Graph Theory
1. Graph Definition:

A graph G = (V, E) consists of V, a nonempty set of vertices (or nodes) and E, a set of
edges. Each edge has either one or two vertices associated with it, called its endpoinrs. An
edge is said to connect its endpoints.

2. Graph Terminology:

TABLE 1 Graph Terminology.
Type Edges Multiple Edges Allowed? Loops Allowed?

Simple graph Undirected No No
Multigraph Undirected Yes No
Pseudograph Undirected Yes Yes
Simple directed graph Directed No No
Directed multigraph Directed Yes Yes
Mixed graph Directed and undirected Yes Yes

A]Lhough_t-he terminology used to describe éraphs may vary, three i:ey questions-can
help us understand the structure of a graph:

B Are the edges of the graph undirected or directed (or both)?

B Ifthe graph is undirected, are multiple edges present that connect the same pair of vertices?
If the graph is directed, are multiple directed edges present?

B Are loops present?

Answering such questions helps us understand graphs. It is less important to remember the
particular terminology used.

3. The degree of a vertex

The degree of a vertex in an undirected graph is the number of edges incident with it, except
that a loop at a vertex contributes twice to the degree of that vertex. The degree of the
vertex v is denoted by deg(v).

4. Example:



What are the degrees and what are the neighborhoods of the vertices in the graphs G and H
displayed in Figure 17

Solution: In G, deg(a) = 2, deg(b) = deg(c) = deg(f) =4, deg(d) =1, deg(e) = 3, and
deg(g) = 0. The neighborhoods of these vertices are N(a) = {b, f}, N(b) ={a,c,e, f},
N(c) =1{b,d,e, f}, Nd) ={c}, N(e) ={b,c, f}, N(f)=1la,b,c,e}, and N(g) =¢. In
H, deg(a) = 4, deg(b) = deg(e) = 6, deg(c) = 1, and deg(d) = 5. The neighborhoods of
these vertices are N(a) = {b,d., e}, N(b) = {a,b,c.d, e}, N(c) = {b}, N(d) = {a, b, e}, and
N(e) ={a,b,d)}. |
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. A vertex of degree zero is called isolated.

A vertex is pendant if and only if it has degree one.

5. Handshaking Theorem

THEOREM THE HANDSHAKING THEOREM Let G = (V, E) be an undirected graph with m

edges. Then
2m = Z deg(v).
veV

(Note that this applies even if multiple edges and loops are present.)

EXAMPLE How many edges are there in a graph with 10 vertices each of degree six?

Solution: Because the sum of the degrees of the vertices is 6 - 10 = 60, it follows that 2m = 60
where m is the number of edges. Therefore, m = 30. |

THEOREM An undirected graph has an even number of vertices of odd degree.

Proof: Let Vi and V7 be the set of vertices of even degree and the set of vertices of odd degree,
respectively, in an undirected graph G = (V. E) with m edges. Then

2m = Zdeg(_v} = Z deg(v) + Z deg(v).
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7. Relationship between in-degree and out-degree



THEOREM Let G = (V, E) be a graph with directed edges. Then

Zdeg_(v) = Zdeg+(v) = |E|.
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Some Special Simple Graphs

8. Complete Graphs

Complete Graphs A complete graph on n vertices, denoted by K,,, is a simple graph
that contains exactly one edge between each pair of distinct vertices. The graphs K,,, for
n=1,2,3,4,5,6, are displayed in Figure . A simple graph for which there is at least one
pair of distinct vertex not connected by an edge is called noncomplete. |
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9. Cycle Graphs
Cycles A cycle C,, n >3, consists of n vertices vi,vp,...,v, and edges {vi,w},

{fva, vzl ... {va1. v}, and {v,.,vi}. The cycles C3, C4, Cs, and Cg are displayed in
Figure . |
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FIGURE - The Cycles C3, C4, Cs, and Cé.

10. Wheel Graphs

Wheels We obtain a wheel W, when we add an additional vertex to a cycle C,, for n > 3,
and connect this new vertex to each of the n vertices in C,,, by new edges. The wheels W3, Wi,
Ws, and W are displayed in Figure . . |
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FIGURE  The Wheels W3, Wy, Ws, and W.
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11. Bipartite Graphs

A simple graph G is called bipartite if its vertex set V can be partitioned into two disjoint
sets V1 and V> such that every edge in the graph connects a vertex in V] and a vertex in V>
(so that no edge in G connects either two vertices in Vj or two vertices in V2). When this
condition holds, we call the pair (Vy, V3) a bipartition of the vertex set V of G.

12. Theorem

A simple graph is bipartite if and only if it is possible to assign one of two different colors to
each vertex of the graph so that no two adjacent vertices are assigned the same color.

13. Complete Bipartite Graphs
Complete Bipartite Graphs A complete bipartite graph K,, , is a graph that has its vertex

set partitioned into two subsets of m and n vertices, respectively with an edge between two
vertices if and only if one vertex is in the first subset and the other vertex is in the second subset.

The complete bipartite graphs K2 3, K33, K3 5, and K2 6 are displayed in Figure . |

AT

FIGURE  Some Complete Bipartite Graphs.

14. Graph Union



(a) (b)

FIGURE (a) The Simple Graphs G and G2; (b) Their Union G U Ga.

15. Relation in between vertex, edge, max-degree, min-degree of a graph

Let G be a graph with v vertices and e edges. Let M be
the maximum degree of the vertices of G, and let m be
the minimum degree of the vertices of G. Show that

a) 2e/v=m. b) 2e/v < M.

16. Vertex edge relationship of a bipartite graph

Show that if G is a bipartite simple graph with v vertices
and ¢ edges, then ¢ < v?/4.

17. Incidence Matrices

Another common way to represent graphs is to use incidence matrices. Let G = (V, E) be an
undirected graph. Suppose that vy, v, ..., v, are the vertices and e, e, . .., e, are the edges
of G. Then the incidence matrix with respect to this ordering of V and E is the n x m matrix
M = [m;j], where

1 when edge ej is incident with v;,
mjj = .
Y 0 otherwise.

EXAMPLE Represent the graph shown in Figure 6 with an incidence matrix.

Solution: The incidence matrix is
€] €2 €3 €4 €5 €5

vi| 1 1 0 0 0 0
w| 0 0 I 1 0 1
vy, 0 0 0 0 1 1
w1l 0O 1T 0 0 0
vs O 1 0 1 1 0

18. Isomorphism of Graphs
Determining whether Two Simple Graphs are Isomorphic

(i) No of edge, no of vertices,
(ii) No of degree of each vertex
(iii) Degree of adjacent vertex

19. A simple graph G is called self-complementary if G and comp(G) are isomorphic.

20. Suppose that G and H are isomorphic simple graphs. Show that their complementary graphs
comp(G) and comp(H) are also isomorphic.



21. Planar Graphs

A graph is called planar if it can be drawn in the plane without any edges crossing (where
a crossing of edges is the intersection of the lines or arcs representing them at a point other
than their common endpoint). Such a drawing is called a planar representation of the graph.

22. Euler’s Formula Planar Gaph

EULER’S FORMULA  Let G be a connected planar simple graph with e edges and v
vertices. Let r be the number of regions in a planar representation of G. Thenr = e — v + 2.

23. Example
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FIGURE  The Regions of the Planar Representation of a Graph.
24. Relationship between vertex and edges if graph is planar

If G is a connected planar simple graph with e edges and v vertices, where v > 3, then
e <3y —06.

25. Graph nonplanar condition

A graph is nonplanar if and only if it contains a subgraph homeomorphic to K3 3 or Ks.

26. Bipartite planar graph vertex-edge relationship

Suppose that a connected bipartite planar simple graph
has e edges and v vertices. Show thate < 2v — 4 ifv > 3.

27. Graph coloring

A coloring of a simple graph is the assignment of a color to each vertex of the graph so that
no two adjacent vertices are assigned the same color.

28. Chromatic number

The chromatic number of a graph is the least number of colors needed for a coloring of
this graph. The chromatic number of a graph G is denoted by x (G). (Here x is the Greek
letter chi.)

29. The four color theorem

THE FOUR COLOR THEOREM The chromatic number of a planar graph is no greater
than four.






