) ( )£ + and f a f a h( ) ( – )£

y Example 48 Discuss the minima of f x x( ) { }= ,

(where {.} denotes the fractional part of x) for x = 6.
Sol. As we have discussed for discontinuous functions, mini-

mum at x a= is attained when,

f a f a h f a f a h f x( ) ( ) ( ) ( – ) ( )£ + £ Þand is minimum at
x a=
Here, f x x( ) { }= is discontinuous function at x = 6

where, f ( )6 0=
f h( )6 0+ > and f h( – )6 0>

So, f f h( ) ( )6 6< + and f f h( ) ( – )6 6<
Þ f x( ) is minimum at x = 6.

\ f x( ) attains local minima for x =6.

y Example 49 Let f x
x a a x

x x
( )

| – | – – ,

– ,
=

+ <
³

ì
í
î

2 9 9 2

2 3 2

2 if

if
.

Then, find the value of ‘a’ for which f x( ) has local
minimum at x = 2.

Sol. We have, f x
x a a x

x x
( )

| – | – – ,

– ,
= + <

³
ì
í
î

2 9 9 2

2 3 2

2 if

if

f x( ) has local minima at x = 2.

Since, f x x( ) –= 2 3 for x ³ 2 [is strictly increasing]

\ lim ( ) ( )
–x

f x f
®

³
2

2 or lim ( – ) ( )
h

f h f
®

³
0

2 2

Þ lim {| – – | – – }
h

h a a
®

+ ³
0

22 2 9 9 1 [Q f ( )2 2 2 3 1= ´ - = ]

Þ a a2 9 10 0– – ³
Þ ( )( – )a a+ ³1 10 0

Þ a £ –1 or a ³ 10

Maximum of Discontinuous Functions
Let f x( ) be a function discontinuous or not differentiable
at x a= , then the following four cases arise for maximum
at x a= .

(i) From figure 8.26 (ii) From figure 8.27

f a f a h( ) ( )> + f a f a h( ) ( )> +
f a f a h( ) ( – )> f a f a h( ) ( – )>

X

f a( )

a – h a + ha

Y

f a – h( )
f a + h( )

O
X

f a( )

a – h a + ha

Y

f a – h( )

f a + h( )

O

Figure 8.24 Figure 8.25

X

f a( )

a – h a + ha

Y

f a – h( ) f a+h( )

O
X

f a( )

a – h a + ha

Y

f a – h( ) f a + h( )

O

Figure 8.22 Figure 8.23
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(iii) From figure 8.28 (iv) From figure 8.29

f a f a h( ) ( )> + f a f a h( ) ( )³ +
f a f a h( ) ( – )³ f a f a h( ) ( – )>

From all the above four mentioned cases for maximum of
discontinuous functions, we have

f a f a h f a f a h( ) ( ), ( ) ( – )³ + ³

Neither Maximum Nor Minimum for
Discontinuous Functions
Let f x( ) be a function discontinuous or not differentiable
at x a= , then the following cases arise for neither
maximum nor minimum at x a=
(i) f a f a h( ) ( – )< (ii) f a f a h( ) ( )£ +

f a f a h( ) ( )³ + f a f a h( ) ( – )>

(iii) f a f a h( ) ( )< + (iv) f a f a h( ) ( – )£
f a f a h( ) ( – )³ f a f a h( ) ( )> +

(v) f a f a h( ) ( – )< (vi) f a f a h( ) ( – )<
f a f a h( ) ( )> + f a f a h( ) ( )³ +

In all above cases no extremum exist.

y Example 50 Let f x
x

x x
( )

,

– ,
=

£
>

ì
í
î

6 1

7 1
, then for f x( ) at

x = 1 discuss maxima and minima.

Sol. Here, f x
x

x x
( )

,

– ,
=

£
>

ì
í
î

6 1

7 1

Clearly, f x( ) is not differentiable at x = 1

Þ f ( )1 6= Þ f h( – )1 6=
and f h h( ) – ( )1 7 1+ = + = <6 6– h

Thus, x = 1 is a point of maxima.

y Example 51 Find the values of ‘a’ for which,

f x
x x a a x

x x
( )

– log ( – ),

– ,
=

+ + £ <
³

ì
í
î

4 3 3 0 3

18 3

3 2

has a local maxima at x = 3 .

Sol. Given, f x
x x a a x

x x
( )

log( ),

,
= - + - + £ <

- ³
ì
í
î

4 3 3 0 3

18 3

3 2

Since, function attains maxima at x = 3

Þ f f( ) ( – )3 3 0³
Þ – – log ( – )15 12 27 3 32³ + +a a
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X

f a( )

a – h a + ha

Y

f a – h( )

f a + h( )

O
X

f a( )

a – h a + ha

Y

f a – h( )

f a + h( )

O

Figure 8.32 Figure 8.33

X

f a( )

a – h a + ha

Y

f a – h( )

f a + h( )

O
X

f a( )

a – h a + ha

Y

f a – h( )

f a + h( )

O

Figure 8.34 Figure 8.35

0

Y

X
1 7

6

7 – x

X

f a( )

a h– a h+a

Y

f a h( – )

f a h( + )

O
X

f a( )

a h– a h+a

Y

f a h( – )

f a h( + )

O

Figure 8.30 Figure 8.31

X

f a( )

a – h a + ha

Y

f a – h( )
f a + h( )

O
X

f a( )

a – h a + ha

Y

f a – h( )
f a + h( )

O

Figure 8.28 Figure 8.29

X

f a( )

a – h a + ha

Y

f a – h( ) f a + h( )

O
X

f a( )

a – h a + ha

Y

f a – h( ) f a + h( )

O

Figure 8.26 Figure 8.27
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Þ log ( – )a a2 3 3 0+ £

Where for ‘log’ to exists,

a a2 3 3 0– + > and log ( – )a a2 3 3 0+ £

Þ 0 3 3 12< + £a a–

i.e. ( – ) ( – )a a2 1 0£
Using number line rule, we have

i.e. 1 2£ £a

\ f x( ) attains local maxima at x = 3, when a Î[ ,1 2].

Nature of Roots of Cubic Polynomials
Let f x ax bx cx d( ) = + + +3 2 be the given cubic

polynomial and f x( ) = 0 be the corresponding cubic
equations, where a b c d R, , , Î and a > 0.

Now, ¢ = + +f x ax bx c( ) 3 22

Let D b ac b ac= - = -4 12 4 32 2( ) be the discriminant of the

equations ¢ =f x( ) .0

Now, we have the following three cases.

Case I If D f x x R< Þ > " Î0 0' ( ) , , i.e. f x( ) would be an

increasing function of x . Also, lim ( )
x

f x
®¥

= ¥ and
lim ( )

–x
f x

® ¥
= -¥.

Since, f x( ) is an increasing function, so it will
intersect the X-axis at only once.

Clearly, x 0 0> if d < 0 and x 0 0< , if d > 0

Case II If D f x> ¢ =0 0, ( ) would have two real roots (say)

a and b (where a b< )

Þ ¢ = - -f x a x x( ) ( )( )3 a b

Þ
f x x

f x x

f x x

' ( ) , ( , )

' ( ) , ( , ) ( , )

' ( ) , { ,

< Î
> Î -¥ È ¥

= Î

0

0

0

a b
a b

a b}

ì
í
ï

îï

Here, x = a, will be point of local maxima and x = b
will be point of local minima.

Case III If D = 0, ¢ = -f x a x( ) ( ) ,3 2a where a is a root of

¢ =f x( ) ,0 then f x a x K( ) ( )= - +a 3 . If K = 0, then

f x( ) = 0 has three equal real roots. if K ¹ 0, then
f x( ) = 0 has one real root.

Graphical Representation of
Roots of Cubic Polynomials

Conclusions

(i) If f a f b( ) ( ) ,× < 0 then f x( ) has three distinct roots
(see figure 8.37).

(ii) If f a f b( ) ( ) ,× > 0 then f x( ) has one real and two
imaginary roots (see figure 8.38 and 8.39).

(iii) If f a f b( ) ( )× = 0, then f x( ) has three roots but two
roots are identical (see figure 8.40 and 8.41).

X′ X
x0 x0O

(0, )d

(0, )–d

Y′

Y

Figure 8.36

+ – +
α β

(i)

a
b

X

f b( )<0

f a( )>0

Y

a X

f a( )>0

Y

f b( )>0

b

f x( ) has three distinct roots

Figure 8.37

f x( ) has one real root

Figure 8.38

(ii)

1

+–+

2

f a( )<0

f b( )<0

X

Y

a b

f x( ) has one real root

Figure 8.39

(iii)

a
X

f a( )>0

Y

f b( )=0

b

f x( ) has three real roots

( being repeated)b

Figure 8.40

(iv)

f b( )<0

X

Y

a b

O

f a( )>0

f x

a

( ) has three real roots
( being repeated)

Figure 8.41

(v)



y Example 52 If 4 3 03x x p- - = , where - £ £1 1p has

unique root in
1

2
1,

é
ëê

ù
ûú
, then the root is

[IIT JEE 2005]

(a)
cos -1

3

p
(b) cos cos

1

3

1-æ
èç

ö
ø÷

p

(c) cos (cos )-1 p (d) None of these

Sol. Given that, - £ £1 1p

Let f x x x p( ) = - -4 33

Now, f p p
1

2

1

2

3

2
1 0

æ
èç

ö
ø÷

= - - = - - £ [ ]Q p ³ -1

and f p p( )1 4 3 1 0= - - = - ³ [ ]Q p £ 1

\ f x( ) has atleast one real root between
1

2
1,

é
ëê

ù
ûú
.

To find a root we observe f x( ) contains 4 33x x- , which is
multiple angle formula for cos3q.

\ We put x = cos ,q then

4 3 03cos cosq q- - =p

Þ p = cos 3 q

Þ q = -1

3

1cos ( )p

\ Root is cos cos–1

3

1 p
æ
èç

ö
ø÷

Hence, (b) is the correct answer.

y Example 53 The number of distinct real roots of
x x x x4 3 24 12 1 0- + + - = [IIT JEE 2011]

Sol. Given, f x x x x x( ) = - + + -4 3 24 12 1

Þ ¢ = - + +f x x x x( ) 4 12 24 13 2

Þ ¢¢ = - +f x x x( ) 12 24 242

Þ ¢¢ = - +f x x x( ) ( )12 2 22

Þ ¢¢ = - +f x x( ) (( ) )12 1 12 Þ ¢¢ >f x( ) 0

Þ ¢f x( ) is an increasing cubic function.

Þ ¢f x( ) has only one real root and two imaginary root.

\ f x( ) cannot have all distinct roots, atmost two real roots.

Now, f f f( ) , ( ) , ( )- = = - =1 15 0 1 1 9

\ f x( ) must have one root in (–1, 0) and other in (0,1).

Hence, there are 2 real roots.

1. Let f x
x x x x

x b x
( )

,

log ( ),
= - + - £

- + - >

ì
í
î

3 2

2
2

10 5 1

2 2 1
the set of values of b for which f x( ) have greatest value at x = 1is

given by

(a) 1 2< £b (b) b = { , }12 (c) b Î - ¥ -( , )1 (d) [ , ) ( , ]- - È130 2 2 130

2. Number of solution(s) satisfying the equations, 3 2 12 3
2

2
2x x x x- = + -log ( ) log is

(a) 1 (b) 2 (c) 3 (d) None of these

3. Let f x x x x( ) cos [ ]([. ]= + -2p denotes the greatest integer function). Then, number of points in [0, 10] at which

f x( ) assumes its local maximum value, is

(a) 0 (b) 10 (c) 9 (d) infinite

4. If f x x x x( ) | | | | | |= + - + -1 2 , then

(a) f x( ) has minima at x = 1 (b) f x( ) has maxima at x = 0

(c) f x( ) has neither maxima nor minima at x = 3 (d) None of these

5. The function f x x x( ) [cos ] ,= +1 in 0
2

< £x
p

(a) has a minimum value 0 (b) has a maximum value 2

(c) is continuous in 0
2

,
pé

ëê
ù
ûú

(d) is not differentiable at x = p
2

6. If lim ( ) lim [ ( )]([. ]
x a x a

f x f x
® ®

= denotes the greater integer function) and f x( ) is non-constant continuous function,

then

(a) lim ( )
x a

f x
®

is irrational (b) lim ( )
x a

f x
®

is non-integer

(c) f x( ) has local maxima at x a= (d) f x( ) has local minima at x a=

7. Find the value of a if x x a3 3 0- + = has three distinct real roots.

8. Prove that there exist exactly three non- similar isosceles DABC such that tan tan tanA B C+ + = 100.
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l Ex. 1 The values of ‘K’ for which the point of minimum

of the function f x K x x( ) = + -1
2 3 satisfy the inequality

( )

( )

x x

x x

2

2

2

5 6

0

+ +
+ +

< , belongs

(a) ( , )- ¥3 3

(b) ( , ) ( , )- - È ¥3 3 2 3 0

(c) ( , ) ( , )- - È3 3 2 3 2 3 3 3

(d) ( , )0 ¥

Sol. Here,
x x

x x

2

2

2

5 6
0

+ +
+ +

< Þ
x

x x

+æ
èç

ö
ø÷

+

+ +
<

1

2

7

4

2 3
0

2

( ) ( )

where x +æ
èç

ö
ø÷

+1

2

7

4

2

is always positive.

\ Using number line rule for ( ) ( )x x+ +2 3 as shown
above, we get

x x

x x

2

2

2

5 6
0

+ +
+ +

< Þ - < < -3 2x …(i)

Now, consider f x K x x( ) = + -1 2 3

f x K x¢ = -( ) ,2 23 f x x¢¢ = -( ) 6

For maximum/minimum let f x¢ =( ) ,0

Þ x
K= ± | |

3

Let x
K

x
K

1 2
3 3

= = -| |
and

| |

\ f x¢¢ <( )1 0 and f x¢¢ >( )2 0

Þ f x( )is maximum at x x= 1 and f x( )is minimum at x x= 2 .

\ - < < -3 22x

Þ - < - < -3
3

2
| |K

[from Eq. (i)]

Þ 3 3 2 3> >| |K

Þ K Î - - È( , ) ( , )3 3 2 3 2 3 3 3

Hence, (c) is the correct answer.

l Ex. 2 The values of a and b for which all the extrema of

the function, f x a x . ax x b( ) ,= - - -2 3 2

05 2 is positive and

the minimum is at the point x
0

1

3

= , are

(a)  when a b= - Þ < -2

11

27

and when a b= Þ < -3

1

2

(b)  when a b= Þ < -3

11

27

and  when a b= Þ < -2

1

2

(c)  when a b= - Þ < -2

1

2

and  when a b= Þ < -3

11

27

(d) None of the above

Sol. Given, f x a x ax x b( ) .= - - -2 3 205 2

Þ f x a x ax¢ = - -( ) 3 22 2

For extrema, f x¢ =( ) 0

Þ 3 2 02 2a x ax- - = at x = 1

3

as at
1

3
function is minimumx =é

ëê
ù
ûú

\ 3
1

3

1

3
2 02

2

a a
æ
èç

ö
ø÷

- æ
èç

ö
ø÷

- = Þ a a2

3 3
2 0- - =

Þ a a2 6 0- - = or a = - 2 3,

So, their arise two cases as

Case I At a = 3, if function attains minimum and is
positive.

Then, 9
1

3
3

1

3
2

1

3
0

3 2
æ
èç

ö
ø÷

- æ
èç

ö
ø÷

- æ
èç

ö
ø÷

- >(0.5) ( ) b

Q minimum at
1

3
and 0 whenx a f a= = Þ æ

èç
ö
ø÷

> =3
1

3
3

é

ëê
ù

ûú

Þ b
.< - -1

3

15

9

2

3
Þ b < - 1

2

Case II At a = - 2, if function attains minimum and is
positive.

Then, ( ) ( )- æ
èç

ö
ø÷

- - æ
èç

ö
ø÷

- æ
èç

ö
ø÷

- >2
1

3
2

1

3
2

1

3
02

3 2

(0.5) b

since minimum at when

when

x a

f a

= = -

Þ æ
èç

ö
ø÷

> = -

1

3
2

1

3
0 2

,

,

é

ë

ê
ê
ê
ê

ù

û

ú
ú
ú
ú

Þ b < + -4

27

1

9

2

3
or b < - 11

27

\ When a b= Þ < -3
1

2
and when a b= - Þ < -2

11

27

Hence, (a) is the correct answer.

l Ex. 3 If f x f x f x x¢¢ + ¢ + =( ) ( ) ( )
2 2 is the differential

equation of a curve and let P be the point of maxima, then

number of tangents which can be drawn from P to

x y a2 2 2- = is/are

(a) 2 (b) 1

(c) 0 (d) either 1 or 2

+ +

– 3 – 2

–

Single Option Correct Type Questions
JEE Type Solved Examples :
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Sol. At point of maxima f x¢ =( ) 0 and f x¢¢ <( ) 0

Þ f x x f x¢¢ = - £( ) ( )2 2 0

(Since, the curve is x y a2 2 2- = and x f x2 2 0- £( )

\x y a1
2

1
2 2- < Þ point lies outside the hyperbola)

Þ Point P x f x( , ( )) lies outside x y a2 2 2- =

\ Two tangents can be drawn.

Hence, (a) is the correct answer.

l Ex. 4 Let f x
t tx

( ) cos= + +æ

è
ç

ö

ø
÷ò

0

2

2 1

5

dt, 0 2< <x , then

f x( )

(a) increases monotonically

(b) decreasing monotonically

(c) has one point of local maximum

(d) has one point of local minima

Sol. We have, ¢ = + +æ

è
ç

ö

ø
÷ ´ = +æ

è
ç

ö

ø
÷f x

x x x
( ) cos cos

( )2 22 1

5
1

1

5

Since, 0 2< <x Þ 1 5
1

5
9 5

2

/
( )

/< + >x

Now, cos
( )x +æ

è
ç

ö

ø
÷ =1

5
0

2

Þ ( )x + =1

5 2

2 p

f x¢ >( ) 0, if 0 5 2 1< < -x ( / )p

and f x¢ <( ) 0, if ( / )5 2 1 2p - < <x

\ x = -( / )5 2 1p is a point of local maxima

Hence, (c) is the correct answer.

l Ex. 5 As ‘x’ ranges over the interval ( , )0 ¥ , the function

f x x x x x( ) = + + - + +9 173 900 9 77 900
2 2 , ranges over

(a) (0, 4) (b) (0, 8)

(c) (0, 12) (d) (0, 16)

Sol. Q 9 173 900 9 77 900 02 2x x x x x+ + > + + " Î ¥, ( , )

Þ f x x( ) , ( , )> " Î ¥0 0

Now, f x
x

x x x x
( ) =

+ + + + +

96

9 173 900 9 77 9002 2

[rationalise]

\ lim ( ) lim
x x

f x

x x x x

® ¥ ® ¥
=

+ + + + +

96

9
173 900

9
77 900

2 2

= =96

6
16

\ Range of f x( ) ( , )Î 0 16

Hence, (d) is the correct answer.

l Ex. 6 Let g:[ , ] [ , )1 6 0® ¥ be a real valued differentiable

function satisfying g x
x g x

¢ =
+

( )

( )

2

and g( )1 0= , then the

maximum value of g cannot exceed

(a) log 2 (b) log6 (c) 6 2log (d) 2 6log

Sol. Here, g x
x g x

¢ =
+

>( )
( )

2
0, for all x Î[ , ]1 6

Þ g x( ) is increasing function on [ , ]1 6

\ g x dx
x

dx¢ £ò ò( )
1

6

1

6 2

Þ ( ( )) (log )g x xe1
6

1
62£

Þ g g( ) ( ) log6 1 2 6- £
\ g( ) log6 2 6£ , as g( )1 0=
Þ g cannot exceed 2 6log .

Hence, (d) is the correct answer.

l Ex. 7 The minimum value of the function,

f x x x x
x

( )
/ /= + - +æ

èç
ö
ø÷

-3 2 3 2

4

1

. for all permissible real

values of x, is

(a) -10 (b) -6 (c) -7 (d) -8

Sol. Here, f x x x x
x

( ) / /= + - +æ
èç

ö
ø÷

-3 2 3 2 4
1

f x x
x

x
x

x
x

( ) = +æ
èç

ö
ø÷

- +æ
èç

ö
ø÷

- +æ
èç

ö
ø÷

-
æ

è
çç

ö

ø
÷1

3
1

4
1

2

3 2

÷

Let x
x

t+ =1
, [ ]x > 0

\ g t t t t( ) ( )= - - -3 23 4 2

Now, g t t t t( ) = - - +3 24 3 8, where t Î ¥[ , )2

g t t t t t¢ = - - = - +( ) ( )( )3 8 3 3 3 12

g t¢ =( ) 0 Þ t = 3( / )t ¹ -1 3

¢¢ = -g t t( ) 6 8

Þ ¢¢ = >g ( )3 10 0

\ Minimum value is

g( )3 27 36 9 8 10= - - + = -
Hence, (a) is the correct answer.

l Ex. 8 The tangent to the curve y x= -1
2 at x = a , where

0 1< <a , meets the axes at P and Q. If a varies and the

minimum value of the area of the DOPQ is k times the area

bounded by the axis and the part of the curve for 0 1< <x ,

then k is equal to

(a) 2 3/ (b) 75 16/ (c) 25 18/ (d) 2 3/

Sol. Here, equation of tangent

y x+ = +2 12a a …(i)
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From Eq. (i) intersect the axes at

P
a

a

2 1

2
0

+æ

è
ç

ö

ø
÷, and Q( , )0 12a +

\ Area of DOPQ = × + = +1

2

1

2

1

4

2 2 2 2( ) ( )a
a

a
a

f ( ) ( / )a a a a= + +1

4
2 13

f ¢ = + -( ) ( / )a a a1

4
3 2 12 2 = + -1

4

3 2 14 2

2

( )a a
a

= × + -1

4

1 3 12 2

2

( )( )a a
a

= + - +1

4

1 3 1 3 12

2

( )( )( )a a a
a

Using number line rule, we have

\ Minimum when a = 1 3/

Thus, minimum area of triangle = 4 3 3/

Given,
4

3 3
= k ( )1

3

2

3

2

0

1
3

0

1

- = -
æ

è
ç

ö

ø
÷ =ò x dx k x

x k

Þ k = 2 3/

l Ex. 9 Least natural number a for which

x ax x+ > " Î ¥-2

2 0, [ , ) is

(a) 1 (b) 2 (c) 5 (d) None of these

Sol. Here, x ax+ >-2 2

Þ x x a3 22 0- + >

Let f x x x a( ) = - +3 22

Since, f x x f( ) , [ , ), ( )> " Î ¥ >0 0 0 0

and min ( )f x > 0

Þ a > 0 and for minimum f x( )

f x x x¢ = - =( ) 3 4 02

Þ x = 0
4

3
,

\ f x( ) is minimum at x = 4

3

f
4

3
0

æ
èç

ö
ø÷

> Þ a > 32

27

Hence, (b) is the correct answer.

l Ex. 10 If k x
k

x xsin , ,
2 21

2 0

2

+ = Î æ
èç

ö
ø÷

cosec

p
,

then cos sin cos sin
2 2

5 6x x x x+ + is equal to

(a)

k k

k

2

2

5 6+ +
(b)

k k

k

2

2

5 6- +

(c) 6 (d) None of these

Sol. Given, k x
k x

sin
sin

2

2

1
2+ =

Þ k x
k x

sin
sin

-
æ
è
ç

ö
ø
÷ =1

0

2

Þ sin2 1
x

k
=

So, cos sin cos sin2 25 6x x x x+ +

= - +
-

+k

k

k

k k

1 5 1 6

=
+ + -k k

k

5 5 1

Hence, (d) is the correct answer.

l Ex. 11 The least value of the expression

x y z x y z2 2 2

4 3 2 12 6 14+ + - - - + is

(a) 0

(b) 1

(c) no least value

(d) None of the above

Sol. Let f x y z x y z x y z( , , ) = + + - - - +2 2 24 3 2 12 6 14

= - + - + - +( ) ( ) ( )x y z1 2 3 3 1 12 2 2

For least value of f x y z( , , )

x - =1 0, 2 3 0y - = and z - =1 0

\ x = 1, y = 3

2
, z = 1

Hence, least value of f x y z( , , ) is f 1
3

2
1 1, ,

æ
èç

ö
ø÷

=

Hence, (b) is the correct answer.

–1 O

Q

Y

( , 1– )α α2

X
P

+ +

–1/ 3√
–

1/ 3√

4/3

– +



l Ex. 12 On the interval
5

4

4

3

p p
,

é
ëê

ù
ûú
, the least value of the

function f x t t dt
x

( ) ( sin cos )

/

= +ò 3 4

5 4p
is

(a)

3

2

1

2

2 3+ - (b)

3

2

1

2

2 3- +

(c)

3

2

1

2

2 3- - (d) None of these

Sol. Given, f x t t dt x
x

( ) ( sin cos ) , ,
/

= + Î é
ëê

ù
ûúò 3 4

5

4

4

35 4p

p p
.

f x x x¢ = +( ) sin cos3 4

f x¢ <( ) 0 as sin x , cos x are negative for x Î é
ëê

ù
ûú

5

4

4

3

p p
, .

Þ f x f( ) |min = æ
èç

ö
ø÷

4

3

p = +ò ( sin cos )
/

/
3 4

5 4

4 3
t t dt

p

p

= + -3

2

1

2
2 3

Hence, (a) is the correct answer.

l Ex. 13 For any real q, the maximum value of

cos (cos ) sin (sin )
2 2q q+ is

(a) 1 (b) 1 1
2+ sin (c) 1 1

2+ cos (d) does not exist

Sol. The maximum value of cos (cos )2 q is 1 and that of

sin (sin )2 q is sin2 1, both exists for q p= ×
2

So, maximum value is 1 12+ sin .

Hence, (b) is the correct answer.

l Ex. 14 If sin cosq q+ =1, then the minimum value of

( ) ( )1 1+ +cosec secq q is

(a) 3 (b) 4 (c) 6 (d) 9

Sol. We know that, AM ³ GM

sin cos
sin cos

q q q q+ ³
2

Þ sin cosq q £ 1

4

Now, let sin , cosq q= =x y

and ( ) ( )1 1+ + ³cosec secq q p

Þ 1
1

1
1+æ

èç
ö
ø÷

+æ
èç

ö
ø÷

³
x y

p

Þ 1 1+æ
èç

ö
ø÷

+æ
èç

ö
ø÷

³x

x

y

y
p

Þ xy x y pxy+ + + ³1

Þ x y p xy+ + ³ -1 1( )

Þ 2 1³ -( )p xy

[since, x y+ = 1]

Þ xy
p

£
-
2

1

Þ 2

1

1

4
1 8

p
p

-
= Þ - = Þ p = 9

Hence, (d) is the correct answer.

l Ex. 15 The coordinates of the point on the curve

x y x a a3 2

0= - >( ) , , where the ordinate is minimum

(a) ( , )2 8a a (b) - -æ
èç

ö
ø÷

2

8

9

a
a

,

(c) 3

27

4

a
a

,
æ
èç

ö
ø÷

(d) - -æ
èç

ö
ø÷

3

27

16

a
a

,

Sol. The ordinates of any point on the curve is given by

y
x

x a
=

-

3

2( )

dy

dx

x x a

x a
= -

-

2

3

3( )

( )

Now,
dy

dx
= 0

Þ x = 0 or x a= 3

d y

dx
x

2

2

0

0
é

ë
ê

ù

û
ú =

=

and
d y

dx
x a

2

2

3

é

ë
ê

ù

û
ú

=

= >72

2
0

5

6

a

a( )

So, y is minimum at x a= 3 and is equal to
27

4

a ×
Hence, (c) is the correct answer.

l Ex. 16 If x y z2 2 2

1+ + = for x y z R, , Î , then the

maximum value of x y z xyz3 3 3

3+ + - is

(a)

1

2

(b) 1 (c) 2 (d) 3

Sol. Let t xy yz zx= + + , so - £ £1

2
1t

\ x y z xyz3 3 3 3+ + -

= + + + + - - -( ) ( )x y z x y z xy yz zx2 2 2

= + -( ) ( )1 2 1t t

Let f t t t( ) ( ) ( )= + -1 2 1 2

f t t t¢ = - =( ) ( )6 1 0

Clearly, t fmax ( )= =0 1

Hence, (b) is the correct answer.

l Ex. 17 If a b R, Î distinct numbers satisfying

| | | | | | | |a b a b- + - = +1 1 = + + +| | | |a b1 1 , then the

minimum value of | |a b- is

(a) 3 (b) 0

(c) 1 (d) 2
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Sol. Let a b< and f x x a x b x R( ) | | | |,= - + - " Î
So, f x( ) is decreasing in ( , ]- ¥ a constant in [ , ]a b and
increasing in [ , )b ¥ , we have

f f f( ) ( ) ( )0 1 1= = -
Þ { , , } [ , ]- Î1 0 1 a b

\ | |mina b- = 2

Hence, (d) is the correct answer.

l Ex. 18 Let f x x ax x bx( ) = + + + +4 3 2

3 1, a b R, Î . If

f x x R( ) ,³ " Î0 , then the maximum value of a b2 2+ is

equal to

(a) 10 (b) 12

(c) 16 (d) None of these

Sol. Given, f x x ax x bx( ) = + + + +4 3 23 1 and f x( ) ³ 0

Þ x
a

x
a b

x
b

x2
2 2 2

2
2

2
3

4 2
1 0+æ

èç
ö
ø÷

+ - +æ

è
ç

ö

ø
÷ + +æ

èç
ö
ø÷

³

which holds only when 3
4

0
2 2

- + ³a b

Þ a b2 2 12+ £

Hence, (b) is the correct answer.

l Ex.  19 The maximum value of

( ) ( )- + - + + -3 4 4 5
2 2 2x x x ( )where x1 3£ £ is

(a) 34 (b) 36

(c) 32 (d) 20

Sol. Here, ( ) ( )- + - + + -3 4 4 52 2 2x x x , represents the

square of the distance between circle y x x= - + -3 4 2

and point ( , ).5 4-
Clearly, the centre and radius of the circle respectively are
(2, 0) and 1.

i.e. Maximum distance between x y x2 2 4 3 0+ - + = and

( , )5 4- ,

Þ PQ PC2 2= +( radius )

= - + - +( ( ) ( ) )5 2 4 0 12 2 2

= =6 362

Hence, (b) is the correct answer.

l Ex.  20 If a b> > 0 and f
a b

a b
( )

( ) cos

sin

,q q
q

= -
-

2 2

then the

maximum value of f ( )q , is

(a) 2
2 2a b+ (b) a b2 2+

(c) a b2 2- (d) b a2 2-

Sol. Here, f
a b

a b

a b

a b
( )

( ) cos ( )

tan
q q

q q q
= -

-
= -

-

2 2 2 2

sin sec

or f
a b

h
( )

( )
,q

q
= -2 2

where h a b( ) sec tanq q q= -

\ f ( )q is maximum and minimum as h( )q is minimum and
maximum respectively.

Þ h a b( ) tanq q q= -sec

Þ h a b¢ = -( ) ( tan sec )q q q qsec

For maximum and minimum put h ¢ =( )q 0

Þ sinq = b

a
[ ]sec q ¹ 0 …(i)

Also, ¢¢ = + × -h a a b( ) tan sec tanq q q q q qsec sec3 2 22

or ¢¢ = + -
h

a a b
( )

sin sin

cos
q q q

q

2

3

2

When sin q = b

a

( ( ))
/

h

a a
b

a
b

b

a

b

a

a b

a
a b

¢¢ =
+ × - ×

-
æ

è
ç

ö

ø
÷

= -

-
q

2

2

2

2

3 2

2 2

2 2

2

1
a2

3 2
0

æ

è
ç

ö

ø
÷

>
/

[ ]as a b>

Þ h( )q is minimum, when sinq = b

a

\ f ( )q is maximum, when

sin ( )q q= Þ = -b

a
f a bmax

2 2

Hence, (c) is the correct answer.

l Ex.  21 A solid cylinder of height H has a conical portion

of same height and radius 1/3rd of height removed from it.

Rain water is accumulating in it, at the rate equal to p times

the instantaneous radius of the water surface inside the hole,

the time after which hole will filled  with water is

(a)

H 2

3

(b) H 2

(c)

H 2

6

(d)

H 2

4

Sol. Here radius, r
H x

r

y

H
= =

3
, Þ 3x y= Þ dv

dt
x= p

Þ d

dt
x y x

1

3

2p pæ
èç

ö
ø÷

= Þ 3
0 0

x dx dt
r t

ò ò=

Þ 3
2

3

2 9

2 2r
t

H
t= Þ × = Þ t

H=
2

6

Hence, (c) is the correct answer.

r =1C

(2, 0)
Q

P

(5, – 4)



l Ex. 22 If composite function f f f f x nn1 2 3
( ( (....( ( )))))

times, is an increasing function and if r of fi ’s are decreasing

function while rest are increasing, then maximum value

of function is

(a)

n 2

1

4

-
when n is an even number

(b)

n 2

4

when n is an odd number

(c)

n 2

1

4

-
when n is an odd number

(d) None of the above

Sol. r must be an even integer because two decreasing are
required to make it increasing function.

Let y r n r= -( ),
When n is odd

r
n= - 1

2
or

n + 1

2
for maximum value of y

When n is even

r
n=
2

for maximum value of y

\ Maximum ( )y
n= -2 1

4
, when n is odd and

n 2

4

When n is even.

Hence, (c) is the correct answer.
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l Ex. 23 Let f x x ax b( ) sin= + + . Then, f x( ) = 0 has

(a) only one real root which is positive, if a > 1, b < 0

(b) only one real root which is negative, if a b> >1 0,

(c) only one real root which is negative, if a b< - <1 0,

(d) None of the above

Sol. Given, f x x ax b( ) sin= + +

Þ f x x a¢ = - +( ) cos , if a > 1, then f x( ) is entirely

increasing. So, f x( ) = 0 has only one real root, which is

positive, if f x( ) < 0 and negative, if f ( )0 0> . Similarly,

when a < - 1 then, f x( ) entirely decreasing. Therefore,

f x( ) has only one real root which is positive, if f ( )0 0< and

negative, if f ( )0 0> .

Hence, (a), (b) and (c) are the correct answers.

l Ex. 24 If a b c> > >0 0 0, , and a b c abc+ + = , then atleast

one of the numbers a b c, , exceeds

(a)

3

2

(b)

17

10

(c) 2 (d)

13

10

Sol. We may suppose a b c³ ³
abc a b c c= + + ³ 3

So, ab a b³ ³3, and a ³ >3
17

10

Aliter ( )a b c abc+ + ³3 27 ³ + +27 ( )a b c

\ a b c+ + ³ 3 3

Þ Atleast one of them ³ 3

Hence, (a), (b) and (d) are the correct answers.

l Ex. 25 Let f x y x xy y x y( , ) = + + - -2 2

2 3 6 2 ,

where x y R, Î , then

(a) f x y( , ) ³ - 11 (b) f x y( , ) ³ - 10

(c) f x y( , ) > - 11 (d) f x y( , ) > - 12

Sol. Let z x xy y x y= + + - -2 22 3 6 2

Þ x xy y x y z2 22 3 6 2 0+ + - - - = as x RÎ

\ D ³ 0

Þ 4 3 4 3 2 02 2( ) ( )y y y z- - - - ³

Þ y y y y z2 29 6 3 2 0+ - - + + ³

Þ - - + + ³2 4 9 02y y z

Þ z y y y³ + + - = + -2 2 1 11 2 1 112 2( ) ( )

Þ z ³ - 11

Hence, (a), (c) and (d) are the correct answers.

l Ex. 26 Let g x f x f x x( ) (tan ) (cot ), ,= + " Î æ
èç

ö
ø÷

p p
2

. If

f x x¢ ¢ < " Î æ
èç

ö
ø÷

( ) , ,0

2

p p , then

(a) g x( ) is increasing in

p p
2

3

4

,
æ
èç

ö
ø÷

(b) g x( ) has local minimum at x = 3

4

p

(c) g x( ) is decreasing in

3

4

p p,
æ
èç

ö
ø÷

(d) g x( ) has local maximum at x = 3

4

p

Sol. Given, g x f x f x( ) (tan ) (cot )= +
g x f x x f x x¢ = ¢ - ¢( ) (tan ) (cot )sec cosec2 2

More than One Correct Option Type Questions
JEE Type Solved Examples :



For increasing g x¢ >( ) 0

f x f x¢ > ¢(tan ) (cot )

[Q f x¢ ¢ <( ) 0 and tan cot , ,x x x< " æ
èç

ö
ø÷

p p
4 2

]

Also, sec cosec2 2 3

4
x x x> Î æ

èç
ö
ø÷

, ,
p
2

p

g x¢ >( ) 0 Þ g x( ) is increasing in
p p
2

3

4
,

æ
èç

ö
ø÷

Similarly, g x( ) is decreasing in
3

4

p p,
æ
èç

ö
ø÷

Also, g x( ) has local maximum at x = ×3

4

p
Hence, (a), (c) and

(d) are the correct answers.

l Ex. 27 The function f x t dt
x

( ) = -ò 1
4

0

is such that

(a) it is defined on the interval [ , ]- 1 1

(b) it is an increasing function

(c) it is an odd function

(d) the point (0, 0) is the point of inflection

Sol. f x x¢ = - >( ) 1 04 in ( , )- 1 1 Þ f is increasing

Now, f x f x t dt t dt
x x

( ) ( )+ - = - + -ò ò
-

1 14

0

4

0

Þ 1 14

0

4

0
- + - -æ

èç
ö
ø÷ = -ò òt dt y dy t y

x x
( ) = 0

Þ f x( ) is odd

Again, f x¢ ¢( ) = -

-

4

2 1

3

4

x

x
which vanished at x = 0

and changes sign Þ ( , )0 0 is point of  inflection since, f is
well defined in [ , ]- 1 1 .

Hence, (a), (b), (c) and (d) are the correct answers.

l Ex. 28 The function
sin( )

sin( )

x a

x b

+
+

has no maxima or

minima, if

(a) b a n n I- = Îp, (b) b a n n I- = + Î( ) ,2 1 p
(c) b a n n I- = Î2 p, (d) None of these

Sol. Given, f x
x a

x b
( )

sin( )

sin ( )
= +

+

f x
x b x a x a x b

x b
¢ = + ´ + - + +

+
( )

sin ( ) cos ( ) sin ( ) cos ( )

sin ( )2

= -
+

sin( )

sin ( )

b a

x b2

If sin( )b a- = 0, then f x¢ =( ) 0

Þ f x( ) will be constant.

i.e. b a n- = p or b a n- = +( )2 1 p
or b a n- = 2 p,

then f x( ) has no minima.

Hence, (a), (b) and (c) are the correct answers.

l Ex. 29 Let F x f x f x f x( ) ( ) ( ( )) ( ( )) ,= + + +1
2 3 where

f x( ) is an increasing differentiable function and F x( ) = 0 has

a positive root, then
(a) F x( ) is an increasing function (b) F ( )0 0£
(c) f ( )0 1£ - (d) F ¢ >( )0 0

Sol. Given, F x f x f x f x( ) ( ) ( ( )) ( ( ))= + + +1 2 3

F x f x f x f x¢ = + + ¢ >( ) ( ( ) ( ( )) ) ( ) ,1 2 3 02 so F x( ) is

increasing.

So, F ( )0 0< Þ ( ( )) ( ( )) )1 0 1 0 02+ + <f f Þ f ( )0 1< -

Hence, (a), (b), (c) and (d) are the correct answers.

l Ex. 30 The extremum values of the function

f x
x x

( )

sin cos

=
+

-
-

1

4

1

4

, where x RÎ is

(a)

4

8 2-
(b)

2 2

8 2-
(c)

2 2

4 2 1+
(d)

4 2

8 2+

Sol. Given, f x
x x

( )
sin cos

=
+

-
-

1

4

1

4

Þ f x
x

x

x

x
¢ = -

+
+

-
( )

cos

(sin )

sin

(cos )4 42 2

Þ f x¢ =( ) 0 Þ (sin cos )x x+ (non-zero quantity)

= 0 Þ tan x = - 1

Þ x = 3

4

p
or

7

4

p

Global minimum = = + æ
èç

ö
ø÷

x n2
3

4
p p

Global maximum = = + æ
èç

ö
ø÷

x n2
7

4
p p

M m=
-

=
+

=
+

4

8 2

4

8 2

2 2

4 2 1
,

Hence, (a) and (c) are the correct answers.

l Ex. 31 The function f x x x( ) ( )
/= -1 3

1

(a) has 2 inflection points

(b) is strictly increasing for x > 1

4

and strictly decreasing

for x < 1

4

(c) is concave down in -æ
èç

ö
ø÷

1

2

0,

(d) area enclosed by the curve lying in the fourth quadrant

is

9

28

Sol. y x x= -1 3 1/ ( )

dy

dx
x

x
= - ×4

3

1

3

11 3

2 3

/

/
= -1

3
4 1

2 3x
x

/
[ ]

x 2 3/ is always positive and x = 1

4
has a local minima.
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Hence, f is increasing for x > 1

4

and f is decreasing for x < 1

4

Now, f x x¢ =( ) /4

3

1 3 - × -1

3

2 3x /

[non-existence at x = 0, vertical tangent]

f x
x x

¢ ¢ = × + × ×( )
/ /

4

9

1 1

3

2

3

1
2 3 5 3

= +é
ëê

ù
ûú

2

9
2

1
2 3x x/

= +é
ëê

ù
ûú

2

9

2 1
2 3x

x

x/

\ f x¢ ¢ =( ) 0 at x = - 1

2
[inflection point]

Graph of f x( ) is as A x x dx= -ò ( )/ /

0

1 4 3 1 3

= -é
ëê

ù
ûú

3

7

3

4

3 7 4 3

0

1

x x/ / = - = - =3

7

3

4
3

4 7

28

9

28

Hence, (a), (b), (c) and (d) are the correct answers.

l Ex. 32 Assume that inverse of the function f is denoted

by g, then which of the following statement hold good?
(a) If f is increasing, then g is also increasing

(b) If f is decreasing, then g is increasing

(c) The function f is injective

(d) The function g is onto

Sol. If f and g are inverse, then ( ) ( )fog x x=
f g x g x¢ ¢ =[ ( )] ( ) 1

If f is increasing Þ f ¢ > 0 Þ Sign of g ¢ is also positive.

Therefore, option (a) is correct.

If f is decreasing Þ f ¢ < 0 Þ Sign of g ¢ is negative.

Therefore, option (b) is false.

Since, f has an inverse.

Þ f is bijective Þ f is injective

Therefore, option (c) is correct.

Inverse of a bijective mapping is bijective.

Þ g is also bijective Þ g is onto

Therefore, option (d) is correct.

Hence, (a), (c) and (d) are the correct answers

.

n Directions (Ex. Nos. 33 to 39) For the following

questions, choose the correct answers from the codes (a),

(b), (c) and (d) defined as follows

(a) Statement I is true, Statement II is also true, Statement II

is the correct explanation of Statement I.

(b) Statement I is true, Statement II is also true, Statement II

is not the correct explanation of Statement I

(c) Statement I is true, Statement II is false

(d) Statement I is false, Statement II is true

l Ex. 33 Statement I Among all the rectangles of the given

perimeter, the square has the largest area. Also, among all the

rectangles of given area, the square has the least perimeter.

Statement II For x y> >0 0, , if x y+ = constant, then xy

will be maximum for y x= and if xy = constant, then x y+
will be minimum for y x= .

Sol. Statement II x y k+ =
then xy x k x f x= - =( ) ( ), f x k x¢ = - =( ) 2 0

Þ x
k

y
k= =

2 2
,

Þ y x=

x y x
k

x
f x+ = + = ( ), f x

k

x
¢ = - =( ) 1 0

2

Þ x k y k= =,

So, Statement II is true and it explains Statement I.

Hence, (a) is the correct answer.

l Ex. 34 Statement I The function f x x x( ) ( )= + -3

3 4

( )x x2

4 5+ - has local extremum at x =1.

Statement II f x( ) is continuous and differentiable and

f ¢ =( )1 0 .

Sol. Statement I is correct because f f f( ) ( ) ( )1 1 1- +> < .

Statement II is correct as f x( ) has a repeated root at x = 1.

Statement  II is not the correct explanation of Statement I as
f c¢ =( ) 0 doesn’t imply that f has an extrema at x c= .

Hence, (b) is the correct answer.
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l Ex. 35 Statement I If f x( ) is increasing function with

upward concavity, then concavity of f x-1

( ) is also upwards.

Statement II If f x( ) is decreasing function with upwards

concavity, then concavity of f x-1

( ) is also upwards.

Sol. Let g x( ) be the inverse function of f x( ).

Then, f g x x( ( )) =
\ f g x g x¢ × ¢ =( ( )) ( ) 1

i.e. g x
f g x

¢ =
¢

( )
( ( ))

1

\ g
f g x

f g x g x¢ ¢ = -
¢

× ¢ ¢ × ¢1
2( ( ( )))

( ( )) ( )

In Statement I ¢¢ >f g x( ( )) 0

and g x¢ >( ) 0

Þ g x¢ ¢ <( ) 0

Þ Concavity of f x-1( ) is downwards.

\ Statement I is false.

In Statement II ¢¢ >f g x( ( )) 0

and g x¢ <( ) 0

Þ ¢¢ >g x( ) 0

Þ Concavity of f x-1( ) is upwards.

\ Statement II is true.

Hence, (d) is the correct answer.

l Ex. 36 Statement I The minimum  distance of the fixed

point ( , )0
0

y , where 0

1

2

0
£ £y , from the curve y x= 2 is y

0
.

Statement II Maxima and minima of a function is always

a root of the equation f x¢ =( ) 0.

Sol. Let the point on the parabola be ( , ).t t 2

Let d be the distance between ( , )t t 2 and ( , )0 0y ,

then d t t y2 2 2
0

2= + -( ) = + - +t y t y4
0

2
0
21 2( )

= + - + ³z y z y z2
0 0

21 2 0( ) ,

Its vertex is at x y= - <0
1

2
0

\ The minimum value of d 2 is at z = 0, i.e. t 2 0=

\ d y= 0

Statement I is true. Statement II is false because extremum
can occur at a point where f x¢( ) does not exist.

Hence, (c) is the correct answer.

l Ex. 37 Let f R R: ® is differentiable and strictly increas-

ing function throughout its domain.

Statement I If | ( ) |f x is also strictly increasing function,

then f x( ) = 0 has no real roots.

Statement II At ¥ or - ¥, ( )f x may approach to 0, but

cannot be equal to zero.

Sol. Suppose f x( ) = 0 has a real root say x a= , then f x( ) < 0

for x a< . Thus, | ( ) |f x becomes strictly decreasing on

( , )- ¥ a , which is a contradiction.

Hence, (a) is the correct answer.

l Ex. 38 Statement I f x x x( ) cos= + is strictly increasing.

Statement II If f x( ) is strictly increasing, then f x¢ ( ) may

tend to zero at some finite number of points.

Sol. Given, f x x x( ) cos= +
\ f x x¢ = - >( ) sin1 0, " Îx R,

except at x n= +2
2

p p

and f x¢ =( ) 0 at x n= +2
2

p p

\ f x( ) is strictly increasing.

Statement II is true but does not explain Statement I.

Statement II gives f x¢( ) may tend to zero at finite number
of points but in Statement I f x¢( ) tend to zero at infinite
number of points.

Hence, (b) is the correct answer.

l Ex. 39 Statement I The largest term in the sequence

a
n

n
n Nn =

+
Î

2

3

200

, is
( )

/

400

600

2 3

Statement II f x
x

x
x( ) , ,=

+
>

2

3

200

0 then at x = ( )
/

400
1 3 ,

f x( ) is maximum.

Sol. Statement II Given, f x
x

x
( ) =

+

2

3 200

f x
x x x x

x
¢ = + -

+
( )

( )

( )

3 2 2

3 2

200 2 3

200
= - +

+
x x

x

4

3 2

400

200( )

x ® +0 f x( ) = +0 Þ x f x= =400
400

600

1 3
2 3

/
/

( )

x f x® ¥ ®( ) 0

So, Statement II is true. But Statement I is false as x NÎ .
Hence, (d) is the correct answer.



Passage I
(Ex. Nos. 40 to 42)

Let x x x x
1 2 3 4
, , , be the roots (real or complex) of the

equation x ax bx cx d4 3 2

0+ + + + = . If x x x x
1 2 3 4

+ = +
and a b c d R, , , Î , then

l Ex. 40 If a = 2, then the value of b c- is

(a) - 1 (b) 1 (c) - 2 (d) 2

l Ex. 41 If b < 0, then how many different values of a, we

may have

(a) 3 (b) 2 (c) 1 (d) 0

l Ex. 42 If b c+ =1 and a ¹ - 2, then for real values of a c, Î

(a) - ¥æ
èç

ö
ø÷

,

1

4

(b) ( , )- ¥ 3

(c) ( , )- ¥ 1 (d) ( , )- ¥ 4

n Sol. (Ex. Nos. 40 to 42)

Let x ax bx cx d4 3 2+ + + +
= - - - -( ) ( ) ( ) ( )x x x x x x x x1 2 3 4

Let ( ) ( )x x x x x px q- - = + +1 2
2

and ( ) ( )x x x x x px r- - = + +3 4
2

\ q x x= 1 2 and r x x= 3 4

x ax bx cx d4 3 2+ + + +
= + + + + + + +x px p q r x p q r x qr4 3 2 22 ( ) ( )

\ a p b p q r= = + +2 2, ,c p q r d qr= + =( ),

Clearly, a ab c3 4 8 0- + = …(i)

40. If a = 2 Þ b c- = 1

Hence, (b) is the correct answer.

41. Investigating the nature of the cubic equation of a.

Let f a a ab c( ) = - +3 4 8

f a a b¢ = -( ) 3 42

If b < 0 Þ f a¢ >( ) 0

\The equationa ab c3 4 8 0- + = , has only one real root.

Hence, (c) is the correct answer.

42. Substituting c b= -1 in Eq. (i), we have

( ) [( ) ]a a b+ - + - =2 1 3 4 02

Þ 4 3 0b - >

Þ b > 3

4
Þ c < ×1

4

Hence, (a) is the correct answer.

Passage II

(Ex. Nos. 43 to 45)

Consider a DOAB formed by the point

O A B( , ), ( , ), ( , )0 0 2 0 1 3 . P x y( , ) is an arbitrary interior point

of triangle moving in such a way that

d P OA d P AB d P OB( , ) ( , ) ( , )+ + = 3,

where d P OA d P AB d P OB( , ), ( , ), ( , ) represent the distance of

P from the sides OA AB, and OB , respectively.

l Ex. 43 Area of region representing all possible position of

point P is equal to

(a) 2 3 (b) 6 (c) 3 (d) None of these

l Ex. 44 If the point P moves in such a way that

d P OA d P OB d P AB( , ) min ( ( , ), ( , )),£ then area of region

representing all possible position of point P is equal to

(a) 3 (b) 6 (c)

1

3

(d)

1

6

l Ex. 45 If the point P moves in such a way that

d P OA d P OB d P AB( , ) min ( ( , ), ( , )),³ then area of region

representing all possible position of point P is equal to

(a) 3 (b) 6 (c) 1 3/ (d)

1

6

n Sol. (Ex. Nos. 43 to 45)

43. DOAB is clearly equilateral

D D D DOAB OPA APB OPB= + + = ´ = ×3

4
4

1

2
2

( ( , ) ( , ) ( , ))d P OA P AB P OB+ +

d P OA d P AB d P OB( , ) ( , ) ( , )+ + = 4

3

Hence, (c) is the correct answer.

44. We must have, d P OA d P OB( , ) ( , )£ as well as

d P OA d P AB( , ) ( , )£ , then P lies either on or below the
angle bisector of ÐBOA and ÐBAO area

= = ×1

3

1

3
D OAB

Hence, (c) is the correct asnwer.

45. We must have d P OA d P OB( , ) ( , )³ as well as

d P OA d P AB( , ) ( , )³ , then P must be above bisector of
ÐBOA and ÐBAO.

Area of triangle = =1

3

1

3
D OAB

Hence, (c) is the correct answer.
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Passage III
(Ex. Nos. 46 to 48)

Let f x ax bx c a b c R( ) , , ,= + + Î2 . It is given

| ( ) | , | |f x x£ £1 1

l Ex. 46 The possible value of | |a c+ , if
8

3

2
2 2a b+ is

maximum, is given by

(a) 1 (b) 0 (c) 2 (d) 3

l Ex. 47 The possible value of | |a b+ , if
8

3

2
2 2a b+ is

maximum, is given by

(a) 1 (b) 0 (c) 2 (d) 3

l Ex. 48 The possible maximum value of
8

3

2
2 2a b+ is

given by

(a) 32 (b)

32

3

(c)

2

3

(d)

16

3

n Sol. (Ex. Nos. 46 to 48)

We know that for | | ; | |u v£ £1 1, then | |u v- £ 2

Now, | ( ) ( ) |f f1 0 2- £ Þ | |a b+ £ 2

Þ ( )a b+ £2 4 …(i)

Also, | ( ) ( ) |f f- - £1 0 2 Þ | |a b- £ 2

Þ ( )a b- £2 4 …(ii)

Now, 4 3 2 2 162 2 2 2 2a b a b a b b+ = + + - - £( ) ( )

Þ ( )max4 3 162 2a b+ = when b = 0

Þ | | | | | |a b a b a+ = - = = 2

Also, | ( ) ( ) | |( ) | | |f f a c c a1 0 2- = + - = =
Þ | | | |a c c+ = = 1

The possible ordered triplet ( , , )a b c are ( , , )2 0 1- or
( , , )- 2 0 1 .

Also,
8

3
2

2

3
4 3

2

3
162 2 2 2a b a b+ = + £ +( )

Ans. 46. (a) 47. (c) 48. (b)

Passage IV
(Ex. Nos. 49 to 53)

The absolute maximum and minimum values of functions

can be found by their monotonic and asymptotic behaviour

provided they exist. We may agree that finite limiting values

may be regarded as absolute maximum or minimum. For

instance the absolute maximum value of
1

1
2+ x

is unity. It is

attained at x = 0 while absolute minimum value of  the same

function is zero which is a limiting value of (x ® ¥ or

x ® - ¥)

l Ex. 49 The function x x4

4 1- + will have

(a) absolute maximum value

(b) absolute minimum value

(c) both absolute maximum and minimum values

(d) None of the above

l Ex. 50 The absolute minimum value of the function
x

x

-

+

2

1
2

is

(a) - 1 (b)

1

2

(c) - 5 (d) None of these

l Ex. 51 The absolute minimum and maximum values of

the function
x x

x x

2

2

1

1

- +
+ +

is

(a) 1 and 3 (b)

1

2

and 3

(c)

1

3

and 3 (d) None of these

l Ex. 52 The function f x
x x

( ) =
-

-
+

4

1

9

1

will

(a) have absolute maximum value - 1

2

(b) have absolute minimum value - 25

2

(c) not lie between - 25

2

and - 1

2

(d) always be negative

l Ex. 53 Which of the following functions will have abso-

lute minimum value?

(a) cot (sin )x (b) tan (log )x

(c) x x2005 1947

1- + (d) x x2006 1947

1+ +

n Sol. (Ex. Nos. 49 to 53)

49. Since, f x x¢ = - =( ) 4 4 03 Þ x = 1

Þ There is only one extrema which is minima.

Þ 1 is a point of absolute minima.

Hence, (b) is the correct answer.

50. Since, f x
x

x
¢ = +

+
( )

( ) /

1 2

12 3 2

Þ f x( ) is increasing in - ¥æ
èç

ö
ø÷

1

2
, and decreasing in

- ¥ -æ
èç

ö
ø÷

,
1

2

Þ Absolute minimum occurs at x = - 1

2
, we have

= - 5

Hence, (c) is the correct answer.
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51. yx yx y x x2 2 1+ + = - +

x y x y y2 1 1 1 0( ) ( ) ( )- - + + - = QD ³ 0

Þ ( ) ( )1 4 1 02 2+ - - ³y y Þ - - - ³( ) ( )3 1 3 0y y

Þ 1

3
3£ £y

Hence, (c) is the correct answer.

52. Should be the correct choice (we can prove by using

monotonically that f cannot lie between - 25

2
and - ×1

2
This

is an Ex. of a function whose maximum (local) value is
smaller than minimum value).

Hence, (c) is the correct answer.

53. As even degree polynomial will have absolute minimum
essentially.

Hence, (d) is the correct answer.

Passage V

(Ex. Nos. 54 to 56)

We are given the curves y f t dt
x

=
- ¥ò ( ) through the point

0

1

2

,
æ
èç

ö
ø÷

and y f x= ( ), where f x( ) > 0 and f x( ) is

differentiable, " Îx R through ( , )0 1 . If tangents drawn to
both the curves at the points with equal abscissae intersect
on the same point on the X-axis, then

l Ex. 54 Number of solutions f x ex( ) = 2 is equal to

(a) 0 (b) 1

(c) 2 (d) None of these

l Ex. 55 lim ( ( ))
( )

x

f xf x
® ¥

- is

(a) 3 (b) 6

(c) 1 (d) None of these

l Ex. 56 The function f x( ) is

(a) increasing for all x (b) non-monotonic

(c) decreasing for all x (d) None of these

n Sol. (Ex. Nos. 54 to 56)

We have, the equations of the tangents to the curves

y f t dt
x

=
- ¥ò ( ) and y f x= ( ) at arbitrary points on them are

Y f t dt f x X x
x

- = -
- ¥ò ( ) ( ) ( ) …(i)

and Y f x f x X X- = ¢ -( ) ( ) ( ) …(ii)

As Eqs. (i) and (ii), intersect at the same point on X -axis.

On puttingY = 0 and equating x-coordinates, we have

x
f x

f x
x

f t dt

f x

x

-
¢

= - -¥ò( )

( )

( )

( )
Þ f x

f t dt

f x

f xx

( )

( )

( )

( )
- ¥ò

= ¢

Þ f t cf x
x

( ) ( )=
- ¥ò …(iii)

As, f ( )0 1= Þ f t dt c( ) = = ´
- ¥ò

1

2
1

0
Þ c = 1

2

Þ f t dt f x
x

( ) ( )=
- ¥ò

1

2
, differentiating both the sides and

on integrating and using boundary condition, we get

f x e y exx( ) ,= =2 2 is tangent to y e x= 2

Þ Number of solutions = 1

Clearly, f x( ) is increasing for all x .

lim ( )
x

x ee
x

® ¥

-
=2 2

1 [¥0 form]

Ans. 54. (b) 55. (c) 56. (a)

Passage VI

(Ex. Nos. 57 to 59)

Let f x
x

x

x

( ) ( )= +æ
èç

ö
ø÷

>1

1

0 and

g x
x x if x

if x
( )

ln ( ( / )),

,

=
+ < £

=
é

ë
ê

1 1 0 1

0 0

l Ex. 57 lim ( )

x

g x
® +

0

(a) is equal to 0 (b) is equal to 1

(c) is equal to e (d) is non-existent

l Ex. 58 The function f

(a) has a maxima but not minima

(b) has a minima but not maxima

(c) has both of maxima and minima

(d) is a monotonic

l Ex. 59 lim ....

n
f

n
f

n
f

n
f

n

n® ¥

æ
èç

ö
ø÷

× æ
èç

ö
ø÷

× æ
èç

ö
ø÷

æ
èç

ö
ø÷

ì
í

1 2 3

î

ü
ý
þ

1/n

equals

(a) 2e (b) 2e

(c) 2 e (d) e

n Sol. (Ex. Nos. 57 to 59)

57. lim ln lim

ln

x x

x
x

x

x

x

® ®+ +
+æ

èç
ö
ø÷

=

+æ
èç

ö
ø÷

0 0

1
1

1

1

¥
¥

é
ëê

ù
ûú

form

Using L’Hospital’s rule,

l
x x

x
x xx x

= -
+

-æ
èç

ö
ø÷

= -
+

æ
èç

ö
ø÷® ®

lim lim
0

2

0

1

1

1 1 1

1
×x 2

=
+

×
®

lim
( )x x x

x
0

21

1
=

+
=

®
lim

( )x

x

x0 1
0

Hence, (a) is the correct answer.
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58. lim ( )
x

f x
®

=
0

1 (can be verified)
lim ( )

x
f x e

® ¥
=

Also, f is increasing for all

x > 0

Þ (d) (can be verified)

Hence, (d) is the correct answer.

59. Given, lim ...

/

n

n

f
n

f
n

f
n

n®¥

æ
èç

ö
ø÷

æ
èç

ö
ø÷

æ
èç

ö
ø÷

æ
èç

ö
ø÷

1 2
1

l
n

kk

n k n
n

= +æ
èç

ö
ø÷

æ

è
çç

ö

ø
÷÷=

P
1

1

1

/
/

[given f x x x( ) ( / )= +1 1 and f k n
n

k

k n

( / ) ]

/

= +æ
èç

ö
ø÷

1

Taking log,

ln lim ln

/

l
n

n

kn k

n k n

= × +æ
èç

ö
ø÷® ¥ =

1
1

1
S

= × +æ
èç

ö
ø÷® ¥ =

lim ln
/n k

n

n

k

n k n

1
1

1

1
S

{= +æ
èç

ö
ø÷

= +æ
èç

ö
ø÷

×
é

ë
ê

ù

û
úò x

x
dx

x

x

II

I

0

1
2

1
1

1
1

2
ln ln

1 24 34 0

1

+ -
+

æ
èç

ö
ø÷

×ò
1 1

1 20

1
2

x x

x
dx

= -æ
èç

ö
ø÷

+ + -
+ò

1

2
2 0

1

2

1 1

10

1
ln

x

x
dx

= + - +1

2
2

1

2
1 0

1ln [ ln ( )]x x

= + - - =1

2
2

1

2
1 2 0

1

2
ln [( ln ) ] ; l e=

Hence, (d) is the correct answer.

Passage VII

(Ex. Nos. 60 to 62)

Consider the cubic f x x ax bx a( ) = + + +8 4 2
3 2 , where

a b R, Î .

l Ex. 60 For a =1, if y f x= ( ) is strictly increasing, " Îx R,

then maximum range of the values of b is

(a) - ¥æ
èç

ù
ûú

,

1

3

(b)

1

3

, ¥æ
èç

ö
ø÷

(c)

1

3

, ¥é
ëê

ö
ø÷

(d) ( , )- ¥ ¥

l Ex. 61 For b =1, if y f x= ( ) is non-monotonic, then the

sum of the integral values of a Î[ , ],1 100 is

(a) 4950 (b) 5049

(c) 5050 (d) 5047

l Ex. 62 If the sum of the base 2 logarithms of the roots of

the cubic f x( ) = 0 is 5, then the value of a is

(a) - 64 (b) - 8 (c) - 128 (d) - 256

n Sol. (Ex. Nos. 60 to 62)

60. a = 1

f x x x bx( ) = + + +8 4 2 13 2

f x x x b x x b¢ = + + = + +( ) ( )24 8 2 2 12 42 2

For increasing function f x¢ ³( ) 0, " Îx R

\ D £ 0

Þ 16 48 0- £b Þ b ³ 1

3

Hence, (c) is the correct answer.

61. If b = 1

f x x ax x a( ) = + + +8 4 23 2

f x x ax¢ = + +( ) 24 8 22 or 2 12 4 12( )x ax+ +
For non-monotonic f x¢ =( ) 0 must have distinct roots
hence,

D > 0 , i.e. 16 48 02a - >

Þ a2 3>

\ a > 3 or a < - 3

\ a Î2 3 4, , , ...,

Sum = - =5050 1 5049

Hence, (b) is the correct answer.

62. If x x1 2, and x 3 are the roots, then

log log log2 1 2 2 2 3 5x x x+ + =
log ( )2 1 2 3 5x x x =

x x x1 2 3 32=

- =a

8
32 Þ a = - 256

Hence, (d) is the correct answer.

Passage VIII

(Ex. Nos. 63 to 65)

Let f x
t t t t x x

t t x x
( )

max { , },

min { , },

= - + + £ £ £ £
- < £ < £

3 2

1 0 0 1

3 1 1 2

ì
í
î

and

g x
t t t t x x

t
( )

max { / / / , },

min { /

= + - + £ £ £ £
+

3 8 1 2 3 2 1 0 0 1

3 8

4 3 2

1 32 5 8 1 1 2
2

/ sin / , },p t t x x+ £ £ £ £

ì
í
î

Define f x( ) and g x( ) expilicitly and then answer the

following questions.

l Ex. 63 The function f x( ), " Îx [ , ]0 2 is

(a) continuous and differentiable

(b) continuous but not differentiable

(c) discontinuous and not differentiable

(d) None of the above
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l Ex. 64 Which of the following is true.

(a) lim ( )( ) lim ( )( )

x x

fog x gof x
® ®- +

>
1 1

(b) lim ( )( ) lim ( )( )

x x

fog x gof x
® ®- +

<
1 1

(c) lim ( )( ) lim ( )( )

x x

fog x gof x
® ®- +

=
1 1

(d) None of the above

l Ex. 65 Let z x
d

dx
f x

g x
( ) ( )

( )= and y x
d

dx
g x f x

( ) ( )
( )= ,

then z x( ) and y x( ) vanish simultaneously at

(a) x = -1 3/ (b) x = 0

(c) x = 1 (d) No real value of x

n Sol. (Ex. Nos. 63 to 65)

Consider f x( ) in [ , ]0 1

f t t t t¢ = - + > " Î( ) , ( , )3 2 1 0 0 12

Þ f t( ) is increasing on ( , )0 1

Maximum occurs at t x=

and f x( ) = - + + £ £
- < £

ì
í
î

x x x x

x x

3 2 1 0 1

3 1 2

,

,

Again, consider g x( ) in ( , )0 1

g t t t t( ) / / /= + - +3 8 1 2 3 2 14 3 2

g t t t t¢ = + -( ) / /3 2 3 2 33 2 = + -3 2 22/ ( )t t t

= - +3 2 1 2/ ( )( )t t t

g t( ) decreases in [ , )0 1 Þ maximum occurs when t = 0 and
g( )0 1= , again consider g x( ) function in [ , ].1 2

g t t t( ) / / sin /= + +3 8 1 32 5 82 p

g t t¢ = + >( ) / / sin( )3 8 32 2 0p p , " Ît R

\ g t( ) is an increasing function in [ , ]1 2 .

Þ Minimum occurs when t = 1 and g( )1 1=

Hence, g x
x

x
( )

,

,
=

£ £
< £

ì
í
î

=
1 0 1

1 1 2
1

Þ g x( ) = 1, " Îx [ , ]0 2

63. f x( ) is continuous but not differentiable at x = 1

64. lim ( ) ( )
x

fog x f
® -

=
1

1 and lim ( )
x

gof x
® +

=
1

1, also f ( )1 1>

65. z x
d

dx
f x

d

dx
f xg x( ) ( ) ( ( ))( )= = 1, " Î Èx [ , ) ( , ]0 1 1 2

= ¢f x( ), " Î Èx [ , ) ( , ]0 1 1 2

and y x
d

dx
( ) = ( ( )) ( )g x f x

= =d

dx

f x( ) ( )1 0,

" Î Èx [ , ) ( , ]0 1 1 2

Hence, the functions y x( ) and z x( ) can vanish
simultaneously at f x¢ =( ) 0, which is not possible for any
real x .

Passage IX
(Ex. Nos. 66 to 69)

The graph of derivative of a function f x( ) is given (i.e.

y f x= ¢ ( )). Analyse the graph in the given domain and

answer the following questions, if it is given that f ( )0 0=

l Ex. 66 The function f x¢ ( ) is

(a) even function (b) odd function

(c) neither even nor odd (d) indefinite

l Ex. 67 The function f x( ) is

(a) even function (b) odd function

(c) neither even nor odd (d) indefinite

l Ex. 68 The graph of y f x= ( ) has

(a) no inflexion point (b) one point of inflexion

(c) one extreme point (d) two extreme points

l Ex. 69 The function f x( ) for - £ £a x a, is

(a) always decreasing

(b) always increasing

(c) increasing for ( , )-a 0 and decreasing for ( , )0 a

(d) increasing for ( , )0 a and decreasing for ( , )-a 0

n Sol. (Ex. Nos 66 to 69)

66. The graph of y f x= ¢( ) is symmetrical aboutY -axis, so f x( )
is an even function.

67. f ( )0 0= , so f x( ) is an odd function (i.e. derivative of an odd
function is an even function)

68. Here, ¢¢ >f x( ) 0, as x < 0 and ¢¢ <f x( ) 0, as x > 0
\ x = 0, is the point of inflexion

69. ¢ £f x( ) 0, " x

So, f x( ) is always decreasing.

Passage X
(Ex. Nos. 70 to 72)

If a function (continuous and twice differentiable) is always

concave upward in an interval, then its graph lies always

below the segment joining extremities of the graph in that

interval and vice-versa.

l Ex. 70 If sin | |x x k x+ ³ 2 , " Îx [ , / ]0 2p , then the great-

est value of k, is

(a)

- +2 2

2

( )p
p

(b)

2 2

2

( )+ p
p

(c) can’t be determined finitely

(d) zero
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l Ex. 71 Let f x( ), ¢f x( ) and ¢¢f x( ) are all positive,

" Îx [ , ]0 7 . If f x-1

( ) exists, then

3 4 2 2 5
1 1 1f f f- - -- -( ) ( ) ( ), is

(a) always positive (b) always negative

(c) non-negative (d) non-positive

l Ex. 72 Let f R R:
+ +® is such that ¢¢ ³f x( ) 0,

" Îx a b[ , ], then value of f x dx
a

b
( )ò , cannot exceed

(a)

( ( ) ( ))( )f a f b b a+ -
3

(b)

( ( ) ( ))( )f b f a b a- -
2

(c)

( ( ) ( ))( )f b f a b a+ -
2

(d) None of these

n Sol. (Ex. Nos. 70 to 72)

70. f x x x( ) sin= + Þ ¢ = +f x x( ) cos 1

Þ ¢¢ = -f x x( ) sin

f is concave downward for x Î[ , / ]0 2p
Irrespective of k , g x k x( ) | |= 2 is concave upward

So, if g f( / ) ( / ),p p2 2£ then f x g x( ) ( )³

Þ 1 2
4

2

+ ³p p
/ | |k Þ k Î - + +é

ëê
ù
ûú

( )
,
( )2 4 2 4

2 2

p
p

p
p

71. ¢¢ >f x( ) 0

Þ f is concave upwards Þ f -1 is concave downwards

Consider point dividing the join of this segment in

ratio 2 1: is given as 4
2 5 2

3

1 1

,
( ) ( )f f- -+æ

è
ç

ö

ø
÷ when upon a

point ( , ( ))4 41f - on graph of f x-1( ) is always above it.

Þ 3 4 2 2 5 01 1 1f f f- - -- - >( ) ( ) ( )

72. f x dx
a

b
( )ò , is area bounded by curve in first quadrant.

( ( ) ( ))( )f a f b b a+ -
2

is area of trapezium ABCD, which is

always more than or equal to f x dx
a

b
( )ò .

Passage XI
(Ex. Nos. 73 to 74)

Consider a twice differentiable function f x( ) of degree four

symmetrical to line x =1, defined as f R R: ® and ¢¢ =f ( )2 0,

then

l Ex. 73 The sum of roots of the cubic, f x¢ =( ) 0, is

(a) 0 (b) 1 (c) 2 (d) 9/5

l Ex. 74 If f ( )1 0= , f ( )2 1= , then the value of f ( )3 , is

(a) 6/7 (b) 7/5 (c) 8/5 (d) 9/5

n Sol. (Ex. Nos. 73 to 74)

Since, f x( ) is symmetric about x = 1 and it is twice
differentiable.

So, f x¢( ) must have one root x = 1

\ f x a x x x¢ = - - -( ) ( )( )( )1 a b
= - - + +a x x x( )[ ( ) ]1 2 a b ab

= - - +a x x x( )[ ],1 22 ab as
a b+ =

2
1

\ ¢ = - + - + -f x a x x x x x( ) ( )3 2 22 2ab ab

¢¢ = - + +f x a x x( ) ( )3 6 22 ab

¢¢ = - + +f a( ) ( )2 12 12 2ab = + =a( )ab 2 0

\ ab = -2 and a b+ = 2

Þ a
a

- =2
2 Þ a a2 2 2 0- - =

\ a = -1 3, b = +1 3

So, sum = + + =1 3a b
f x a x x x a x x¢ = - - - = - - -( ) ( )( ) ( )[( ) ]1 2 2 1 1 32 2

On integrating, we get

f x a
x x

C( )
( ) ( )= - - -é

ë
ê

ù

û
ú +1

4

3 1

2

4 2

{ ( )Q f 1 0= , so C = 0 and f ( ) ,2 1= so a = -4 5/ }

Þ f x
x x

( ) /
( ) ( )= - - - -é

ë
ê

ù

û
ú4 5

1

4

3 1

2

4 2

f ( ) ( ) /3
4

5

16

4

3

2
2 8 52= - -é

ëê
ù
ûú

=

Passage XII
(Ex. Nos. 75 to 76)

Let y f x= ( ) and y g x= ( ) be the two functions, then the

number of solutions of these two functions means the

number of values of x for which these two function gives

same of y as it is shown below.

x=α x=1 x=β
O

Y

X

x1 x2 x3
X

f x( )

Y

O

g x( )



l Ex. 75 Let max {| | , | | }x y x y+ - =1 and y x x= -[ ] be

two equations which x and y satisfy, then the number of

ordered pairs ( , )x y is

(a) 6 (b) 8 (c) 0 (d) ¥

l Ex. 76 If f x
x

( ) = ì
í
î

ü
ý
þ

1

and g x x( ) { }= 2 , then the number of

positive roots satisfying the equations f x g x( ) ( )= such that

2 3
2< <x

(a) 1 (b) 0 (c) 3 (d) 2

n Sol. (Ex. Nos. 75 to 76)

75. Here, y x x x= - =[ ] { } and we know graph of
fractional part of x .

Also, we have max {| |, | | }x y x y+ - = 1

If | | | |x y x y+ ³ - , then | |x y+ = 1

On squaring above inequality, we get

x y xy x y xy2 2 2 22 2+ + ³ + -

Þ 4 0xy ³ , then | |x y+ = 1, i.e. if function lies in I or
III quadrant,

| |x y+ = 1 Þ x y+ = ±1 ...(i)

and of | | | |x y x y+ £ - , then | |x y- = 1

On squaring both sides 4 0xy £ means x and y lies in
II or IV quadrant. So, if curves lies in II or IV quadrant,
then

| |x y- = 1 Þ x y- = ±1 ...(ii)

So, graph is,

Combining both graph,
when - £ <1 0x , then both graph coincide.

So, number of solutions is infinite.

76. If 2 32< <x Þ 2 3< <x [as x > 0]

So, if 2 3< <x , then
1

3

1 1

2
< <

x

Þ 1 1

x x

ì
í
î

ü
ý
þ

= ...(i)

and { }x x2 2 2= - ...(ii)

So, from Eqs. (i) and (ii), we get

1 2

x
x

ì
í
î

ü
ý
þ

= { }

\ 1
22

x
x= - Þ x x3 2 1 0- - =

Þ ( )( )x x x+ - - =1 1 02

So, x = -1,
1 5

2

±
, but as x > 0

\ x = +1 5

2

1 5

2

- -
æ
è
ç

ö
ø
÷and 1 are neglected
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l Ex. 77 Match the statements of Column I with values of Column II.

Column I Column II

(A) Number of the values of x lying in 0
2

,
pæ

èç
ö
ø÷ at which f x( ) = ln (sin )x is not monotonic, is

(p) 0

(B) If the greatest interval of decrease of the function f x x x( ) = - +3 3 2 is [ , ]a b , then a b+ equals (q) 2

(C) Let f x
x

x
x( )

[ ]
,= + £ £

2 2
1 3, where [.] greatest integer function, then least value of f x( ) is (r) - 3

(D) Set of all possible values of a such that f x e a e x
x x( ) ( )= - + +2 1 2 is monotonically increasing for all x RÎ is

( , ],- ¥ a then a equals

(s) 3

–1 1
X

–1

1

–2 2O

Y

–2

2

Matching Type Questions
JEE Type Solved Examples :



Sol. (A) ® (p), (B) ® (p), (C) ® (s), (D) ® (s)

(A) f x x( ) ln (sin )= Þ f x
x

x
¢ = >( )

cos

sin
0

\ Required number of values of x is 0.

(B) f x x¢ = - £( ) 3 3 02 , if - £ £1 1x

\ a b= - =1 1, \ a b+ = 0

(C) f x

x x

x
x

x
x

( )

,

,

,

=

+ £ <
+ £ <

+ =

ì

í

ï
ïï

î

ï
ï
ï

2

2

2

2 1 2

2

2
2 3

2

3
3

Þ f x
x x

x x
¢ =

< <
< <

ì
í
î

( )
,

,

2 1 2

2 3

\Least value of f x( ) in [1, 2] is 3.

Least value of f x( ) in [2, 3) is 3.

f ( )3
11

3
=

\Least value of f x( ) is 3.

(D) f x e a e xx x( ) ( )= - + +2 1 2

f x e a ex x¢ = - + +( ) ( )2 1 22

Now, 2 1 2 02e a ex x- + + ³( ) , for all x RÎ

Þ 2
1

1 0e
e

ax

x
+æ

èç
ö
ø÷

- + ³( ) , for all x RÎ

Þ 4 1 0- + ³( )a Þ a £ 3 \ a = 3

l Ex. 78 Match the statements of Column I with values of

Column II.

Column I Column II

(A) The dimensions of the rectangle of

perimeter 36 cm, which sweeps out the

largest volume when revolved about one of

its sides, are

(p) 6

(B) Let A( , )- 1 2 and B( , )2 3 be two fixed

points, A point P lying on y x= such that

perimeter of D PAB is minimum, then sum

of the abscissa and ordinate of point P, is

(q) 12

(C) If x1 and x2 are abscissae of two points on

the curve f x x x( ) = - 2 in the interval

[ , ],0 1 then maximum value of expression

( )x x1 2+ - +( )x x1
2

2
2 is

(r) 4

(D) The number of non-zero integral values of a

for which the function

f x x ax
x

( ) = + + +4 3
23

2
1is concave

upward along the entire real line is

(s) 1

2

Sol. (A) ® (p, q), (B) ® (r), (C) ® (s), (D) ® (r)

(A)   Perimeter of the rectangle is 36 cm.

If one side is x , then the other side = -18 x

If the rectangle is revolved around the side x , then

volume swept out V x x= -p ( )18 2

dV

dx
x x x= - - -p [( ) ( )]18 2 182

= - - -p ( ) ( )18 18 2x x x

\ x = 6 and y = 12

(B) A B( , ), ( , )- 1 2 2 3 and P in a point on y x= . Perimeter of
DPAB is minimum when PA PB+ is minimum image of
A( , )- 1 2 in the line y x= is A ¢ -( , )2 1 . Equation of A B¢
is x = 2, hence P is (2, 2).

(C)  Let ( , )x y1 1 and ( , )x y2 2 are two points.

\ y y x x x x1 2 1 2 1
2

2
2+ = + - +( ) ( )

Now, y x x x= - = - -æ
èç

ö
ø÷

+2
2

1

2

1

4

\ ( )maxy y1 2 2
1

4

1

2
+ = ´ =

(D) f x x ax¢ ¢ = + + ³( ) 12 6 3 02 , " Îx R Þ a Î -[ , ]2 2

Þ Number of non-zero integer values of a is 4.
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y = x

BA′

A

l Ex. 79 The function S x
tx

( ) sin=
æ

è
ç

ö

ø
÷ò

0

2

2

p
dt has two

critical points in the interval [ , . ]1 2 4 . One of the critical
points is a local minimum and the other is a local maximum.
The local minimum occurs at x equals ……… .

Sol. Given, S x
t

dt
x

( ) sin=
æ

è
ç

ö

ø
÷ò

p 2

0 2
, S x

x¢ =
æ

è
ç

ö

ø
÷ =( ) sin

p 2

2
0

Þ p px
n

2

2
= Þ x n2 2= [ .1 5 762£ £x as is given]

Hence, n = 1 or 2

x = 2 or x S x
x

x= ¢¢ =
æ

è
ç

ö

ø
÷ ×2

2

2

, ( ) cos
p p

¢¢ <S ( )2 0 and ¢¢ >S ( )2 0

Þ minimum at x = 2

Single Integer Answer Type Questions
JEE Type Solved Examples :



502 Textbook of Differential Calculus

l Ex. 80 The radius of a right circular cylinder increases at

a constant rate. Its altitude is a linear function of the radius

and increases three times as fast as radius. When the radius

is 1 cm the altitude is 6 cm. When the radius is 6 cm, the

volume is increasing at the rate of 1 cu cm/s. When the

radius is 36 cm, the volume is increasing

at a rate of n cu cm/s. The value of n/11 is equal to ……… .

Sol. Here,
dr

dt
c= and h ar b= +

Also,
dh

dt

dr

dt
= 3 [given]

\ a
dr

dt

dr

dt
= 3 Þ a = 3

Hence, h r b= +3

when r h= =1 6, Þ 6 3= + b Þ b = 3

\ h r= +3 1( )

V r h r r r r= = + = +p p p2 2 3 23 1 3( ) ( )

dV

dt
r r

dr

dt
= +3 3 22p ( )

where r
dV

dt
= =6 1, cc/s

\ 1 3 108 12= +p ( )
dr

dt
Þ 360 1p dr

dt
=

Again when r
dV

dt
n= =23,

n
dr

dt
= +3 3 36 2 362p (( . ) . )

n = × ×3 36 110
1

360
p

p
( ) Þ n = 33

Þ n

11

33

11
3= =

l Ex. 81 The set of all points where f x( ) is increasing is
( , ) ( , )a b cÈ ¥ , then find [ ]a b c+ + {where [.] denotes GIF }.
Given that

f x f
x

f x( ) ( )=
æ

è
ç

ö

ø
÷ + -2

2

6

2

2 , " Îx R

and ¢¢ > " Îf x x R( ) ,0 .

Sol. Here, f x f
x

f x( ) ( )=
æ

è
ç

ö

ø
÷ + -2

2
6

2
2

f x f
x

x x f x¢ = ¢
æ

è
ç

ö

ø
÷ × - ¢ -( ) ( )2

2
2 6

2
2

f x x f
x

f x¢ = ¢
æ

è
ç

ö

ø
÷ - ¢ -

æ

è
ç

ö

ø
÷( ) ( )2

2
6

2
2

f
x

f x¢
æ

è
ç

ö

ø
÷ > ¢ -

2
2

2
6( ) , if

x
x

2
2

2
6> -

[ ( )Q f x¢ is increasing]

x
x

2
2

2
6> - Þ x 2 4>

Þ f
x

f x¢
æ

è
ç

ö

ø
÷ - ¢ - >

2
2

2
6 0( )

when x < - 2 or x > 2 Þ f x¢ >( ) 0

when x ( , ) ( , )- È ¥2 0 2

\ a b c+ + = 0

Þ [ ]a b c+ + = 0

l Ex. 82 The graphs y x x= - +2 4 2
3 and y x x= + -3

2 1

intersect at exactly 3 distinct points. The slope of the line

passing through two of these points is equal to……… .

Sol. Let ( , )x y1 1 and ( , )x y2 2 be two of these points. Given,
y x x= + -3 2 1 and y x x= - +2 4 23

\ y x x1 1
3

12 4 2= - + …(i)

and 2 2 4 21 1
3

1y x x= + - …(ii)

Subtracting Eq. (i) from Eq. (ii), we get

y x1 18 4= - …(iii)

Similarly, y x2 28 4= - …(iv)

y y x x2 1 2 18- = -( )
y y

x x

2 1

2 1

8
-
-

=

l Ex. 83 The length of the shortest path that begins at the

point (2, 5), touches the X-axis and then ends at a point on

the circle x y x y2 2

12 20 120 0+ + - + = , is……… .

Sol. Circles with centre ( , )- 6 10 and radius

= + - =36 100 120 4

Now, let ( , )a 0 be a point on the X -axis. If y is the distance
from A to P and P to M

y a a= - + + + + -( ) ( )2 25 6 100 42 2

dy

dx

a

a

a

a
= -

- +
+ +

+ +

2 2

2 2 25

2 6

2 6 1002 2

( )

( )

( )

( )

dy

da
can be zero only if a - >2 0 and a + <6 0 not possible or

a - <2 0 and a + >6 0, hence a Î -( , )6 2

Y
R

Q

P

X



Solving
dy

da
= 0, gives a = 10 (rejected)     or a = - 2

3

Hence, ymin = + + + -64

9
25

256

9
100 4

= + - = + -17

3

1156

3
4

17

3

34

3
4 = - =17 4 13

l Ex. 84 If f R f x:[ , ) : ( )1 ¥ ® is monotonic and differen-

tiable function and f ( ) ,1 1= then number of solutions of the

equation f f x
x x

( ( )) =
- +

1

2 2
2

is/are ....

Sol. Let g x f f x( ) ( ( ))= , given f x( ) is monotonic and
differentiable

\ g x f f x f x¢ = ¢ × ¢( ) ( ( )) ( ), since f x( ) is monotonic

Þ f x f f x¢ × ¢ >( ) ( ( )) 0 for all x ³ 1

Here, g f f( ) ( ( ))1 1=
\ g f( ) ( )1 1 1= = [given, f ( )1 1= ] ...(i)

Since, g x( ) is increasing for x ³ 1.

\ g x g( ) ( )³ 1 Þ 1

2 2
1

2x x- +
³

Þ 1

1 1
1

2( )
,

x - +
³ i.e. only possible when x = 1.

\ Number of solutions of f f x( ( )) is 1.

l Ex. 85 The set of values of ‘a’ for which the equation

x x ax x4 3 2

4 4 1 0+ + + + = has all its roots real is given by

( , ] { }a a a
1 2 3

È . Then, | |a a
3 2

+ is

Sol. Here, x x ax x4 3 24 4 1 0+ + + + =

dividing by x 2 x
x

x
x

a2

2

1
4

1
0+æ

èç
ö
ø÷

+ +æ
èç

ö
ø÷

+ =

Þ x
x

x
x

a+æ
èç

ö
ø÷

+ +æ
èç

ö
ø÷

+ - =1
4

1
2 0

2

( )

Put x
x

y+ =1
, (y ³ 2 or y £ -2)

\ y y a2 4 2 0+ + - =( )

For y to be real D ³ 0.

16 4 2 0- - ³( )a Þ a £ 6 ...(i)

Also, if f y y y a( ) ( )= + + -2 4 2 Þ f f( ) ( )- × ³2 2 0

Þ ( )( )4 8 2 4 8 2 0+ + - - + - ³a a

Þ ( )( )a a+ - ³10 6 0 ...(ii)

From Eqs. (i) and (ii), we get a Î -¥ - È( , ] { }10 6

when a = 6, y y2 4 4 0+ + = Þ y = -2

\ a Î -¥ - È( , ] { }10 6

a2 10= - , a3 6= Þ | |a a2 3 4+ =

l Ex. 86 Let f x( ) be a cubic polynomial defined by

f x
x

a x x( ) ( ) .= + - + -
3

2

3

3 13 Then, the sum of all possible

value (s) of ‘a’ for which f x( ) has negative point of local
minimum in the interval [ , ]1 5 , is

Sol. We have, f x
x

a x x( ) ( )= + - + -
3

2

3
3 13

\ For f x( ) have negative point of local minimum, the
equation f x¢ =( ) 0 must have two distinct negative roots.

Now, f x x a x¢ = + - +( ) ( )2 2 3 1

\ Following condition(s) must be satisfied simultaneously

(i) D > 0 (ii) a b+ < 0 (iii) ab > 0

Now, D > 0 Þ 4 3 4 02( )a - - > Þ ( )( )a a- - >2 4 0

\ a Î -¥ È ¥( , ) ( , )2 4 ...(i)

Also, - - <2 3 0( )a Þ a - >3 0 Þ a > 3 ...(ii)

and product of root(s) = >1 0, " Îa R

\ ( ) ( ) ( )i ii iiiÇ Ç Þ a Î ¥( , )4 ...(iii)

\ a = 5, as a Î[ , ]1 5

Thus, sum of all possible values is 5

l Ex. 87 Consider a polynomial P x( ) of the least degree

that has a maximum equal to 6 at x =1 and a minimum

equal to 2 at x = 3. Then, the value of P P( ) ( )2 0 7+ ¢ - , is

Sol. The polynomial is an everywhere differentiable function.
Therefore, the points of extremum can only be roots of
derivative. Further more, the derivative of a polynomial is
a polynomial.
The polynomial of the least degree with roots x1 1= and
x 2 3= has the form a x x( )( )- -1 3 .

Hence, P x a x x a x x¢ = - - = - +( ) ( )( ) ( )1 3 4 32

Since, at x = 1, there must be P( )1 6= , we have

P x P x dx a x x dx
x x

( ) ( ) ( )= ¢ + = - + +ò ò6 4 3 6
1

2

1

= - + -
æ

è
ç

ö

ø
÷ +a

x
x x

3
2

3
2 3

4

3
6

Also, P( )3 2= Þ a = 3

Hence, P x x x x( ) = - + +3 26 9 2

Now, P( )2 8 24 18 2 4= - + + = , also

P x x x¢ = - +( ) ( )3 4 32 Þ P ¢ =( )0 9

\ P P( ) ( )2 0 7 6+ ¢ - =
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l Ex. 88 Let g x¢ >( ) 0 and f x x R¢ < " Î( ) ,0 , then show

(i) g f x g f x( ( )) ( ( – ))+ <1 1 (ii) f g x f g x( ( )) ( ( – ))+ <1 1

Sol. Here, g x¢ >( ) 0 and f x x R¢ < " Î( ) ,0

i.e. g x( ) is increasing [or if x x g x g x1 2 1 2> Þ >( ) ( )]

and f x( ) is decreasing

[or if x x f x f x x R1 2 1 2> Þ < " Î( ) ( ), ]

\ f x f x( ) ( – )+ <1 1 …(i)

and g x g x( ) ( – )+ >1 1
[as ( ) ( – )x x+ >1 1 ] …(ii)

Case I As, g x( ) is increasing (so greater input gives greater
output)

Þ g f x g f x( ( – )) ( ( ))1 1> + [using Eq. (i)]

or g f x g f x( ( )) ( ( – ))+ <1 1

Case II f x( ) is decreasing (so greater input gives smaller
output)

Þ f g x f g x( ( )) ( ( – ))+ <1 1 [using Eq. (ii)]

l Ex. 89 Let f x¢ <(sin ) 0 and f x x¢ ¢ > " Î æ
èç

ö
ø÷

(sin ) , ,0 0

2

p

and g x f x f x( ) (sin ) (cos )= + , then find the interval in

which g x( ) is increasing and decreasing.

Sol. Here, f x¢ <(sin ) 0 and f x x¢¢ > " Î æ
èç

ö
ø÷

(sin ) , ,0 0
2

p
...(i)

and g x f x f x( ) (sin ) (cos )= +
Þ g x f x x f x x¢ = ¢ × + ¢( ) (sin ) cos (cos )(–sin )

Þ g x f x x f x x¢¢ = ¢ × + ¢¢ ×( ) {– (sin ) sin (sin ) cos }2

– { (cos ) cos – (cos ) sin }f x x f x x¢ × ¢¢ × 2 ...(ii)

As, f x¢ <(sin ) 0, f x¢¢ >(sin ) 0,

sin x > 0, cos x > 0, " Î æ
èç

ö
ø÷

x 0
2

,
p

...(iii)

\ From Eqs. (ii) and (iii), we can say

g x f x x f x¢¢ = ¢ × + ¢¢ ×
+

( ) {– (sin ) cos } { (sin ) co

ve

1 2444 3444
s }2 x

+ ve

1 2444 3444

+ ¢¢ ×
+

{ (cos ) sin }f x x2

ve
1 2444 3444

+ ¢ ×
+

{– (cos ) cos }f x x

ve
1 2444 3444

Þ g x x¢¢ > " Î æ
èç

ö
ø÷

( ) , ,0 0
2

p
...(iv)

Þ g x¢( ) is increasing in 0
2

,
pæ

èç
ö
ø÷

...(v)

Now, putting ¢ =g x( ) 0,

g x f x x f x x¢ = ¢ × ¢ × =( ) (sin ) cos – (cos ) sin 0

Þ x = p
4

and g x¢ >( ) 0, when x Î æ
èç

ö
ø÷

p p
4 2

,

g x¢ <( ) 0, when x Î æ
èç

ö
ø÷

0
4

,
p

\ g x( ) is increasing, when x Î æ
èç

ö
ø÷

p p
4 2

,

g x( ) is decreasing, when x Î æ
èç

ö
ø÷

0
4

, .
p

l Ex. 90 If f x
x

x
( )

sin

= and g x
x

x
( )

tan

,= where 0 1< £x ,

then in this interval find that f x( ) and g x( ) are increasing or

decreasing.

Sol. Here, f x
x

x
( )

sin
=

Þ f x
x x x

x
¢ = × ×
( )

sin – cos

sin

1
2

...(i)

where sin2 x is always positive when 0 1< £x .

But to check numerator we again let, h x x x x( ) sin – cos=
Þ h x x x x x x x¢ = × + =( ) cos – cos sin sin ,1 which is
+ve for 0 1< £x

\ h x¢ >( ) 0

Þ h x( ) is increasing, when 0 1< £x

Þ h h x( ) ( )0 <
Þ 0 < sin – cosx x x

\In Eq. (i), (sin – cos ) ,x x x > 0

Þ f x¢ >( ) 0, when 0 1< £x

Hence, f x( ) is increasing, when 0 1< £x

Again, g x
x

x
( )

tan
= [given]

Þ g x
x x x

x
¢ = × ×
( )

tan – sec

tan

1 2

2
...(ii)

where tan2 0x >
we let f ( ) tan – secx x x x= 2

Þ f ¢ = ×( ) sec –sec – ( sec ) (sec tan )x x x x x x x2 2 2

f ¢ =( ) – sec tanx x x x2 2

As f ¢ <( )x 0, " < £0 1x

[ ( , ], sec , tan ]Q x x xÎ > >01 0 02

\ f ( )x is decreasing, when 0 1< £x .

Þ f f( ) ( )0 > x or 0 2> tan – secx x x

\ In Eq. (ii), (tan – sec )x x x2 0<

Þ g x¢ <( ) 0, when 0 1< £x

\ g x( ) is decreasing, when 0 1< £x .
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l Ex. 91 Let f :[ , ) [ , )0 0¥ ® ¥ and g :[ , ) [ , )0 0¥ ® ¥ be

non-increasing and non-decreasing function and

h x g f x( ) ( ( ))= and if f and g are differentiable for all points

in their respective domains and h( )0 0= . Then, show h x( ) is

always identically zero.

Sol. Here, h x g f x( ) ( ( ))= , since, g x( ) [ , )Î ¥0

h x x( ) ,³ " Î0 domain

Also, h x g f x f x¢ = ¢ × ¢ £( ) ( ( )) ( ) 0, as g x¢ ³( ) 0

and h x x( ) ,£ " Î0 domain as h( )0 0=
Hence, h x x( ) ,= " Î0 domain

l Ex.  92 A cubic function f x( ) tends to zero at x = –2 and

has relative maximum/ minimum at x = –1 and x = 1

3

. If

f x dx( ) =
-ò

14

3
1

1

. Find the cubic function f x( ).
[IIT JEE 1992]

Sol. f x( ) is a cubic polynomial. Therefore, f x¢( ) is a quadratic
polynomial and f x( ) has relative maximum and minimum

at x = 1

3
and x = –1, respectively.

\ –1 and
1

3
are roots of f x¢ =( ) 0

Þ f x a x x a x x¢ = + æ
èç

ö
ø÷

= +æ
èç

ö
ø÷

( ) ( ) – –1
1

3

2

3

1

3

2

Now, integrating w.r.t. x, we get

f x a
x x x

c( ) – ,= +
é

ë
ê

ù

û
ú +

3 2

3 3 3
c is constant of integration.

Again, f (– )2 0= [given]

\ f a c(– )
–

2
8

3

4

3

2

3
0= + +æ

èç
ö
ø÷

+ =

Þ –2

3
0

a
c+ = or c

a= 2

3

Þ f x a
x x x a

( ) –= +
æ

è
ç

ö

ø
÷ +

3 2

3 3 3

2

3

Þ f x a
x x x

( ) –= + +
æ

è
ç

ö

ø
÷

3 2

3 3 3

2

3

Again, f x dx( ) =
-ò

14

31

1
[given]

Þ a
x x x dx

3
2

14

3

3 2

1

1
( – )+ + =

-ò
Because, y x= 3 and y x= – are odd functions.

So, x dx x dx3

1

1

1

1
0

- -ò ò= =

\ a x
x

3

2

3
4

14

3

3

0

1

+
é

ë
ê

ù

û
ú = Þ a = 3

\ f x x x x( ) –= + +3 2 2

l Ex. 93 Given that, S x x x x= + + - + +| |
2 2

4 5 2 5 for

all real x, then find the maximum value of S 4 .

Sol. Here, S x x= + + - + +( ) ( )2 1 1 42 2

\ S x x= - - + - - - - + -( ( )) ( ) ( ( )) ( )2 1 0 1 2 02 2 2 2

= -PA PB ...(i)

Since, PA PB AB- £ , using triangle law.

\ PA PB- = + =
max

1 1 2

[Q AB = - + + - =1 2 2 1 22 2( ) ] ...(ii)

\ Smax = 2

Þ S 4 4=

l Ex.  94 If f x y x( ) max sin= -2 , (where y RÎ ), then

find the minimum value of f x( ).

Sol. Here, f x y x( ) max sin= -2 =
- £
+ >

ì
í
î

2 0

2 0

x x

x x

,

,

\ Minimum value of f x( ) = 2

l Ex.  95 Find the maximum and minimum value of

f x
x x x

( )

–

=
+ +

40

3 8 18 60
4 3 2

.

Sol. Given, f x
x x x

( )
–

=
+ +

40

3 8 18 604 3 2
is maximum or

minimum according by 3 8 18 604 3 2x x x+ +– is minimum

or maximum.

Then, f max, if 3 8 18 604 3 2x x x+ +– is minimum.

f min , if 3 8 18 604 3 2x x x+ +– is maximum.

Let g x x x x( ) –= + +3 8 18 604 3 2

1

2

A(–2, 1)

B(–1, 2)

P

( 0)x,–2 –1 0

2 =+x yy= –x2

0

(0, 2)

y



Þ g x x x x¢ = +( ) ( – )12 2 32

Þ g x x x x¢ = +( ) ( ) ( – )12 3 1

Using number line rule,

which indicates g x¢( ) changes sign from –ve to +ve at
x = – ,3 1.

\ Local minimum at x = – ,3 1

and local maximum at x = 0 [as changes from +ve to –ve]

Þ g x( ) is maximum at x = 0

i.e. g
max

( )0 60=
and for g x( ) to be minimum,

g min (– ) – – –3 243 216 162 60 75= + =
g min ( ) –1 3 8 18 60 53= + + =

Substituting these values in Eq. (i), we get

f xmax( ) when g min , i.e. f x( )
–

= 40

75
and

40

53

Maximum value = 40

53

8

15
,
–

f xmin ( ) when g max i.e. f x( )= =40

60

2

3

Minimum value =
2

3

l Ex.  96 Use the function f x x /x
( ) = 1 , x > 0 and determine

the bigger of the two numbers ep and p e .

Sol. Given, f x x /x( ) = 1 , x > 0

Let y f x x /x= =( ) 1

Taking log on both sides, we have log logy
x

x= 1

Differentiating both the sides, we have

1 1 1
2 2y

dy

dx x
x

x
× = + æ

èç
ö
ø÷

log –

or
dy

dx
y

x

x
= é

ëê
ù
ûú

1
2

– log

\ f x
x

x
x

/x

¢ =( ) [ – log ]
1

2
1

Let f x¢ =( ) ,0

Þ log x = 1 or x e=

Again, f x
x

x x
x

d

dx

x

x

/x /x

¢¢ = é
ëê

ù
ûú

+
æ

è
ç

ö

ø
÷( ) – ( – log )

1

2

1

2
0

1
1

\ f e
e

e e

/e

¢¢ = æ
èç

ö
ø÷

+( ) –
1

2

1
0

Þ f e¢¢ <( ) 0

\ ‘ ’f has a maximum at x e=

But x e= is the only extreme value.

\ f has the greatest value at x e=
Þ f e f( ) ( ),> p for all x > 0

Þ ( ) ( )e e

1 1

> p p

Þ e ep p>

l Ex. 97 Using the relation 2 1
2

( – cos ) ,x x< x ¹ 0 or

otherwise prove that sin (tan )x x³ for all x Î é
ëê

ù
ûú

0

4

,

p
.

[IIT JEE 2003]

Sol. Let f x x x( ) sin (tan ) –=

Then, f x x x¢ = ×( ) cos (tan ) –sec2 1

Þ f x x x¢ = +( ) cos (tan ){ tan } –1 12

Þ f x x x x¢ =( ) tan cos (tan ) – { – cos (tan )}2 1

[using 2 1 2( – cos )x x< ]

f x x x x¢ >( ) tan cos (tan ) – tan2 21

2

Þ f x x x¢ >( ) tan { cos (tan ) – }
1

2
2 12

[again, using 2 1 2( – cos )x x< ]

f x x x¢ >( ) tan ( – tan )
1

2
12 2

Þ f x¢ ³( ) 0, " Î é
ëê

ù
ûú

x 0
4

,
p

Þ f x( ) is increasing function for all x Î é
ëê

ù
ûú

0
4

,
p

.

\ f x f( ) ( )³ 0 ,  for all x Î é
ëê

ù
ûú

0
4

,
p

Þ sin (tan ) – sin (tan ) –x x > 0 0

Þ sin (tan ) ,x x³ for all x Î é
ëê

ù
ûú

0
4

,
p

l Ex. 98 If P ( )1 0= and
d

dx
P x P x{ ( )} ( )> for all x ³1,

then prove that P x( ) > 0 for all x >1. [IIT JEE 2003]

Sol. Here,
d

dx
P x P x{ ( )} ( )> , for all x ³ 1

or
d

dx
P x e P x ex x{ ( )} ( ) ,– –> for all x ³ 1

Þ d

dx
P x e P x ex x{ ( )} – ( ) ,– – > 0 for all x ³ 1

Þ d

dx
e P xx{ ( )} ,– > 0 for all x ³ 1

Þ P x e x( ) – is an increasing function for all x ³ 1
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Þ P x e P ex( ) ( ) ,– –> 1 1 for all x > 1

Þ P x e x( ) ,– > 0 for all x > 1 [as P( ) ,1 0= given]

Thus, P x( ) ,> 0 for all x > 1 [as e x– ,> 0 for all x]

l Ex. 99 In the graph of the function y x x= 3

2

log , where

x eÎ ¥[ , [
– .1 5 ; find the point P x y( , ) such that the segment of

the tangent to the graph of the function at the point, inter-

cepted between the point P andY-axis, is shortest.

Sol. Given, y x x= 3

2
log

Differentiating w.r.t. x, the given function, we have

dy

dx
x

x
x xe e= × +æ

èç
ö
ø÷

= +3

2

1 3

2
1log ( log )

Let the point P x y( , ) Þ P x x xe, log
3

2

æ
èç

ö
ø÷

Hence, the equation of tangent to the curve at the point

P x x xe, log
3

2

æ
èç

ö
ø÷

is

Y x x x X xe e– log ( log ) ( – )
3

2

3

2
1= +

When it cuts Y-axis, X = 0

Thus, y x x x xe e= +3

2

3

2
1log – ( log )

So, y x= –
3

2

Hence, the given tangent intersects axis at

Q x0
3

2
, –

æ
èç

ö
ø÷

Now, PQ x y x2 2
2

3

2
= + +æ

èç
ö
ø÷

= + +æ
èç

ö
ø÷

x x xe
2

2
3

2
1( log )

PQ x xe
2 2 21

9

2
1= + +é

ëê
ù
ûú

( log )

Differentiating w.r.t. x , we have

d PQ

dx
x x

x
e

( )
( log )

2
2 9

2
2 1

1= × + ×é
ëê

ù
ûú

+ + +é
ëê

ù
ûú

1
9

2
1 22( log )e x x

= + + + +x x xe e[ ( log ) ( log ) ]9 1 2 9 1 2

For extremum
d PQ

dx

( )2

0=

Since, x ¹ 0, 9 1 9 1 2 02( log ) ( log )+ + + + =x x

Þ ( log ) – ,–1 1 3 2 3+ =x / /

Þ log – ,–x / /= 4 3 5 3

Þ x e e/ /= – –,4 3 5 3

x e /= – 5 3 lie outside the interval ( , )– .e 1 5 ¥ .

The sign scheme for
d PQ

dx

( )2

is shown in figure, which

shows that PQ 2 is minimum.

Therefore, PQ is minimum when x e /= – 4 3 .

l Ex. 100 John has x children from his first wife. Mary has

( )x +1 children from her first husband. They marry and have

children of their own. The whole family has 24 children.

Assuming that the two children of same parents do not fight,

then find the maximum possible number of fights that can

take place.

Sol. Since, the whole family has 24 children, those of John and
Mary are

24 1– – ( )x x +
i.e. ( – )23 2x

Now, F = Total number of fights.

= (number of fights when a John’s child fights a
Mary’s child) + (number of fights when a John child
fights a John-Mary’s child) + (number of fights
when a Mary’s child fights a John-Mary’s child)

= + + + +x x x x x x( ) ( – ) ( )( – )1 23 2 1 23 2

= +23 45 3 2x x–

For maximum,
dF

dx
= 0

Þ 45 6 0– x = or x = 7 5.

Þ d F

dx

2

2
45 0= >

\ f x( ) is minimum when x = 7 5.
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But in this case fractional value is not possible. The nearest
integral values are x = 7 and x = 8.

In either case the total number of fights = + ´23 45 7 3 7 2– ( )

= 191

l Ex. 101 Find the point on the curve 4 4
2 2 2 2x a y a+ = ;

4 8
2< <a that is farthest from the point ( , – )0 2 .

Sol. The equation of given curve can be expressed as shown in
the figure

x

a

y2

2

2

4
1+ = , where 4 82< <a which is equation of ellipse.

Hence, let us consider a point P a( cos , sin )q q2 on the
ellipse.

Let the distance of P a( cos , sin )q q2 from ( , – )0 2 be L.

Then, L a2 2 20 2 2= + +( cos – ) ( sin )q q
Differentiating w.r.t. q, we have

d L

d
a

( )
cos (–sin ) (sin ) cos

2
2 2 4 2 1

q
q q q q= × + × + ×

= + + =cos [– sin sin ]q q q2 8 8 02a

Þ Either cos q = 0 or ( – ) sin8 2 8 02a q + =

i.e. q p= /2 or sin
–

q = 4

42a

Since, a2 8<

Þ a2 4 4– <

Þ 4

4
1

2a –
> Þ sin q > 1,  which is not possible.

Further,
d L

d
a

2 2

2

22 8
( )

cos [– cos cos ]
q

q q q= +

+ + +(–sin )[– sin sin ]q q q2 8 82a

At q p= /2,
d L

d
a a

2 2

2

2 20 16 2 2 8 0
( )

–[ – ] ( – )
q

= = < [as a2 8< ]

Hence, L is maximum at q p= /2 and the farthest point is (0, 2).

l Ex. 102 Let f x
x

x
( ) sin

( )

( )

–=
+

æ

è
ç

ö

ø
÷1

2

2

1

f
f

, then find the

interval in which f x( ) is increasing or decreasing.

Sol. Here, f x
x

x
( ) sin

( )

( )

–=
+

æ
è
ç

ö
ø
÷1

2

2

1

f
f

Case I | ( )|f x < 1

Let f q( ) tanx =

\ f x( ) sin
tan

tan

–=
+

æ
è
ç

ö
ø
÷1

2

2

1

q
q

= sin (sin )–1 2 q = 2 q

Þ f x x( ) tan { ( )}–= 2 1 f

Þ f x
x

x¢ =
+

× ¢( )
{ ( ) }

( )
2

1 2f
f

where f ¢ >( )x 0 Þ f x¢ >( ) 0 Þ f x( ) is increasing
[since tan which is increasing]f q( ) ,x =

Case II When | ( )|f x > 1 or
1

1
f( )x

½
½
½ ½

½
½<

Now, put
1

f
q

( )
tan

x
=

\ f x
x

x

( ) sin
( )

( )

–=
×

+ æ
èç

ö
ø÷

æ

è

ç
ç
ç
ç
ç

ö

ø

÷
÷
÷
÷
÷

1

2

2
1

1
1

f

f

Þ f x( ) sin
tan

tan

–=
+

æ
è
ç

ö
ø
÷1

2

2

1

q
q

f x
x

( ) sin (sin ) tan
( )

– –= = = æ
èç

ö
ø÷

1 12 2 2
1q q

f

= 2 1cot ( ( ))– f x

Þ f x
x

x¢ = ×
+

× ¢( ) –
( ( ))

( )2
1

1 2f
f

where f ¢ >( )x 0

Þ f x¢ <( ) 0 for all | ( )|f x > 1

Hence, f x( ) is increasing, when | ( )|f x < 1 and f x( ) is
decreasing, when | ( )|f x > 1.

l Ex. 103 Find the minimum value of

f x x x x( ) | | – | – | | |= + +2 2 2 .

Sol. Here, f x x x x( ) | | – | – | | |= + +2 2 2 , which gives rise to
four cases as

Case I x < – 2

f x x x x( ) |– ( ) ( – )| –= + +2 2 2

= +|– – – | –x x x2 2 4

= | – | –x x6 = – ( – ) –x x6

Þ f x x( ) –= +2 6 ...(i)

Case II –2 0£ <x

f x x x x( ) |( ) ( – )| –= + +2 2 2

= | – | –3 2x x = –( – ) –3 2x x

Þ f x x( ) –= +4 2 ...(ii)

Y

X
O

P a( cos , 2 sin )θ θ

( , 0)a

(0, –2)

Y′

X′
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Case III 0 2£ <x

f x x x x( ) | ( – )|= + + +2 2 2

= +| – |3 2x x

=
+ £ <

+ £ <

ì

í
ï

î
ï

–( – ) ,

( – ) ,

3 2 0
2

3

3 2
2

3
2

x x x

x x x

for

for

Þ f x
x x /

x / x
( )

– ,

– ,
=

+ £ <
£ <

ì
í
î

2 2 0 2 3

4 2 2 3 2
...(iii)

Case IV x ³ 2

f x x x x( ) | – ( – )|= + +2 2 2 = + +| – |x x6 = +| – |x x6

=
+ £ <
+ ³

ì
í
î

–( – ) ,

( – ) ,

x x x

x x x

6 2 6

6 6

f x
x

x x
( )

,

– ,
=

£ <
³

ì
í
î

6 2 6

2 6 6
...(iv)

From Eqs. (i), (ii), (iii) and (iv), we have the following figure.

From the graph, minimum value of f x( ) = 2

3
.

l Ex. 104 Which normal to the curve y x= 2 forms the

shortest chord? [IIT JEE 1992]

Sol. Let ( , )t t 2 be any point on the parabola y x= 2

Now,
dy

dx
x= 2 Þ dy

dx
t

t t

æ
èç

ö
ø÷

=
( , )2

2 , which is the slope of

tangent.

So, the slope of the normal to y x= 2 at ( , )t t 2 is –
1

2t

æ
èç

ö
ø÷
.

\ The equation of the normal to y x= 2 at ( , )t t 2 is

y t
t

x t– – ( – )2 1

2
= æ

èç
ö
ø÷

...(i)

Suppose Eq. (i) meets the curve again at B t t( , )1 1
2 , then

t t
t

t t1
2 2

1
1

2
– – ( – )= Þ t t

t
1

1

2
+ = –

Þ t t
t

1
1

2
= – – ...(ii)

Let L be the length of the chord AB (as normal)

L AB t t t t= = +2
1

2 2
1
2 2( – ) ( – )

= + +( – ) [ ( ) ]t t t t1
2

1
21

= + +æ
èç

ö
ø÷

+ - -æ
èç

ö
ø÷

é

ë
ê
ê

ù

û
ú
ú

t t
t

t t
t

1

2
1

1

2

2 2

[using Eq. (ii)]

= +æ
èç

ö
ø÷

+
æ
è
ç

ö
ø
÷2

1

2
1

1

4

2

2
t

t t

L t
t

= +
æ
è
ç

ö
ø
÷4 1

1

4

2

2

3

Þ dL

dt
t

t
= +

æ
è
ç

ö
ø
÷8 1

1

4 2

3

+ +
æ
è
ç

ö
ø
÷ ×

æ
è
ç

ö
ø
÷12 1

1

4

2

4

2

2

2

3
t

t t
–

Þ dL

dt t
t

t t
= +

æ
è
ç

ö
ø
÷ +

æ
è
ç

ö
ø
÷

é

ë
ê

ù

û
ú2 1

1

4
4 1

1

4

3
2

2

2
–

Þ dL

dt t
t

t t
t

t
= +

æ
è
ç

ö
ø
÷ æ

èç
ö
ø÷

= +
æ
è
ç

ö
ø
÷2 1

1

4
4

2
4 1

1

4
2

1
2

2

2

2

– –
æ
èç

ö
ø÷

For extremum, let
dL

dt
= 0

Þ t = ± 1

2

Again,

d L

dt t t
t

t t

2

2 2 2 2
8 1

1

4

1

2
2

1
4 1

1

4
= +

æ
è
ç

ö
ø
÷

æ
è
ç

ö
ø
÷ æ

èç
ö
ø÷

+ +– –
æ
è
ç

ö
ø
÷ +æ

èç
ö
ø÷

2

2
2

1

t

Þ d L

dt
t

2

2
1

2

0
æ

è
ç

ö

ø
÷ >

= ±

\ Minimum when t = ± 1

2

X
–4 –2 0 2 4 62/3

Y

2/3

10

8

6

4

2

A

B

=y x2

X′ X

Y′

Y



Thus, points are A ±æ
èç

ö
ø÷

1

2

1

2
, and B( , )m 2 2 .

Þ Equation of normal AB is 2 2 2 0x y+ =– and

2 2 2 0x y– + = .

l Ex. 105 Let f x x x( ) sin sin= +3 2l where

–p p/ x /2 2< < . Find the intervals in which l should lie in

order that f x( ) has exactly one minimum.

Sol. Given, f x x x( ) sin sin= +3 2l

\ f x x x x x¢ = + ×( ) sin (cos ) sin (cos )3 22 l

= +sin cos ( sin )x x x3 2l
For extremum, let f x¢ =( ) 0

\ sin x = 0, cos x = 0,

sin –x /= 2 3l
Since, –p p/ x /2 2< <
\ cos x ¹ 0

Þ sin x = 0 Þ x = 0

and sin
–

x = 2

3

l Þ x = æ
èç

ö
ø÷

sin
––1 2

3

l
...(i)

One of these from Eq. (i) will give maximum and one
minimum, provided

– sin
–

1
2

3
1< = <x

l

i.e. –
–

1
2

3
1< <l

Þ – –3 2 3< <l Þ –3 2 3< <l
i.e. –3 2 3 2/ /< <l
But, if l = 0, then sin x = 0 has only one solution.

\ l Î(– , ) – { }3 2 3 2 0/ /

Þ l Î È(– , ) ( , )3 2 0 0 3 2/ /

For this value of l there are two distinct solutions.

Since, f x( ) is continuous, these solutions give one
maximum and one minimum because for a continuous
function, between two maxima there must lie one minima
and vice-versa.

l Ex. 106 Determine the points of maxima and minima of

the function, f x x bx x( ) log – ,= +1

8

2 x > 0 when b ³ 0 is a

constant. [IIT JEE 1996]

Sol. Here, f x x bx x( ) log –= +1

8

2 is defined and continuous

for all x > 0.

Then, f x
x

b x¢ = +( ) –
1

8
2

or f x
x bx

x
¢ = +
( )

–16 8 1

8

2

For extrema let f x¢ =( ) 0

Þ 16 8 1 02x bx– + =

So, x
b b

=
±

´
8 64 1

2 16

2( – )

or x
b b= ± 2 1

4

–

Obviously the roots are real, if b2 1 0– ³
Þ b > 1 [as b > 0]

Hence, when b > 1, then using number line rule for f x¢( ) as
shown in given figure.

We know f x¢( ) changes sign from +ve to –ve at

x
b b= – –2 1

4

\ f x( )max at x
b b= – –2 1

4

and f x¢( ) changes sign from –ve to +ve at

x
b b= + 2 1

4

–

\ f x( )minat x
b b= + 2 1

4

–

Also, if b = 1 f x
x x

x

x

x
¢ = + =( )

– ( – )16 8 1

8

4 1

8

2 2

no change in

sign.

\ Neither maximum nor minimum, if b = 1

Thus,

f x

f x x
b

b

f x x
b

( )

( )

( )=

-
>0

1

4
1

2

2

max

min

when and

when

=
–

=
+

b

b -
>

1

4
1and

neither maximum nor minimum when

b

f x b( ) =

ì

í

ï
ï
ï

î

ï
ï
ï

1

l Ex. 107 Find the points on the curve ax bxy ay c2 2

2+ + = ,

0 < < <a b c, whose distance from the origin is minimum.

Sol. Let P x y( , ) be a point on the curve ax bxy ay c2 22+ + = ,

whose distance from the origin is r .

\ x r= cos q and y r= sin q
As, r cos q and r sin q lies on ax bxy ay c2 22+ + =

Þ ar br ar c2 2 2 2 22cos sin cos sinq q q q+ + =

Þ ( sin )a b r c+ =2 2q

Þ r
c

a b

2

2
=

+ sin q
...(i)
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+ +

–
b – b2–1

4
b+ b2–1

4
√ √



From Eq. (i) r is minimum when ( sin )a b+ 2q is maximum,

i.e. sin 2q is maximum.

i.e. 2
2

q p= or
5

2

p Þ q p p=
4

5

4
,

For q, maximum value of ( sin )a b a b+ = +2q

\ r
c

a b
min =

+

Also, when q p=
4

, P
r r c

a b

c

a b2 2 2 2
,

( )
,

( )

æ
èç

ö
ø÷

=
+ +

æ
è
ç

ö
ø
÷

Again, when q p= 5

4
,

P
r r c

a b

c

a b

–
,

–
–

( )
, –

( )2 2 2 2

æ
èç

ö
ø÷

=
+ +

æ
è
ç

ö
ø
÷

Thus, the required points are ±
+ +

æ
è
ç

ö
ø
÷ ×c

a b

c

a b2 2( )
,

( )

l Ex. 108 Find the value of n, for which

f x x x xn
( ) ( – ) ( – )= +2 2

4 1 , n NÎ assumes a local minima

at x = 2.

Sol. Here, f x x x xn( ) ( – ) ( – )= +2 24 1 assumes local minima at

x = 2

Þ f f h( ) ( – )2 2< and f f h( ) ( )2 2< + , where h > 0

where f ( )2 0=
Þ f h( – )2 0> and f h( )2 0+ > , " >h 0

Þ (– ) ( – ) { – }h h h hn n4 3 1 02× + >

and h h h hn n( ) ( )4 5 1 02+ + + >

i.e. (– )h n > 0

[Q( – ) , – , ,4 0 3 1 0 4 02h h h h> + > + >
h h h2 5 1 0 0+ + > " >, ]

Þ nÎeven number.

l Ex. 109 The interval to which b may belong so that the

function,

f x
b b

b
x x( ) –

– –

=
+

æ

è
ç
ç

ö

ø
÷
÷ + +1

21 4

1

5 16

2

3 ,

increases for all x.

Sol. If f x
b b

b
x x( ) –

– –
=

+

æ

è
ç
ç

ö

ø
÷
÷ + +1

21 4

1
5 16

2
3 , increases we

must have f x¢ >( ) ,0 " Îx real number.

Then, f x
b b

b
x¢ =

+

æ

è
ç
ç

ö

ø
÷
÷ + >( ) –

– –
1

21 4

1
3 5 0

2
2 , " Îx R

[as we know ax bx c2 0+ + > , " Îx R, we must have a > 0

and D < 0 ]

\ 1
21 4

1
0

2

–
– –b b

b +
>

and ( ) – –
– –

0 4 3 1
21 4

1
5 02

2

´
+

æ

è
ç
ç

ö

ø
÷
÷ <

b b

b

Þ 1
21 4

1
0

2

–
– –b b

b +
>

The above inequality holds, when, (i) b + <1 0 and (ii)

21 4 02– –b b >
\ b < –1 and b b2 4 21 0+ <–

Þ b < –1 and ( ) ( – )b b+ <7 3 0

Þ b < –1 and –7 3< <b [using number line rule]

\ b Î(– , – )7 1 ...(i)

Again, when b + >1 0, f x( ) will be increasing for all x , if

21 4 02– –b b > and 1
21 4

1

2

>
+

– –b b

b

Þ b b2 4 21 0+ <–

and ( ) ( – – )b b b+ >1 21 42 2 [as b + >1 0 ]

Þ ( ) ( – )b b+ <7 3 0 and b b2 3 10 0+ >–

Þ (– )7 3< <b and ( – )b b< >5 2or

Þ 2 3< <b ...(ii)

From Eqs. (i) and (ii), we have concluded that.

b Î È(– , – ) ( , )7 1 2 3

l Ex. 110 Find the set of all values of 'a' for which

f x
a

a
x x( )

–

– – log= +æ
è
ç

ö
ø
÷ +4

1

1 3 5
5 monotonically decreases

for all x.

Sol. Given, f x
a

a
x x( )

–
– – log= +æ

è
ç

ö
ø
÷ +4

1
1 3 55 decreases for

all x.

Then, f x
a

a
x¢ = +æ

è
ç

ö
ø
÷ <( )

–
– – ,

4

1
1 5 3 04 " Îx R

i.e. 5
4

1
1 3 04a

a
x

+æ
è
ç

ö
ø
÷ <

–
– – , " Îx R

Þ a

a

+æ
è
ç

ö
ø
÷ <4

1
1 0

–
– , " Îx R

[as ax bx c2 0+ + < Þ a < 0 and D < 0] ...(i)

Now, two cases arise

Case I If 1 0– a < Þ a > 1,

then a a+ >4 1( – ) and a + >4 0

Which is always true as LHS > 0 and RHS < 0

\ Above inequality is true for all a > 1 ...(ii)
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Case II If 1 0–a > Þ a < 1

Þ a a+ <4 1– and a > –4

Þ a a2 3 3 0– – > and a > –4

Þ a < 3 21

2

–

or a > +3 21

2
and a > –4

Þ –
–

4
3 21

2
< <a ...(iii)

From Eqs. (ii) and (iii), we conclude

a Î -æ
è
ç

ö
ø
÷ È ¥– , ( , )4

3 21

2
1

l Ex. 111 Let a b+ = 4, where a < 2 and let g x( ) be a

differentiable function. If
dg

dx
>0, " x prove that

g x dx g x dx
ab

( ) ( )+ òò
00

increases as ( – )b a increases.
[IIT JEE 1997]

Sol. Let ( – )b a t= and since a b+ = 4, we have a
t= 4

2

–

and b
t= + 4

2
...(i)

where t > 0 (as a < 2 and b > 2)

Let g x dx g x dx t
ba

( ) ( ) ( )+ =òò f
00

Þ f ( ) ( ) ( )t g x dx g x dx
tt

= +
+-

òò 0

4

2
0

4

2

\ f ¢ = æ
èç

ö
ø÷

æ
èç

ö
ø÷

+ +æ
èç

ö
ø÷

æ
èç

ö
ø÷

( )
–

.
–

t g
t

g
t4

2

1

2

4

2

1

2

[using Leibnitz rule]

Þ f ¢ = 4 +æ
èç

ö
ø÷

æ
èç

ö
ø÷

é

ëê
ù

ûú
( ) –

–
t g

t
g

t1

2 2

4

2
...(ii)

Since, g x( ) is increasing and we know

x x1 2>

Þ g x g x( ) ( )1 2> Q

dg

dx
>é

ëê
ù
ûú

0

Here,
4

2

4

2

+ >t t–
and g x( ) is increasing.

\ g
t

g
t4

2

4

2

+æ
èç

ö
ø÷

> æ
èç

ö
ø÷

–
...(iii)

Then, f ¢ = +æ
èç

ö
ø÷

æ
èç

ö
ø÷

é

ëê
ù

ûú
>( ) –

–
t g

t
g

t1

2

4

2

4

2
0 [using Eq. (iii)]

Þ f ¢ >( )t 0

Hence, f ( )t increases as t increases.

or g x dx g x dx
ba

( ) ( )+ òò 00
is increasing as ( – )b a increases.

l Ex. 112 Let g x f
x

f x( ) ( – )= æ
èç

ö
ø÷

+2

2

2 and f x¢¢ <( ) 0,

" Îx ( , )0 2 . Find the intervals of increase and decrease of

g x( ).

Sol. We have, g x f
x

f x( ) ( – )= æ
èç

ö
ø÷

+2
2

2

Þ g x f
x

f x¢ = ¢æ
èç

ö
ø÷

×æ
èç

ö
ø÷

+ ¢ ×( ) ( – ) (– )2
2

1

2
2 1

Þ g x f
x

f x¢ = ¢ æ
èç

ö
ø÷

¢( ) – ( – )
2

2 ...(i)

We are given that f x¢¢ <( ) 0, " Îx ( , )0 2

It means that f x¢( ) would be decreasing on (0, 2).

Now, two cases arise

Case I
x

x
2

2> ( – ) and f x¢( ) is decreasing.

Þ f
x

f x¢ æ
èç

ö
ø÷

< ¢
2

2( – )," x > 4

3

As
x

x x
2

2
4

3
> - Þ >é

ëê
ù
ûú

or g x f
x

f x¢ = ¢ æ
èç

ö
ø÷

¢ <( ) – ( – )
2

2 0, " 4

3
2< <x

\ g x( ) is decreasing in
4

3
2,

æ
èç

ö
ø÷
. ...(ii)

Case II
x

x
2

2< ( – ) and f x¢( ) is decreasing.

Þ f
x

f x
2

2
æ
èç

ö
ø÷

> ( – ), " x < 4

3
As

x
x x

2
2

4

3
< - Þ <é

ëê
ù
ûú

or g x f
x

f x¢ = æ
èç

ö
ø÷

>( ) – ( – )
2

2 0, " < <0
4

3
x

\ g x( ) is increasing in 0
4

3
,

æ
èç

ö
ø÷
. ...(iii)

From Eqs. (ii) and (iii), we conclude g x( ) is increasing in

0
4

3
,

æ
èç

ö
ø÷

and decreasing in
4

3
2,

æ
èç

ö
ø÷
.
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l Ex. 113 Let f x¢ >( ) 0 and f x¢ ¢ >( ) 0 where x x
1 2

< .

Then, show f
x x f x f x

1 2 1 2

2 2

+æ
èç

ö
ø÷

< + ×( ) ( )

Sol. As we have discussed in theory, if f x¢ >( ) 0 and
f x¢¢ >( ) 0, then graphically it can be expressed as shown
in the following figure

We know, x
x x

x1
1 2

2
2

< + <

and
x x f x f x1 2 1 2

2 2

+ +æ
èç

ö
ø÷

,
( ) ( )

is mid-point of the chord

joining A and B.

Thus, it can be expressed, from the figure as

f
x x f x f x1 2 1 2

2 2

+æ
èç

ö
ø÷

< +( ) ( )

l Ex. 114 Let f x¢ >( ) 0 and f x¢¢ <( ) 0 where x x
1 2

< .

Then, show f
x x f x f x

1 2 1 2

2 2

+æ
èç

ö
ø÷

> +( ) ( )

.

Sol. As we know, if f x¢ >( ) 0 and ¢¢ <f x( ) 0. Then, it could be
expressed graphically as shown in the following figure

We know, x
x x

x1
1 2

2
2

< + <

and
x x f x f x1 2 1 2

2 2

+ +æ
èç

ö
ø÷

,
( ) ( )

is the mid-point of chord

joining A and B.

Thus, it can be expressed as shown in figure

From the adjacent figure, f
x x f x f x1 2 1 2

2 2

+æ
èç

ö
ø÷

> +( ) ( )
.

l Ex. 115 If f x( ) is monotonically increasing function for

all x RÎ , such that f x¢ ¢ >( ) 0 and f x–

( )
1 exists, then prove

that
f x f x f x

f
x x x– – –

–
( ) ( ) ( )

1

1

1

2

1

3 1 1 2 3

3 3

+ + < + +æ
èç

ö
ø÷

Sol. Let g x f x( ) ( )–= 1

Since, g is the inverse of f .

Þ fog x gof x x( ) ( )= = Þ g x
f g x

¢ = ¢( )
( ( ))

1

Þ g x¢ >( ) 0 [as f x( ) is increasing] ...(i)

Þ g x( ) is increasing for all x RÎ .

Þ f x– ( )1 is increasing for all x RÎ .

Again, g x
f g x

¢ = ¢( )
( ( ))

1

Þ g x
f g x

f g x g x¢¢ =
¢

¢¢ ¢( ) –
( ( ( )))

( ( )) ( )
1

2
, for all x RÎ

Þ g x¢¢ <( ) ,0

{as from relationg x¢ >( ) ,0

(i) givenf x¢¢ >( ) ,0

Þ g x¢( ) is decreasing for all x RÎ .

Þ f x– ( )1 is increasing and
d

dx
f x{ ( )}–1 is decreasing.

Thus, the graph for f x– ( )1 could be plotted as
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Y

X
O

f x( )1

f x( )2

x2

f x′( ) > 0
f x′′( ) < 0

( ) ( )x f x1 1

x1

A

B

Y

X
O x2

( ) ( )x f x1 1

x1

( ) ( )x f x2 2

A

B

C

D
x1+x2

2

f x +f x( ) ( )1 2

2
,

x +x1 2

2

f
x +x1 2

2
x +x1 2

2
,






 















Y

X
O

x2

[ , ( )]x f x1 1

x1

[ , ( )]x f x2 2

A

B

C

D

f
x x1 2+

2

x1+x2

2

f x +f x( ) ( )1 2

2
,

x + x1 2

2
















Y

X
O

f x( )1

f x( )2

x2

f x′ ( ) > 0
f x′′ ( ) > 0

[( ) ( )]x f x1 1

x1

[( ) ( )]x f x2 2

A

B

0

A

B

x1

Y

X
x2 x3

y f x= ( )–1

x x x1 2 3+ +

3

M

N C

L



In above figure, we have taken three points A B C, , as;
A x f x( , ( ))–

1
1

1 , B x f x( , ( ))–
2

1
2 , C x f x( , ( ))–

3
1

3 .

Also, M is the mid-point of AB as

x x f x f x1 2
1

1
1

2

2 2

+ +æ

è
ç

ö

ø
÷,

( ) ( )– –

and L as the centroid of D ABC ,

i.e. L
x x x f x f x f x= + + + +æ

è
ç

ö

ø
÷1 2 3

1
1

1
2

1
3

3 3
,

( ) ( ) ( )– – –

Correspondingly a point N lies on the curve;

N
x x x

f
x x x= + + + +æ

èç
ö
ø÷

æ
èç

ö
ø÷

1 2 3 1 1 2 3

3 3
, –

Also, from above figure it is clear that ordinate of
N > ordinate of L

Þ f
x x x f x f x f x–

– – –( ) ( ) ( )1 1 2 3
1

1
1

2
1

3

3 3

+ +æ
èç

ö
ø÷

> + +

l Ex. 116 A box of maximum volume with top open is to

be made by cutting out four equal squares from four corners

of a square tin sheet of side length a feet and then folding up

the flaps. Find the side of the square cut-off.

Sol. Volume of the box is, V a x x= ×( – )2 2 i.e. squares of side

x are cut out, then we will get a box with a square base
of side ( – )a x2 and height x .

Volume of box ( ) ( )V a x x= - ×2 2

\ dV

dx
a x x a x= + × ×( – ) ( – ) (– )2 2 2 22 = ( – )( – )a x a x2 6

For V to be extremum,
dV

dx
= 0

Þ x a a= / , /2 6

But when x a V= =/ ;2 0 (minimum) and we know
minimum and maximum occurs simultaneously in a
continuous function.

Hence, V is maximum when x a= /6.

l Ex. 117 One corner of a long rectangular sheet of paper

of width 1 unit is folded over so as to reach the opposite edge

of the sheet. Find the minimum length of the crease.

Sol. Let ABCD be the rectangular sheet whose corner C is
folded over along EF so as to reach the edge AB at C ¢.
Let EF x=

Ð = = Ð ¢FEC FECq
\ EC x EC= = ¢cos q

From D BEC ¢, we have BE C E= ¢ cos ( – )p q2

Þ BE x= ×– cos cosq q2

\ BC BE EC= +
1 2= +– cos cos cosx xq q q

Þ x = 1

1 2cos ( – cos )q q
...(i)

Let Z = -cos ( cos )q q1 2 x to be minimum, Z has to be
maximum.

Z = cos ( – cos )q q1 2 ...(ii)

Differentiating Eq. (ii) w.r.t. q, we get

dZ

dq
q q q q= +cos ( sin ) – sin ( – cos )0 2 2 1 2

and
d Z

d

2

2
4 4 2 2

q
q q q q= ×cos ( cos )– sin sin

– sin ( sin )–cos ( – cos )q q q q2 2 1 2

For maximum/minimum,

dZ

dq
= 0

Þ 2 2 3 02sin ( – sin )q q =

\ sin q = + 2 3/ [Qsin q ¹ 0]

When sin q = 2

3

Þ d Z

d

2

2

5

5 3

16

3 3

1

3

8

3
0

q
= = <– – – –
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Removed

a

a

xx

xx

x
x

x

x

a – x2

x

a – x2

x

A D

C'

F

B CE

π θ–2
θ

θ

x



Hence, Z is maximum.

Þ x
Z

= 1
is minimum [from Eq. (i)]

\ x is minimum.

Þ x min Þ 1 1

1 3 1
1

3

3 3

4Z
/

=
+æ

èç
ö
ø÷

=
( )

unit

l Ex. 118 Find the volume of the greatest right circular

cone that can be described by the revolution about a side of

a right angled triangle of hypotenuse 1 ft.

Sol. Let ABC be right angled triangle .

Let the cone be revolved about AB.

AC = 1 ft [given]

Let AB a= = height of cone

\ BC a= =1 2– radius of cone

Volume of cone = 1

3
1 2p ( – )a a

V a a= 1

3

3p ( – )

Þ dV

da
a= 1

3
1 3 2p ( – )

and
d V

da
a

2

2

1

3
6 0= <p (– )

\ Maximum volume when
dV

da
= 0

i.e.   when a = 1

3

Putting a = 1

3
, we get Vmax = 2 3

27
p cu ft

l Ex. 119 A window of fixed perimeter (including the base

of the arc) is in the form of a rectangle surmounted by a

semi-circle. The semi-circular portion is fitted with coloured

glass while the rectangular portion is fitted with clear glass.

The clear glass transmits three times as much light per

square metre as the coloured glass does. What is the ratio of

the sides of the rectangle so that the window transmits the

maximum light? [IIT JEE 1991]

Sol. Let 2b be the diameter of the circular portion and a be the
lengths of the other side of the rectangle.

Total perimeter = + + =2 4a b b Kp [say]...(i)

Now, let the light transmission rate (per square metre) of
the coloured glass be L and Q be the total amount of
transmitted light.

Then, Q ab L b L= × + ×2 3
1

2

2( ) ( )p

Q
L

b ab= +
2

122[ ]p

Q
L

b b K b b= +
2

6 42[ ( – – )]p p

Q
L

Kb b b=
2

6 24 52 2[ – – ]p

\ dQ

db

L
K b b= =

2
6 48 10 0[ – – ]p

b
K=

+
6

48 10p
...(ii)

and
d Q

db

L2

2 2
48 10 0= <[– – ]p

Thus, Q is maximum and from Eqs. (i) and (ii)

( ) { }48 10 6 6 2 4+ = = + +p pb K a b b

Thus, the ratio = =
+

2 6

6

b

a p

l Ex. 120 Let S be a square of unit area. Consider any

quadrilateral which has one vertex on each side of S. If a b c, ,

and d denote the lengths of the sides of the quadrilateral,

prove that 2 4
2 2 2 2£ + + + £a b c d [IIT JEE 1997]

Sol. Let S be the square of unit area and ABCD be the
quadrilateral of sides a b c, , and d.
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Clear Glassa a

2b

Coloured
Glass

A

a l'

B C1 – a2

Y

X

c

d a

b

C w,( 1)

B z(1, )

A

D

(1 )– w

(1 – z)

(1, 0)(0, 0)

(1 – )y

(0, 1)

(1 – )x( 0)x,

(1, 1)

(0, )y
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Here, a x z2 2 21= +( – ) , b w z2 2 21= + ( – )

c w y2 2 21 1= +( – ) ( – ) , d x y2 2 2= +

Adding all the above, a b c d2 2 2 2+ + +

= + + + + +{ ( – ) } { ( – ) } { ( – ) }x x y y z z2 2 2 2 2 21 1 1

+ +{ ( – ) }w w2 21

where 0 1£ £x y z w, , ,

Let us consider a function,

f x x x( ) ( – ) ,= +2 21 0 1£ £x

Then, f x x x¢ =( ) – ( – )2 2 1

Let f x¢ =( ) 0 for maximum/minimum.

Þ 4 2 0x – = Þ x /= 1 2

Again, f x¢¢ = >( ) 4 0 when x /= 1 2

\ f x( ) is minimum at x /= 1 2 and maximum at x = 1

Þ 2 42 2 2 2£ + + + £a b c d

l Ex. 121 Show that a triangle of maximum area that can

be inscribed in a circle of radius a is an equilateral triangle.

Sol. Let BC be one of the sides of the triangle and the third
vertex A should be in a position that the altitude AD is
maximum (for area of the triangle to be maximum).

For that the D ABC must be symmetric about AD.

i.e. D should be the mid-point of BC .

Let Ð =A 2a
\ Ð = Ð =BOD COD 2a
Thus, AD AO OD a a= + = + cos 2a
and CD a= sin 2a

Hence, area of D ABC A AD BC= = × ×1

2

Area, A a a= × + ×1

2
1 2 2( cos ) sina a

A
a= +

2

2
2

1

2
4(sin sin )a a

Differentiating w.r.t. a , we get

dA

d

a

a
a a= + =

2

2
2 2 2 4 0[ cos cos ]

\ 2 3 02a cos cosa a× =

Þ Either cos 3 0a = or cos a = 0

Þ a p p= / /6 2,

But a p= /2 is not possible.

Now,
d A

d
a

2

2

22 2 4 4
a

a a= =[– sin – sin ] –ve at a p= /6

\ A is maximum when a p= /6.

Also, Ð =A /p 3 and triangle is isosceles.

Hence, D ABC must be equilateral.

l Ex. 122 Show that the height of the cylinder of

maximum volume that can be inscribed in a sphere of radius

a is 2 3a/ .

Sol. Let h be the height and r be the radius of the cylinder. Let
O be the centre of the sphere.

From the figure,

OA OP PA2 2 2= +

i.e. a
h

r2
2

2

4
= + ...(i)

Now, volume of the cylinder,

V r h h a
h= =

æ

è
ç

ö

ø
÷p p2 2

2

4
– [using Eq. (i)]

Differentiating w.r.t. h, we have

dV

dh
a

h=
é

ë
ê

ù

û
ú =p 2

23

4
0– for extremum

Þ h
a= 2

3

Also,
d V

dh
h

2

2

3

2
0= <–

p

at h
a= 2

3

Thus, volume is maximum when h
a= 2

3
.

l Ex. 123 Let A p p B q q( , ), ( , – )
2 2 and C r r( , – )

2 be the

vertices of the D ABC. A parallelogram AFDE is drawn with

vertices D E F, , on the line segments BC CA, and AB, respec-

tively. Show that maximum area of such a parallelogram is
1

4

( – )( – )( – )p q q r r p .

B CD

A

a a

a

O

2α a

B

CD

A

O
a

θ
P



Chap 08 Monotonicity, Maxima and Minima 517

Sol. Let AF x DE= = and AE y DF= =
Since, D¢s CAB and CED are similar.

We have,
CE

CA

DE

AB
= [as shown in figure]

Þ b y

b

x

c

– =

[ here, BC a AC b= =, and AB c= ] ...(i)

Now, area of parallelogram,

S AF EM xy A= × = sin

S x b
x

c
A= × æ

èç
ö
ø÷

1 – sin [from Eq. (i)] ...(ii)

Differentiating w.r.t. x, we have

dS

dx

b

c
c x A= ( – ) sin2 [where sin A is constant]

For extremum,
dS

dx
= 0

Þ x
c=
2

Also,
d S

dx

b

c

2

2

2
0= <–

at x
c=
2

Hence, S is maximum when x
c=
2

Now, S bc Amax sin= 1

4
[from Eq. (ii)]

S bc Amax sin= æ
èç

ö
ø÷

1

2

1

2

S ABCmax ( )= 1

2
area of D

S

p p

q q

r r

max

–

–

–

= 1

4

1

1

1

2

2

2

S p q q r r pmax ( – )( – )( – )= 1

4

l Ex. 124 L L ¢be latusrectum of the parabola y ax2

4=
and PP ¢ is a double ordinate between the vertex and the

latusrectum. Show that the area of trapezium PP L L¢ ¢ is

maximum when the distance of PP ¢ from the vertex is
a

9

.

Sol. Let the double ordinate PP ¢ be drawn at a distance x at= 2

from the origin. (vertex).

Thus, the coordinate of P is ( , )at at2 2 as shown in figure

Hence, the area of trapezium is,

A PP LL QR= ¢ + ¢ ×1

2
( )

= + ×1

2
4 4 2( ) ( – )at a a at

A a t t= +2 1 12 2( )( – )

\ dA

dt
a t t= + - =2 1 1 3 02( )( ) [for extremum]

Þ t /= – ,1 1 3

Also,
d A

dt
a t

2

2

22 6 2= (– – )

Thus, A is maximum when t /= 1 3 as
d A

dt

2

2
0<

Hence, x at
a= =2

9
is the point at which area of trapezium

is maximum.

l Ex. 125 The circle x y2 2

1+ = intersects the X-axis at P

and Q. Another circle with centre at Q and variable radius

intersects the first circle at R, above the X-axis and the line

segment PQ at S. Find the maximum area of the DQSR.
[IIT JEE 1994]

Sol. The centre of the circle

x y2 2 1+ = ...(i)

is (0, 0) and radius OP OQ= =1

So, coordinates of Q are ( , )1 0 .

Let the radius of the variable circle be r .

Hence, its equation is

( – ) ( )x y r1 2 2 2+ = ...(ii)

Y

X
O ( 0)a,(at ,2 0)

P'

L'

R

L

P
( 2 )a, a

Q

Y

X
O

(1, 0)
S T

R

P Q

A

CB

E

y

x
y

D

M
x

F
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Subtracting Eq. (ii) from Eq. (i), we get

2 1 1 2x r– –=

x
r

OT= =1
2

2

– ...(iii)

Now, RT OR OT
r

r
r= =

æ

è
ç

ö

ø
÷ = -2 2

2
2

2
4

1 1
2 4

– – – ...(iv)

Now, the area of D QSR is, A QS RT= × ×1

2

\ A QS RT2 2 21

4
= ×( ) ( )

Þ A r r
r2 2 2

41

4 4
=

æ

è
ç

ö

ø
÷–

[using Eqs. (ii) and (iv)]

Þ A r r f r2 4 61

16
4= =( – ) ( ) (say)

Thus,
df r

dr
r r

( )
( – )= =1

16
16 6 03 5

[for extremum]

Þ r = 2
2

3

Also,
d f r

dr
r r

2

2

2 41

16
48 30

16

3
0

( )
( – ) –= = <

where r = 2
2

3

Hence, area is maximum at r = 2
2

3
and Amax = 4

3 3
sq unit.

l Ex. 126 A despatch rider is in open country at a distance

of 6 km from the nearest point P of a straight road. He

wishes to proceed as quickly as possible to a point Q on the

road 20 km from P. If his maximum speed across country is

40 km/h, 50 km/h on road, then at what distance from P, he

should touch the road.

Sol. Let A be the initial position of rider.

Then, PB x= Þ QB x= 20 –

and AB AP BP= +2 2 = +62 2x km

\ Total time T ,

T
x x=

+
+

2 36

40

20

50

–

Þ dT

dx

x

x
= ×

+

1

40

2

2 36

1

502

( )
–

For maximum and minimum value, we must have

dT

dx
= 0

Þ x

x40 36

1

502 +
=

or
5

4
362x

x= +

or
25

16
36

2
2x

x– =

Þ x 2 36 16

9
= ´

Þ x = ´ =6 4

3
8 km

l Ex. 127 From point A located on a highway a boy has to
get his bus to his school B located in the field at a distance l
from the highway in the least possible time. At what distance
from D should the bus leave the highway when the bus
moves n times slower in the field than on the highway?

Sol. Let AD s= and CD x= , where C is a point where the bus
leaves the highway.

Also, let the speed of the bus is ‘ ’v on the highway.

\ Total time taken,

t
AC

v

BC

v/n
= +

( )

Þ t
s x

v

n l x

v
= +

+–
2 2

Differentiating w.r.t. x, we have

dt

dx v

n

l x
x= +

+
+

é

ë
ê
ê

ù

û
ú
ú

=1
1

2
2 0

2 2
– ( ) [for extremum]

Þ n x l x2 2 2 2= +

Þ x
l

n
=

2 1–

Thus, ‘ ’t is minimum when x
l

n
=

2 1–
, as shown in figure.

Q PB

20

x

6 km

A

A C D

B school

s – x x

s

l

–

+

l n/ 2–1



l Ex. 128 Two men are walking on a path x y a3 3 3+ =
when the first man arrives at a point (x y

1 1
, ), he finds the

second man in the direction of his own instantaneous motion.
If the coordinates of the second man are (x y

2 2
, ), then show

that
x

x

y

y

2

1

2

1

1 0+ + = .

Sol. Since, ( , )x y1 1 and ( , )x y2 2 lies on the curve.

\ x y a1
3

1
3 3+ = ...(i)

and x y a2
3

2
3 3+ = ...(ii)

Subtracting Eqs. (i) from (ii), we get

( – ) ( – )x x y y2
3

1
3

2
3

1
3 0+ =

or x x y y2
3

1
3

2
3

1
3– –( – )= ...(iii)

Now, differentiating both sides of x y a3 3 3+ = w.r.t. x , we

get

3 3 02 2x y
dy

dx
+ =

Slope of tangent at ( , )x y1 1 = –
x

y

1
2

1
2

\The equation of tangent at ( , )x y1 1

y y
x

y
x x– – ( – )1

1
2

1
2 1=

It passes through ( , )x y2 2 .

\ y y
x

y
x x2 1

1
2

1
2 2 1–

–
( – )=

or x x x y y y1
2

2 1 1
2

2 1( – ) – ( – )= ...(iv)

Dividing Eq. (iii) by Eq. (iv), we get

x x

x x x

y y

y y y

2
3

1
3

1
2

2 1

2
3

1
3

1
2

2 1

–

( – )

–( – )

– ( – )
=

Þ x x x x

x

y y y y

y

2
2

1
2

1 2

1
2

2
2

1
2

1 2

1
2

+ + = + +

Þ x

x

x

x

y

y

y

y

2

1

2

2

1

2

1

2

2

1

1 1
æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

+ = æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

+

Þ x

x

y

y

y

y

x

x

2

1

2

2

1

2

2

1

2

1

æ
èç

ö
ø÷

æ
èç

ö
ø÷

= æ
èç

ö
ø÷

æ
èç

ö
ø÷

– –

Þ x

x

y

y

x

x

y

y

x

x

y

y

2

1

2

1

2

1

2

1

2

1

2

1

0– –
æ
èç

ö
ø÷

× +æ
èç

ö
ø÷

+ æ
èç

ö
ø÷

=

Þ x

x

y

y

x

x

y

y

2

1

2

1

2

1

2

1

1 0–
æ
èç

ö
ø÷

× + +æ
èç

ö
ø÷

=

i.e. either
x

x

y

y

2

1

2

1

=

or
x

x

y

y

2

1

2

1

1 0+ + =

But,
x

x

y

y

2

1

2

1

¹

\ x

x

y

y

2

1

2

1

1 0+ + =

l Ex. 129 In still water a boat moves with a velocity which

is K times less than velocity the river has current. At what

angle to the stream direction must the boat move to

minimize drifting.

Sol. Let the flow velocity of river be u and the velocity of boat
in still water be v .

Thus, v u/K=
Also, let the boat moves at an angle q with direction of
stream.

Now, the velocity of boat in the river is vector resultant of
the velocity of boat and velocity of following water or
water current, which can be written as,

v u v u u v uB = + = + +( – cos )$ ( sin )$ ( cos )$ ( sin )$a a q qi j i j

Hence, the time taken to cross the river

= d

u sin q
[where, d = width of river]

Thus, the drift s u v d= + ×( cos )q

Þ s d
v

u
= +(cosec q qcot )

Þ ds

d
d

v

uq
q q q= =(– cot – )cosec cosec2 0

Þ – cot
v

u
cosec cosec2 q q q=

Þ cosec q = –1/K

Þ q = cos (– )–1 1/K

l Ex. 130 Consider a square with vertices at (1, 1) (–1, 1)

(–1, –1) and (1, –1). Let S be the region consisting of all

points inside the square which are nearer to the origin than

to any edge. Sketch the region S and find its area.
[IIT JEE 1995]

Sol. Let the square ABCD and the equations of the sides of the
square are as follows

AB y: ,= 1 BC x: –= 1, CD y: –= 1, DA x: = 1

Let the region be S and ( , )x y is any point inside it. Then,
according to given conditions,
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Y

XO
α θ

d
v

u
s



x y x x y y2 2 1 1 1 1+ < + +| – |, | |, | – |,| |

Þ ( ) – , , –x y x x x x y y2 2 2 2 22 1 2 1 2+ < + + +

+ + +1 2 12, y y

Þ y x y x x y2 2 21 2 1 2 1 2< < + <– , , – and x y2 2 1< +

Now, in y x2 1 2= – and y x2 2 1= + , the first equation

represents a parabola with vertex ( , )1 2 0/ and second
equation represents a parabola with vertex (– , )1 2 0/ and in

x y2 1 2= – and x y2 1 2= + , the first equation represents

parabola with vertex at ( , )0 1 2/ and second equation
represents a parabola with vertex at ( ,– )0 1 2/ .

So, the region S is the region lying inside the four parabolas.

y x2 1 2= –

y x2 1 2= +
x y2 1 2= –

x y2 1 2= +

Now, S is symmetrical in all four quadrants.

\ S = ´4 area lying in first quadrant.

Now, y x2 1 2= –

and x y2 1 2= – intersect on y x=

The point of intersection is E ( – , – )2 1 2 1 .

\Area of region OEFO = Area of D OEH +
Area of region HEFH

= + ò
1

2
2 1 1 22

2 1

1 2
( – ) –

–
x dx

/

= + +1

2
2 1 2 2

2

3
1 2 3 2

2 1
1 2( – ) [( – ) ] –x / /

= +1

2
3 2 2

1

3
3 2 2 3 2( – ) ( – ) /

= +1

2
3 2 2

1

3
2 1 3( – ) ( – )

= +1

2
3 2 2

1

3
5 2 7( – ) ( – ) = 1

6
4 2 5[ – ]

Similarly, area of region OEGO = 1

6
4 2 5( – )

So, area of S lying in first quadrant = 2

6
4 2 5( – )

Hence, S = 4

3
4 2 5( – )

l Ex. 131 If x is increasing at the rate of 2 cm/s at the
instant when x = 3 cm and y =1cm, at what rate y must be

changing in order that the quantity ( – )2 3
2xy x y shall be

neither increasing nor decreasing.

If S a b R R x a y b xy x y= Î ´ = = ={( , ) : , , –2 3
2 constant

Þ >dy

dx
0}

S x y A B A and B¢ = Î ´ £ £ £ £{( , ) : – – }1 1 1 1 , then find the

area S SÇ ¢.

Sol. Here, x = 3 cm, y = 1 cm and
dx

dt
= 2 cm/s

Let f xy x y= 2 3 2–

Þ df

dt
y

dx

dt
x

dy

dt
x

dy

dt
xy

dx

dt
= +2 2 3 62– –

= - + -( ) ( )2 3 2 62x x
dy

dx
y xy

dx

dt
...(i)

Q f is neither increasing nor decreasing.

\ df

dt

æ
èç

ö
ø÷

=
( , )3 1

0

Þ ( – ) ( – )2 3 27 2 18 2 0´ + =dy

dt

Þ dy/dt /= – 32 21

Now, for S, f = constant

Þ 0 2 3 2 62= +( – ) ( – )x x
dy

dt
y xy

dx

dt

Þ dy

dx

xy y

x x
= 6 2

2 3 2

–

–

Þ dy

dx
> 0 Þ 6 2

2 3
0

2

xy y

x x

–

–
>

Þ y x

x x

( – )

( – )

3 1

3 2
0< ,

Thus, there arise two cases

Case I y x( – )3 1 0> and x x( – )3 2 0<
Þ ( )y x /> >0 1 3and or ( )y x /< <0 1 3and

and 0
2

3
< <æ

èç
ö
ø÷

x

Þ y x> < <æ
èç

ö
ø÷

0
1

3

2

3
and or y x< < <æ

èç
ö
ø÷

0 0
1

3
and
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Y

X
O

B(–1, 1)

D (1, –1)C(–1, –1)

A(1, 1)

(0, 1/2)

(1/2, 0)

(–1/2, 0)

(0, –1/2)

S

Y

X
O

(0, 1)

H F (1, 0)

2 – 1y

A (1, 1)

G

I

y = x2 2 – 1

E = yx 2 2 – 1



Case II y x( – )3 1 0< and x x( – )3 2 0>
Þ ( )y x /> <0 1 3and

or ( )y x /< >0 1 3and

and ( )x x /< >0 2 3or

Þ ( )y x> <0 0and

or ( )y x /< >0 2 3and

Thus, S is shaded portion shown in figure (i).

Also, S ¢ represents the portion shown in figure (ii).

Thus, area for S SÇ ¢ is shown in figure (iii).

Thus, the area of S SÇ ¢ = 2

l Ex. 132 In how many parts an integer N ³ 5 should be

divide so that the product of the parts is maximized?

Sol. Let x x x x Nn1 2 3+ + + + =...

\ To maximize the value of x x x xn1 2 3 K

Using AM GM>

x x x

n
x x xn

n
/n1 2

1 2
1+ + + >K

K( )

Þ x x x
x x x

n
n

n
n

1 2
1 2

K

K£ + + +æ
èç

ö
ø÷

which shows maximum value of x x xn1 2 K is obtained
when x x x xn1 2 3= = = =K

Now, function to be maximized is
x x x

n

n
n

1 2+ + +æ
èç

ö
ø÷

K

which is discrete function of n. In order to arrive at some
possible neighbourhood first we make it continuous. Thus,
by changing the variable n to x .

We write f x
N

x

x

( ) = æ
èç

ö
ø÷

For maxima f x¢ =( ) 0

i.e.
N

x

N

x

x
æ
èç

ö
ø÷

ì
í
î

ü
ý
þ

=log – 1 0 Þ N

x
e=

or x
N

e
= , now as x Î integer

Þ The nearest integer is
N

e

é
ëê

ù
ûú

or
N

e

é
ëê

ù
ûú

+ 1.
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X

(iii)
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Y
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1. If f : [ , ] [ , ]1 10 1 10® is a non-decreasing function and

g : [ , ] [ , ]1 10 1 10® is a non-increasing function. Let
h x f g x( ) ( ( ))= with h( ) .1 1= Then, h( )2
(a) lies in (1, 2) (b) is more than two

(c) is equal to one (d) is not defined

2. P is a variable point on the curve y f x= ( ) and A is a

fixed point in the plane not lying on the curve. If PA 2 is
minimum, then the angle between PA and the tangent at
P is

(a)
p
4

(b)
p
3

(c)
p
2

(d) None of these

3. Let f x
x x

x x x
( )

sin ,

,
=

+ <

- + ³

ì
í
î

1 0

1 02
. Then,

(a) f has a local maximum at x = 0

(b) f has a local minimum at x = 0

(c) f is increasing everywhere

(d) f is decreasing everywhere

4. If m and n are positive integers and

f x t a t b dt a bn mx
( ) ( ) ( ) ,= - - ¹+ò 2 2 1

1
, then

(a) x b= is a point of local minimum

(b) x b= is a point of local maximum

(c) x a= is a point of local minimum

(d) x a= is a point of local maximum

5. Let f x x a xn n( ) ,= + ×+1 where a is a positive real

number. Then, x = 0 is a point of
(a) local minimum for any integer n
(b) local maximum for any integer n
(c) local minimum if n is an even integer
(d) local minimum if n is an odd integer

6. If f x
x

x
x

x

( )
, | |

,

=
+ < £

>

ì
í
ï

îï

2
2

0 2

3 2

2

2 , then

(a) x = -1 1, are the points of global minima

(b) x = -1 1, are the points of local minima

(c) x = 0 is the points of local minima

(d) None of the above

7. Given a function y x xx= >, 0 and 0 1< <x . The values

of x for which the function attain values exceeding the
values of its inverse are
(a) 0 1< <x (b) 1 < < ¥x

(c) 0 2< <x (d) None of these

8. sin cosx x y y a+ = - +2 has no value of x for any y, if a

belongs

(a) ( , )0 3 (b) ( , )- 3 0

(c) ( , )-¥ - 3 (d) ( , )3 ¥

9. If f R R: ® is the function defined by

f x
e e

e e

x x

x x
( ) ,= -

+

-

-

2 2

2 2
then

(a) f x( ) is an increasing function

(b) f x( ) is a decreasing function

(c) f x( ) is a onto

(d) None of the above

10. Let f x( ) be a quadratic expression positive for all real x.

If g x f x f x f x( ) ( ) ( ) ( )= - ¢ + ¢ ¢ , then for any real x

(a) g x( ) > 0 (b) g x( ) £ 0
(c) g x( ) ³ 0 (d) g x( ) < 0

11. f x x x x( ) min { , cos , sin }, ,= - - £ £1 1 p p then

(a) f x( ) is differentiable at 0

(b) f x( ) is differentiable at
p
2

(c) f x( ) has local maxima at 0

(d) None of the above

12. f x
x x x

a x
( )

| | ,

,
=

- + + ¹ -

+ = -

ì
í
ï

îï

2 5 6 2

1 2

2

2
, then the range of a, so

that f x( ) has maxima at x = - 2 is
(a) | |a ³ 1 (b) | |a < 1 (c) a > 1 (d) a < 1

13. Maximum number of real solution for the equation

ax x bx cn + + + =2 0, where a b c R, , Î and n is an even

positive number, is
(a) 2 (b) 3 (c) 4 (d) infinite

14. Maximum area of rectangle whose two sides are
x x x x= = -0 0, p and which is inscribed in a region
bounded by y x= sin and X-axis is obtained when x 0 Î

(a)
p p
4 3

,
æ
èç

ö
ø÷ (b)

p p
6 4

,
æ
èç

ö
ø÷

(c) 0
6

,
pæ

èç
ö
ø÷ (d) None of these

15. f x kx k( ) = - + +1 neither touches nor intersect the

curve f x x( ) ln ,= then minimum value of k Î

(a)
1 1

e e
,

æ
èç

ö
ø÷ (b) ( , )e e 2

(c)
1

e
e,

æ
èç

ö
ø÷ (d) None of these

Single Option Correct Type Questions
Monotonicity, Maxima and Minima Exercise 1 :



16. Let f x( ) be a polynomial with real coefficients satisfies

f x f x f x( ) ( ) ( ).= ¢ ´ ¢ ¢ ¢ If f x( ) = 0 satisfies x = 1, 2, 3
only, then the value of ¢ ´ ¢ ´ ¢f f f( ) ( ) ( )1 2 3 is equal to
(a) positive (b) negative

(c) 0 (d) inadequate data

17. A curve whose concavity is directly proportional to the
logarithm of its x-coordinates at any of the curve, is given
by

(a) c x x c x c1
2

2 32 3× - + +( log )

(b) c x x c x c1
2

2 32 3( log )+ + +
(c) c x x c1

2
22( log ) +

(d) None of the above

18. f x x x x( ) tan tan tan ,= - +4 2 3 " ¹ + " Îx n n Ip p
2

, ,
then
(a) f x( ) is increasing for all x RÎ
(b) f x( ) is decreasing for all x RÎ
(c) f x( ) is increasing in its domain

(d) None of the above

19. If f x
x k x k

a
x k

x k
x k

( )
| | ,
sin ( )

,
=

+ - £

- + -
-

>

ì
í
ï

îï

3

22

for

for
has minimum

at x k= , then
(a) a RÎ (b) | |a < 2
(c) | |a > 2 (d) 1 2< <| |a

20. Let f be a linear function with properties
f f f f( ) ( ), ( ) ( )1 2 3 4£ ³ and f ( )5 5= , then which of the
following is true?
(a) f ( )0 0< (b) f ( )0 0=
(c) f f f( ) ( ) ( )1 0 1< < - (d) f ( )0 5=

21. If P x( ) is polynomial satisfying P x x P x( ) ( )2 2= and

P ( )0 2= - , ¢ =P ( / )3 2 0 and P ( )1 0= .

The maximum value of P x( ) is

(a) -1

3
(b) - 1

4

(c) -1

2
(d) None of these

22. If the curve x y a2 4= - -( ) does not intersect the curve

y x x= - +[ ]2 1 (where [.] denotes the greatest integer

function) in 0
1 5

2
,

+é

ë
ê

ù

û
ú, then

(a)
1

3
1< <a (b) - < <1 1a

(c)
1

4
1< <a (d) None of these

23. Analyze the following graph of ¢f x( )

which is incorrect about f x( ) for a b< <x ?
(a) only three extreme points

(b) two inflexion points

(c) ¢¢¢ >f x( ) 0 for d x e< <
(d) x e= is the point of local maxima

24. Let f x x x( ) = -2 2 and g x f f x f f x( ) ( ( ) ) ( ( ))= - + -1 5 ,

then
(a) g x x R( ) ,< " Î0

(b) g x( ) < 0, for some x RÎ
(c) g x( ) ³ 0, for some x RÎ
(d) g x x R( ) ,³ " Î0

25. Let f N N: ® be such that f n f f n( ) ( ( ))+ >1 for all

n NÎ , then

(a) f x x x( ) = - +2 1

(b) f x x( ) = -1

(c) f x x( ) = +2 1

(d) None of the above

26. The equation | |2 3ax - + | | | |ax ax+ + - =1 5
1

2
possesses

(a) infinite number of real solutions for some a RÎ
(b) finitely many real solutions for some a RÎ
(c) no real solutions for some a RÎ
(d) no real solutions for all a RÎ

27. If 2 2
0

2

0

2

x f t dt f x t dt
x x

ò ò= -æ
èç

ö
ø÷( ) ( ) for f ( )1 1= and f x( )

is continuous function for x > 0 and {an } is a sequence

such that a a an n n+ = + +1
21 for a = 0; if f x( ) is an

increasing function, then lim
n

k

n

a

®¥ -
=

2 1

( ( ))where k f n= -2 1 is

(a) p / 4 (b) 4/p (c) p (d) p /2

28. A function f is defined by f x x xm n( ) | | | |= - 1 , " Îx R.

The maximum value of the function is ( , )m n NÎ
(a) 1 (b) m nn m×

(c)
m n

m n

m n

m n

×
+ +( )

(d)
( )

( )

mn

m n

mn

m n+ +
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29. Which of the following is/are true?

(you may use f x
x

x
( )

( )= ln ln

ln
)

(a) (ln . ) (ln . )ln . ln .2 1 2 22 2 2 1>

(b) (ln ) (ln )ln ln4 55 4<

(c) (ln ) (ln )ln ln30 3131 30>

(d) (ln ) (ln )ln28 3030 28<

30. If lim ( ) lim [ ( )]
x a x a

f x f x
® ®

= (where [×] denotes the greatest

integer function) and f x( ) is non-constant continuous
function, then
(a) lim ( )

x a
f x

®
is an integer

(b) lim ( )
x a

f x
®

is non-integer

(c) f x( ) has local maximum at x a=

(d) f x( ) has local minimum at x a=

31. Let S be the set of real values of parameter l for which

the equation f x x x x( ) ( )= - + +2 3 2 123 2l l has exactly

one local maximum and exactly one local minimum.
Then, S is a subset of
(a) ( , )- ¥4 (b) ( , )-3 3

(c) ( , )3 ¥ (d) ( , )-¥ 0

32. h x f
x

f x x( ) ( ), ( , )=
æ

è
ç

ö

ø
÷ + - " Î -3

3
3 3 4

2
2 , where

¢ ¢ > " Î -f x x( ) , ( , )0 3 4 , then h x( ) is

(a) increasing in
3

2
4,

æ
èç

ö
ø÷

(b) increasing in -æ
èç

ö
ø÷

3

2
0,

(c) decreasing in - -æ
èç

ö
ø÷3

3

2
,

(d) decreasing in 0
3

2
,

æ
èç

ö
ø÷

33. f x x x( ) tan (sin cos ),= +-1 then f x( ) is increasing in

(a) -æ
èç

ö
ø÷

p p
2 4

, (b) -æ
èç

ö
ø÷

p p
4 4

,

(c)
5

4

3

2

p p
,

æ
èç

ö
ø÷ (d) - -æ

èç
ö
ø÷2

7

4
p p

,

34. If maximum and minimum values of the determinant

1 2

1 2

1 2

2 2

2 2

2 2

+
+

+

sin cos sin

sin cos sin

sin cos sin

x x x

x x x

x x x

are a and b, then

(a) a b+ =99 4

(b) a b3 17 26- =
(c) ( )a b2 2n n- is always an even integer for n NÎ
(d) a triangle can be drawn having it’s sides as a b,

and a b-

35. Let f x

x x x

x x

x x

( )

,

sin ,

cos ,

=

+ - £ £

- < £

- - < £

ì

í

ï
ï
ï

î

ï

2 4 3 0

0
2

1
2

p

p pï
ï

. Then,

(a) x = -2 is the point of global minima

(b) x = p is the point of global maxima

(c) f x( ) is non-differentiable at x = p
2

(d) f x( ) is discontinuous at x = 0

36. Let f x ab x b a x c( ) sin cos ,= + - +1 2

where | | , ,a b< >1 0 then
(a) maximum value of f x( ) is b, if c = 0

(b) difference of maximum and minimum value of f x( ) is 2b

(c) f x c( ) = , if x a= - -cos 1

(d) f x c( ) = , if x a= -cos 1

37. If f x
dt

t
x

x

x

m

n

( )
ln

,= >ò 0 and n m> , then

(a) ¢ = --
f x

x x

x

m

( )
( )

ln

1 1

(b) f x( ) is decreasing for x > 1

(c) f x( ) is increasing in ( , )0 1

(d) f x( ) is increasing for x > 1

38. f x x x( ) = - + -1 2 and g x x bx c( ) = + +2 are two

given functions such that f x( ) and g x( ) attain their
maximum and minimum values respectively for same
value of x, then

(a) f x x( )max at = 1

2
(b) f x x( )max at = 3

2

(c) b = 3 (d) b = -3
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39. If f x a g x aa x a xx x

( ) ; ( ){ } [ ]| | | |

= =sgn sgn for a > 0,a ¹ 1 and

x RÎ , where {×} and [×] denote the fractional part and
integral part functions respectively, then which of the
following statements can hold good for the function
h x( )? where (ln ) ( ) (ln ( ) ln ( ))a h x f x g x= +
(a) h is even and increasing

(b) h is odd and decreasing

(c) h is even and decreasing

(d) h is odd and increasing

40. For the function f x x( ) ln ( ln )= -1 , which of the

following do not hold good?

(a) increasing in (0, 1) and decreasing in (1, e)

(b) decreasing in (0, 1) and increasing in (1, e)

(c) x = 1 is the critical number for f x( )

(d) f has two asymptotes

41. The function f x

x x

x x

x x

( )

,

,

( ) ,

=
+ < -

- £ <
- ³

ì
í
ï

îï

2 1

1 1

2 1

2

2

if

if

if

(a) is continuous for all x RÎ
(b) is continuous but not differentiable, " Îx R

(c) is such that f x¢( ) change its sign exactly twice

(d) has two local maxima and two local minima

42. A function f is defined by f x t x t dt( ) cos cos ( )= -ò0
p

,

0 2£ £x p, then which of the following hold(s) good?

(a) f x( ) is continuous but not differentiable in ( , )0 2p

(b) Maximum value of f is p
(c) There exists atleast one c Î( , )0 2p if f c¢ =( ) 0

(d) Minimum value of f is - p
2

43. Let f x
x

x
( ) = - 1

2
, then which of the following is correct?

(a) f x( ) has minima but no maxima

(b) f x( ) increases in the interval ( , )0 2 and decreases in the

interval ( , ) ( , )- ¥ È ¥0 2

(c) f x( ) can come down in ( , ) ( , )- ¥ È0 2 3

(d) x = 3 is the point of inflection

44. Let f x( ) be differentiable function on the interval

( , )-¥ ¥ such that f ( )1 5= and lim
( ) ( )

a x

af x xf a

a x®

-
-

= 2, for

all x RÎ . Then, which of the following alternative(s)
is/are correct?
(a) f x( ) has an inflection point

(b) f x¢ =( ) 3, " Îx R

(c) f x dx( )
0

2
10ò =

(d) Area bounded by f x( ) with coordinate axes is ( / )2 3

45. Let f :( , ) ( , )0 0¥ ® ¥ be a derivable function and F x( ) is

the primitive of f x( ) such that 2 2( ( ) ( )) ( )F x f x f x- = for

any real positive x

(a) f is strictly increasing (b) lim
( )

x

f x

x® ¥
= 1

(c) f is strictly decreasing (d) f is non-monotonic

Directions (Q. Nos. 46 to 54) For the following questions,

choose the correct answers from the codes (a), (b), (c) and (d)

defined as follows.
(a) Statement I is true, Statement II is also true, Statement II

is the correct explanation of Statement I

(b) Statement I is true, Statement II is also true, Statement II
is not the correct explanation of Statement I

(c) Statement I is true, Statement II is false

(d) Statement I is false, Statement II is true

46. Statement I The equation 3 4 02x ax b+ + = has atleast
one root in (0, 1), if 3 4 0+ =a .

Statement II f x x x b( ) = + +3 42 is continuous and

differentiable in (0, 1).

47. Statement I For the function

f x
x x

x x
( )

,

,
=

- <
- ³

ì
í
î

15 2

2 3 2
x = 2 has neither a maximum nor a

minimum point.

Statement II ¢f x( ) does not exist at x = 2.

48. Statement I

f p p f( ) ( sin cos ) , , ( )x t t dt x x
x

= + Îé
ëê

ù
ûúò 3 4

6 30
attains its

maximum value at x = p
3

.

Statement II f f( ) ( sin cos ) , ( )x t t dt x
x

= +ò 3 4
0

is

increasing function in
p p
6 3

,
é
ëê

ù
ûú
.

Chap 08 Monotonicity, Maxima and Minima 525

Statements I and II Type Questions
Monotonicity, Maxima and Minima Exercise 3 :



49. Let f x( ) be a twice differentiable function in [ , ]a b ,

given that f x( ) and ¢ ¢f x( ) has same sign in [a, b].

Statement I ¢ =f x( ) 0 has at the most one real root in [ , ]a b .

Statement II An increasing function can intersect the
X-axis at the most once.

50. Let u c c= + -1 and v c c= - - 1, c > 1 and let

f x x( ) ln ( )= +1 , " Î - ¥x ( , )1 .

Statement I f u f v c( ) ( ),> " > 1 because

Statement II f x( ) is increasing function, hence for
u v> , f u f v( ) ( )> .

51. Let f f f( ) , ,0 0
2

1
3

2
1= æ

èç
ö
ø÷

= æ
èç

ö
ø÷

= -p p
be a continuous and

twice differentiable function.

Statement I | ( )|¢ ¢ £f x 1 for atleast one x Îæ
èç

ö
ø÷

0
3

2
,

p

because

Statement II According to Rolle's theorem, if y g x= ( ) is
continuous and differentiable, " Îx a b[ , ]and g a g b( ) ( )= ,
then there exists atleast one c such that ¢ =g c( ) 0.

52. Statement I For any DABC

sin
sin sin sinA B C A B C+ +æ

èç
ö
ø÷

³ + +
3 3

Statement II y x= sin is concave downward for
x Î( , ]0 p .

53. Statement I If f x x( ) [ ]= (sin cos )x x+ - 1

(where [ × ] denotes the greatest integer function),

then ¢ = -f x x x x( ) [ ](cos sin ) for any x Îinteger.

Statement II ¢f x( ) does not exist for any
x Îinteger.

54. f x( ) is a polynomial of degree 3 passing through origin

having local extrema at x a= ± .

Statement I Ratio of areas in which f x( ) cuts the
circle x y2 2 36+ = is 1 : 1.

Statement II Both y f x= ( ) and the circle are
symmetric about origin.
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Passage I

(Q. Nos. 55 to 57)

Let f x
x

( ) ,=
+
1

1 2
let m be the slope, a be the x-intercept and b be

the y-intercept of a tangent to y f x= ( ).

55. Abscissa of the point of contact of the tangent for which
m is greatest, is

(a)
1

3
(b) 1

(c) – 1 (d) - 1

3

56. Value of b for the tangent drawn to the curve y f x= ( )

whose slope is greatest, is

(a)
9

8
(b)

3

8

(c)
1

8
(d)

5

8

57. Value of a for the tangent drawn to the curve y f x= ( )

whose slope is greatest, is

(a) - 3

(b) 1

(c) – 1

(d) 3

Passage II

(Q. Nos. 58 to 60)

Consider the function f x x( ) max { ,= 2

( ) , ( )}, [ , ]1 2 1 0 12- - Îx x x x

58. The interval in which f x( ) is increasing, is

(a)
1

3

2

3
,

æ
èç

ö
ø÷ (b)

1

3

1

2
,

æ
èç

ö
ø÷

(c)
1

3

1

2

1

2

2

3
, ,

æ
èç

ö
ø÷ È æ

èç
ö
ø÷ (d)

1

3

1

2

2

3
1, ,

æ
èç

ö
ø÷ È æ

èç
ö
ø÷

59. Let RMVT is applicable for f x( ) on ( , )a b , then a b c+ + is

(where c is the point such that ¢ =f c( ) 0)

(a)
2

3
(b)

1

3

(c)
1

2
(d)

3

2

60. The interval in which f x( ) is decreasing, is

(a)
1

3

2

3
,

æ
èç

ö
ø÷ (b)

1

3

1

2
,

æ
èç

ö
ø÷

(c) 0
1

3

1

2

2

3
, ,

æ
èç

ö
ø÷ È æ

èç
ö
ø÷ (d)

1

3

1

2

2

3
1, ,

æ
èç

ö
ø÷ È æ

èç
ö
ø÷

Passage Based Questions
Monotonicity, Maxima and Minima Exercise 4 :



Passage III

(Q. Nos. 61 to 63)

f x g x h x( ), ( ), ( ) all are continuous and differentiable functions in

[ , ]a b also a c b< < and f a g a( ) ( )= = h a( ). Point of intersection of

the tangent at x c= with chord joining x a= and x b= is on the

left of c in y f x= ( ) and on the right in y h x= ( ). And tangent at

x c= is parallel to the chord in case of y g x= ( ) .

Now, answer the following questions.

61. If ¢ > ¢ > ¢f x g x h x( ) ( ) ( ), then

(a) f b g b h b( ) ( ) ( )< < (b) f b g b h b( ) ( ) ( )> >
(c) f b g b h b( ) ( ) ( )£ £ (d) f b g b h b( ) ( ) ( )³ ³

62. If f b g b h b( ) ( ) ( )= = , then

(a) ¢ = ¢ = ¢f c g c h c( ) ( ) ( ) (b) ¢ > ¢ > ¢f c g c h c( ) ( ) ( )

(c) ¢ < ¢ < ¢f c g c h c( ) ( ) ( ) (d) None of these

63. If c
a b= +

2
for each b, then

(a) g x Ax Bx C( ) = + +2

(b) g x x( ) log=
(c) g x x( ) sin=
(d) g x ex( ) =

Passage IV

(Q. Nos. 64 to 66)

In the non-decreasing sequence of odd integers

( , , , ... ) { , , , , , , , , , ... }a a a1 2 3 1 3 3 3 5 5 5 5 5= each positive odd integer k

appears k times. It is a fact that there are integers b c, and d such

that for all positive integer n a b n c dn, [ ]= + + (where [.]

denotes greatest integer function).

64. The possible value of b c d+ + is
(a) 0 (b) 1 (c) 2 (d) 4

65. The possible value of
b d- 2

8
is

(a) 0 (b) 1
(c) 2 (d) 4

66. The possible value of
c d

b

+
2

is

(a) 0 (b) 1
(c) 2 (d) 4

Passage V

(Q. Nos. 67 to 69)

Let g x a a x a x a x( ) = + + +0 1 2
2

3
3 and f x g x( ) ( ),= f x( ) have

its non-zero local minimum and maximum values at - 3 and 3,

respectively. If a3 Î the domain of the function

h x
x

x
( ) sin= +æ

è
ç

ö

ø
÷-1

21

2

67. The value of a a1 2+ is equal to

(a) 30 (b) – 30

(c) 27 (d) – 27

68. The value of a0 is

(a) equal to 50

(b) greater than 54

(c) less than 54

(d) less than 50

69. f ( )-10 is defined for

(a) a0 830>
(b) a0 830<
(c) a0 830=
(d) None of the above

Passage VI

(Q. Nos. 70 to 74)

If f D R: ® , f x
x bx c

x b x c
( ) = + +

+ +

2

2
1 1

, where a b, are the roots of the

equation x bx c2 0+ + = and a b1 1, are the roots of

x b x c2
1 1 0+ + = . Now, answer the following questions for f x( ). A

combination of graphical and analytical approach may be helpful

in solving these problems. (If a1 and b1 are real, then f x( ) has

vertical asymptote at x = a b1 1, ) . Then,

70. If a a b b1 1< < < , then

(a) f x( ) is increasing in ( , )a b1 1

(b) f x( ) is decreasing in ( , )a b
(c) f x( ) is decreasing in ( , )b b1

(d) f x( ) is decreasing in ( , )-¥ a

71. If a b a b1 1< < < , then

(a) f x( ) has a maxima in [ , ]a b1 1 and a minima is [ , ]a b
(b) f x( ) has a minima in ( , )a b1 1 and a maxima in ( , )a b
(c) ¢ >f x( ) 0 where ever defined

(d) ¢ <f x( ) 0 where ever defined

72. If the equations x bx c2 0+ + = and x b x2
1+ + c 1= 0 do

not have real roots, then
(a) ¢ =f x( ) 0 has real and distinct roots

(b) ¢ =f x( ) 0 has real and equal roots

(c) ¢ =f x( ) 0 has imaginary roots

(d) nothing can be said

73. In the above problem, lim [ ( )] lim [ ( )]
x x

f x f x
®¥ ®¥

× (where [.]

denotes the greatest integer function) is equal to
(a) 1
(b) 0
(c) – 1
(d) does not exist

74. In the last problem, if b b> 1 , then

(a) x-coordinate of point of minima is greater than the

x-coordinate of point of maxima

(b) x-coordinate of point of minima is less than x-coordinate

of point of maxima

(c) it also depends upon c and c1

(d) nothing can be said
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Passage VII

(Q. Nos. 75 to 77)

Consider the function f x
x

x
( ) =

-

2

2 1

75. The interval in which f is increasing is

(a) ( , )- 1 1

(b) ( , ) ( , )- ¥ - È -1 1 0

(c) ( , ) { , }- ¥ ¥ - - 1 1

(d) ( , ) ( , )0 1 1È ¥

76. If f is defined from R R- - ®{ , }1 1 , then f is

(a) injective but not surjective

(b) surjective but not inective

(c) injective as well as surjective

(d) neither injective nor surjective

77. f has

(a) local maxima but not local minima

(b) local minima but not local maxima

(c) both local maxima and local minima

(d) neither local maxima nor local minima

Passage VIII

(Q. Nos. 78 to 80)

Suppose you do not know the function f x( ), however some

information about f x( ) is listed below.

Read the following carefully before attempting the questions

(i) f x( ) is continuous and defined for all real numbers

(ii) f f¢ - = ¢( ) , ( )5 0 2 is not defined and f ¢ =( )4 0

(iii) ( , )- 5 12 is a point which lies on the graph of f x( )

(iv) f ² ( )2 is undefined, but f x² ( ) is negative everywhere else

(v) The signs of f x¢( ) is given below

78. On the possible graph of y f x= ( ), we have

(a) x = -5 is a point of relative minima

(b) x = 2 is a point of relative maxima

(c) x = 4 is a point of relative minima

(d) graph of y f x= ( ) must have a geometrically sharp corner

79. From the possible graph of y f x= ( ), we can say that

(a) there is exactly one point of inflection on the curve

(b) f x( ) increases on - < <5 2x and x > 4 and decreases on

- ¥ < < -x 5 and 2 4< <x

(c) the curve is always concave down

(d) curve always concave up

80. Possible graph of y f x= ( ) is

Passage IX

(Q. Nos. 81 to 83)

Let f x e ep x x( ) ( )= -+1 for real number p > 0, then

81. The value of x s p= for which f x( ) is minimum, is

(a)
- +log ( )e p

p

1
(b) - +log ( )e p 1

(c) - loge p (d) loge

p

p

+æ
è
ç

ö
ø
÷

1

82. Let g t f x e dxt x

t

t
( ) ( ) .= -+

ò
1

The value of t t p= , for which

g t( ) is minimum, is

(a) - -
log

( )
e

pe

p

1
(b) - -æ

è
ç

ö
ø
÷

1 1

p

e

p
e

p

log

(c) - + -æ
è
ç

ö
ø
÷

1 1 1

p

p e

p
e

p

log
( )( )

(d) - + -log (( )( ))e
pp e1 1

83. Use the fact that 1
2

1
1

2

2+ £ - £ + +p e

p

p
p

p

( )0 1< £p ,

the value of lim ( )
p

p ps t
® +

-
0

is

(a) 0 (b)
1

2
(c) 1 (d) non-existent
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f + + +′ + + +

–5 2 40

(a)

Y

–5 0 2 4
X

(b)

Y

X
–5 0 42

(c)

Y

X
– 5 0 2 4

(d)

Y

X
– 5 0 42



Passage X

(Q. Nos. 84 to 86)

Consider f , g and h be three real valued function defined on R.

Let f x x x( ) sin cos= +3 , g x x x( ) cos sin= +3 and

h x f x g x( ) ( ) ( )= +2 2 .

84. The length of a longest interval in which the function
g h x= ( ) is increasing, is
(a) p/8 (b) p/4 (c) p/6 (d) p/2

85. The general solution of the equation h x( ) = 4, is

(a) ( ) /4 1 8n + p (b) ( ) /8 1 8n + p
(c) ( ) /2 1 4n + p (d) ( ) /7 1 4n + p

86. Number of point(s) where the graphs of the two
function, y f x= ( ) and y g x= ( ) intersects in [ , ]0 p , is
(a) 2 (b) 3
(c) 4 (d) 5

Passage XI

(Q. Nos. 87 to 89)

Consider f, g and h be three real valued functions defined on R.

Let f x

x

x

x

( )

,

,

,

=
- <

=
>

ì
í
ï

îï

1 0

0 0

1 0

, g x x x( ) ( )= -1 2 and h x( ) be such that

¢¢ = -h x x( ) 6 4.

Also, h x( ) has local minimum value 5 at x = 1.

87. The equation of tangent at m( , )2 7 to the curve y h x= ( ),

is
(a) 5 17x y+ = (b) x y+ =5 37

(c) x y- + =5 33 0 (d) 5 3x y- =

88. The area bounded by y h x= ( ), y g f x= ( ( )) between x = 0

and x = 2 equals
(a) 23 2/ (b) 20 3/ (c) 32 3/ (d) 40 3/

89. Range of function sin (-1
fog( ))x is

(a) ( , / )0 2p (b) { , / }0 2p
(c) { / , , / }-p p2 0 2 (d) { / }p 2

Passage XII

(Q. Nos. 90 to 92)

Consider f, g and h be three real valued differentiable functions

defined on R.

Let g x x g x g g x g( ) ( ) ( ( ) ( ) ) ( )= + ¢¢ + ¢ - ¢¢ - + ¢3 21 3 1 1 1 3 1

f x x g x x( ) ( )= - +12 1

and f x h x( ) ( ( ))= 2 , where h( )0 1= .

90. The function y f x= ( ) has

(a) Exactly one local minima and no local maxima

(b) Exactly one local maxima and no local minima

(c) Exactly one local maxima and two local minima

(d) Exactly two local maxima and one local minima

91. Which of the following is/are true for the function
y g x= ( )?
(a) g x( ) monotonically decreases inEREDEDDD

-¥ -æ
èç

ö
ø÷ È + ¥æ

èç
ö
ø÷, ,2

1

3
2

1

3

(b) g x( ) monotonically increases in 2
1

3
2

1

3
- +é

ëê
ö
ø÷,

(c) There exists exactly one tangent to y g x= ( ) which is

parallel to the chord joining the points ( , ( ))1 1g and ( , ( ))3 3g

(d) There exists exactly two distinct lagrange’s mean value in

( , )0 4 for the function y g x= ( )

92. Which one of the following does not hold good for
y h x= ( )?
(a) Exactly one critical point

(b) No point of inflexion

(c) Exactly one real zero in ( , )0 3

(d) Exactly one tangent parallel to X -axis
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93. Match the following :

Column I Column II

(A) The maximum value attained by y x x= - - - £ £10 10 1 3| |, is (p) 3

(B) If P t t t( , ), [ , ]2 2 0 2Î is an arbitrary point on parabola y x
2 4= , Q is foot of perpendicular from

focus S on the tangent at P, then maximum area of D PQS is

(q) 1

3

(C) If a b a b+ = >1 0, , , then maximum value of 1
1

1
1+æ

èç
ö
ø÷ +æ

èç
ö
ø÷a b

is
(r) 5

(D) For real values of x, the greatest and least value of expression
x

x x

+
+ +

2

2 3 62
is

(s) - 1

13

Matching Type Questions
Monotonicity, Maxima and Minima Exercise 5 :



94. Match the entries of the following two columns.

Column I Column II

(A) The least value of the function

f x
x x x( ) = × - × + ×2 3 3 4 2 33 2

in [– 1, 1] is

(p) 5

(B) The minimum value of the polynomial

f x x x x( ) ( ) ( )= - +1 1 is

(q) – 1

(C) The value of the polynWmial

(| | [ ])x x dx- -
-ò 2

1

3
(where [ × ] denotes the

greatest integer function) is

(r) 3

(D) If period of the function

f x x x( ) sin tan= 36 42 is p, then

18p

p
equals

(s) 0

95. Match the following :

Column I Column II

(A) f x t t t dt
x

( ) ( )( ) ( )= - + -ò 2 1 33 2

0

2 2

is/has

in (– 1, 1)

(p) local

maxima

(B) f x

x
x

x x

( )
sin ,

,

=
æ
èç

ö
ø÷ £

- >

ì
í
ï

îï

p
4

2

9 4 2

is/has in (0,2)

(q) local

minima

Column I Column II

(C) f x x( ) { }= 2 denotes fractional part of x

is/has in (0, 1)

(r) continuous

(D) f x
x x

x x
( )

|| | |,

[ ],
=

- - <
³

ì
í
î

2 2 2

2

(where [ × ] denotes the greatest integer

function), then f x( ) is/has in (– 1, 4)

(s) non-differe

ntiable

96. Match the statements of Column I with the values of
Column II.

Column I Column II

(A) f x x x x x( ) cos ,= + + +p 10 3 2 3

- £ £2 3x . The absolute minimum

value of f x( ) is

(p) 3/4

(B) If x Î -[ , ]1 1 , then the minimum value

of f x x x( ) = + +2 1is

(q) 2

(C)
Let f x x x x( ) , .= - £ £4

3
4 0 23 Then,

the global minimum value of the

function is

(r) – 15

(D) Let f x x x x( ) ,= - + -6 12 9 22 3

1 4£ £x . Then, the absolute

maximum value of f x( ) in the

interval is

(s) – 8/3
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97. A particular substance is being cooled by a streem of
cold air (temperature of the air is constant and is 5°C)
where rate of cooling is directly proportional to square
of difference of temperature of the substance and the air.
If the substance is cooled from 40°C to 30°C in 15 min and
temperature after 1 hour is T°C, then find the value of
[ ]/T 2, where [ . ] represents the greatest integer function.

98. The minimum value of

tan

tan

x

x

+æ
èç

ö
ø÷

p
6

is ……… .

99. The figure shows a right triangle with its hypotenuse OB
along theY -axis and its vertex A on the parabola y x= 2 .

Let h represents the length of the hypotenuse which
depends on the x-coordinate of the point A.

The value of lim ( )
x

h
® 0

equals ……… .

100. Number of positive integral values of a for which the

curve y a x= intersects the line y x= is ……  .

101. The least value of a for which the equation,
4 1

1sin sinx x
a+

-
= has atleast one solution in the

interval ( , / )0 2p is ……… .

102. Let f x
x x

x x
( )

( )

/

= £
- - >

ì
í
î

3 5

3

1

2 1

if

if
, then the number of

critical points on the graph of the function are …… .

103. The graph of y f x= ¢¢( ) for a function f is shown.

Number of points of inflection for y f x= ( ) is ……… .

O

Y

h

X

A t,t( )2

B

Single Integer Answer Type Questions
Monotonicity, Maxima and Minima Exercise 6 :

Y

0 A B C D E

y = f x′′ ( )

X



104. Number of critical points of the function,

f x x
x

t t dt
x

( ) cos= - + + -æ
èç

ö
ø÷ò

2

3 2

1

2

1

2
23

1
which lie

in the interval [ , ]- 2 2p p is ……… .

105. Let f x( ) and g x( ) be two continuous functions defined

from R R® , such that f x f x( ) ( )1 2> and
g x g x x x( ) ( ), ,1 2 1 2< " > then the least integral value of
a for which f g f g( ( )) ( ( ))a a a2 2 3 4- > - is ……… .

106. If the function f x
t x x

x
( ) = + -

-
3

4

2

, where t is a

parameter, has a minimum and a maximum, then the
greatest value of t is ……… .

107. If f x x a x b( ) ( )( )= - - for a b R, Î , then minimum

number of roots of equation

p p p( ( )) cos( ( )) sin( ( )) ( )f x f x f x f x¢ + × ¢¢ =2 0 in ( , )a b ,

where f f( ) ( )a b= =3 is ……… . (here, a b< < <a b )

108. If absolute maximum value of

f x
x x

( )
| | | |

=
- +

+
+ +

1

4 1

1

8 1
is

p

q
, (p q, are coprime) the

( )p q- is  ……… .

(i) JEE Advanced & IIT-JEE
109. The least value of a ÎR for which 4

1
12ax

x
+ ³ , for all

x > 0, is
[One Correct Option 2016 Adv.]

(a)
1

64
(b)

1

32

(c)
1

27
(d)

1

25

110. The number of points in ( , )- ¥ ¥ for which

x x x x2 0- - =sin cos , is [One Correct Option, 2013 Adv.]

(a) 6 (b) 4
(c) 2 (d) 0

111. Let f R: ( , )® ¥0 and g R R: ® be twice differentiable

functions such that f ¢ ¢ and ¢¢g are continuous funcitons
of R. Suppose f g f¢ = = ¢¢ ¹( ) ( ) , ( )2 2 0 2 0 and g ¢ ¹( )2 0. If

lim
( ) ( )

( ) ( )x

f x g x

f x g x® ¢ ¢
=

2
1, then

[More than One Correct option, 2016 Adv.]

(a) f has a local minimum at x = 2

(b) f has a local maximum at x = 2

(c) ¢¢ >f f( ) ( )2 2

(d) f x f x( )– ( )¢ ¢ = 0 for atleast one x RÎ

112. If f R:( , )0 ¥ ® be given by f x e
dt

t

t
t

x

x
( ) .

/
=

- +æ
èç

ö
ø÷ò

1

1

Then, [More than One Correct Option, 2014 Adv.]

(a) f x( ) is monotonically increasing on [ , )1 ¥
(b) f x( ) is monotonically decreasing on [ , )0 1

(c) f x f
x

( ) ,+ æ
èç

ö
ø÷ =1

0 " Î ¥x ( , )0

(d) f x( )2 is an odd function of x on R

113. The function f x x x x x( ) | | | | | | | | | |= + + - + -2 2 2 2 has a

local minimum or a local maximum at x is equal to
[More than One Correct Option, 2013 Adv.]

(a) -2 (b)
-2

3
(c) 2 (d) 2/3

114. A rectangular sheet of fixed perimeter with sides having
their lengths in the ratio 8 15: is converted into an open
rectangular box by folding after removing squares of
equal area from all four corners. If the total area of
removed squares is 100, the resulting box has maximum
volume. The lengths of the sides of the rectangular sheet
are [More than One Correct Option, 2013 Adv.]

(a) 24 (b) 32 (c) 45 (d) 60

115. A vertical line passing through the point ( , )h 0 intersects

the ellipse
x y2 2

4 3
1+ = at the points P and Q. If the

tangents to the ellipse at P and Q meet at the point R.

If D( )h = area of the D D DPQR h
h

, max ( )
/

1
1 2 1

=
£ £

and

D D2
1 2 1

=
£ £

min ( ),
/ h

h then
8

5
81 2D D- is equal to

[Integer Type Question, 2013 Adv.]

116. Let f , g and h be real-valued functions defined on the

interval [0, 1] by f x e ex x( ) = + -2 2

, g x x e ex x( ) = + -2 2

and h x x e ex x( ) = + -2 2 2

. If a, b and c denote

respectively, the absolute maximum of f , g and h on
[0, 1], then [One Correct Option, 2010]

(a) a b= and c b¹ (b) a c= and a b¹
(c) a b¹ and c b¹ (d) a b c= =
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117. The total number of local maxima and local minima of

the function f x
x x

x x

( )
( ) ,

,

=
+ - < £ -

- < <

ì
í
ï

îï

2 3 1

1 2

3

2

3

is

[One Correct Option, 2008]

(a) 0 (b) 1 (c) 2 (d) 3

118. If the function g : ( , ) ,-¥ ¥ ® -æ
èç

ö
ø÷

p p
2 2

is given by

g u e u( ) tan ( )= --2
2

1 p
. Then, g is [One Correct Option, 2008)

(a) even and is strictly increasing in ( , )0 ¥
(b) odd and is strictly decreasing in ( , )-¥ ¥
(c) odd and is strictly increasing in ( , )-¥ ¥
(d) neither even nor odd but is strictly increasing in ( , )-¥ ¥

119. The second degree polynomial f x( ), satisfying f ( ) ,0 0=
f ( ) ,1 1= f x¢ >( ) 0" Îx ( , )0 1 [One Correct Option, 2005]

(a) f x( ) = f
(b) f x ax a x a( ) ( ) , ( , )= + - " Î ¥1 02

(c) f x ax a x a( ) ( ) , ( , )= + - Î1 0 22

(d) No such polynomial

120. If f x x bx cx d( ) = + + +3 2 and 0 2< <b c, then in

( , )-¥ ¥ [One Correct Option, 2004]

(a) f x( ) is strictly increasing function

(b) f x( ) has a local maxima
(c) f x( ) is strictly decreasing function
(d) f x( ) is bounded

121. If f x x bx c( ) = + +2 22 2 and g x x cx b( ) ,= - - +2 22

such that min f x g x( ) max ( )> , then the relation
between b and c, is [One Correct Option, 2003]

(a) No real value of b and c (b) 0 2< <c b

(c) | | | |c b< 2 (d) | | | |c b> 2

122. The length of a longest interval in which the function

3 4 3sin sinx x- is increasing, is [One Correct Option, 2002]

(a)
p
3

(b)
p
2

(c)
3

2

p
(d) p

123. The maximum value of (cos )a1
. (cos )a 2

. ... . (cos )an ,

under the restrictions 0
2

1 2£ £a a a p
, ...., n and

(cot ).(cot ). .(cot )a a a1 2 1K n = is
[One Correct Option, 2001]

(a)
1

2 2n/
(b)

1

2n
(c)

1

2n
(d) 1

124. If f x

e

e

x e

x

x

x

x

x( )

,

,

,

= -
-

ì

í
ï

î
ï

£ £
< £
< £

-2

0 1

1 2

2 3

1 and g x f t dt
x

( ) ( ) ,= ò0

x Î[ , ]1 3 , then [More than One Correct Option, 2006]

(a) g x( ) has local maxima at x e= +1 2log and local minima

at x e=
(b) f x( ) has local maxima at x = 1 and local minima at x = 2

(c) g x( ) has no local minima

(d) f x( ) has no local maxima

125. If f x( ) is a cubic polynomial which has local maximum

at x = - 1. If f f( ) , ( )2 18 1 1= = - and f x¢ ( ) has local
minimum at x = 0, then [More thanOneCorrectOption,2006]

(a) the distance between (– 1, 2) and ( , ( ))a f a , where x a= is

the point of local minima, is 2 5

(b) f x( ) is increasing for x Î[ , ]1 2 5

(c) f x( ) has local minima at x = 1

(d) the value of f ( )0 5=

126. Consider the function f : ( , ) ( , )-¥ ¥ ® -¥ ¥ defined by

f x
x ax

x ax
a( ) ;= - +

+ +
< <

2

2

1

1
0 2. Which of the following is

true ? [Passage Based Question, 2008]

(a) ( ) ( ) ( ) ( )2 1 2 1 02 2+ ¢¢ + - ¢¢ - =a f a f

(b) ( ) ( ) ( ) ( )2 1 2 1 02 2- ¢¢ - + ¢¢ - =a f a f

(c) f f a¢ ¢ - = -( ) ( ) ( )1 1 2 2

(d) f f a¢ ¢ - = - +( ) ( ) ( )1 1 2 2

127. Which of the following is true?
[Passage Based Question, 2008]

(a) f x( ) is decreasing on ( , )-1 1 and has a local minimum

at x = 1

(b) f x( ) is increasing on ( , )-1 1 and has a local maximum at x = 1

(c) f x( ) is increasing on ( , )-1 1 but has neither a local

maximum nor a local minimum at x = 1

(d) f x( ) is decreasing on ( , )-1 1 but has neither a local

maximum nor a local minimum at x = 1

128. Let g x
f t

t
dt

e x

( )
( )

.= ¢
+ò

1 20
Which of the following is true?

[Passage Based Question, 2008]

(a) g x¢( ) is positive on ( , )- ¥ 0 and negative on ( , )0 ¥
(b) g x¢( ) is negative on ( , )- ¥ 0 and positive on ( , )0 ¥
(c) g x¢( ) changes sign on both ( , )- ¥ 0 and ( , )0 ¥
(d) g x¢( ) does not change sign ( , )- ¥ ¥

129. For the circle x y r2 2 2+ = , find the value of r for
which the area enclosed by the tangents drawn from
the point P(6, 8) to the circle and the chord of contact is
maximum. [Subjective Type Question, 2003]

130. Find a point on the curve x y2 22 6+ = whose distance
from the line x y+ = 7, is minimum.

[Subjective Type Question, 2003]

131. Let f R R: ® be defined as f x x x( ) | | | |= + -2 1 . Total

number of  points at which f attains either a local
maximum  or  a  local  minimum is

[Integer Type Question, 2012]

132. Let p x( ) be a real polynomial of least degree which has a

local maximum at x = 1 and a local minimum at x = 3. If
p( )1 6= and p( )3 2= , then ¢p ( )0 is equal to

[Integer Type Question, 2012]



133. Let f be a function defined on R (the set of all real

numbers) such that ¢ = -f x x( ) ( )2010 2009 ( )x - 2010 2

( )x - 2011 3 ( )x - 2012 4 , " Îx R. If g is a function defined

on R with values in the interval ( , )0 ¥ such that

f x g x( ) ln ( ( ))= , " x RÎ , then the number of points in R

at which g has a local maximum is …… .
[Integer Type Question, 2010]

134. The maximum value of the expression
1

3 52 2sin sin cos cosq q q q+ +
is …… .
[Integer Type Question, 2010]

135. The maximum value of the function

f x x x x( ) = - + -2 15 36 483 2 on the set

A x x x= + £{ | }2 20 9 is … . [Integer Type Question, 2009]

(ii) JEE Main & AIEEE

136. A wire of length 2 units is cut into two parts which are
bent respectively to form a square of side = x units and a
circle of radius = r units. If the sum of the areas of the
square and the circle so formed is minimum, then

[2016 JEE Main]

(a) 2 4x r= +( )p (b) ( )4 - =p px r

(c) x r= 2 (d) 2x r=

137. If x = - 1 and x = 2 are extreme points of

f x x x x( ) log| | ,= a + b +2 then [2014 JEE Main]

(a) a = -6, b = 1

2
(b) a = -6, b = - 1

2

(c) a = 2, b = - 1

2
(d) a = 2, b = 1

2

138. Let a b R, Î be such that the function f given by

f x x bx ax( ) log | | ,= + +2 x ¹ 0 has extreme values at

x = - 1 and x = 2.

Statement I f has local maximum at x = - 1 and at x = 2.

Statement II a = 1

2
and b = -1

4 [2012 AIEEE]

(a) Statement I is false, Statement II is true

(b) Statement I is true, Statement II is true; Statement II is a

correct explanation of Statement I

(c) Statement I is true, Statement II is true; Statement II is not

a correct explanation of Statement I

(d) Statement I is true, Statement II is false

Answers
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1. (d) 2. (a) 3. (c) 4. (a) 5. (b) 6. (c) 7. (b)

Exercise for Session 2

1. -5 0
3

5
, , 2. 0

1

5
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1. Since, f is non-decreasing and g is non-increasing, so h is a
non-increasing function. Now, h( )1 1=
Þ h x( ) is a constant function

Þ h( )2 1=
2. Since, maximum or minimum distance between two curve

always measure along common normal. AP is perpendicular on
the tangent drawn to the curve.

3. f is continuous at 0 and ¢ - >f ( )0 0 and ¢ + <f ( ) .0 0 Thus, f

has a local maximum at 0.

4. Here, f x t a t b dt a b
x n m( ) ( ) ( ) ,= - - ¹ò +

1

2 2 1

¢ = - - +f x x a x bn m( ) ( ) ( ) .2 2 1

Obviously, ¢ - ¢ + >f a f a( ), ( ) 0

while ¢ - <f b( ) 0 and ¢ + >f b( ) 0

Hence, x b= is a point of local minima.

5. ¢ = + +-f x x n x ann( ) [( ) ].1 1

If n is even then, ¢ - <f ( )0 0 and ¢ + >f ( )0 0

Hence, 0 is a point of minimum when n is even.

6. ¢ = - = -f x x
x x

x( ) ( )4
4 4

1
3 3

4 = - + +4
1 1 1

3
2

x
x x x( )( )( )

Þ ¢ =f x( ) 0 at x = 1 and -1

f x
x

² = + >( ) 4
12

0
4

for x = ± 1

Þ x = 1 and -1 are points of local minima.

7. Since, y
e eemin /

= >1 1
1

. So, graph always lie above the line y x= .

Hence, 0 1< <x is correct answer.

8. y y a y a2
2

1

2

1

4
- + = -æ

èç
ö
ø÷ + -

Since, - £ + £2 2sin cos ,x x given equation will have no

real value of x for any y, if a - >1

4
2

i.e. a Î + ¥æ
èç

ö
ø÷2

1

4
,

Þ a Î ¥( , )3 as 2
1

4
3+ <é

ëê
ù
ûú

9. f x
e

e e e

x

x x x
( ) = -

+
= -

+

-

-
1

2
1

2

1

2

2 2 22

As x f x® +¥ ®, ( ) 1

As x f x® -¥ ®, ( ) 1

Þ f x( ) is increasing as well as decreasing in some intervals.
Since, the range of f x( ) is [ , )0 1 which does not coincide with
the co-domain R and hence f is not an onto function.

10. Let f x ax bx c x R( ) ,= + + > " Î2 0

Þ b ac2 4 0- < and a > 0 ... (i)

Now, g x f x f x f x( ) ( ) ( ) ( )= - ¢ + ¢¢
= + + - + +( ) ( )ax bx c ax b a2 2 2

= + - + - +ax b a x a b c2 2 2( ) ( )

Þ D = - - - +( ) ( )b a a a b c2 4 22

= - - <( )b ac a2 24 4 0 [using Eq. (i)]

Þ g x x R( ) ,> " Î0

11. We have, f x x x( ) min { , cos , sin }= -1 1

f x

x x

x x

x x

( )

cos ,

sin ,

cos ,

=

- £ £

- < £

< £

ì

í

ï
ïï

î

ï
ï
ï

p
p

p p

0

1 0
2

2

Þ ¢ =

- - £ £

- < £

- < £

ì

í

ï
ïï

î

ï
ï

f x

x x

x x

x x

( )

sin ,

cos ,

sin ,

p
p

p p

0

0
2

2ï

Therefore, ¢ =f ( )0 0

Hence, f x( ) has local maximum at 0 and f x( ) is not

differentiable at x = 0 and
p
2

Aliter

From the graph it is clear that f x( ) is not differentiable at

x = 0,
p
2

and f x( ) has occurs local maximum at x = 0.

12. f x( ) will have maxima only, if a a2 1 2 1+ ³ Þ ³| |

13. ax x bx cn = - - -2 . For a = -1 and b c= = 0 and n = 2, it will

have infinite solutions.

14. A = Area = -sin ( )x xp 2 (as l x b x= - =p 2 , sin )

dA

dx
x x x= - - =( ) cos sinp 2 2 0 Þ tanx x= -p

2

Let f x x x( ) tan= + - p
2

f
p
6

æ
èç

ö
ø÷ is negative, f

p
4

æ
èç

ö
ø÷ is positive.

So, one root lies between
p p
6 4

, .
æ
èç

ö
ø÷

X′ X

Y′

Y

–π π
2

– O π
2

π

y = 2

y = 1

cos x

1 – sinx

2

–2–3 0
X

Y

Y ¢

X ¢

2 – | + 5 + 6|x x2

Solutions

p- 2xx X

Y

sinx

O



15. f x k x( ) ( )+ = +1 1 always passes through ( , )- -1 1 . Clearly, its

maximum slope can go upto ¥. For minimum slope this line
should touch y x= ln .

dy

dx x
k= =1

. So,
1

k
k, ln-æ

èç
ö
ø÷ is point of tangency.

Now,
- +

+
=lnk

k

k
1

1
1

Þ - + = +lnk k1 1

Þ - =lnk k

Let f x k k( ) ln= +

f
e e

1 1
1

æ
èç

ö
ø÷ = - [negative]

f
e e

1 1 1

2

æ
èç

ö
ø÷ = - [positive]

So, one root must lie between
1

e
and

1

e
×

16. f x f x f x( ) ( ) ( )= ¢ ´ ¢¢¢ is satisfied only by the polynomial of

degree 4. Since, f x( ) = 0 satisfies x = 1 2 3, , only. It is clear that
one of the roots is repeated twice.

Þ ¢ ¢ ¢ =f f f( ) ( ) ( )1 2 3 0

17.
d y

dx
k x

dy

dx
k x x x A

2

2
= Þ = - +log ( log )

= - +kx x A(log )1

= - -
é

ë
ê

ù

û
ú + +k x

x x
Ax B(log )1

2 4

2 2

= - + +k
x

x Ax B
2

4
2 3( log )

Þ y c x x c x c= - + +1
2

2 32 3( log )

18. ¢ = -æ
èç

ö
ø÷ +

é

ë
ê
ê

ù

û
ú
ú

>f x x( ) sec tan3
1

3

11

9
02

2

for all x in its domain.

19. lim ( ) lim
x k h

f x h
® ®-

= + =
0
3 3 Þ f k( ) = 3

and lim ( ) lim
sin

x k h
f x a

h

h
a

® ®+
= - + = - +

0

2 22 2 1

Since, f x( ) has minimum at x k=
f k f k( ) ( )- >

and f k f k( ) ( )+ > Þα 2 2 1 3- + >
| |a > 2

20. Let f x mx b( ) = +
Q f f( ) ( )1 2£ Þ m ³ 0, similarly

f f( ) ( )3 4³ Þ m £ 0 Þm = 0

∴ f f( ) ( )0 5 5= =

21. Let P x( ) is of degree n, then

Þ 2 2n n= + [as P x x P x( ) ( )2 2= ]

Þ n = 2

P x ax bx c( ) = + +2 form

P( )0 2= -
Þ c = -2 …(i)

P( )1 0=
Þ a b c+ + = 0 …(ii)

P ¢æèç
ö
ø÷ =3

2
0 Þ 3 0a b+ =

Þ a

b
= -1

3
Þ P x x x( ) = - + -2 3 2

Hence, maximum P x( ) = - 1

4

22. In [0, 1], [ ]x x2 1 0- + =

ln ,1
1 5

2

+é

ë
ê

ù

û
ú , [ ]x x2 1 1- + = Þ x y a2 4=- -( )

Put y = 0, x a2 4 1= -( ) Þ 4 1a >

Put y = 1, x a2 4 1= -( ) Þa < 1

Þ 1

4
1< <a .

23. Clearly, f a f c f e¢ = ¢ = ¢ =( ) , ( ) , ( )0 0 0, x b= and x d= two

points of inflexion ¢¢¢ >f x( ) 0, d x e< < .

x e= is point of local minima.

24. g x f x x f x x( ) ( ) ( )= - - + - +2 22 1 5 2

= - - + +2 8 4 24 184 3 2x x x x

¢ = - - +g x x x x( ) 8 24 8 243 2

¢ =g x( ) 0 Þ x =-1 1 3, ,

We observe that g x g g g( ) min { ( ), ( ), ( )}³ - =1 1 3 0

∴ g x( ) ³ 0, " Îx R

25. Using the fact that every set of natural numbers have the
smallest element.

∴ f f( ( ))1 is the smallest element in { ( ( )), ( ), ( ( )), ... }f f f f f1 2 2

Same argument implies that f ( )1 1=
Repeating the argument for f n n{ } { }³ ® ³2 2 , we get f ( )2 2=
∴ Clearly, f x x( ) =

26.
1

2
2 3 1 5= - + + + -| | | | | |ax ax ax ³ - +| –( )2 3 1ax ax + - =5 1ax |

which is impossible.

27. Given, 2 22

0 0

2

x f t dt f x t dt
x x

( ) ( )ò ò= -æ
èç

ö
ø÷

Þ x f t dt f t dt
x x

× = æ
èç

ö
ø÷ò ò2

0 0

2

2( ) ( ) , using f x dx
a

( )
0ò

= -ò f a x dx
a

( )
0

Differentiating, we get

x f x f t dt
x

× + =ò2 2

0
4( ) ( ) f t dt f x

x
( ) ( )

0ò ×
[using Leibnitz rule]

Þ x f x x f t dt x f x f t dt
x x2 2 2

0 0
4( ) ( ) ( ) ( )+ × = × ×ò ò

Chap 08 Monotonicity, Maxima and Minima 535

(1/ , -ln )k k

(–1, –1)

Y

Y ¢

XX ¢



Þ x f x f t dt x f x f t dt
x x2 2

0

2

0
2 4( ) ( ) ( ) ( )+ æ
èç

ö
ø÷ = ×ò ò

Þ 2 4 0
0

2

0

2 2f t dt x f x f t dt x f x
x x

( ) ( ) ( ) ( )ò òæ
èç

ö
ø÷ - × × + =

0

2 2 2 24 16 8

4

x
f t dt

x f x x f x x f x
ò =

± -
( )

( ) ( ) ( )
Qax bx c

x
b d

a

2 0

2

+ + =

Þ = - ±

æ

è

ç
ç
ç

ö

ø

÷
÷
÷

Þ 2 2 1
0

f t dt x f x
x

( ) ( ) ( )= ±ò
Again, differentiating, we get

2 2 1f x f x x f x( ) ( )( ( ) ( ))= ± + ¢
Þ 2 2 1 2 1f x f x x f x( ) ( ) ( ) ( ) ( )= ± + ± × ¢
Þ ± = ± × ¢f x x f x( ) ( ) ( )2 1

Þ ±
±

×ò
1

2 1

1

x
dx

= ¢
ò

f x

f x
dx

( )

( )

Þ ± ± × = +( ) log log| ( )|2 1 x f x C, as f ( )1 1= ÞC = 0

Þ f x x( ) = ±2 1

\ f x x( ) = +2 1 [as f x¢ >( ) 0]

\ f n n( )2 1- = ...(i)

Now, let an n= cot q

Þ an
n

+ = æ
èç

ö
ø÷1

2
cot

q

Þ q qn n+ =1
1

2

Q q p0 2= /

Þ q p
1

1

2 2
= æ

èç
ö
ø÷, q p

2 2

1

2 2
= æ

èç
ö
ø÷

Þ q p
n n

= ´1

2 2
\ an n

= æ
èç

ö
ø÷+cot

p
2 1

Þ lim
/

/
n

n

n

a

® ¥ - -=
×

=
2

1

2 2
4

1 1 p
p

28. We have, f x x xm n( ) | | | |= -1

f x

x x x

x x x

x

m n m n

n m n

m

( )

( ) ( ) ,

( ) ( ) ,=
- × - <

- - £ <

+1 1 0

1 1 0 1

if

if

( ) ,x xn- ³

ì

í
ï

î
ï 1 1if

Let, g x x xm n( ) ( )= -1 , then

g x mx x n x xm n m n¢ = × - + × -- -( ) ( ) ( )1 11 1

= × - × - + × =- -x x m x n xm n1 11 1 0( ) ( ( ) )

Now, f x¢ =( ) 0

Þ g x¢ =( ) 0

Þ x = 0 or
m

m n+
or 1.

f ( )0 0= , f ( )1 0=

f
m

m n

m n

m n

n
m n n

m n+
æ
èç

ö
ø÷ = - × × × -

+ +( )
( )

( )
1

1
as, 0

1
1<

+
<é

ëê
ù
ûú

m

m

\ Maximum value = ×
+ +

m n

m n

m n

m n( )

29. Let f x
x

x
( )

ln(ln )

ln
= Þ ¢ = - < " >f x

x

x x
x ee( )

ln(ln )

(ln )
,

1
0

2

So, f x( ) is increasing in ( , )1 ee and decreasing in ( , )ee ¥ .

Therefore, x y>
Þ (ln ) (ln ) , , ( , )ln lnx y x y ey x e< " Î ¥ and x y<

Þ (ln ) (ln ) , , ( , )ln lnx y x y ey x e< " Î 1

30. lim[ ( )]
x a

f x
®

can exist only when f x( ) either increases

or decreases at both sides of the point x a= .

Since, lim ( ) lim[ ( )]
x a x a

f x f x
® ®

=

So, this can occur only when lim ( )
x a

f x
®

is an integer.

31. f x x x x( ) ( )= - + +2 3 2 123 2l l
Þ ¢ = - + +f x x x( ) ( )6 6 2 122 l l
Þ ¢ = Þ =f x x( ) ,0 2 l
If f x( ) has exactly one local maximum and exactly one local
minimum, then l ¹ 2.1

32. h x f
x

f x( ) ( )=
æ
è
ç

ö
ø
÷ + -3

3
3

2
2 Þ ¢ = ¢

æ
è
ç

ö
ø
÷ - ¢ -

æ

è
ç

ö

ø
÷h x x f

x
f x( ) ( )2

3
3

2
2

Þ ¢
æ
è
ç

ö
ø
÷ > ¢ - "f

x
f x x

2
2

3
3( ), such that

x
x

2
2

3
3> - Þ x 2 9

4
>

Þ ¢
æ
è
ç

ö
ø
÷ < ¢ - "f

x
f x x

2
2

3
3( ), such that x 2 9

4
<

using number line rule

Þ h x( ) increases in -æ
èç

ö
ø÷ È æ

èç
ö
ø÷

3

2
0

3

2
4, ,

andh x( ) decreases in - -æ
èç

ö
ø÷ È æ

èç
ö
ø÷3

3

2
0

3

2
, ,

33. ¢ = -
+ +

³ Þ ³f x
x x

x x
x x( )

cos sin

(sin cos )
cos sin

1
0

2

Þ x Î -é
ëê

ù
ûú

È -é
ëê

ù
ûú

È é
ëê

ù
ûú

2
7 3

4 4

5

4
2p, - p

4
p p p p, ,

34. Applying C C C1 1 2® + , we get

2 2

2 1 2

1 1 2

2

2

2

cos sin

cos sin

cos sin

x x

x x

x x

+
+

Applying R R R2 2 1® - and R R R3 3 1® - , we get

2 2

0 1 0

1 0 1

2 2

2cos sin

sin

x x

x

-
= +

Since, the maximum value of sin2x is 1 and minimum value of
sin2x is (– 1). Therefore, a b= =3 1, .
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35.

From above figure clearly options (a), (b) and (c) are correct.

36. f x a b b b a x c( ) sin( )= + - + +2 2 2 2 2 a

= + +b x csin( )a , where tana = -1 2a

a

f b cmax = +
f b cmin = - +

( ( )) ( ( ))max minf x f x b- = 2

Also,    at x a f x c= - =-cos , ( )1 .

37. ¢ = × - ×- -
f x

n x

x

mx

x

n

n

m

m
( )

(ln ) (ln )
,

1 11

Clearly, (c) and (d) are the answers.

38. f x( ) occurs maximum at x = 3

2

g x( ) occurs maximum at x
b= -

2

\ 3

2 2
= -b Þ b = -3

39. h x
f x g x

a

a a x a xx x

( )
ln( ( ) ( ))

ln

ln

ln

{ } [ ]| | | |

= × =
+ ×sgn sgn

a

= × + × ={ } [ ]| | | | | |a x a x a xx x xsgn sgn sgn

=
>
=

- <

ì

í
ï

î
ï -

a x

x

a x

x

x

for

for

for

0

0 0

0

[Q { } [ ]y y y+ = ]

Þ h x( ) is an odd function.

40. f x x( ) ln ( ln )= -1 , Domain ( , )0 e

f x
x x

¢ = -
-

× <( )
( ln )

1

1

1
0

Þ Decreasing, " x in its domain
Þ (a) and (b) are incorrect.

f ¢ = -( )1 1 Þ (c) is also incorrect.

Also, f ( )1 0= , lim , lim ( )
x e x

f x
® ®

® - ¥ ® ¥
+0

f x
x

x x
¢ ¢ = -

-
( )

ln

( ln )2 21

f ¢¢ =( )1 0 which is a point of inflection as shown in graph
Y -axis and x e= are two asymptotes.

41. f is obvious continuous, " Îx R and not derivable at - 1 and 1.

f x¢( ) changes sign 4 times at - 1 0 1 2, , ,

Local maxima at 1 and - 1.

Local minima at x = 0 and 2.

42. f x t x t dt( ) cos cos ( )= -ò0

p
…(i)

= - × - +ò cos cos ( )t x t dtp
p

0

f x t x t dt( ) cos cos ( )= - × +ò0

p
…(ii)

On adding Eqs. (i) and (ii), we get

2 2
0

f x t x t dt( ) cos ( cos cos )= ×ò
p

2 2f x( ) = cos cos
/

x t dt2

0

2p

ò
f x

x
( )

cos= p
2

Now, verify.

Only (a) and (b) are correct.

Aliter Convert the integer and into sum of two cosine functions.

43. f x
x

x
¢ = -
( )

2
3

and f x
x

x
¢¢ = -

( )
3

4
Now, interpret

44. We have, lim
( ) ( )

a x

a f x x f a

a x®

-
-

0

0
form

é
ëê

ù
ûú

Þ lim
( ) ( )

a x

f x x f a

®

- ¢ =
1

2

Þ f x x f x( ) ( )- ¢ = 2

Þ f x

f x x

¢
-

=( )

( ) 2

1

On integrating both sides w.r.t. x, we get
f x

f x
dx

x
dx

¢
-

=ò ò
( )

( ) 2

1

Y

X

x = e

(1, 0)

1

Y

X
0–2 –1 1 2

Y

1/4

0
X

2 31

–3 –1–4 –2

1 π
2 π

–4

–3

–2

–1

–sin x –(1+cos )x

OX¢

x + x2 4

Y

Y ′

X



Þ log ( ( ) ) log logf x x c- = +2

Þ f x cx( ) = + 2

As, f ( )1 5= , so 5 2= +c Þ c = 3

Hence, f x x( ) = +3 2

Clearly, area ( ) ( )DOAB = æ
èç

ö
ø÷ =1

2

2

3
2

2

3

Also, ( )3 2
3

2
2

0

2 2

0

2

x dx
x

x+ = +
æ
è
ç

ö
ø
÷ò

= + =6 4 10

45. Given, 2 2( ( ) ( )) ( )F x f x f x- = and
d F x

dx
f x

( )
( )= ...(i)

\ F x
f x

f x( )
( )

( )= +
2

2

Þ F x f x f x f x¢ = × ¢ + ¢( ) ( ) ( ) ( )

\ f x f x f x f x( ) ( ) ( ) ( )= × ¢ + ¢ , using F x f x¢ =( ) ( )

Þ f x
f x

f x
¢ =

+
( )

( )

( )1
, as f ( , ) ( , )0 0¥ ® ¥

\ f x¢ >( ) 0

Hence, f is strictly increasing and lim
( )

lim
( )

x x

f x

x

f x

® ¥ ® ¥
= ¢

1

[using L’Hospital’s rule]

= +
+

æ
è
ç

ö
ø
÷

® ¥
lim

( )x f x
1

1

1
,  as x f x® ¥ ® ¥; ( )

\ lim
( )

x

f x

x®
=

0
1

46. If b < 0, then f b( ) ,0 0= < f b( )1 0= <
\ 0 1, lies between the roots, Statement I is false.

47. x = 2 is a point of local minima.

48. f¢ = + >( ) sin cosx x x3 4 0

f( )x is increasing in
p p
6 3

, .
é
ëê

ù
ûú

∴ f x( ) attain maximum value at x = ×p
3

49. Let g x f x f x( ) ( ) ( )= × ¢
Þ ¢ >g x( ) 0 in [a, b].

50. Let g x x x( ) = - -1, x > 1

Þ ¢ = -
-

g x
x x

( )
1

2

1

2 1
= - -

-
æ

è
ç

ö

ø
÷

1

2

1

1

x x

x x( )

= -
- + -

< " >1

2 1 1
0 1

x x x x
x

( )
,

Hence, g x( ) is a decreasing function.

Þ c c+ >1

g c g c( ) ( )+ <1

Þ f u f v( ) ( )<

51. Let h x f x x( ) ( ) sin= - or x Îé
ëê

ù
ûú

0
2

,
p

Þ h h( )0
2

0= æ
èç

ö
ø÷ =p

According to Rolle's theorem for atleast one c Îæ
èç

ö
ø÷ ×0

2
,

p

h c f c c¢ = ¢ - =( ) ( ) sin 0

for x h hÎé
ëê

ù
ûú

æ
èç

ö
ø÷ = æ

èç
ö
ø÷ =p p p p

2

3

2 2

5

2
0, ,

According to Rolle's theorem for atleast one d Îæ
èç

ö
ø÷ ×p p

2

3

2
,

¢ = ¢ - =h d f d d( ) ( ) cos 0

for x c d h c h dÎ ¢ = ¢ =[ , ], ( ) ( ) 0

According to Rolle's theorem for atleast one x c dÎ( , ).

¢ = ¢¢ + =h x f x x( ) ( ) sin 0

Þ | ( )|¢¢ £f x 1 for atleast one x Îæ
èç

ö
ø÷0

3

2
,

p
.

52. Statements I and II both are true but Statement II does not
explain Statement I.

53. Statement II is true as ¢ = ¢ " Î+ -f a f a a I( ) ( ) , .

Statement I is true and is obtained from differentiable rule.

54. Statement II is correct as y f x= ( ) is odd and hence Statement I

is correct.

Sol. (Q. Nos. 55 to 57)

Here, we have ¢ = -
+

f x
x

x
( )

( )

2

1 2 2
and ¢¢ = -

+
f x

x

x
( )

( )

6 2

1

2

2 3

\ ¢f x( ) is maximum at x = - 1

3

If m is greatest, then m = 3 3

8

y-coordinate of the point of contact is
3

4
×

\ Equation of the tangent is y x- = +æ
èç

ö
ø÷

3

4

3 3

8

1

3

\ a = - 3 and b = 9

8

55. (d) 56. (a) 57. (a)

Sol. (Q. Nos. 58 to 60)

We draw the graphs of f x x f x x1
2

2
21( ) , ( ) ( )= = - and

f x x x3 2 1( ) ( )= - . Here, f x( ) is redefined as
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A
–2
3

, 0
0 2

(2, 8)
f x

x
( )=

3 +2

B(0, 2)

XX′

( ) = (1 – )f x x 2

( ) =f x x2
f x x x( ) = 2 (1 – )

Y

XO



f x

x x

x x x

x x

( )

( ) ,

( ),

,

=

- £ <

- £ £

< £

ì

í

ï
ï
ï

î

ï
ï

1 0
1

3

2 1
1

3

2

3

2

3
1

2

2

ï

Interval of increase of f x( ) is
1

3

1

2

2

3
1, ,

æ
èç

ö
ø÷ È æ

èç
ö
ø÷ ×

Interval of decrease of f x( ) is 0
1

3

1

2

2

3
, ,

æ
èç

ö
ø÷ È æ

èç
ö
ø÷ ×

Clearly, Rolle’s theorem is applicable on
1

3

2

3
,

é
ëê

ù
ûú
,

where f x x x( ) ( )= -2 1 .

Þ ¢ = - =f c c( ) 2 4 0 Þ c = 1

2

Þ a b c+ + = + + =1

3

2

3

1

2

3

2
58. (d) 59. (d) 60. (c)

Sol. (Q. Nos. 61 to 63)

According to paragraph

f b f a

b a
f c

g b g a

b a
g c

( ) ( )
( ),

( ) ( )
( )

-
-

> ¢
-
-

= ¢ and
h b h a

b a
h c

( ) ( )
( )

-
-

< ¢

As, ¢ > ¢ > ¢f x g x h x( ) ( ) ( )

Þ f b f a

b a

g b g a

b a

h b h a

b a

( ) ( ) ( ) ( ) ( ) ( )-
-

> -
-

> -
-

If g x Ax Bx C( ) = + +2

Þ g b g a

b a

A b a B b a

b a

( ) ( ) ( ) ( )-
-

= - + -
-

2 2

Þ 2
2 2

A
b a

B g
b a( )+ + = ¢

+æ
èç

ö
ø÷

61. (b) 62. (c) 63. (a)

Sol. (Q. Nos. 64 to 66)

a an n> -1 iff n c+ is a perfect square, since a a2 1> and a a5 4> .

Þ 2 + c and 5 + c are perfect squares

Þ c = - 1 ...(i)

Now, a b c d2 3 2= = + +[ ]

∴ b d+ = 2 ...(ii)

Also, a a10 9>
Þ a b d10 7 3= = + ...(iii)

On solving Eqs. (ii) and (iii), we get b = 2, d = 1

64. (c) 65. (a) 66. (a)

Sol. (Q. Nos 67 to 69)

Dh = -{ , }1 1 , as minimum occurs before maxima

∴ a3 1=-
Now, g x a a x a x x( ) = + + -0 1 2

2 3

¢ = + -g x a a x x( ) 1 2
22 3 =- - +3 3 3( )( )x x =- =3 272x

∴ a1 27= , a2 0=

∴ a a1 2 27+ =
Also, g ( )- >3 0 and g ( )3 0> Þ a0 54> and a0 54<-
\ a0 54>
Now, g x a x x( ) = + -0

327 Þ f x a x x( ) = + -0
327

f a( )- = + -10 270 10000

Clearly, f ( )-10 is defined for a0 830>

67. (c) 68. (b) 69. (a)

Sol. (Q. Nos. 70 to 74)

70. Graph of f x( ) is shown.

Clearly, f x( ) is increasing in ( , ).a b1 1

71. Clearly, f x( ) has a maximum in [ , ]a b1 1 and a minima in [ , ],a b
shown as.

72. f x( ) has one of the two graphs.

⇒ ¢ =f x( ) 0 has real and distinct roots.

73. Clearly, lim [ ( )]
x

f x
® ¥

= 0 and lim [ ( )]
x

f x
® ¥

= 1

∴ lim [ ( )] lim [ ( )]
x x

f x f x
®¥ ® ¥

= 0
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Y

a Xa1

b1
b

asymptote

a
sy

m
p

to
te

a
sy

m
p

to
te

baa1 b1

y = 1

y = 0

f x =′( ) 0

f x =′( ) 0

x1

x2
y = 1

y = 0

f x =′( ) 0

f x =′( ) 0

x2

x1
y = 1

y = 0



74. f x
x bx c

x b x c

b b x c c

x b x c
( )

( ) ( )= + +
+ +

= + - + -
+ +

2

2
1 1

1 1
2

1 1

1

= +

- + -

+ +
1

1

1 1
2

1 1
2

( ) ( )b b

x

c c

x
b

x

c

x

For b b> 1 , lim ( )
x

f x
® ¥

+® 1

⇒ Point of maxima is greater than point of minima.

Sol. (Q. Nos. 75 to 77)

y
x

x
=

-

2

2 1
, not defined at x = ± 1

= +
-

1
1

12x
Þ y

x

x
¢ = -

-
2

12 2( )

dy

dx
= 0

Þ x = 0 [point of maxima]

as x y® ® ¥+1 , , x y® ® - ¥-1 ,

Similarly, x y® - ® - ¥+1 , , x y® - ® ¥-1 ,

The graph of y
x

x
=

-

2

2 1
is as shown

verify all alternatives from the graph.

75. (b) 76. (d) 77. (a)

Sol. (Q. Nos. 78 to 80)

From given statements (i) to (v), one of the graph of f x( ) can
be plotted as

78. Since, f ¢( )2 is not defined and continuous for x RÎ .

Þy f x= ( ) must have a geometrically sharp corner at x = 2.

79. At x f x= - ¢5, ( ) changes from positive to negative and at

x f x= ¢4, ( ) change sign for positive to negative, hence maxima
at x = - 5 and 4. f is continuous and f ¢( )2 is not defined, hence
x = 2 must be geometrical sharp corner.

80. Clearly, one of the graph of f x( ) is

Sol. (Q. Nos. 81 to 83)

f x e e e ep x x x px( ) ( )( )= - = -+1 1

f x e e e pex px x px¢ = - + ×( ) ( )1

= + - =e p ex px[( ) ]1 1 0 [ ]ex ¹ 0

Þ e
p

px =
+
1

1
Þ px pe= - +log ( )1

x
p

p

e= - +log ( )1
...(i)

Now, ¢¢ = + -+f x p e ep x x( ) ( ) ( )1 2 1

= + -e p ex px[( ) ]1 12

\ ¢¢ - +æ
è
ç

ö
ø
÷ = + - >f

p

p
e pxlog( )

[( ) ]
1

1 1 0

Hence, x s
p

p
p

e= = - +log ( )1

g t e e e e e dx e
t

t px x x t x t( ) ( )= × - × =
+ -ò

1

t

t pxe dx
+

ò -
1

1( )

On integrating, we get

g t e
e

p
x e

e e

p

t
px

t

t

t
pt p

( )
( )= × -

æ
è
ç

ö
ø
÷ = - -

é

ë
ê

ù

û
ú

+1
1

1

\ g t
e e

p
e

p p t
t( )

( ) ( )

= - -
+1 1

g t p
e

p
e e

p
p t t¢ = + - - =+( ) ( )

( ) ( )1
1

01

Þ ( )( )p e

p
e

p
pt+ - =1 1

1 Þe
p

p e

pt

p
=

+ -( )( )1 1

pt
p

p e
e p

=
+ -

æ
è
ç

ö
ø
÷log

( )( )1 1

\ t
p

p e

p
t

p

p= - + -æ
è
ç

ö
ø
÷ =1 1 1

log
( )( )

Also, s t
p

p e

p

p

p
p p

p

- = + -æ
è
ç

ö
ø
÷ - +1 1 1 1

log
( )( ) log ( )

= -æ
è
ç

ö
ø
÷

1 1

p

e

p

p

log

Hence, lim ( ) lim log
p

p p
p

p

s t
p

e

p® ®+ +
- = -æ

è
ç

ö
ø
÷

0 0

1 1

=
+ - -æ

è
ç

ö
ø
÷

- -æ
è
ç

ö
ø
÷ ×

× - -æ
è®

lim

log

p

p

p

p

e p

p

e p

p
p

e p

p0

1
1

1

1
ç

ö
ø
÷ = - -æ

è
ç

ö
ø
÷

® +
lim

p

pe p

p0
2

1 = 1

2
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81. (c) 82. (c) 83. (b)

Sol. (Q. Nos. 84 to 86)

84. Here, h x f x g x( ) ( ) ( )= +2 2

= + + +(sin cos ) (cos sin )3 32 2x x x x = +2 2 4sin x

Graph of y x= sin4

Clearly, h x( ) is periodic function with period p/2 and from
above graph, the length of a longest interval in which the
function y h x= ( ) is increasing = - - =p p p/ ( / ) /8 8 4

85. We have, h x( ) = 4

Þ 2 2 4 4+ =sin x Þ sin4 1x =
\ 4 2 2 4 1 2x n n= + = +p p p/ ( ) /

Þ x n= +( ) /4 1 8p , n IÎ
86. We have, f x g x( ) ( )=

Þ sin cos cos sin3 3x x x x+ = +
Þ sin sin cos cos3 3x x x x- = -
Þ 2 2 2 0sin (cos sin )x x x+ =
Þ either sinx = 0 or tan2 1x = -
Þ x = 0, p, 3 8p / , 7 8p /

\ Number of solution = 4

Sol. (Q. Nos. 87 to 89)

87. We have, ¢¢ = -h x x( ) 6 4

Þ h x x x c¢ = - +( ) 3 42

As, h¢ =( )1 0 Þ 0 1= - + c or c = 1

So, h x x x¢ = - +( ) 3 4 12

Þ h x x x x k( ) = - + +3 22

Also, h( )1 5= Þ k = 5

\ h x x x x( ) = - + +3 22 5

Now, h¢ =( )2 5

\ The equation of tangent at m( , )2 7 to y h x= ( ), is

( ) ( )g x- = -7 5 2

Þ 5 3x y- =
88. Also, g f x( ( )) = 0, " Îx R

\ Required area = = - + +
æ
è
ç

ö
ø
÷ò h x dx

x x x
x( )

0

2 4 3 2

0

2

4

2

3 2
5

= - + + =4
16

3
2 10 32 3/

89. Also, range of f g x( ( )) { , , }= -1 0 1

\ f g x( ( )) { , }Î 0 1

Hence, range of sin ( )( ) { , / }- Î1 0 2fog x p

Sol. (Q. Nos. 90 to 92)

We have, g x x g x g g( ) ( ) { ( ) ( ) }= + ¢¢ + ¢ - ¢¢ -3 21 3 1 1 1 x g+ ¢3 1( )

Let g a¢ =( )1 , ¢¢ =g b( )1 , then

g x x bx a b x a( ) ( )= + + - - +3 2 3 1 3

Differentiating both sides w.r.t. x, we get

g x x bx a b¢ = + + - -( ) ( )3 2 3 12

Put x = 1,

Þ g b a b¢ = + + - -( )1 3 2 3 1 [ ( ) ]Q g a¢ =1

Þ a b a= + +3 2 or 2 2a b+ = - ...(i)

Again differentiating, we get

¢¢ = +g x x b( ) 6 2

Put x = 1,

Þ ¢¢ = +g b( )1 6 2 [ ( ) ]\ ¢¢ =g b1

Þ b b= +6 2

Þ b = -6 ...(ii)

From Eq. (i), a = 2

\ g x x x x( ) = - + +3 26 11 6

Given, f x x g x x( ) ( )= - +12 1

= - + + - +x x x x x4 3 26 11 6 12 1

= - + - +x x x x4 3 26 11 6 1

= + - + - -( )x x x x x2 2 2 2 31 2 11 6 6

= + - + +( ) ( ) ( )x x x x2 2 2 21 6 1 3

= + - =( ) { ( )}x x h x2 2 21 3 , given

Q h( )0 1=
\ h x x x( ) = - +2 3 1

90. f x x x( ) ( )= - +2 23 1

Q f x x x x¢ = - + - =( ) ( )( )2 3 1 2 3 02

Þ x = 3

2
,
3 5

2

±

Clearly, f x( ) has local maxima at x = 3 2/ and local minima at

x = ±3 5

2

\ f x( ) has exactly one local maxima and two local minima

91. We have,

g x x x x( ) = - + +3 26 11 6

g x x x¢ = - +( ) 3 12 112

= - -3 2 12( )x = - -3 2 1 32[( ) / ]x

\ g x¢ >( ) 0 Þ x Î -¥ -æ
èç

ö
ø÷ È + ¥æ

èç
ö
ø÷, ,2

1

3
2

1

3

and g x¢ <( ) 0 Þ x Î - +æ
èç

ö
ø÷2

1

3
2

1

3
,
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\ g x( ) monotonically increases for

x Î -¥ -æ
èç

ö
ø÷ È + ¥æ

èç
ö
ø÷, ,2

1

3
2

1

3
and monotonically decreases

for x Î - +æ
èç

ö
ø÷2

1

3
2

1

3
,

For x Î[ , ]1 3

g x x x x( ) ( )( )( )= - - - +1 2 3 12

Þ g( )1 12= and g( )3 12=
\ By Rolle’s theorem in [1, 3], we have g c¢ =( ) 0

Þ c = ±2
1

3
[both Î( , )1 3 ]

\ There exists two distinct tangents to the curve y g x= ( )
which are parallel to the chord joining ( , ( ))1 1g and ( , ( ))3 3g .

For x Î[ , ]0 4

g( )0 6= and g( )4 18=
\ By LMVT

g c
g g¢ = -

-
= - =( )

( ) ( )4 0

4 0

18 6

4
3

\ 3 12 11 32c c- + =
Þ 3 12 8 02c c- + =
Þ c = ±2 2 3/ [both Î( , )0 4 ]

\ There exists exactly two distinct lagrange’s mean value in
(0, 4) for y g x= ( ).

92. We have, h x x x x( ) = - + = -æ
èç

ö
ø÷ -2

2

3 1
3

2

5

4

The curve y h x= ( ) is an upward parabola, intersecting X -axis
at two distinct points.

\ h x( ) has exactly one critical point (i.e. the vertex) and no
point of inflexion.

Also, h x( ) = 0

Þ x = ±3 5

2
[both Î( , )0 3 ]

\ h x( ) = 0 has exactly two distinct zeroes in (0, 3).

93. (A) y x x= - - - £ £10 10 1 3( ),
= x

\ Maximum value = 3

(B) Equation of tangent at ( , )t t2 2

ty x t= + 2

this tangent means Y -axis at Q t( , )0

Here, QS PQ t
t

´ = ´ -æ
èç

ö
ø÷ = -1

1

Area of triangle PQS

t t

t,D = 1

2

2 1

0 1

1 0 1

2

Þ D = +1

2
3 2[ ]t t

for Î [ , ]0 2 ,
d

dt

D ³ 0

D is maximum at t = 2

\ max D = + =1

2
2 2 53[ ]

(C) Let y
a b b b

= +æ
èç

ö
ø÷ +æ

èç
ö
ø÷ = +

-
æ
è
ç

ö
ø
÷ +æ

èç
ö
ø÷1

1
1

1
1

1

1
1

1

Þb y b y2 1 1 2 0( ) ( )- + - + =

Then, ( ) ( )1 8 1 02- - - £y y

Þ 1 3£ £y

(D) y
x

x x
= +

+ +
2

2 3 62

Þ 2 3 1 6 2 02yx y x y+ - + - =( )

( ) ( )3 1 4 2 6 2 02y y y- - ´ - ³
Þ ( ) ( )3 1 13 1 0y y- + £

Þ - £ £1

13

1

3
y

94. (A) 3 2 4 23 2x t Q t t t t= Þ = - +( ) in t Îé
ëê

ù
ûú

1

3
3,

⇒ ¢ <Q t( ) 0 in
1

3
1,

æ
èç

ö
ø÷ and ¢ >Q t( ) 0 in (1, 3) ⇒ Q t Q( ) ( )min = =1 0

(B) Take x x t Q t t t Q t2 2 1+ = Þ = - Þ = -( ) ( ) ( )min

(C) | |x dx- =
-ò 2 5

1

3
and [ ]x dx I= Þ =

-ò 2 3
1

3

(D)  Period of sin36
18

x = p

Period of tan42
42

x = p ⇒ p = p
6

95. (A) ¢ = - +f x x x x( ) ( )( )8 1 1 [positive factor]

⇒ Local maxima at x = 0

(B) Clearly, we see (p), (r), (s)

(C) f f f
1

2

1

2

1

2

æ
èç

ö
ø÷ > æ

èç
ö
ø÷ < æ

èç
ö
ø÷

- +

Also, f x( ) is non-differentiable at x = 1

2

⇒ Clearly, we see (p), (s).

(D) Clearly, we see (q), (s).

96.(A) ¢ = - + + +f x x x x( ) sinp p 10 6 3 2

= + + - >3 1 7 02( ) sinx xp p for all x

∴ f x( ) is minimum in - £ £2 3x . So, the absolute minimum

= - = -f ( )2 15
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(B) ¢ = +f x x( ) .2 1 Therefore, for - £ < -1
1

2
x , we get

¢ <f x( ) 0 and for - < £1

2
1x , we get ¢ >f x( ) 0

∴ f x( ) is minimum decrease in f - -é
ëê

ù
ûú

×1
1

2
,

and minimum decrease in -æ
èç

ù
ûú

×1

2
1,

∴ min f x f( ) = -æ
èç

ö
ø÷

1

2
= -æ

èç
ö
ø÷ + -æ

èç
ö
ø÷ + =1

2

1

2
1

3

4

2

(C) ¢ = -f x x( ) ( ).4 12 So, for 0 1£ <x , we get

¢ <f x( ) ,0 i.e. f x( ) is monotonically decreasing and for

1 2< £x , we get ¢ >f x f x( ) , ( )0 is monotonically
increasing.

∴ min ( ) ( )f x f= = - = - ×1
4

3
4

8

3

(D) ¢ = - + -f x x x( ) 12 18 6 2

= - - + = - - -6 3 2 6 1 22( ) ( )( )x x x x

∴ ¢ >f x( ) 0, if 1 2< <x

and ¢ <f x( ) 0, if 2 4< £x

∴ f x( ) is monotonically increasing in 1 2< <x and

monotonically decreasing in 2 4< £x .

∴ Absolute maximum = The greatest among { ( ), ( )}f f1 2

= The greatest among { , }1 2 2=

97.
dT

dt
k T= -( )5 2

dT

T
k dt

( )-
=

5 2

Þ ( )T
kt c

-
-

= +
-5

1

1

\ - - =-( )40 5 1 c i.e. c = - 1

35

\ -
-

= -1

5

1

35T
kt

After 15 min

-
-

= -1

30 5
15

1

35
k

\ k = -æ
èç

ö
ø÷ = -

´ ´
= -

´
1

15

1

35

1

25

10

15 35 25

2

75 35

Temperature after 60 min is given  by

-
-

= -
´

æ
è
ç

ö
ø
÷ -1

5
60

2

75 35

1

35T

Þ 1

5

120 75

75 35
5

195

75 35T -
= +

´
+ =

´

Þ T = ´ + = ´ +75 35

195
5

5 35

13
5 = +175

13
5

Þ [ ]T = 18

\ [ ]/ /T 2 18 2 9= =

98. y

x x

x x

x

=
+æ

èç
ö
ø÷

+æ
èç

ö
ø÷

=
+æ

èç2
6

2
6

2
6

sin cos

sin cos

sin
p

p

p ö
ø÷ +

+æ
èç

ö
ø÷ -

sin

sin sin

p

p p
6

2
6 6

x

= +
+æ

èç
ö
ø÷ -

1
1

2
6 6

sin sinx
p p

y is minimum, if 2
6 2

x + =p p Þ x = p
6

Þ y min = + =1 2 3

99. Let A t t m tOA= =( , ), ,2 m
t

AB = - 1

Equation of AB, y t
t

x t- = - -2 1
( )

Put x = 0, h t= +2 1

Now, lim ( ) lim ( )
x t

h t
® ®

= + =
0 0

21 1 [as x ® 0, then t ® 0]

100. For 0 1< £a the line always intersects y ax=

For a > 1 say a e= consider f x e xx( ) = -

f x ex¢ = -( ) 1

f x¢ >( ) 0 for x > 0 and f x¢ <( ) 0 for x < 0
\ f x( ) is increasing () for x > 0 and decreasing (¯) for x < 0

y ex= always lies above y x= , i.e. e xx - ³ 1 for a > 1, hence

never intersects Þ Îa ( , ]0 1
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101.
dy

dx

x

x

x

x
= - +

-
=4

1
0

2 2

cos

sin

cos

( sin )
gives sinx = 2

3

note that f x( ) ® ¥ as x ® +0 or x ®
-p

2
and between two

maxima, we have a minima.

So, a = +
-

=4

2 3

1

1 2 3
9

/ /

102.

A B C, , are the 3 critical points of y f x= ( ).

103. Only at A and E, f x( ) = 0 but does not change sign.

104. Note that f is defined for x > 0

f x x¢ = =( ) cos
1

2
2 0 Þ x n= ±p p

4

105. Obviously, f is increasing and g is decreasing in ( , )x x1 2 , hence

f g f g( ( )) ( ( ))a a a2 2 3 4- > - as f is increasing

Þ g g( ) ( )a a a2 2 3 4- > -

\ a a a2 2 3 4- < - as g is decreasing.

a a2 5 4 0- + <
Þ ( ) ( )a a- - <1 4 0 Þ a Î( , )1 4

106. f x
t x x

x
( ) = + -

-
3

4

2

, f x
x x t x x

x
¢ = - - - + -

-
( )

( ) ( ) ( )

( )

4 3 2 3

4

2

2

For maximum or minimum, f x¢ =( ) 0

- + - - - + =2 11 12 3 02 2x x t x x

- + - + =x x t2 8 12 0( )

For one M and m, D > 0

64 4 12 0- + >( )t

16 12 0- - >t Þ 4 > t or t < 4

Hence, the greatest value of t is 3.

107. Let g x f x f x( ) ( )sin( ( ))= ¢ p ...(i)

\ g x f x f x f x f x¢ = ¢ + × ¢¢( ) ( ( )) cos [ ( )] sin( ( )) ( )p p p2 ...(ii)

Here, g a g b( ) ( )= =0

and g g( ) ( )a b= = 0

g
a b+æ

èç
ö
ø÷ =

2
0

\ According to Rolle’s theorem,

g x¢ =( ) 0 has atleast one root in ( , ), , , ,a a a
a b a b

b
+æ

èç
ö
ø÷

+æ
èç

ö
ø÷2 2

and ( , )b b , i.e. minimum of 4 roots.

108. Let g x
x

( )
| |

=
- +

1

4 1

Þ g x
x

( )
| |

+ =
+ +

12
1

8 1

When, x < -8 both g x( ) and g x( )+ 12 are increasing, hence
maximum value can’t occur in this interval.

Similarly, for x Î ¥( , )4 both g x( ) and g x( )+ 12 are decreasing,
hence maximum value can’t occur in this interval.

So, now for all values of x Î -( , )8 4

f x
x x

( ) =
+

+
-

1

9

1

5

Þ f x
x x

¢ = -
+

+
-

( )
( ) ( )

1

9

1

52 2
= + - -

+ -
( ) ( )

( ) ( )

x x

x x

9 5

9 5

2 2

2 2

\ f x
x

x x
¢ = +

+ -
( )

( )

( ) ( )

14 2 4

9 52 2

\ Minimum at x = -2, and maximum occurs at x = + 4 or
x = -8.

Here, f f
p

q
( ) ( )4 8

14

13
= - = =

\ ( )p q- = 1

109. Here, to find the least value of a ÎR, for which 4
1

12ax
x

+ ³ ,

for all x > 0.

i.e. to find the minimum value of a when y x
x

x= + >4
1

02a ;

attains minimum value of a.

\ dy

dx
x

x
= -8

1
2

a …(i)

Now,
d y

dx x

2

2
8= a + 2

3 …(ii)

When
dy

dx
= 0, then 8 13x a =

At x = æ
èç

ö
ø÷

1

8

1 3

a

/

,
d y

dx

2

2
8 16 24= +a a = a, Thus, y attains

minimum when

x = æ
èç

ö
ø÷ >1

8
0

1 3

a
a

/

; .

\ y attains minimum when x = æ
èç

ö
ø÷

1

8

1 3

a

/

.

i.e. 4
1

8
8 1

2 3
1 3a

a
aæ

èç
ö
ø÷ + ³

/
/( )

Þ a a1 3 1 32 1/ /+ ³

Þ 3 11 3a / ³ Þ a ³ 1

27

Hence, the least  value of a is
1

27
.

110. Plan The given equation contains algebraic and trigonometric
functions called transcendental equation. To solve
transcendental equations we should always plot the graph for
LHS and RHS.

Here, x x x x2 = +sin cos
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Let f x x( ) = 2 and g x x x x( ) sin cos= +

We know that, the graph for f x x( ) = 2

To plot, g x x x x( ) sin cos= +
g x x x x x¢ = + -( ) cos sin sin

g x x x¢ =( ) cos …(i)

g x x x x¢¢ = - +( ) sin cos …(ii)

Put g x¢ =( ) 0 Þ x xcos = 0

\ x = 0
2

3

2

5

2

7

2
, , , ,

p p p p

At x f x= ¢¢ >0
3

2

7

2
0, , ,..., ( )

p p
, so minimum

At x f x= ¢ <p p p
2

5

2

9

2
0, , ,..., ( ) , so maximum

So, graph of f x( ) and g x( ) are shown as

So, number of solutions are 2.

111. Here, lim
( ) ( )

( ) ( )x

f x g x

f x g x®

×
¢ × ¢

=
2

1

Þ lim
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )x

f x g x f x g x

f x g x f x g x®

¢ + ¢
¢ ¢ ¢ + ¢ ¢ ¢

=
2

1 [using L’Hospital’s rule]

Þ f g f g

f g f g

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

2 2 2 2

2 2 2 2
1

¢ + ¢
¢ ¢ ¢ + ¢ ¢ ¢

=

Þ f g

f g

( ) ( )

( ) ( )

2 2

2 2
1

¢
¢ ¢ ¢

= [Q f g¢ = =( ) ( )2 2 0]

Þ f f( ) ( )2 2= ¢¢ ...(i)

\ f x f x( )– ( )¢ ¢ = 0 for atleast one x RÎ .

Þ Option (d) is correct.

Also, f R: ( , )® ¥0

Þ f ( )2 0>
\ f f¢ ¢ = >( ) ( )2 2 0 [from Eq. (i)]

Since, f ¢ =( )2 0 and f ¢ ¢ >( )2 0

\ f x( ) attains local minimum at x = 2.

Þ Option (a) is correct.

112. Given, f x
e

t
dt

t
t

x

x
( ) =

- +æ
è
ç

ö
ø
÷

ò
1

1

f x
e

x x

e

x

x
x x

x

¢ = × - -æ
èç

ö
ø÷

- +æ
è
ç

ö
ø
÷ - +æ

è
ç

ö
ø
÷

( )
/

1
1

1

1

2

1

= +
- +æ

è
ç

ö
ø
÷ - +æ

è
ç

ö
ø
÷

e

x

e

x

x
x

x
x

1 1

=
- +æ

è
ç

ö
ø
÷

2

1

e

x

x
x

As ¢ >f x( ) 0, " Î ¥x ( , )0

\ f x( ) is monotonically increasing on ( , )0 ¥ .

Þ Option (a)  is correct and option (b) is wrong.

Now, f x f
x

e

t
dt

e

t
dt

t
t

t
t

x

x
( )

/
+ æ

èç
ö
ø÷ = +

- +æ
è
ç

ö
ø
÷ - +æ

è
ç

ö
ø
÷

1

1 1

1

òò1/x

x

= " Î ¥0 0, ( , )x

Now, let g x f
e

t
dtx

t
t

x

x

( ) ( )= =
- +æ

è
ç

ö
ø
÷

-ò2

1

2

2

g x f x( ) ( )- = -2 =
- +æ

è
ç

ö
ø
÷

-

ò
e

t
dt

t
t

x

x

1

2

2
= -g x( )

\ f x( )2 is an odd function of x on R.

113. Plan

We know that, | |
,

,
x

x x

x x
=

³
- <

ì
í
î

if

if

0

0

Þ | |
,

( ),
x a

x a x a

x a x a
- =

- ³
- - <

ì
í
î

if

if

and for non-differentiable continuous function, the maximum or
minimum can be checked with graph as

Here, f x x x x x( ) | | | | || | | ||= + + - + -2 2 2 2

=

- - + + - £ -
- + + + + - <

2 2 2 2

2 2 3 2 2

x x x x

x x x x

( ) ( ),

,

if when

if when £ -

- - < £

< £
+ >

2 3

4
2

3
0

4 0 2

2 4 2

/

,

,

,

x x

x x

x x

if when

if when

if when

ì

í

ï
ïï

î

ï
ï
ï
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O
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–5 2π/ –π– 2π/ π/2 π 5 2π/
x

π/2

Y

O XX ′

Y ′

g x( )
f x( )

– 2π/ π/2

x = a
Minimum at x = a

O
X

Y

x = a
Maximum at x = a

X

Y

x = a

Neither maximum
nor minimum at x = a

Y

O
X



=

- - £ -
+ - < £ -

- - < £

<

2 4 2

2 4 2 2 3

4
2

3
0

4 0

x x

x x

x x

x x

,

, /

,

,

if

if

if

if £
+ >

ì

í

ï
ïï

î

ï
ï
ï

2

2 4 2x x, if

Graph for y f x= ( ) is shown as

114. Plan The problem is based on the concept to maximise volume
of cuboid, i.e. to form a function of volume, say f x( ) find f x¢( )
and f x¢ ¢( ).

Put f x¢ =( ) 0 and check f x¢ ¢( ) to be + ve or -ve for minimum
and maximum, respectively.

Here, l x a b x a= - = -15 2 8 2, and h a=

\ Volume = - -( ) ( )8 2 15 2x a x a a

V a x a x a= × - -2 4 15 2( ) ( ) …(i)

On differentiating Eq. (i) w.r.t. a, we get
dv

da
a ax x= - +6 46 602 2

Again, differentiating, we get
d v

da
a x

2

2
12 46= -

Here,
dv

da

æ
èç

ö
ø÷ = 0

Þ 6 23 15 02x x- + =

At a = 5, x = 3
5

6
,

Þ d v

da
x

2

2
2 30 23

æ
è
ç

ö
ø
÷ = -( )

At x
d v

da
=

æ
è
ç

ö
ø
÷ = - <3 2 30 69 0

2

2
, ( )

\ Maximum when x = 3, also at x = 5

6

Þ d v

da

2

2
0

æ
è
ç

ö
ø
÷ >

\ At x = 5 6/ , volume is minimum.

Thus, sides are 8 24x = and 15 45x =
115. Plan As to maximise or minimise area of triangle, we should

find area in terms of parametric coordinates and use second
derivative test.

Here, tangent at P( cos , sin )2 3q q is

x y

2 3
1cos sinq q+ =

\ R( sec , )2 0q
Þ D = Area of DPQR

= -1

2
2 3 2 2( sin ) ( sec cos )q q q

= ×2 3 3sin cosq/ q …(i)

Since,
1

2
1£ £h

\ 1

2
2 1£ £cosq

Þ 1

4

1

2
£ £cosq …(ii)

\ d

d

D
q

q q q q q
q

= × - -2 3 3 2 3

2

{cos sin cos sin ( sin )}

cos

= × +2 3
3

2

2
2 2sin

cos
[ cos sin ]

q
q

q q = × +2 3
2 1

2

2
2sin

cos
[ cos ]

q
q

q

= + >2 3 2 1 02 2tan ( cos )q q

When
1

4

1

2
£ £cosq ,

\ D D1 = max occurs at cosq = 1

4
= ×æ

è
ç

ö
ø
÷

2 3 3sin

cos

q
q

When cosq = 1

4
= 45 5

8

D D2 = min occurs at cosq = 1

2
=

æ
è
ç

ö
ø
÷

2 3 3sin

cos

q
q

When cosq = 1

2
= 9

2

\ 8

5
8 45 36 91 2D D- = - =

546 Textbook of Differential Calculus

20–2 –2/3

–2 – 4x

2
+

4
x – 4x

8/3

8

4x

2 + 4x

15 – 2x a

8 –2x a 8x

15x

a

a

a
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O
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116. Given function, f x e ex x( ) = + -2 2

, g x xe ex x( ) = + -2 2

and

h x x e ex x( ) = + -2 2 2

are strictly increasing on [0, 1].

Hence, at x = 1, the given function attains absolute maximum
all equal to e e+ 1 / .

Þ a b c= =

117. Given, f x
x x

x x
( )

( ) ,

,/
=

+ - < £ -

- < <

ì
í
ï

îï

2 3 1

1 2

3

2 3

if

if

Þ f x

x x

x x
¢ =

+ - < < -

- < <

ì

í
ï

î
ï

-( )

( ) ,

,

3 2 3 1

2

3
1 2

2

1

3

if

if

Clearly, f x¢( ) changes its sign at x = -1 from +ve to -ve and so
f x( ) has local maxima at x = -1 .

Also, f ¢( )0 does not exist but f ¢ <-( )0 0 and f ¢ >+( ) .0 0 It can

only be inferred that f x( ) has a possibility of a minima at
x = 0. Hence, the given function has one local maxima at
x = -1 and one local minima at x = 0 .

118. Given, g u eu( ) tan ( )= --2
2

1 p
for u Î -¥ ¥( , )

g u e u( ) tan ( )- = -- -2
2

1 p = --2
2

1(cot ( ))eu p

= -æ
èç

ö
ø÷ --2

2 2

1p p
tan ( )eu

= - -p / tan ( )2 2 1 eu = - g u( )

\ g u g u( ) ( )- = -
Þ g u( ) is an odd function.

We have, g u eu( ) tan ( )= --2 21 p

g u
e

e

u

u
¢ =

+
( )

2

1 2

g u¢ >( ) 0, " Îx R [ ]Q eu > 0

So, g u¢( ) is increasing for all x RÎ .

119. Let f x bx ax c( ) = + +2

Q f c( )0 0 0= Þ =
and f a b( )1 1 1= Þ + =
\ f x ax a x( ) ( )= + -1 2

Also, f x x¢ > Î( ) , ( , )0 0 1for

Þ a a x+ - >2 1 0( )

Þ a x x( )1 2 2 0- + >

Þ a
x

x
a>

-
Þ < <2

2 1
0 2, since x Î( , )0 1

\ f x ax a x a( ) ( ) ,= + - < <1 0 22

120. Given, f x x bx cx d( ) = + + +3 2

Þ f x x bx c¢ = + +( ) 3 22

As we know that, if ax bx c2 0+ + > , "x, then a > 0 and D < 0.

Now, D b c b c c= - = - -4 12 4 82 2( )

[where, b c2 0- < and c > 0]

\ D = (–ve) or D < 0

Þ f x x bx c¢ = + + >( ) 3 2 02 " Î - ¥ ¥x ( , ) [as D < 0 and a > 0]

Hence, f x( ) is strictly increasing function.

121. Given f x x bx c( ) = + +2 22 2 and g x x cx b( ) = - - +2 22

Then, f x( ) is minimum and g x( ) is maximum at

x
b

a
f x

D

a
= - = -æ

è
ç

ö
ø
÷

4 4
and ( ) , respectively.

\ min f x
b c

c b( )
( )

( )= - - = -4 8

4
2

2 2
2 2

and max g x
c b

b c( )
( )

( )
( )= - +

-
= +4 4

4 1

2 2
2 2

Now, min f x( ) > max g x( )

Þ 2 2 2 2 2c b b c- > + Þ c b2 22> Þ | | | |c b> 2

122. Let f x x x x( ) sin sin sin= - =3 4 33

The longest interval in which sin x is increasing is of length p .

So, the length of largest interval in which f x x( ) sin= 3 is

increasing is
p
3

.

123. Given, cot . cot .a a1 2 ... . cot an = 1

Þ cos

sin
. cos

sin
. cos

sin

a
a

a
a

a
a

1

1

2

2

3

3

× … × =cos

sin

a
a

n

n

1

Let cos . cos . cos .a a a1 2 3 … × =cos an k …(i)

and sin . sin . sin .a a a1 2 3 … × =sin an k … (ii)

Again, on multiplying Eqs. (i) and (ii), we get

(cos . cos . cos . . cos )a a a a1 2 3 K n

´ =(sin .sin .sin . . sin )a a a a1 2 3
2

K n k

k
n

2
1 1

1

2 2
2=

´ ´ K times
( sin cos )a a

( sin cos )...( sin cos )2 22 2a a a an n

Þ k
n n

2
1 2

1

2
2 2 2= (sin )(sin ) (sin )a a aK

£ £1

2
2 1

n isin a , " £ <1 i n Þ k
n

£ 1

2 2/

124. Given, f x

e

e

x e

x

x

x

x

x( )

,

,

,

= -
-

ì

í
ï

î
ï

£ £
< £
< £

-2

0 1

1 2

2 3

1

if

if

if

and g x f t dt
x

( ) ( )= ò 0

Þ g x f x¢ =( ) ( )

Put g x¢ =( ) 0 Þ x e= +1 2log and x e= .

Also, ¢¢ = -

ì
í
ï

îï

£ £

< £
< £

-g x

e

e

x

x

x

x

x( )

,

,
,

1

1

0 1

1 2
2 3

if

if
if

Chap 08 Monotonicity, Maxima and Minima 547

–3 –2 –1 1 2
x

y



At x e= +1 2log , ¢¢ + = - <g ee
e( log ) ,log1 2 02 g x( ) has a

local maximum.

Also, at x e= ,

¢¢ = >g e( ) ,1 0 g x( ) has a local minima.

Q f x( ) is discontinuous at x = 1, then we get local maxima at
x = 1 and local minima at x = 2.

Hence, (a) and (b) are correct answers.

125. Since, f x( ) has local maxima at x = - 1 and f x¢( ) has local

minima at x = 0.

\ f x x¢ ¢ =( ) l
On integrating, we get

f x
x

c¢ = +( ) l
2

2
[ ( ) ]Q f ¢ - =1 0

Þ l
2

0+ =c Þ l = - 2c …(i)

Again, integrating on both sides, we get

f x
x

cx d( ) = + +l
3

6

Þ f c d( )2
8

6
2 18= æ

èç
ö
ø÷ + + =l …(ii)

and f c d( )1
6

1= + + = -l
…(iii)

From Eqs. (i), (ii) and (iii), we get

f x x x( ) ( )= - +1

4
19 57 343

\ f x x¢ = -( ) ( )
1

4
57 572 = - +57

4
1 1( ) ( )x x

For maxima or minima, put f x¢ =( ) 0

Þ x = -1 1,

Now f x x¢ ¢ =( ) ( )
1

4
114

At x = 1 , f x¢ ¢ >( ) ,0 minima

At x = - 1, f x¢ ¢ <( ) 0 , maxima

\ f x( ) is increasing for [ , ]1 2 5 .

\ f x( ) has local maxima at x = - 1 and f x( ) has local minima
at x = 1.

Also, f ( ) /0 34 4=
Hence, (b) and (c) are the correct answers.

126. f x
x ax ax

x ax
( )

( )= + + -
+ +

2

2

1 2

1
= -

+ +
1

2

12

ax

x ax

f x
x ax a ax x a

x ax
¢ = - + + × - +

+ +
é

ë
ê

ù

û
ú( )

( ) ( )

( )

2

2 2

1 2 2 2

1

= - +
+ +

é

ë
ê

ù

û
ú = -

+ +
é

ë
ê

ù

û
–

( )

( )

( )

2 2
2

1

1

2

2 2

2

2 2

ax a

x ax a
a

x

x ax
ú ...(i)

f x a

x ax x x

x ax x a

x
¢ ¢ =

+ + - -

+ + +
+

( )

( ) ( ) ( )

( )( )

(
2

1 2 2 1

1 2

2 2 2

2

2 ax +

é

ë

ê
ê
ê
ê
ê

ù

û

ú
ú
ú
ú
ú

1 4)

= + + - - +
+ +

é

ë
ê

ù

û
ú2

2 1 2 1 2

1

2 2

2 3
a

x x ax x x a

x ax

( ) ( )( )

( )
…(ii)

Now, f
a a

a

a

a
¢¢ = +

+
=

+
( )

( )

( ) ( )
1

4 2

2

4

23 2

and f
a a

a

a

a
¢¢ - = -

-
= -

-
( )

( )

( ) ( )
1

4 2

2

4

23 2

\ ( ) ( ) ( ) ( )2 1 2 1 4 42 2+ ¢¢ + - ¢¢ - = -a f a f a a = 0

127. When x Î -( , )1 1 ,

x 2 1<

Þ x 2 1 0- <
\ f x¢ <( ) 0, f x( ) is decreasing.

Also, at x = 1, f
a

a
¢¢ =

+
>( )

( )
1

4

2
0

2
[ ]Q0 2< <a

So, f x( ) has local minimum at x = 1.

128. g x
f e

e
e

x

x

x¢ = ¢
+

×( )
( )

( )1 2
= -

+ +
é

ë
ê

ù

û
ú +

æ
è
ç

ö
ø
÷2

1

1 1

2

2 2 2
a

e

e ae

e

e

x

x x

x

x( )

g x e x¢ = - =( ) ,0 1 02if ,

i.e. x = 0

If x < 0,e x2 1<
Þ g x¢ <( ) 0

129. To maximize area of D APB, we know that, OP = 10

and sin /q = r 10 , where q pÎ( , / )0 2 … (i)

\ Area = 1

2
2( ) ( )AQ PQ

= = -AQ PQ r OQ. ( cos ) ( )q 10

= -( cos ) ( sin )r rq q10

= -10 10 10 2sin cos ( sin )q q q [from Eq. (i)]

Þ A = 100 3cos sinq q

Þ dA

dq
= - ×100 3004 2 2cos cos sinq q q

Put
dA

dq
= 0

Þ cos sin2 23q q=
Þ tan /q = 1 3

Þ q p= /6

At which
dA

d q
< 0, thus when q p= /6, area is maximum

From Eq. (i), r = =10
6

5sin
p

units

548 Textbook of Differential Calculus

A

r
θ

O
Q

B

X

θ

P(6,8)

Y

Y′

X′



130. Let us take a point P( cos , sin )6 3q q on
x y2 2

6 3
1+ = .

Now, to minimise the distance from P to given straight line
x y+ = 7, shortest distance exists along the common normal.

Slope of normal at P = = = =a x

b y

2
1

2
1

6

6
2 1

/

/

sec
tan

q
q

q
cosec

So, cosq = 2

3
and sinq = 1

3

Hence,  required point is P( , )2 1 .

131. Plan

(i) Local maximum and local minimum are those points at
which f x¢ =( ) 0, when defined for all real numbers.

(ii) Local maximum and local minimum for piecewise
functions are also been checked at sharp edges.

Description of Situation y x x x
x x= = - <

³ìíî
| | ,

,
if
if

0
0

Also, y x
x x x

x x
= - = - £- ³

- - £ £

ì
í
î

| |
( ),

( ),

2
2

2
1

1 1 1

1 1 1

if

if

or

y x x= + -| | | |2 1 =

- + - £-
- + - - £ £

+ - £ £
+ -

x x x

x x x

x x x

x x

1 1

1 1 0

1 0 1

2

2

2

2

,

,

,

if

if

if

1 1, if x ³

ì

í
ï
ï

î
ï
ï

=

- - + £ -
- - + - £ £
- + +

x x x

x x x

x x

2

2

2

1 1

1 1 0

1

,

,

,

if

if

if 0 1

1 12

£ £
+ - ³

ì

í
ï
ï

î
ï
ï

x

x x x, if

which could be graphically shown as

Thus, f x( ) attains maximum at x = -1

2

1

2
, and f x( ) attains

minimum at x = -1 0 1, , .

Þ Total number of points = 5

132. Plan If f x( ) is least degree polynomial having local maximum

and local minimum at a and b.

Then, f x x x¢ = - -( ) ( )( )l a b
Here, p x x x¢ = - -( ) ( )( )l 1 3 = - +l( )x x2 4 3

On integrating both sides between 1 to 3, we get

p x dx x x dx¢ = - +ò ò( ) ( )
1

3 2

1

3
4 3l

Þ ( ( ))p x
x

x x1
3

3
2

1

3

3
2 3= - +

æ
è
ç

ö
ø
÷l

Þ p p( ) ( ) ( )3 1 9 18 9
1

3
2 3- = - + - - +æ

èç
ö
ø÷

æ
èç

ö
ø÷

l

Þ 2 6
4

3
- = -ì

í
î

ü
ý
þ

l Þ l = 3

Þ ¢ = - -p x x x( ) ( )( )3 1 3

\ p ¢ =( )0 9

133. Let g x e f x( ) ( )= , " Îx R Þ ¢ = × ¢g x e f xf x( ) ( )( )

Þ ¢f x( ) changes its sign from positive to negative in the
neighbourhood of x = 2009

Þ f x( ) has local maxima at x = 2009.

So, the number of local maximum is one.

134. Let f ( )
sin sin cos cos

q
q q q q

=
+ +

1

3 52 2

Again let, g ( ) sin sin cos cosq q q q q= + +2 23 5

= - + +æ
èç

ö
ø÷ +1 2

2
5

1 2

2

3

2
2

cos cos
sin

q q q

= + +3 2 2
3

2
2cos sinq q

\ g ( )minq = - +3 4
9

4
= - =3

5

2

1

2

\ Maximum value of f ( )q = =1

1 2
2

135. Given, A x x x x x= + £ = Î{ | } { | [ , ]}2 20 9 4 5

Now, f x x x¢ = - +( ) ( )6 5 62

Put f x¢ =( ) 0 Þ x = 2 3,

f f f f( ) , ( ) , ( ) , ( )2 20 3 21 4 16 5 7= - = - = - =
From graph, maximum value of f x( ) on set A is f ( ) .5 7=

136. According to given information, we have

Perimeter of square + Perimeter of circle = 2 units

Þ 4 2 2x r+ =p

Þ r
x= -1 2

p
...(i)

Now, let A be the sum of the areas of the square and the circle.

Then, A x r= +2 2p = + -
x

x2
2

2

1 2p
p

( )

Þ A x x
x

( )
( )= + -2

21 2

p
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5

432

–16
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–21
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Y′

y
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O



Now, for minimum value of A x( ),
dA

dx
= 0

Þ 2
2 1 2

2 0x
x+ - × - =( )

( )
p

Þ x
x= -2 4

p
Þ px x+ =4 2

Þ x =
+
2

4p
...(ii)

Now, from Eq. (i), we get

r =
- ×

+
1 2

2

4p
p

= + -
+

=
+

p
p(p p

4 4

4

1

4)
...(iii)

From Eqs. (ii) and (iii), we get x r= 2

137. Here, x = -1 and x = 2 are extreme points of
f x x x x( ) log| |= + +a b 2 , then

¢ = + +f x
x

x( )
a b2 1

\ ¢ - = - - + =f ( )1 2 1 0a b …(i)

[at extreme point, ¢ =f x( ) 0]

and ¢ - = + + =f ( )2
2

4 1 0
a b …(ii)

On solving Eqs. (i) and (ii), we get

a b= = -2
1

2
,

138. Given

(i) A function f, such that

f x x bx ax( ) log | | ,= + +2 x ¹ 0

(ii) The function f has extrema at x = -1 and x ,= 2 i.e.,

f f¢ - = ¢ =( ) ( )1 2 0 and f f¢ ¢ - ¹ ¹ ¢¢( ) ( ).1 0 2

Now, given function f is given by

f x x bx ax( ) log | |= + +2

Þ f x
x

bx a¢ = + +( )
1

2 Þ f x
x

b¢ ¢ = - +( )
1

2
2

Since, f has extrema at x = -1 and x .= 2

Hence, f f¢ - = = ¢( ) ( )1 0 2

f ¢ - =( )1 0

Þ a b- =2 1 …(i)

and f ¢ =( )2 0

Þ a b+ = -
4

1

2
…(ii)

On solving Eqs. (i) and (ii), we get

a = 1

2
and b = -1

4

Þ f x
x

x

x
¢ ¢ = - + - = - +æ

è
ç

ö
ø
÷( )

1 1

2

2

22

2

2

Þ f ¢ ¢ - <( )1 0 and f ¢ ¢ <( )2 0

Hence, f has local maxima at both x = -1 and x .= 2

Hence, Statement I is correct.

Also, while solving for Statement I, we found the values of a

and b, which justify that Statement II is also correct.

However, Statement II does not explain Statement I in any
way.
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