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Systems of Co-ordinates

em—

§1. Introdaction. Students know well that In co-ron:'u:;;:
geometry of two dimenstons (i.e. plune ana!yr!cf:f geor.rfle iy, e
position of a point in a plane is referred to two mlcrscn_.m_é ‘.hc"
(in the plane of the point) called the axes of rele.rcnce an‘L.. ,
point of intersection called the origion of co-ordmn‘tes. Tre a_a‘cs
are called rectangular axes if they are at right angies, .:-I‘..:rwwe
they are called oblique axes. Whatever the ::\~ mey bz, llfcy
divide the pl-ne into four quadrants called the first, scoond, third
and fourth quadrants respectively.

But it is not always possible to deferniine the positions of all
the points we can imagine with reference to above co-ordipate
axes. For examplc, codsider the [ive coraers of o rectzpgular
parallelopiped, they do not lic in one plane. Such points are
called polnts In space. A point in space can be Gemonsirated o5
follows :

Consider your study room und let dlmonsion: i the rovm se
that of a rectangular parallelopipcd. Now conxtde; any particle in
alr, then this partlcle In alr is a poini In space,

The geometry of such points in space is discussed in
“Apalytical geometry of three dimensions” also called *Solid
geometry.”

§ 2. Definitions. Origin, axes and cc¢-ordinate planes,

iaw two mutually perpendicular lines X'0X and Z'OZ in
the ; lanc of the paper. Let these lines intersect at O, then
through O imagine a third line Y'OY perpendicular to both of
the above lines, so that OY is perpendicular to the plane of the
Paper and is directed upwards.
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The point O is called the origin. The three mutually per-
pendicular lines namely X'OX, Y'OY and Z'OZ arc called the
axes of reference (rectangular), and are said to be x-axis, y-axis
and z-axis respectively. OX is taken to be positive direction of
x-axis whereas QX' as negative direction of x-axis. In a similar
way OY and OZ are taken to be the +ve directions and OY' and
©Z' as —ve directions of y and z-axes respectively.

When these three axes are taken in pairs, they give us three
planes YOZ, ZOX and XOY. These three planes are called yz, zx
and xy-planes respectively. Tne set of these three planes is called
the set of co-ordinate planes (rectangular).

The axes are oblique axes, if they are not rectangular.

Note. In the rest of the book the axes will be assumed to be
rectangular unless otherwise stated.

§ 3. Co-ordloates of a point in space. Consider a point P in
space. Through P draw a plane PNAM parallel to YOZ plane
ie. perpendicnlar to x-axis meeting it in the point 4 ;if 04=a,
then a is called the x-co-ordinate of P. Similarly through P
draw planes PNBL parallel to the plane ZOX and PMCL parallel
to the plane XOY meeting p and z axes in the points Band C
respectively ; if OB=band OC=c then bis called y-co-ordinate
of P and ¢ is called z-co-ordinate of P. The three numbers g, b, ¢
are called the co-ordinates of the point Pand are written by
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ordered triads of the form (a, b, c¢). These co-ordinates arc
measured positive or negative in the sense explained in § 2.
Let i, j, k denote the unit vectors along OX, 0%, 0Z respect-

ively. Let r be the position vector of the point P whose co-ordi-
nates are (a, b, ¢). Then we have
-+ > =
OP<=ON+ NP
B e e e e
=0A+AN+NP=0A+0B+0C
le., r==ai+ bj+-ck.

The vector ai+ bj+ck is more coaveniently written as (g, b, ¢).

Hence we may write
r=(a, b, ¢).

Thus (a, b, c) are the co-ordinates of a point P if and only If
the positicn vector f the point P Is the vector ai-+bj+ck which Is
stmply writien as the vector (a, b, c).

Remark 1. If (g, b, c) are the co-ordinates of a point Pin
space, then it is usually written as the point P (g, b, c).

Remark 2. The co-ordinates (g, b, ¢) of the point P deter-
mined as above are called the cartesian co-ordinates of the point P,
but for convenience we shall simply say that (g, b, c) are the

co-ordinates of the point P.

Thus we sce that the distances with proper signs of (he origin
from the points ox the axes in which the planes tirough the given
Point P drawn parallel to the co-ordinate planes meet, are called

the co-ordipates of the point P.
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§4. Properties of co-ordinates of a point P.
(A) The co-ordinates of a point P are respectively the distances
with proper slgns of the point P from the three co-ordinate planes.

See figure of § 3. Through the point P draw planes parallel
to the co-ordinate planes cutting the axes in the points 4, Band
C respectively. These three planes together with the co-ordinate
planes form a rectangular parallelopiped. We have,

the perpendicular distance of the point P from the pz-plane

=LP=CM=0A4=a
=x-co-ordinate of the point P,
the perpendicular distance of the point P from the zx-plane
=MP=CL=0B=b
=y-co-ordinate of the point P,
and the perpendicular distance.of the point P from the xy-plane
=NP=AM=0C=c
=z-co-ordinate of the point P.

(B) The co-ordinates of a point P are the distances from the
orlgin O of the feet of the perpendiculars from the polnt P 1o the
co-ordinates axes.

See figure of § 3. Since the plane PNAM is perpendicular
to OX, PA (a line in this plane and cutting OX) is perpendicular
to OX. Similarly PBand PC are perpendiculars to OY and OZ
respectively. Thus

the x-co-ordinate of the point P=04, A being the foot of
the perpendicular from the point P on the x-axis.

Similarly the y-co-ordinate of P=0B, the z-co-ordinate of
P=0C, where the points B and C are the feet of the perpendiculars
from P on the y and z-axes respectively.

§ 5. Octants. The three co-ordinate planes namely yz-plane,
zx-plane and xy-plane divide the space into eight parts called the
octants, and to which octant the point P belongs is determined by
the signs of the co-ordinates of the point P. The following table
determines the signs in eigh* octants :
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Ex. 1. What are the posiiions of the following pofnts ?

(I) {‘- 2- 3)- (H) (]l —2? 3)’ “'ﬂ) (Ov 0! _S}D
“v} (""' Il _'2; 0)- (V) (2l 0| O)I (W"] (_10 _2| _3)-
Sol. (i) (1,2, 3)is a point in the octant OXYZ and its dis-
tances from the co-ordinate planes yz, zx and xy are 1, 2and 3
respectively.

(i) (1, =2, 3) is a point in the octant OXY'Zand its distances
from the co-ordinate planes yz, zx and xy are 1,2 and 3 res-
pectively.

(iii) (0,0, —3) is a point on OZ' Le. on the —ve side of
the z-axis situated at a distance 3 from the origin O.

(iv) (=1, —2,0) isa point in the co-ordinate plane xy
since its z-co-ordinate is zero. It lies in the octant OX'¥Y'Z and

its distances from the co-ordinate planes yz and zx are 1 and 2
respectively.

(v) (2,0, 0)is & point on the positive side of the x-axis
situated at a distancc 2 from the origin O.

(vi) (=1, —2, —3)isa pointin the octant OX'¥’'Z’ and
its distances from the co-ordinate planes yz, zx and xy are 1,2
and 3 respectively.

§ 6. Change of origin. Let OX, OY, OZ be a reclangular
set of axes. Referred to these axes let the co-ordinates of two
points P and Q be (xy, y1, z1) and (Xz, Va Z3) respectively, Sup-
pose we want to shift the origin from O to the point P, i.e. we
want to find the co-ordinates of @ referred to P as origin.
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Draw the new axis PX;, P11 and PZ, parallel to the original
axes 0X, OY and OZ respec-
tively.

The position vectors of
the points P and @ with res-
pect to O as origin are given
by

—_
O P=x;1+ i+ 2k,

_*
OQ =I.i+)’,j+2;k.
Also the position vector
of the peint @ with respect to
.+

P as origin is PQ. Now we have

- = =
PQ=00—0P=(xsi+ysj+zK)—(x1i+nj+2:k)
=(xg—x,) i+(ya=p) i+(z—2) k
=(Xa—X1, Ya—J1, 23— Z1)-
Therefore the co-ordinates of the peint @ with respect to the
new originﬁare (X9=X1, Ya—Yn, Za—21).
§ 7.~ The distance between two given points,
B Let P and Q be two given
points in space.
Let the co-ordinates of %
the points P and @ be (x1, J1, r
z) and (xi, ya. za) with res-
pecttoa set OX, OY, OZ of

rectangular axes. The posi- 4/ =

tion vectors of the points P /,’ o

and Q are given by £
= : ok
O0P=xi+nj+zk. *

-
and 0Q=2x,i+yj+ 2k
- =
Now we have PQ=00—0P.
= (X3l +Y2)+25K) — (xsi +- )1j+ 21K)
=(X3=X;) i+ (ya—yp) j+(2a—2) k.
_r
& PO=| PO |=v{(Xa=X1)' + (ya—y N +(2—2)"}
Thus the distance PQ between two points P
O (%1, », za) is given by BENR R s ot
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PQ=V{(JCA—-‘&J’+(J’¢—J'1)’+(Z:—Z1)'}-

Corollary. The distance between the points (0, 0, 0) and
(X1 Y1» 1) [S=i/(rz’+yl'+z|’!-

§ 8.~ Division of a line. To determine the co-ordinates of a
point R which divides the join of the line joining the two points
P (%1, Y1, 21) and Q (xz, ys, 2a) internally in the ratlo m, : my.

Let OX, OY, OZ be a sct of rectangular axes.

The position vectors of the two

’ 4 z

given points P (%1, Y1, 21) and 7

Q (X2, Y2, 22) ar€ given by NN
T N
OP=xji+njtauk ...(1) ) /wf
— . . /

and 00 =xsi+ysj+zk ...(2)

Also if the co-ordinates of the
point R are (x, y, z), -hen

,'r i
i/ e

—
OR=xi+yj+zk. ...(3) o X
Now the point R divides the
join of P and @ in the ratio my : my, ¥
so that
ny PR
JE=R_Q or m (RQ)R_—HH (PRJ-
Hence m,ﬁnmlﬁb
—- =
or Fily (OR-OP}=m1(3Q— 5:"2)
_*
or (my+ms) OR=m, O_>Q+mg O_F’
. — —
or 0R=ml 0Q+my OP
my +iny
or xi+yj+zk=(mlx2‘i"n!xl) i+“"n)’s+"’h}’:) i+(f}’122+m321) k
(my+my) '

[using (1), (2) and (3

Comparing the coefficients of i, j, k, we get . l

xa"f}_xﬂ'l'm‘le' _MJat+msy, z=mlzs+m221

my+im;g "11+ﬂ'2 ! my+m, ’

‘Cor. 1. The middle point of the segment PQ is obtained by
putting my=my. Hence the co-ordinates of the middle point of
PQ are (4 (x,+x2), § (1+2eh, $ (24 20)).

Cor.2. If m, : my=p : 1, then the co-ordinates of the point
Rare (3'1+me Nt ?14‘#22).

+1 7 pt+t " ptl
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These are called the general co-ordinates of a point on the
line PQ.

Cor.3. If the ratio (my/my) is 4ve then the point R divides
PQ internally and if it is —ve then externally.

For direct applications, the co-ordinates of the point R which
divides externally the join of P and Q in the ratio m, : mj are

myZa—maZ,
m—ny )

§9. (A) Centroid of a triangle. Let ABC be a triangle,
Let the co-ordinates of the vertices 4, Band C be (xy, y1, 21),
(X3, ya, 23) a0d (X3, V5, 23) respectively. Let AD be a median of the
AABC. Thus D is the mid. point of BC.

The co-ordinates of D are
X3+ Xs Yot Zri‘zs)

Now if G is the centroid
(le., centre of gravity) of AABC,
then G divides AD in the ratio P

mXo—MgXy Mi)Ya—My))
ml-l'Ha ' my,—my ¥

A L58,F)

. 1. Let the co-ordinates of G 8 7 - |
fae (lg 7.7). Then .54 Btlnds) |
. X2t Xa |
y -.(- 2_.){-1.}'1 ori__,,,x1+x1+xﬂ_
Caim e

Similarly P=34 (Ji+y2+0), 2=} (2 +2+2).
(B) Centroid of a tetrahedron.

Let ABCD be a tetrahedron,
the co-ordinates of whose verti-
ces are (Xr, ¥y Zr)s r=1,2, 3, 4.

Let G, be the centroid of the
face ABC of the tetrahedron. Then
the co-ordinates of G, are

(x1+x,+x3 NAyatys itz )
3 ' 3 ' 3
The fourth vertex D of the tetrahedron does not lie in the
plane of AABC. We know from statics that the centroid of the
tetrabhedron divides the line DG, in the ratio 3: 1. Let G be the

centroid of tke tatrabedron and if (X, §, Z) are its co-ordinates,
then

Systems of Co-ordinates 9
I[+xg+).‘3
) 3 3 + 1.x, & f=x,+x,+xs+x"
xX= 3+] ; 3

Similarly 7=t n+ya+y+n), 2=1 (atzt+zndz).
§10. (A) Spherical polar co-ordinates.

Let X'OX, Y'0Y and Z'0Z
be the set of rectangular axes.
Let P be a point in space.
Draw PN perpendicular from
Pto the xy-plane. The posi-
tion of P is determined if the
length OF, angles ZOP and
XON are  known. Suppose
OP=r, /Z0P=6 and / XON
=¢, measured posiuvely in the
directions shown by arrows Y
in the figure. The quantities
r, 0, ¢, defined as above, are

called the spherical polar co-ordinates of P and are written as
(r,0,¢).

Nc'w we shi:tll find relations between these co-ordinates and
cartesian co-ordinates. Let (x, y, z) be the cartesian co-ordinates
of P. Hence we have

z=PN=OP cos (/£ OPN)=r cos (L ZOP)=rcos 6. (1)

Also ON=OP sin £/ OPN=rsin 0 B

Z ONP=90°]
Xx=0N cos ¢=r cos ¢ sin 0, (2)
and y=0ON sin ¢=r sin ¢ sin 0. ..(3)

Thus relations (2), (3) and (1) give the relations between
x,y,zandr, 6, ¢,

Now squaring the relations (2) and (3) and adding, we ges

'+ = ON%, or wex?4y? where u=ON

or ' A (x4 yY=uer sin 6. . (4)

Dividing (4) by (1), we get tan = V(x4 z.

Dividing (3) by (2), we get tan g=yp/x.

Squaring (1) and {4) and adding, we get x4 yid2lerd,

Thus the relations between spherical polar co-ordinates and
cartesian co-ordinates are

X=rcos ¢sinf, y=rsinésinf, z=rcosb

x4 yitolert, tan 8=4/(x"+?)/z, tan p=p/x.
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(B) Cylindrical co-ordinates. See figure of § 10 (A). .Let P
be a point in spacs. The position of P can also be determined if
the measure of ON, 7 XON and NP are known. Supprie OJT\’=L|J,
/ XON=¢, NP=z. The quantitics 4, ¢, z are called the cyclindri-
cal co-ordinates of P and are written as (4 3, z).

Let (x, , z) be the cartesian co-ordinates O

the co-ordinates (x, y, 0). Hence, we have
x=ON cos ¢=Uu cos ¢, y=U sin ¢, z=2.
Also woxi4+), tan d=Y/[x.
Solved Examples

P is a varlable polnt and the co-ordinates of two polnts
Find the

f P, then N bas

Ex. 1.
Aand Bare (=2,2,3) and (13, =3, 13) respectlvely.

locus of P if 3PA=2PB.
Sol. Let the co-ordinates of P be (x, », 2).

s PA=y/{(x 42222+ (2= 3% (D)
and PB=-\/{(J:*-13)‘+{J1+3)’+(2—13)‘}. (2)
Now it is given that 3PA=2PB i.e., 9PA'=4PH. el 3)

Putting the values of PA and PB Irom (1) and (2) iu (3), we
get
9{(x+2) (=2 +(z-3)%=4 (x— 134y +3)'+(z—13)%}

or 9 {x'+y’+z"+4x—-4y—6z+ 17}=4 {x?+)*+28—26x-0y

— 2624347}
or 5x’+5y3+522+l40x-—60y+5{Jz—1235=0
or x’+y'+z‘+28x-12_v+10z-—24=0.

This is the required locus of 2.

Ex.2. A, B, C are three polnts on the axes of x,yand:z
respectively at distances a, b, ¢ from the origin O; find ihe co-ordl-
nates of the point which s equidistan: from A, B, C and O.

Sol. Let the required point be P (x, y, 2).

The co-ordinates of the points 4, B, Canod O are (a,0,0),
(0, b, 0), (0, 0, ¢) and (0, 0, 0) respectively.

It is given that PA=PB=PC= PO,

Taking PA= PO, or PA*=PO?, we have

(x-a;'+y“+z“=x“+y2+zg
or —2ax+a'=0, or x=afl, (1)
Now taking ~ PB=7r0, or PB'=PO?, we have
xt4(v—b)+2i=xt 4y 2
or —2by +b*=0, or y=bf2 (2)
Again taking PC=2PO, or PC* :PO", we get 2==¢/2. e(2)
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Hence the co-ordinates of the required point P are (a/2, b/2,

i Ex. 3. Find the centre of the sphere which passes through the
olnts 0 (0,0, 0), 4 (a, 0, 0), B(0, b, 0) and C (0, 0, ¢).

Sol. Let the centre of the sphere be P (x, », 2).

Since the sphere passes through 4, B, C and O, so P (x, %, 2)
is equidistant from A B, Cand 0. . PA=PB=PC=PO0.

Now proceeding as in Ex. 2 above, the centre P of the sphera
is given by (4a, b, §c).

Ex. 4. Show that (0,7, 10), (—1,6,6), 1—+. 9, & form an
Isosceles right angled triangle.

Sol. Let ABC be a given triangle and let the co-ordinates
of the vertices 4, Band C be (0,7, 10), (—1, 6, 6} and (—4,9,6)
respectively. AB =/ {(0+41)24(7 - 6)*+110-—6)*}= 1/(18)

BC=/{i—L+4)2+(6 - 924 (6—6)"} =/(18)
CA=/{(—4—0) 4 (9 1) +(6—10)}=v/(36).

We have 4B = BC, hence A ABC is an isosceles triangie.

Again AR+ BC*=18+18=36=CA4" /. ABC=90".

Hence AABC is also right angled trizngle. Therefore, the
given triangle is an isosceles right angled triangle.

Ex. 5. Find the co-ordinates of the point which divides il.e join
of (2,3, 4) and (3, —4, ) In the ratio 2 : —4.

Sol. Let the co-ordinates of the required point be (x, 3, 2),
tken by § 8, we have

(L2(3)-4(2)

P

6=8_, _2(=H—4(3)_—20_,

; = =1 gl gt Ll ”
2—4 — ; 2—a —s=1i
Lt T 1416 ~2
= == = ='l

2—4 = e T

Hence the required point is (1, 10, 1).

Ex. 6. A point P lies on the liire whose end points are
A(1,2,3)and B(2,10,1). Ifz coordinaiz of Pis 7, find lis other
co-ordinates.

Sol. Let the co-ordinates of the poi
L9 bt point P be (x, y, 2) and let
it divide the join of 4 (1, 2, 3) and B (2, 10, !) in thc'ratio mell

Then [by cor. 2, § 8]  z="(1H1(3)

p+l
But it is given that the z-co-ordinate of the point P is 7
1=E2 o 2t .
T n+T=p+3 or bp=—4 or u=—2/3.
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p @+ _(=4D+1_
TR T2
p (10041 (2)_—(20/+2_
N s
Ex.7. Find the ratlo in which the xy-plane divides the join
of (—3, 4, —8) and (5, —6,4). dlso find the point of Intersection
of the line with the plane, g
Sol. Let the xy-plane (ie., z=0 plane) divide the line
joining the points (—3, 4, —8) and (5, —6, 4) in the ratio wu: 1,
in the poiat R. Therefore, the co-ordinates of the point R are
S5p—3 —6p+4 4p—-8
[See cor. 2, § 8] (P-'H bl 'kl )
But on xy-plane, the z co-ordinate of R is zero.
(@p—8)/(u+1)=0, or p=2.
Hence w:1=2:1. Thus the required ratiois 2 : 1.
Again putting p=2in (1), the co-ordinates of the point R
become (7/3, —8/3, 0).
Ex. 8. Finu the ratios in which the sphere x*+y*+2%=504,
divides the line joining the points (12, —4, 8) and (27, —9, 18).
Sol. Let the sphere x?4)?42*=504 meet the lioe joining the
given points in the point (xy, y1, 7).
Then x,°+y242,7=504. (D)
Now suppose that the point (x,, y1, z;) divides the join of
the points (12, --4, 8) and (27, —9, 18) in the ratio n: 1.
27u+12 —9u—4 18u+8
Then = T zlgjﬁ .
Putting the values of x;, yy, z; 1n (1), we get
(2Tu+12)*  (—9p—4)*  (18u+8)*

(D

(nt 1) (1 et o
or 9 (Ou+4)'+(Ou+4)+4 (Iu+4)=504 (u+1)?
or 14 (Ou+4)'=504 (u+1)% or (9u+4)t=36 (u+1)%

Taking the square root, we get 9u+4=46 (u+1).

Taking +ve sign, 3u=2, or p/1=2(3,0r p:1=2:3.

Again taking —ve sign, 15p=—10, or p/l=-2/3,
or pil=2: =3,

Ex. 9. From the pvint (1, —2,3) lines are drawn to meet
the sphere x*+y*+z*=4 and they are divided in the ratlo 2: 3.
Prove that the points of section lie on the sphere

5 (x'pi+2%)—6 (x—2y+32)+22=0.

Systems of Co-ordinates 13

Sol. Suppose any line through the given point (1, =2, 3)
meets the sphere x+y%+2z'=4 in the point (x,, y;, ;). Then

x4y 74z, =4, (1)

Now let the co-ordinates of the point which divides the join

of {1, —2, 3) and (x,, y1, 2)) in the ratio 2 : 3 be (x3, 3, z3). Then
we have

2. 3. -3
e s ol
2., +3.(=2 5y:+6 !
J’s=—-——-—-y1;-+3( ) o Jﬁ=—’%+ ‘} (2)
2. 3.3 52,—9
za=-—;-‘—_g—-j——- or zl=-zs Jl

Putting the values of x,, yy, z;, from (2) in (1), we bave
(5xg—3)*+(5y2+6)* +(52,—9)'=4 x 4
or 25 (xg*+ye? +2,%) — 30x5+ 60y, — 90z, +110=0
or 5 (x4 yat +2:%) — 6 (xa—2p3+ 223) +22=0.
the locus of (x3, ya, z3) is
5(x* 42428 —6 (x—2p+32)422=0,
which is the equation of a sphere,

Ex. 10. Prove that the three points A, B and C whose co-ordl-

nates are (3,—2,4),(1,1,1) and (—1, 4, —2) respectively, are
collinear.

Solution. The general co-ordinates of a point R which divides

the line joining A4 (3, —2, 4) and B (1, 1, 1) in the ratio x: 1 are
(-‘.‘_*‘_3 B2 ﬂ“).

PESATES (s (1)

IfC (-1, 4, —2) also lies on the line AB, then for some value

of p the co-ordinates of the point R will be the same as those
of C.

4, let the x-co-ordinate of the point R—=the x-co-ordinate

of the point C.
Then (p+3)/(p+1)=-1, or p=-2.

Puttlog u=—2 in (1), the co-ordinates of R are (=1, 4, —=2)
which are also the co-ordinates of C. Hence the points 4, B and
C are collincar.

Also we note that C divides 48 in the raio g @1, e, =21 L
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Exercises

Find the locus of a point P which moves in such a :vity alhal

its distance from the point 4 (4, ¥y w) is always equal to a.
Ans. x*4yP4zi-2ux—2vy— 2wzttt —at=0.

The axes are rectangular and 4, B are the points’ (3;:i 15))1;
(=1, 3, =7). A variable point P moves such tb'at (i) PA=
and (ii) PA'— PB'=2k%. Find the locus of P in each of the
above cases.
Aps. (i) 8x+2y+24z+9=0. (i) 8x4-2y+24z+9+2k*=0.
Show that the points (1, 2, 3), (2,3, N and (3, 1, 2) form an
equilateral triangle. . . .
Hint. Show that the length of each side of the triangle is 4/6:
Prove that the three points 4, B and C whose coordinates are

(3,2, —4), (5.4, —6) and (9, 8, —10) respectively are
collipear.

2

Direction Cosines and Projections

§ 1. Angle between two non-coplanar (i.e. non-intersecting lines).
Let PQ and MN be two non-coplanar lines. The angle

between two non-coplanar lines PC and MN is equal to the angle
between two straight lines O4 and OB drawn from any point O
parallel to PQ and MN respectively, Thus the angle between

8

2] TS

the lines PQ and MN is equal to the angle 40B,
§ 2, Direction cosines of a line,

Definition. If =, B, y are the angles which a given directed line
yrr;‘f@ with the positive directlons of the axes of x,y and z respec-
1t k then cos «, cosB, cosy are called the direction cosines
ibr!efbw written as d.c.’s) of the line. These d.c’s are usually denoted
y L, m, n,

Let 4B be a given line, Draw a line OP parallel to the line
4B and passing through the
origin 0. Measure angles «, B, y
88 shown by arrows in the
figure, then cos a, cos B, cos y
are the d.c.’s of the line 4B. It
can be easily seen that I, mn
are the divaction cosines of a
line if any ealy If li+mj+nk is

aunit vactor in the direction of
that Jine,

A=

Clearly OP' (i, the line /'y

through 0 and parallel to B4) makes angles 180°~x, 180°—g
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180° —y with 0X, OY and 07z respcctive.\y. Henccod.cfsl of the
line BA are cos (180° - «), COS (180°—B), €08 (180° —y) i.c., Br€
—cos o, —cos p, —C€O8 ¥

Remark. Since the angles «, B, v aré pot coplanar,
at By 360"
D.c’s of the coordinate axes.
Since the axis of x makes angles 0°, 90°, 90° with the axes ?]1‘

x, , z trespectively, therefore by definition, its dess are cos 0%

cos 90°, cos 90° L.e, 1,0,0

Hence the d.c.’s of the x-axis are 1,0,0.

Similarly the d.c.’s of the y-axis are 0, 1,0
and the d.c.’s of the z-axis are 0, 0, 1.

§3. Ifthe length of a line OP through the origin O be r, then
the co-ordinates of P ore (Ir, mr, ar) where I, m,n, aré the dc.'s
of OP.

Draw PM perpendicular z
from P to 0X meeting it at M. ‘
Let (x,»,2) be the co-ordi- \
nates of P, then OM=x. From

the right angled AOMP, we |
have Qﬂ_‘{s cos a=1. ‘
oP

st xfr=1 or x=Ir. /
Similarly y=mr, z=nrI.

2 Pis the point (Ir, mr, nr).
§4. If l,mn are direc-

tion cosines of any line AB, then

to prove that 24mi4ni=l.

(Kanpur 1983
Through the origin O draw a line OP parallel to the givel

line 4B so that the d.c.s of OP are I, m, n. Suppose OF is ¢

length r. 1f the co-ordinates of P are (X, ), z), then we hav

(see § 3) x=Ir, y=mr, z==1r. L
Now r*=0P" or i"’=(x—0)"+(y—0)’J,-(z-—(l)2

or o xl4yitz® or ri= 2rt it ntrt, using (I

or 124-m?4nt=1.

—>
Remark. We have 9 Pexityj4zk=lri4mrjtnr k.
& 4 unit_:cc!or in the dircction of OF

or

- elitmj nk

r

—

(e | OP|e=r) it
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The relation (2) shows that the direction cosines of the line OP
are the coefficlents of i, j, k in the rectangular resolution of the unit
vector in the directton of OP.

Thus if {, m, n are the d.c.’s of a line, then a unit vector
along that line is /i4-mj+nk.

| li+mj+nk |=1
of V(E+mign)=1, or P4m'+ni=l.
§5. Direction ratios.

Definition. If the direction cosines I, m,n of a given line be
proportlonal to any three numbers a, b, ¢ respectively, then the
numbers a, b, ¢ are called direction ratios (briefly wrilten as d.r!s)
of the given line.

Relation between direction cosines and direction ratios.

Let a, b, ¢ be the direction ratios of a line whose d.c’s are
I, m, n. From the definition of d.r.’s, we bave

lla=m/b=n[c=Fk (say). Then I=ka, m=kb, n=ke.

But Pgmitnt=1.

k® (a*+ b +c?)=1, or k¥=1/(a®*+b* +c*)
or _ k=+1/y/(a*+b"+c").

Taking the positive value of k, we get

Foe £ ab' T M= G .

V@trtey "my@ b )’ " @ ey

Again taking the negative value of k, we get

fes V’(a’?—i'—i—c‘)' = = bz T oEy n=—— s

Remark. Direclti \_/(a +h +'c ) V(@b ety
& : irection cosines of a line are i
direction ratios of a line are by no means uni ““'q“‘l"t'_ y g
g , g : nique,
2?:;1:0:. ratios of a line, then ka, kb, kc are als‘?:} dirccli‘:;nb.rz::;z
at
at line where k i1s any non-zero real number. Moreover if

a, b, c are direction ratios i
' of a line, then ai :
pacenliel v Kb 1res: i+bj+ck is 2 vector

Rule. Leta, b, cbethedr’s of j
_ , b, i a given line, tl
actual direction cosines of this line, divide each of a, b c,;;, 0 Jind
V(@b 4 ),
. SOLVED EXAMPLES 2 (A)
Ex. 1. Find i 1 j
Wl ind the d.c’s of a line whose direction ratios are

Solution.  We have v/{(2)! + (3 +(—6)) = v/(4+9+36) =7

Hence (by § 3) the d.c.’s of the given line are 23 -6
2 R
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Ex. 2. Prove that sin®* a4+ sin® B4 5sin* y=2, where o, B, y are
the angles which the given line makes wizh positive directlons of the
axes. (Agra 1978)

Sol. We have (See § 4) cos? a4-cos® f4cos? y=1.

Changing cosines into sines, we get
(1=sin? a)+(1—sin? B)+(1—sin® y)=1
or sin? «+sin? B4sin? y=2.

Ex. 3. Find the directlon cosines of the line which Is equally
fnclined to the axes. (Agra 1979)

Sol. Let the direction cosines of the line be 1, m, n.
Since the line is equally inclined to the co-ordinate axes, therefore

Remiont.
But Pymiyni=l, 3l2=1 or P=1/3 or I=41/+/3.
Similarly m=+1/4/3, n==+1/v/3.
Hence the directicn cosines of the line are £+ 1/+4/3, £1/4/3.
+1/4/3.  There will be eight such lines, one lying in each octant.
Ex. 4. Find the directlon cosines I, m, n of two lines which are
connected by the relations |—5m+3n=0 and 71*+4 5m*— 3n?=0,
Sol. The given relations are
1=5m+3n=0 or l=5m-=73n il 1)
and T4 5m2—3n*=0. ..(2)
Putting the value of / from (1) in (2), we get
7 (5m—3n)*+45m'—3n'=0

or 180m?— 210mn4-60n®=0: or 6m3—Tmn42nt=0
or 6m*—4mn—3mn+2n*=0 or (2m—n) (3m—2n)=0.
min=%, and min=2/3.

Now when m/n=1/2 i.e. n=2m, we have from the relation (1)

I=5m—6m or l=—m or .L__L.

m-— 1
m 1 )  [— I m n
Thus - =7 and =7 giving P ]
o !l m =n VI(B+mi4nt) 1

T )
The d.c.’s of one line are —1/4/6, 1/4/6, 2/4/6.

3Ln
2 )

Again when '—}:i— ie n= we have from (1)

s Om _m !
I=5m 5 or 1'._T or-l-..—.-

ol
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m 2 I m ..
Thus —- =7 and 1T =" Biving
1 m n JPemiin) (.
1= 253 TV/(+2+3) — vild)

The d.c.’s of the other line are 1/4/(14), 2/+7(14), 3/v/(14).
Ex. 5. Find the direction cosines I, m, n of the two lines which

¢ connected by the relatfons 1+m+n=0 and mn—2nl—2Im=0.
e ’ (Meerat 1985)

Sol. The given relations are
I+m4+n=0or l=—m—n (1)
and mn—2nl—2Im=0, (2)
Putting the value of [ from (1) in the relation (2), we get
mn—2n (—m—n)—2 (—m—n) m=0 or 2m*+5mn+2n*=0

ar (2m+n) (m+2n)=0.
m 1
e and —2.
. ! —m—n m
From (1), we have = = —?""1 . .(3)

Now when m/n=—1}, (3) gives Iln=}—1=—4}. -
mfl=n/{—-2 azd /l=n/—2
I m_n_  JP+m4nd) 1
T =27 VI (=27~ ve
The d.c.’s of one line are 1/4/6, 1/4/6, —2/4/6.
Again when m/2= -2, (3) gives I/n=2—1=1,
4 m n (P+mi4a?) 1
I~ 25T~V (= + V6
The d.c.’s of the other line are 1/4/6, —2/4/6, 1/4/6.
§ 6. Projection of a point on a given line,
Let P be a given point and AB the
Biven straight line. Draw perpendicular -
PM ftom P to AB, meeting AB in M.
Then the foot of the perpendicular M is
called the projection of the given point
P on the given line 4B. ) 8 M A
The point M is the point in which the
Plane through P and perpendicular to
4B meets the line AB.

§7. Projection of a segment of a line on another line (in the
same plane or another),
Suppose we are to find the projection of a segment CD of a

Le,,
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line on another given line A4B.

Analytical Geometry 3-D

Let the points C', D" be the

projections of the points C, D on the line AB, then the segment

|

|

|

L

|

1
A (2

¢ 1 A

C’D’ is the required projection of the segment CD. The projec-
tion of the segment CD on the line AB may also be defined as the

intercept C'D’ made on the line AB by the planes through the
points C and D euch perpendicular to 4B.

To find the length of the projection C'D’. Throngh D draw a
line DP parallel to D'C’ and meeting the plane through C per-
pendicular to AB in P. Thus DP=D'C'". A1)

Let 9 be the angle between the lines 4B and CD. Also AB
is parallel to PD and hence /CDP=4. Again the line CP lies
in the plane which is perpendicular to AB and hence CP is per-

pendicular to DP. /. DPC=90",
Therefore DP=DC cos 0. +(2)
From (1) and (2), we have D'C'=DC cos §

or C'D'=CD cos 6.

_>
Remark. Let DC=aand let bbea unit vector along BA.
Then

a-b=|a || b] cos 8, by definition of dot product of two vectors
=DCcos § (> |b|=1and|a|=DC)
=projection of DC cn BA.
Thus to get the projection of DC on a line BA, we take the

dot product of the vector 55 with a unit vector along BA.

§ 8. Projection of a broken line an a given line, Or Given n
points C,, C,,..., C, (say) in space, to find the projec-
tion of C,C, on a given line,

Suppose AB isa given line. Let the projections of the

points C,, Gy, ..., C, on the given line AB be the points

ﬁ :
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My, My, .., M, respectively,  Thus the points M, M,,

on the same straight line 4B, Hence in view of §7, we h’ave
projection of CiCo=M,M,,
projection of CiCy=MMs,...,

and projection of C,_, Co=M,_, M,.

.. sum of the projections of C\Cy, CC,,..
line AB=M My +-M,M;+ . +M,_, M,

=M, M,=projection of C,C, on 4B.
Hence we conclude that :

Projection of C\,C, on a line 4B=Sum of the projections of

C\G, C.C,,...,Co_y C, on the line 4B,
§ 9. Direction cosines of a lige ioining two points P (X1, 1, 2,)
and Q (x,, ¥y, z,). ‘
Let the line PQ make angles 2
«. B,y with x, v, z axes respec-
tively. If , m,n be the dcs
of this line, then

n lie

2 Ca1 Cy 0N the

0(-23!}'2.5.:?

(SE,&:,%)
I=cos &, m=cos B, n=cos ¥ |

Now if Land M are the
projections of the points P and
Q respectively on  the

X-axis,
then we have

OL=x;, OM=x,, 5o that

LM=0M-0L= Xg—~X,.

But LM is the proj
§ 7, we have
or

ection of PQ on the axis of x.
LM=PQ cos « or Xa—x,=1.PQ
(¥2—x))/l=PQ. )
by projecting PQ on y and z axes, we have
(Y2=)1\/m=PQ and (23—2)/n=PQ. wet2)
So from (1) and (2), we have
Xo—Xi_JYo— )
] " n =PQ.
Hence we conclude th
the line join

Hence by

ln a similar way

ar the actual direction cosines /, m,n of
ing two points P (x,, y,, 2)) and Q (xy, ys, 2,) are
X2-X) Yoo W1 Z-1z,
PQ ' PQ ' PQ
T€pectively, where PQ -- \/{m—x;)’+u‘a~yll‘+(za—zll’}-

Again the direction cosines of the line PQ are proportional to
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3

Xy—X1, Ya=Y1. Zy—1; which are thercfore the direction ratios of the

line PQ. .
Vector method. Since the co-ordinates of the points Pand Q

are (X1, Y1, 2,) and (Xa, ¥a, Zy) rESPECtively, therefore
-_h . -
OP=the position vector of P= xi+nitak
.+
and 0Q=x,i+ysj+2:K.
PG=00—0P=(xs—1) i+(pa—2) i+(an—2) k.
Also | PO |=PO= v{(xa— X+ (a— i +za—2))-
.+

_ = 7,—2
* a unit vector along PQa%*i},(—?ﬁ i+'v—":,rQ—J‘1‘l i+ lfQ"lk'

Hence the d.c.’s of the line PQ are
Xs=% Ya—)r Ba—h
PQ ' PQ ' PQ
Also the d.r.’s of the line PQ are X;—Xi, Ya=Yu, Za— I
§10. 1f O and P are two points (0, 0, 0) and (X;, Y1, ), then to
prove that the projection of OP on a line whose direction
cosines are |, m, 0 is Ix,+my; +nz,.
Construct a rectangular parallelopiped with diagonal as OP
and faces parallel to the co-ordinate planes. [See figure of § 3,
chapter 1, page 3]. Then clearly we have
0A=x,, O0B=y,=A4N, CO=z,=NP.
Now considering OP as a brokea line consisting of the parts
OA, AN and NP, we have
the projection of OP on a line with d.c.s I, m, p
=sum of the projections of 04, AN and NP on the line with
de'sl, mn

=lx; +my; +0z.. [by§7l
Vector method. We have 6_;=x,i+y,j+z,k.
Also a unit vector along the line whose d.c.’s are /, m, n
= i+ mj+nk.
A projection of OP on the line whose d.c.’s are [, m, n
=(%ii+ i+ 2k)s (i+mj+nk)=Ilx+my+nz.
§11. To find the projection of the line joining two points P(x,,y,,2:)
and Q(x,, ¥s, Z2) on another line whose d.c.’s are |, m, n.
Let O be the origin. Then

-5 - —
OP=x\i+nhj+ 2k and 0Q=x,i+p,i+zk.
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— = —
PQ=0Q—0P=(x3—x;) i+(ys—n) I+(22—2) k.
Now the unit vector along the line whose d.c.’s are I, m, n
=li+mj+nk.

projection of PQ on the line whose d.c.’s are /, m, n

=[(x3—X,) i+(y2- ) i+(2za—2) K]+ (i+mj+nk)

=l (Xs—x)+m (ya—y1)+n (23—2).
Remark. In the articles 10 and 11, /, m, n are the actual

direction cosines and not direction ratios.

SOLVED EXAMPLES 2 (B)
Ex.1. IfP(2,3, —6)and Q (3, —4,5) are twa polnts, find
the d.c.’s of OP, PO, OQ and PQ where O Is the origin.
Sol. By § 9, the direction ratios of OP are 2—0, 3—0, —6—0,
le., are 2, 3, —6.

:J Also OP=+/{2'434(—6)}=+/(49)=T.
Hence d.c.’s of OP are
1_3 ._,.._613 aregélﬁ.
orP’ oFP' e T 7 Aus,

The d.r.’s of PO are 0—2, 0—3, 0—(—06) i.e.,, —2, =3, 6.
Also PO= /{(—=2)*+(=3)'+6%)=17.

d.c.’s of PO are —2/7, —3(7, 6/7. Ans,
The d.r.’s of 0Q are 3—-0, —4—-0, 5—0ie., 3, —4, 5.
Also 0Q=v{(3)*+(—4)+(5)"} =v/(50)=5+/2.

d.c.’s of OQ are 3/(54/2), —4/(5v/2), 5/(54/2). Ans,

Thed.r’s of PO are 3—-2, —4—3,5—(—6)1l.e, 1, =7, 11.
Also PO =+{(3=2)"+(—4-3)"F(54+6)"t==+/(17]).
d.c.’s of PQ are 1/v/(171), —7/+/(171), 11/+4/(171). Ans.

Ex. 2. Find the length of a segment of a line whose projections
on the axes are 2, 3, 6.

Sol. Let CD be a segmeant of a line whose- direction cosines
are I, m, n, . Then, we have

2=the projection of CD on the x-axis=1.CD

(1
3=the projection of CD on the y-axis=m.CD ‘..:2;
6=the projection of CD on the z-axis=n.CD, «(3)
Squaring (1), (2), (3) and adding, we bave

449436=(I*+m*+nt) CD?
or 49=1,CD? 2 P min?
or CD=1. [ e :nls]

’
Ex.3. If P, Q, R, S are four points with co-ordinates (3, 4, 5),
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(4, 6, 3), (—1,2, 4), (1, 0, 5) respectively, then find the projection Let AB ard CD be two given lines whose d.c.’s are !1,‘ my, My
of PQ on RS. Also find the project:on of RS on PQ. and ls, mz, Mo respectively,  Through the origin O draw lines OP
Sol. To find the projection of PQ on RS, we should find the and 0Q parallel to AB and CD z
d.c.’s of RS. respectively §O that dircetion T £75,85,40)

The direction ratios of RS are cosines of OP and OQ are |

1=(=1),0-2,5-41e, 2, =2, 1. fy, my, m; and Ly, my, My respec- K
Also RS=\/[{1—{—l)}“+(0—2)‘+(5—4}’]=‘-\/(4+4+l)=3- tively. Take a point Plxy, yu, 2, ‘ x.zf.n,ﬁ
- d.c’s of RS are 2/3, —2/3, 1/3. a0 el (it D=y, Sivee o
| S ol ! ’ thed.c.’s of OP are I, my, n I
| RS is(See § 11 15 My,
A Hencle(;he T‘;ﬁf:o.; Or}[ﬁ_:l}z :IS]( ce g il) therefore the co-ordinates of P ﬁ X
| T a— X1 \Ya— ’1 3 £ .u\ ; )
||. =2 (4=3)—3(6—N+} (3-§)=4-3-%=-1%. i may b “[rjlr LTull: mry) /Y
Again to find the projection of RS on PQ, we should find the Bt S
dc.s of PO ; o . Xy =hLr, yi=mmry, 2= mn. (1)
Similarly i we take a point Q (xu, vy, 22) on OQ such that

The direction ratios f PQ are
4—21, 6—4,3-51e,1,2, —-2.
Also PQ =/{(4=314(6 - 424 (3= 5)}= /(1 +4+4)=3. Xa=lyra, yp=gry, Za="ars. -(2)
the d.c.’s of PQ are 1/3,2/3, —2/3 Let @ he tiie angle petween the lines A8 and CD, then @ is the
projection of RS on PQ is (Sce § 11] angle between O/ and 0Q.
=3 {l=(-1)}+3(0-2)-2 (5—4)=%-4—%-=-3. Auvs Now the prujection of OQ on OP
Ex.4. If P, Q,R, S are four points with co-urdinates =l (xg—=0)+mi; (3. -U)4ny (7—0)
2,3, —1), (3,5, =3), 1,2,3), (3,3,7) respectively, prove by hixedimyadmz, .(3)
projections that PQ is at right angles to RS. But the prujection of OQ on 0P=0Q cos 0=r; cos B. ...(4)
Sol. In order that PQ is at right acgles to RS, the projec- From (2) wnd (1), we have ry cus 6= hxe+miyat mas

0Q=r;. then

tion of PQ on RS should be zero. o 2 €08 6 =hlyryt mumtara+mngrs using (2)
The direction ratios of RS are 3—1, 5--2,7=3, le. 2,3, 4, o cos f=hl;+mm. | ng,. =<3}
Also RS =+/{(3—1)2+(5 -2 24+(7—3)3} - en_fmﬂl_'k If @ 1s the acute sogle between the two lines, then

=494 10) = 1/129). 1S - ive and so we have
d.c.’s of RS are 2/4/(2%), 3/4/(29), 4/+/(29). cos U=| lilg+nym; b nyn, .
Hence the ;;rujccuon of 1"'{2i on RS is {Seei 11] giunc“l'l'fipondig formula when direction ratios of the iines are
S ST ST SS + Lelay, by, ¢ and uy, by, oy be the direction ratios of the
9 1 o Ty 2 . .
,.%j._(,y)_g Vv (29) v (29) Wogiven lire.  Then their actual direction cosines are given by
[ IR & by C
'\/'29] V’(ak‘-#h S TR | & 2 - and
Therefere PQ is at right angles to RS. ] @ v +fl R il
§ 12, Algle between two lines e S s s o
To sfow mav:c:{:- t::or]":;z.et Il h l\.}{f” 1-:::‘ s bl e el e i e
ngle ween any (wo lines whose direction *Ing these vijues of d.u.' 5), the anele .
costhes ure b, my, ny and ty, my, ny is given by o lines 1 given hy WS VSR ¢ bt i
cus =11, l
1 3+mll[.r: o0, ‘ . aay+ b, - eie,
(Meerut 1980, 855: Kaupur 82) Ve EDF R ey et R b ) ()
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Cor. 1. To find sin 6 and tan § in terms of dc’s and dr's

of the two glven lines.
First of all we state t
follows :
If 1, my, vy and Iy, my, 1, are tWo seis of real
(W m 4 nm?) Un“l"msl"*'”ez)"”112+m1m2+”1"2)’

he Lagrange’s identity which is as

pumbers, then

Now, we have
sint f=1—cos® §=1—(hly+mnptmng?
=2 m24m?) (I 4 m? 4 ng?) — (hly+myme +nyng)?
=(myng—mgny)t +(n L+ n,1) 4 (Lma— L )2, using .
s sin B=+/{Z (myng—myny)?}. ‘ ...(8)
The value of sin? § may be conveniently remembered in terms
of determinants as follows :
We write the corresponding direction cosines of the two lines
above and below in two rows as follows ;

A m, ny }
I g ng - (A)
: mo om P | h o om P b o
Then sin? a:‘ ol o ke ml

To get the first determinant we suppress the first column in
(A), to get the second determinant we suppress the second column
and to get the third determinant we suppre:s the third column.

In terms of direction ratios, the formula (8) is given by
(bica - bac))?+ (182 — 2?4 (a1 by — @sby)?

Viat+bif o)y (8 +by" + o) --(9)
; sin € /{2 (mny—mym )}

Again, tané cos8™  hly+mmy+nny ...(10)
in terms of direction cosines, while in terms of direction ratios,
it 9—.V{Z (bica—baci)?} )

@ay+bibs +crce (1)

Note that the formula for tan § is the same whether we are
given direction cosines or direction ratios,

Cor. 2. Condition for perpendicularity. If the lines are per-
pendicular to each other, then #=90° i.e. cos f=cos 90°=0 and
therefore from (5), the required condition is

|11n+lll1m;+ nn;=0,

sin® =

we have

.(12)
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In terms of direction ratios the required condition of perpen-
dicularity [from (6)] is
4,8y {-b,by+¢,0;,=0, ...(13)
Note that the condition for perpendicularity is ‘he same
whether we have dircction cosines or direction ratios.
Cor. 3. Condition for parallelism : If the lines are parallel to
each other then =0 f.e. sin =0 and from (8), we have
(myng— maity) + (mly— ol )* + Ly — I )2 =0.
The L.H.S. being sum of three squares of real quantities will
be zero if each of them is separately zero and hence we have .
myng - Moty =0, nyly—mydy =0, Lmy—Ilym,=0
h_m_m_v2+m®+a®) v()_

o L = m T U mi+nd) T M)
ll‘—_-lg. m; =m;, 0,=0;. ..(14)
This shows that the two lines will be parallel If their direction
cosines are the sane.

In terms of direction ratios the required condition of para-

llelism is

a b o

This shows that the two lines are parallel if their direction
ratlos are proportional.

) Vector approach for § 12. (i) To find the angle between two
lines whose d c.’s are I, m,, n, and Iy, my, ny,
We have a=the unit vector along the line whose d.c.'s are
Ly my, my=Lim,j4nk, ‘

‘and b=the unit vector along the line whose d.c.’s are

I3, my, ny=l3i + myj4-nyk.
If 6 be the angle between the two lines, then
8+b=|a | |b]|cos g, by definition of dot product of two vectors
= (hitmj+mk)s(lyi+ ngj+ ngk)
=(1) (1) cos ¢
= €08 §= Ly fy 4 mymg4-nyng,
Also by definition of cross product of two vectors, we have

axXb=|a| |blsiné N, where Nisa unit vector perpendi-
cular to both a and b

|a|=l=|b|]

=sin # N, because | a |=l=l|b
"1Xb)* =sin? 4,

[ N*=N:N=1]
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i i k |
|

L m |

ly, my M ‘ )
= (Mg — Mgy i+ (mle —n2h) jH U
sin? 9=Eaxb)°-—taxh)-(a><b) :
m(mln,—mgn,}’+(n,!z—nz|',)2+(11mg— lomy)2. ‘
I' Condition for perpendicularity. The two lives are perpendi-
cular if ard only if a«b=0
ive., iff (hi4mjmk)s(li-t myj+nak)=0
ie., iff Ly 4 myimg+nny=0.
Condition for parallelism. The two lines are para
only if the vectors a and bare collinear
i.e., iff a=Ab, where A is soms2 scalar ie., real number
i ff hidmit+mk=X (Li+mj+ n,k)
i.e., ifl =X, my=Amy, ny=an;
. ohomom
te., ]ﬂfz.—:??g:.;l—-_-. .
(ii) To find the angle berween two lines whose dr.'s are ay, by,

r\\ ¢, and ay, by, ca.

j We have
/ A=u vector along the line whose d.r.'s arc ay, 01, O

—oyitbij+ ek,
B—a vector along the line whose d.r.'s are ap, bay €3
=doi + b+ ak.
Now proceed as in case (i). Here| A |=+/(a*+b*+¢,?) and
| B|:a/ial+6:° + ).

§3. To find the perpendicular distance of a point P (x',y',2)
from a line through A (a, b, ¢) and whose direction cosines
aref, m, n

let ABbe a linc theiruzh A (2, b, c) and whose d.c’s are
I, m,n. let PN be the perpendicvlar from P to AB.

Now AN-==projeciion of the

_— l-;r”l) k

llel if and

A

line segment juining A4 (a, b, ¢) Bd e
and P (x', 3", 2"y on the hne AB
=(x'"-a)l+(' - bm
+1iz'—c¢) n,

and AP=distance between ihe
points 4 and P
=V[(x' —ay+(y'—b2 Yl
(2" —c)2), A @ hr)

S R e,

A 9

Direction Cosines and Projections 29

We have, PN'=AP*—4N?
or  PN={(x"—a)*+(y' - b)24(2'—¢)%}
—{(x'—a) I4+(y'—b) m+(z'—c) n}
or PNi:={(x'—a)+ (3" — by (2’ -- )8 (P + mP 4 n'}
—{(x'—a) I+ (y'=b) m+(2'—c) n}?
=X {(y'—b) n—(z'—c) m}*  [by Lagrange’s identity]
PN=+/[Z{(y'~b) n—=(2'—c) m}*].
Aliter. Let / PAN=9.
We have, PN?= AP? sin? 4.
Now 8 is the angle between the lines 4P and AB. Here
the d.c.’s of AP are (x'—a)/AP, {y'—b)/AP, (z'—c)/AP
and  the d.c.’s of AB are & nt n
\{y'-—b)MP (z'—¢)/AP |2

sin §=

m n |

;(x'—a)}AP (z"~¢)/AP|* (x'—a)/AP (y'—b)/AP ”
+

| ! n 1 m
i, UJ"—b F=e ' |X¥—a 2'—c|? |x'—a y'-bp
APt m n ! n T . ‘]
'—b z—c|? [x'—a z'—c|}
PNt= AP sint g= Y
m n | ! n

x'—a p'—b?

I i)

! m
p Remark. In the formula (1), I, m, n are the d.c.’s of the line
B., If however, «, B, y arc the d r.’s of the line AB, then to get
PN? we should divide the R.H.S. of (1) by a®+4pr4 42,
SOLVED EXAMPLES 2 (C)

Ex. L. If points P, Q are (2, 3, —6) (3
il " y = ' ) _41 5 ) fh i
angle between OP and 0Q where O is origin. I ke

Sol. The directio ti
X n ratios of OP are 2—0, 3—0, —6-0 ie.,
Also OP.- V{(2=0p+(3—0)2+(—6—0
: —60—0)*=+/(49)=17.
the d.c.’s of OP are 2/7, 37, — 6/7. =i

The directi ios of
s irection ratios of OQ are 3—0, —4-0,5-0, i.e., 3,

+

Also 0Q= \/{(3—0)'+(—4-0}2+{5—0)’}
‘ ' =/(30)=5472.
the d.c.'s of OQ are 3/(5v'2), —3)(5 Vv'2), 5/15)\/2).1/
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1f 6 is the angle between OP and 0Q, then

.(5),§12]
cos 0= hlz+ mmy+mma. (R

3 5 3 —4)+(_§‘_ ( ) ﬂﬁ:\%
cos 9=,-?-.-5—\/-—2+=’.( 753 7 1§j§
__18\/2. . g=cos~ ('— 33 ) ik,
& ove
Ex.2 (). If points P, @ are (2,3, 4), (1, -—07-, ”I[I\':::nd;l’:ﬁsl
that OP is perpendicular to 0Q where O Is (0, 0,0)-3__0 Y
Sol. The direction ratios of OP are 2-0, , ,
Ht - -0 e,
2 'The direction ratios of OQ are 1-0, —2-0,1
-2,1.
i ; t have
If OP is perpendicular to 00, then we mus
i a,a5+ byba+6163=0. {See eqn. (13), § 12)
Now alﬂz+blb:+Ci"2=u)-“)+(3}-(—‘2)+[4)-U)
=2—-644=8,
which shows that OP is perpendicular to 0Q. )
Ex. 2 (b). Show that the line joining the pm.nrs (0,1,2) and
(3, 4, 6) is parallel to the line joining the points (—4, 3, —6)
(5,12, 6). o _
Sol. The direction ratios of the line joining (0, 1,2) and
\ (3,4, 6)are 3—0,4—1, 6-21e.,3, 3.4:. ‘ 2
} The direction ratios of the line joining (—4,3, —6) and
(5,12, 6) are S—(—4), 12—3, 6—(—6) i.e, 9,9, 12.
We see that the direction ratios of the two lines are propor-
tional because we have 3/9=3/9=4/12.
Hence the two lines are paralle],
Ex. 3. If the vertices P, Q and R of a triangle have coordinates

(2.3,5),(—1,3,2) and (3,5, —=2) respectively, find the angles of
the triangle PQR. )

Sol. The direction ratios of PQ are —1-2,3-3,2-5 ie,

or cos G —

—3,0, —3.
We have v/{(—=3)*+0"+ (=3} =v/(1§)=3v2.
. 1
-7z

—3 0 =3
32 34/2' 32
Similarly d.c.’s of QR are
—4

the d c.’s of PQ are

ie, 0, —-

333
and d.c.’s of PR are
1 2 -1
36 30 /6
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Now using the formula [eqn. 5, § 12] cos 8=Ah1y+ mymy+nyng,
we shall find the angles P, O, R of AFPQR as follows';

We have, cos P=cos of angle between PQ and PR
|

=_...l____.|_() _2_.|.(—_1_) i)n 6 B
V2367 36T 2 (ave 3v(12) 63
=1/v/3. .. /Pscos™ (1/y/3).

Again cos Q=cos of angle betweea QP and QR

12 1 (_2\_ o
v2'3+0+ﬁ( 3)_0. £0=90°.

_ [Notc that d.c.’s of QP are 71-2, 0, -{/-1-2]
Finally cos R=cos of angle between RP and RO

=(=3 (=53 (-3) (- %)+ (3) (s25)

) Ex. 4. Prove that the straight lines w
given by the relations ql +bmten=0 an

perpendicular If fla-+ g/b + hjc=0
and parallel if \/(af )+ V/(bg) +v/(ch)=0.

(Mecerut 1984, 85 P, 87
Sol. From the first relation, we g

. : have n= —(al+bm)/ec.
Putting this value of nin the second relation, we hazi

those direction cosines are
d [fmn+gnl-+ him=0 are

al+bm !
o e
or aftml + bfm? 4 agl? +bgim — chim=0Q
or a ? i
. g = e (af+bg—£‘fr)+bf=0. ()
Iowifﬁ.m,,mand!,m.na t i i i
two Imes, then the roots 0?’ ( I)Ear; ,:’fn,h:ngi;ﬁi:fn cosines of the
product of the rontv:l—’-. £=fl 0 ﬁi,=m___,m,
M my a
’|’a :=HT|Mg=ﬂ:ﬂg l ! ¢ fllla g{'b
(fa) " (gfb)  (hjcy ™Y Symmetry.
€ know that the lines are perpendicular jf
15§ Jlf2+mlm2+"l"8=0
- Jla+glb+hje=0 which
. / : proves the first
same" ll;eh‘l:ne; are parallel then the direction cosines arep?::c‘
"°Dﬂ§tion iLS‘SB?Ogjj]():%t the roots of (1) are equal, for which the
ie,

(af 4 bg — chy =4ag.bf,
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Taking square root, af vbg - ch= j:?.\f(qum
of of +-24/\af bg) +bg=ch
or (v(af )£ v (gl = (h).
Taking square roof, Viaf )£V bg)== V(ch)
or Viaf )£ v/(bat AV (chy==0, e

which proves the second result, )
Ex.5. Show that the lines whosz direc

the equations 21+2m—n=0, and ma+nl+Im

tion cosines are given b
—0 are at right angles
(Meerut 1986 §

Sol. From 2I+2m—n=0, we have n==21+2m. - ()
Puting this value of n in mnd-nl4im=0, we get
m (20 +2m)+ (21 + 2m) 14+Im=0
or 284 5Im+2m*=0 or (14+2m) @2l4m)=0.
; |=—2m and 214m=0.
When i=—2m, from (1) n=-—2m.
I om 2 Jurdmitn) L
T n VU 3
The d.c.'s of one line are 213, —1/3, 2/3.
Again when 2/=—m, from (N, n=m,

L_m_n__(Pimiinn 1
0772 VIEDRHREE)) 3

4 The d.c.’s of other line are - 1/3, 2/3, 2/3.
The lines will be at right angles if L1+ nyms 4 mpe=0.
We have

L+ 2. (=N <2V (Z1=0

Wi m,mg-f-mna—j.( 3) ( 3 (3)'(3)[5)_ ;
Hence the lines are at right angles.

Ex. 6. Show that the straight lines whose direction cosines a

given by the relations al+bm+cn =0 and ult+ymi4-wat=04a

perpendicular or parallel according as
@ (r4w)+b* (utw)+ct (utr)=0
or afut+bvLctiw=0. (Mcerut 1984, 86, 8y
Sol. From the first relation, we have n=—(al+bm)jc.
Putting this value of n in-the second relation, we have

ul*+vmt4w { wlath Qm—'F: 0
‘

" (cPu+aw) 4 2abwim+(b*w + ) m*= 0
or (ctu+atw) (Ifmi? +2abw (Jjm)+(b2w - tv)=0. A
Let f, my, ny and [, mg, iy be the d.c.’s ol ik iwo lines.
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Then the roots of (1) ure h/my and [3/m;.
1 2

product of the rools=::—1;.:—:;;=f—-—-,:::,‘:-

hs nhmg mng
brw+cu Cutatw  av b
The lines will bs perpendicular if Lls+myma+mny=0
i.e. (b'w+6’V)+(c'u+a‘w)+(a'v+b'u)=0
or at (v+w) bt (utw)+c? (v4u)=0. Proved L.
The lines will be paraliel if the d.c.’s of the lines are the same

L.e. if the roots of (1) arc equal, for which the condition is

, by symmetry. 2

B'=44C,
le. 4a'b'w =4 (clu+a'w) (b*w+c'v)
or a'etwy+ b'cduw 4 cPa'vu=0,
or a'fu+b¥v+ct/w=0. Proved 11.

Ex. 7. Show that the lines whose d.c.s are given by I+m+n=0
and 2mn+3In—5Im=0 are at right angles. (Meerut 1983)
Sol. From the first relation, we have  J=—m—n. (D
Putting this value of / in the second relation, we have
2mn+3 (—m—n) n—5 (—m—n) m=0
or  Smi+2mn—3nt=0 or 5 (m/n)’+2 (m/n)—3=0. w(2)
Let I, my, m and Iy, my, ny be the d.c’s of the two lines.
Then the roots of (2) are m,[n, and my/ns.
product of the sootsm My 3 op Tam Ui,
m ng 5 3 -5
.-.(3)
Again from (1), n=—/—m and putting this value of n in the
second given relation, we have
2m (= l—m)+ 3 (—1—m)—5Im=0,

or 3 (Ifm)*+10 (I/m)+2=0.
h b _2 o hl mm
m my 3 2.~ 3 ve(4)

From (3) and (4), we have %‘=m‘;’" =@5 =k (say).
Ll +mme+nng=(2+3-5) k=0.k=0.
Th= lines are at right angles. Proved,
Ex. 8. Lines OA, OB are drawn from O with directlon cosines
proportional to 1, =2, —1; 3, —2, 3. Find the direction cosines of
the normal to the plane AOB.
Sol. Since O4 and OB lie in the plane AOB, thercfore
these lines are perpendicular to any normal to the plane AOB.
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Let ay, ay, a; be the direction ratios of such a normal, Using the
condition of perpendicularity a;b|+ﬂaba+ﬂaba=0- "
we have a, (n+u,(—2}+a,(-n=ﬁ ‘--(2)
and ay (3)4aa (—2) +0s (3)=0. . A(2)

. a ag
SO]\'Iﬂg (l) and (2), :ﬂT}T:E)s .:—-—-'—l 3-13
o Ay
=1(=2)—-(-2)3
R L S .
or 3TT6T4 O a3 =2
Therefore the d.c.’s of the normal are
.. M - P, T
VAT TOr T (=2 vk + 07+ (=% Vi T3+ (=2)%
4 3 -2
or

V(29 V129 V()
Ex. 9. Ifl, my,n and ly, my, nyare directlon cosines of the
two lines show thut the diection cosines of the line perpendfcular to
both are pri-ortional 10 mynz—mMyMh, mylg—nghy. himg— lmy.

Prove further if the given lincs are at right angles to each other
then these dlrection ratios are the dctual direction cosines.

Sol. Suppose that the required direction cosines of the line

are | m, n. Since the line is perpendicular to the given lines, we
have
I+ mmy +amy=0 ..(1) and M+ mm,+nn,=0, . (2)
Solving (1) and (2), we havc
! _om n
g gy A ly— sl = Tymig— b, A3
This shows that the required d r.’s are mn,—many, mli= nyly,

{|m:—izﬁ’l|.

Now suppose # is the angle hetween the two given lines
whose d.c.’s are /,, my, ny and 1, my, n,.

Then sin 8=+/{Z (mi;my—myn,)*} [see cor. 1, § 12) .. (4)

If §=90° f.e., the lines are perpendicular, then (4) pives

) ‘\/{E (myny—mam )} =1. wl5)
o *. in this case {rom (3) the d.c.’s I, m, n of the line are given
Y '
m:ﬂ.—lma?i'::;a ! n—‘lﬂ L= - Mo = l/”! {-—’!I! +’12!
o=y Ly —my T A2 (mn, —mgn )y

1 .
=1 (Using (5) and I +m* +n*=1)
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=1. | ]
i this case the actual direction cosines /, m, n are
Hence in this case ac : Prarel

myng—matty, Mly—nalh, lymg—lam,.

Ex. 10. Show that the directlon cosines of a line perpendicular

to a pair of mutually perpendicular lines with direction cosines as
Iy, M, My and Iy, g, My respectlvely are

myng —Nafy, mlg—naly, hmg—lymu.

Sol. Sce example 9. This is other way of statin

problcm.
Ex. 11. Prove that three concurrent lines with direction cosines

1y, My P fay My M3 and ly, my, ng are coplanar if
[ h m m

(Bhagalpur 1966)
g the same

13 ms Ng =0.
l Iy my m (Meerat 1983 S)

Sol. Letl, m, nbe the d.c.’s of the normal to the plane in
which the two concurrent lines with d.c.'s &, my, m and [,, ms, Ny
lic. Then the line whose d.c.’s are I, m, n is perpendicular to the
lines whose d.c.’s are h, my, n; and ls, my, na. Therefore

Li+mm+nn=0 ..(1) and Ll+mgm4ngn=0. .. (2)

Again if the third concurreat line whose d.c.’s are Iy, my, ng
also lies in this plane, then it is also perpendicular to the normal
to this plane.

Iyl +mgm-+nyn=0. ..(3)
Eliminating I, m, n betweea (1), (2) and (3), we get the
required condition as L m m
,n my nNg =0,
!3 My Ny

Ex. 12. Prove that the three lines drawn from a polnt with
direction cosines proportional to 1, —1, 1; 2, —3,0, and 1, 0, 3 are
coplanar,

Sol. Let a, b, ¢ be the direction ratios of the normal to the
plane in which the two concurrent lines with direction ratios
I, =1, 1and 2, —3,0 lie.

C‘:!early these lines will be perpendicular to this normal. Hence
applying the condition for perpendicularity of two lines, we have

l.a+(=1).b41.¢=0, (1)
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and 2.a+(—3).b+0.c=0. ()
i a b _.c L
Solving these, m='2_—_(-)=:-_3+_2 of F=y =

Again the third concurrent line with d.r.’s 1,0, 3 will'lie in
this plane if the normal with d.r.’s 3,2, —1 is also perpendicular
to this third line.

We have (3) (1)+(2) (01 4+(—1) (3)=0, showing that the lines
with dr.’s3,2, —1 and 1,0, 3 are perpendicular. Hence the
three given lines are coplanar.

Ex. 13. The d.c.'s of two Intersecting lines are I, m,, m and
I, my, ny  Show that all lines through the Intersection of these two
whose d c.'s are proportional to L +kly, my+kmg, n+kny are cop-
lanar with them.

Sol. Letl, m, nbethe dc’sof thenormal to the plane in
which two iotersecting lines whose dc.'s are h, m,m and
Iy, my, ng lie. Clearly these lines will be perpendicu! i to this nor-
mal. Therefore LI+ mm4-nn=0, (1)
and lol 4+ mym +nen =0, ..‘.(2]

Now any line through the point of intersection of these lines
with d.c’s proportional to h+kly, m+km, m+kny will liein
this plane if the normal to this plane is also psrpendicular to this
line. .

We have I(l, + ki) +m(m, +kmg)+ n(ny 4 kng)

=1+ mm; 4nn, + k(lf; + mmg+nn:)
=0+k.0, using (1) and (2)
=0.

This shows that the line whose d.c.’s are /, m, n is perpendi-
cular to a line whose d.t.’s are I, +kly, m, +kma, ny+kn,.

Hence all lines through the intersection of the given lines and
with d.c.’s proportional to },+kl;, m,4kmg, n,+kn, are coplanar
with them.

Ex. 14, If a variable line in two adjacent positions has direction
cosines |, m, n and [+81, m+8m, n+8n, show that the small angle
58 between the two positions is given by (88)*=(81)? 4 (8m)* +(8n)".

(Meerut 1984 P, 87 P, 88)

Sol. Since I,m,n and (I48[), (m+8m), (n+8n) are the
actual direction cosines, we have [*4+m'+n?=1
and  (I4+8)'+(m+8m)*+(n+8n)t=1
or  (P*4+m'+n*)+21814 2mBm +2ndn+ (31)* + (3m)? + (Bn)i=1

or (80)*=(81)*+ (m)*+ (5n)2.

the origin and the points (xy, y1, 2,
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or 14 2(1814+ méin + ndn) + (81)* 4 (6m)r + (8n)'= 1 [Using (1)]
or 2(4814mdm+nén)= —{(81)* + (8m)? + (8n)*}. .«(2)

Now it 15 given that 84 1s the angle between two adjacent
positions of the line, Therefore

cos 80=1.(I+8l)+m.(m+8m)+n.(n48n). ..(3)
H
Now co0s 8= I_(Sz_ﬂi +(%8:f

if 88 is small, we have cos §0= (3o)?

Then from (3), we have

©0) _ oy oy s
= 5T = (L+m?+n*)+ (1814 m8m 4-ndn)
2
-~ [_(S%al—i{{SIJ’+(Sm)’-+{8n‘)}

[using (1) and (2)]

Proved,
Ex. 15, Prove that the acute angle between the lines whose

direction cosines are given by the relations

I+m4n=0and P4m*—n2=0 is /3. (Meerut 1986 P)
The relations giviog the d.c.’s ot the two lines are
I4+m+n=0, ~ A1) and P4mi-p?=0, w(2)
From (1), n=—(I+m). Putting this value of n in (2), we get
Bt mP—(I14+mpP=0, or 2Im=0, or Im=0,
Lo 1=0 or m={,
When /=0, we have from (1), m= —n.

Sol.

I m n
[ Ry .~ (3)
Again when m=0, we have from (1), I=—n.
I m n
T-0°>r

(4)
From (3) and (4), we observe that the d.r.’s of the two lines

are0, 1, —1;and 1, 0, —1.

_thcir d.c.’s are 0, 1/4/2, —1/+/2; and 1/4/2,0, —1/4/2.
If 8 is the acute angle between the two lines, we have

._‘:‘” :jgg“'?;'z)*(ﬁ)'“*(‘ﬁ) (-7) 2

Ex. 16. Show that the area of a triangle whose ve;rﬂce.s' are

) ﬂﬁd (x!r Yz, 23) is
W{hz—rz)'+ (2% = zax:) - (X1 ya — 253, ).



sanlotical ©=eomelry k)
i " 2o, v, 2o m=nd Chose
Sol. The directi. n ratios i M don S W A ose of
OB are xy, Jo %1- ,
N (7. ~ORj=4/(- - .21
0Ad=V{(xi—0)'+(y - "+ (7. £ 4
and Also OB=$[(XI=—0J’+(}’5*01’+(22*0)'}:t/(-‘u iyt 2ah),
the d c.’s of 04 are
Xy N , Zy , .
vor etz Vst tal) 't V(a i)
and the d.c.’s of OB are

x Ya L W
‘\/lx:"l'J’.:’-i* z) " Vixd+yd+zh) ' (Rt )
Hence if 8 is the angle between the lines O4 and OB, then
V{Z (r2a—ye2)"} ViZ (}'12:—)’121)'}.
VetttV tz) = 04.08
Hence the area of AOAB=}.04 OBsinf® [0 [/ AOB=0)
VIZ (nza - 219)"}
10408V 0A4.0B
=§V{Z (nza—yan)*}. Proved,
' Ex. 7. If I,,m\, n, and |y, my, ny are the d.c’s of two con.
current lines, show that the d.c’s of two lines bisecting the angles
between them are proportional to Iy 41, my+-m,, ny4n,.
Sol. Let O be the origin.
Draw 04 and OB parallel to
the given concurrent lines. Let
L, m;, n; be the d.c.'s of 04
and /y, my, nythe d.c’s of OB.
Cut off 0A=0B=r. Then the
co-ordinates. of 4 and B are
(hry myrymir) and (lyr, mar, nyr)
3 respectively.

sin =

_ Again take a point C on BO produced such that OB=0C-r.
" Thus the co-ordinates of C are (—lar, —mqr, —ngr).
Suppose M and N are the middle points of AB and CA. Theo

the co-ordinates of M and N are

‘ hr+lor myr+-myr nyr4 ner
2 2 'l }
— (fnf—f:f Myr — myr nyr—ngr
2 ' 2 L

respectively. Clearly OM and ON are the internal and externsl
bisectors of the angle A0B5.

Directlon Coslnes and Projecttons 39

Hence the direction ratios of OM and ON are
t (h+h) e, § (mydmy) r, § (mFna) r
and t (h—h) r, § (mi—ma) r, § (n,—ny) r respectively,
le, the d.c.’s of OM and ON are proportional to I+ I, my+m,,
ny+ng and Ly —ly, my—m,, n, —n, respectively. " Proved.
Ex. 18.  Find the direction cosines of the lines blsecting the
angles between the lines whose direction cosines are I, my, n, and
Iy, my, ny and the angle between these lines Is 6.
Sol. Proceeding as in Ex. 17 above the direction ratios of
the internal bisector OM of the angle AOB are *
b+l my+my, ny4n,. (1)
Since 08 is the angle between the lines whose d c.’s are
h, my, n, and l;, my, ny,
cos O=Iig+mme+nn=X L.
Also X I;'=f;'+m.’+n,'=l and 2 lgl=’3’+mA'+ﬂ3== 1.
We have
V{lh+ B+ (m 4+ m 4 (1, 4-ng) ) = /(Z 124 T 13+ 28 413}
=v(1+1+42 cos 6)=+/{2 (1 +cos 8)}=2 cos }4.
Dividing the direction ratios (1) by
VAU 12)2 4+ (i mg)? 4 (g + )2}

' fLe. by 2cos 82, the d.c.’s of the internal bisector OM are

_i._t!g; mi+my n4ny
2cos 0/2" 2 cos /2" 2 cos 02 Anps.
Similarly the d.c.’s of the external bisector ON are -
L—1 Mi—Mmy  ny—ny
2sin0/2'25in 82" Zsin o2
Note that in this case, we have
VAL =l - {my — my) - (n, — )= /{Z I,
=v(1+1-2 cos 8)=2 sin 9.
Ex. 19. The vertices of a friungle POR are
(=1,2, ~3), (5,0, —6) and (0, 4, —1) in order. Find 14
ratios of the bisectors of the angle. Q PR,

Sol. Suppose the interna

) 1 bisector of the P .
side QR in L. Then we know that LR maa e

N QL:LR=PQ: PR, i
OW PO=V{(5+ 10+ (0—2)"+ (=6 +3)) =/ (40) =7
wd PR=y(O+ (-2 (— 14 3 vy
Putting the values of PQ and PR in (1), we have
' QL : LR=7:3.

Ans,

S E 28 1)

the points,
e direction

A
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This shows that L divides OR internally in the ratio 7 Jand

hence the co-ordinates of L are

70435 74430 7&“*3-’:2)
( 43 1+3 T+3

3 14 yy =
le., (-2-, 5 -7

& the direction ratios of the internal bisector PL are
3., 1 5 541 s,
(§+l,§- -2, - §+3. ){.g., are 5, % 3 fe. are 25,8,
| | Again the external bisector of the L QPR will n?eel the side
| ORin M, where M divides QR externally in the ratio 7 :3and
" hence the co-ordinates of M are
7.0-3.5 74 -3.0 1.0 - I\—3.[—6])
( T—3' 1-3 " 1-3

15 11
ie., (_4—, 7'74_-)'
. the direction ratios of the external bisector PM are
( E-H 7-2 !—]-+3)fe an:—11 5 zé
4 4 ' 4 o 4’74

le.. are - —11, 20, 23.
, Ex. 200 If the edges of a rectanguiar parallelopiped bea, b, c
shm:ar the angles betw=en the four diagonals are given by
2 2 ]
cos™! {{tﬁ——: +4;;"_1_f"; }
(Kanpur 1982, Meerut 84 S)
Sol. Let O, cne of the vertices of the rectangular parallel-
opiped, be takeu as origin and the three coterminous edges 04,
OB and OC as the co-ordinate axes.

rEZ

Q
s
AN
x

Ey
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Let the edees Od=a, OB=b, OC=c. The four-diagonals are
OF, AG, BE and DC.
The co-ordinates of the vertices of the parallelopiped are
givenby  010.0,0) ;4 (a,0,0); B (O, b,0);C(0.0,0);
F(a,b,¢); D (a.b,0);E(a05¢);G(0b ¢
Note that the veitex D lies in the xy-plane, the vertex £ in
the zx-plane and the vertex G in the yz-plare.
The d.r.’s of the diagonal OF are a—0, b—0, c—0 le.,
a, b, c.
. the d.c.’s of the diagonal OF are
L b ¢
V@ FBEe) V(@ b re) Vi@ Fhe)
Similarly the d.c.’s of the diagonal AG are
- —a b ¢
V@b H ) Y@t +b* +e*) V(@ +bt e
the d.c.’s of the diagonal BE are
a o -b c
VIgE bt et (a4 B -ct) 4/ lat ot )
and the d.c.’s of the diagona! CD are
_a b —c
V@ T ey Via rbied) Vi@ v bt tel)
R the angle 8 between the diagonals OF and AG is given by
ax(—a)+bxbtexc
V@0 )y (@ bR +c?)
‘ [using cos 8=11,+mymy+nyn,)
ie., f =cos™? {—-ﬂibs—_k—f—_}

The total number of pairs of the diagonals are 4c, i.e., 6. In
a similar way the acgles between the rest five pairs of the diago-
nals are determined and all of these six angles are given by

cos~? {E‘iﬂﬁﬁ;‘f}

.
’

»

cos =

u‘i+b3+"i
The‘ above expression will give only six valid values because
the ambiguous signs cannot be either all +ive or —ive for in that
case f=cos™! | qr,_.cos*' (—1)ie,8=0 or 180° which is impossi-
ble as no two.of the disgonals are parallel.
Ex.21. A line makes angles », B, y, § with the four diagonals
of aefibe. Prove that cos® a4-cos® B+cos? y4cos? 5—41
(Gorakhpur 1982; Meernt 81, 83, 85; Lucknow 81; Kunpur 83)
; Ke
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Sol. In a cube all the edges are equal.  Proceeding as aboy,
in Ex. 20 the d.c.’s of the diagonal OF (putting b=c=ad) are
a a s
V@t aty VEraTa) V@ et
Le., 13, V3, 1/v3.
Similarly the d.c.’s of the diagonal 4G are
—1/4/3, 1/+/3, 13,
the d.c.’s of the diagonal BE are 1/4/3, —1/4/3, 1/v/3,
and the d.c.’s of the diagonal CD are 1/4/3, 1/v/3, — 1/ 3.
MNow let /, m, n be the d.c.’s of the line which makes angl
«, B, y, § with the four diagonals of the cube. Then we have
cos a=1.(1/4/3)+m.(1/+/3)+n (/3= +m4n)fv/3

or cos? a=(I+4+m-+4n)(3, el
cos B=1.(—1//3)+m. (1[I +n (13 =(=14m+n)4/]
or cos® B=(—{+m-+n)*/3. orall
Similarly cost y=(/—m+n)*/3 ‘ wfd
and cos? §=(l+m—m?/3. sl

Adding the relations (1), (2), (3) and (4), we gt

cos? a+cos® B+cos? y4cos® &

=} ([ mtni4 (= mbn)+{U—m=+nPF+({+m—n)}

=} {4 (P4+m+n®)j=1%. L B mtint=]

Ex. 22. Find the angle between two diagonals of a cube.

Sol. Proceeding as in Ex. 2] above, the d.c.'s of the tw
diagonals OF and AG of the cube are 1/v'3, 1/4/3, 1/v/3 an
—1/4/3, 1{4/3, 1/4/3 respectively. Thusil #is the acute ang|
between the diagonals OF and AG, then we have

cos f=| (1/v/3).(— 1/ v3)+ (v 3.V +(1HV3) (v |5
ie. f=cos™! (}). .

This is the required angle.

Ex. 23. If (h, my, m), Uz, my, ng), (ls, ma, ng) are the directin
coslnes of three mutually perpendicular lines, then find the directid
cosines of a line whose direction cosines are proportional |

Li+li+ 1, my+matmy, ay4-na+tny, and prove that this line |
equally Inclined to the given lines,

Sol. Since &, my, ny 5l My, hg ; Iy, mg, By are uml d.ets d
three mutually perpendicular lines, we have
hlatmmy+mng=0, L+ mgmg+ nng =0,
Ly 4 m =0,y ..l
Also 31'+m1=+m'=f,=+m,=+ﬂ,-“='}|;=.§',:‘3;|'.p;’:;§=1 |

.
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Now we bave Vh+ 1+ 5)*+ (M +matmsi';|'<’hl+"a+ﬂs) 1
-=v’iﬁ-'+m-"+m‘)+ue=+m,'+nz=)+ua-+mn +n?)

+2 {11,f2+mlm,+nln:}+{-'=!a+mam.+mna)

+(laly g+ ngriy)}]

/(141 +14+2(04+0+0)), [using the relations (1)]

';’h‘u/:the required d.c.'s of the line are given'by
f. -I—fg‘l-fg my g ity ﬂ_l_-i-_niﬂa .
= 3 ' V3 , -(2)
Let @ be the angle between the lines whose d.c.’s are Iy my, ™
ose given by (2). Then we have
e tcl:l&' 3-—_%!1 Ah L+ V3 m (e +ma+ ms}f‘\/-_a
: -y (- myia) /3
=(1/4/3) [+ m®4+m?) + (hlg 4, +inns)
+(hh + mymy + ngth))
—(1/+/3)[140+40], |using the relations (1)]-
~ - B=cos™! (1/4/3).

Similarly the angle between each of the lines with d.c.’s

ls, Mg, M ls. mis, 13 and the line with d.c.'s given by (2) is
cos~! (1/4/3).

Ex. 24. If two palrs of opposite edges of a tetrahedron are
perpendicular, then prove rhat the third pair is also perpendicular.

Sol. Let OABC be a tetrahedron. Let O be chosen as origin.
Let the co-ordinates of the vertices 4, Band C be (xi, yu 21)s
(%3, Y2, z2) and (x5, ¥s, 23) Tespectively. :

The d.r’s of the edges O4, OB and OC are Xi. Vi, 21
Xa, Ya, 22 ; and Xj, ys, Z; respectively. - Also the d.r.’s of the edges
BC, CA and AB are X3—Xg, Ya—Na Zz— 23 ; X1— Xz Y1—Vs» Za— 32
and Xy —x;, Yo— 1, Zz— ) respectively.

MNow suppose the edge OA is perpendicular to the opposite
edge BC. Then using the condition for the perpendicularity of
two lines, we have )

X1 (X3 —xa)+y1 (Ya—y2)+ 2, (23— 25)=0.

Also if the edge OB s
CA, then we have

..(1)
perpendicular to the opposite edge

y Xy oy —xa) +0e (1 —vad 423 (2,—24) =0. 0
Ac!d_ing (1) and (2), we have B ! i
X3 (Xa—Xa)+)a (M =)+ 25 (2, —20) =0, -.(3)

The relation (3) shows that the third i 5 [
. pair of opposite ed
OT and 4B is also perpendicular, = w1

N
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) ‘a letrahedron be per
; pite edges of @ 3 crpen.

Ex. 25. f‘f a i’:;c;{;p;'nam‘es petween the middle poingg of
dicular, then shoW

: e edges are cqual. ,
the other (wo pairs cé.{fﬁp:i;imhcdmn, Procecding asin Ex. 24
Sol. tf:ﬂ Offm a:ld 3C of opposite cdges be perpendicular,
above, if the pal

then W€ ha: (ra—xaHn Qe ral+a oy o il

! ints of OB and CA, so tha:

be (he middle poiis 0 ‘

th ir[;eot :{éii:?ej?re =gin:n by My (3%, §)es jz2) and M, (§(x1+ xy),
e -

}On+ya) d (z1+723))-
H'NO:: {# (n +is"1ﬂ)}g+{i (ntrs -y} (& 'i':-s-zg)}’
o ={ [{xl+Ia—x23’+f}’1+}’s—ys)’ '.-l'(ZJ‘ +-2y—23) }‘ (2)

SimiI;r!y \f M, and M, are the middlc points of OC and 48,

" h;‘:mzz {(xy+xa— X'+ +yg—=ya)+(zt 22—z, ..(3)
Now we want to prove that M My==MM,.

Subtracting (3) from (2), we get

My Mg — M3My* 2 )
=4 [{(x: 4 xg—Xa)*— X X ) Hndys =y =0 +)e =0
H{(n+2—22) = (214 22— 23)*}]

o} (2 (2% - 200)+ 20 (23— 20)+ 221 (224 220)],
using the formula a*— b*=(a+b) (a—b)
=x; (g =Xg) 0 (Ps= Ve +21 (23— 2)
=0, using (I},
MME=MME or MiMy=MaM,.

Ex. 26. If in a teirahedron OABC, OA*+BC?’=0B*+CA
=0C"+18, then show that its pairs of oppusite edges are at right
angles.

Sol. OABCis a tetrabedron. Let O be chosen as origin
aod ict the co-ordinates of the vertices 4, Band Cbe (x;, y1, 21)
(% )II:I 7a) and (x5, yg, 23) respectively.

t
OV OABC={(0 =0+ (yy— 0) (2, 0y}
v +[("‘ﬂ_x‘l}e'f'{}‘a"yg}a"‘(?a"‘22)2}
=SOSR+ (0t 4yt 4 p2)
+ (X" 4524 251) — 2 (X2xg+Vays + 2zas)

. =2 x2 2
Pmceedlng similarly, Wle ’ga-iexz +2 Xot— 25 x,X,. (1)
OB 2
- B +C"”=£’fr+2x2u_g -
OC'+ ARty 5 e X =0T xyx, (2)

Ja+}: x2!+2,’-\'32‘22 x]IEA "'(3)

pirection Cosines and Projections 45

Now OA*+BC'=0B* - CA? gives
Z2x 8 x?+ 8 X' =28 xoxy= 2 0+ T x4 F x1— 25 x,%,
Z:ng; -z .\’axl=-0

or
of (X2X3+ Yoy +2223) - (X3%,+ gy, +232) =0
or X3 (Xe—X1)+s (Ya—21)+ 25 (24— 21)=0.

This shows that the edge OC is perpendicular to the opposite
edge AB i.e., an opposite pair of edges of the tetrabedron is
pcrpendicu!ar.

Similarly by taking OB*4CA'=0C?+ AB* and 0A*+ BC?
=0C*+AB*, the other two opposite pairs of edges of the tetra-
hedron will be at right angles.

EXERCISES

1. The direction cosines of two straight lines, inclined at an angle
6 are Iy, my, ny and [y, s, 1. Show that direction cosines of

the bisector of the angle between them are

I!Il‘l‘ln M|+Mn ﬂ'|+.’lu .

2cos 62" 2cos 0]2 2cos 0]2  (Meerut 19843, 85S)
2. Prove that the line joining the points (1, 2, 3) and (—1, =2,
3) is perpendicular to the line joining the points (—2, 1, 5)
and (3, 3, 2). (Meerut 1985 S)
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The Plane

—_—

e

|. Plane. )
§ surface such that all the points of 4

g any (W0 POINES on the surface lie on It. Or i
olm:'fke any (wo polnts on the surface, the straight
. o points wholly lies on the surface.

Definition. < plane is 6

stralght line i
other words if
line joining these 1

(A) The equation of a plane. (Normal form).

§2.
To find the eguatlon of a plane in term

the perpendicular from the origin to the plane,

1, m, n of this perpendicular.

Let 0X, 0Y, OZ be a set
of rectangular axes with O as
origin. Let p be the length
of the perpendicular  ON
from the origin O to the given
plane 4BC. We shall take
p always positive. The d.c’s
of the perpendicular ON are

s of p l.e., the length of
and direction cosines

I,mn. The direction of =
the perpendicular ON is from 1
origin towards the plane.

A line perpendicular to the
plane is called a normal to the

plane. Thus | m, a1 are the y’}’

de’s of the normal to the plane, the direction of the normal

being that from lhe origin to the plane. Ifn is a unit vector
along the perpendicular ON, then

n=lit+mj+nk and hence EN=

psp (li+mj+nk) ..(1)

_go that
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Let P with "'°‘°"di“lif_ (x, 7, z) be any point on the plane,
- e Oiaxi+yi+zk. (2)
We have, NP=0P—ON=(x~pl) i+(y—pm) j+(z=pn) k.
So long as P lies on the plane, I\_Fj’ is always parallel to the
plane and consequently perpendicular to 51:' and so also perpen-
‘dicu]ar to B which is a unit vector in the direction of O_K'

-,
NP.n=0.

...(3)
Putting the values of !\?F-’ and n in (3), we get
{(x—pl) i+(y—pm) j+(z—pn) k}+(li+mj4nk)=0
or (x—pl) I4-(y—pm) m+(z—pn) n=0,
or Ix+my +nz—p ("+m?*+n?)=0
or Ix+my+nz=p (4

L Bmi4nt=l)

The equation (4) is satisfied by the co-ordinates of every point
on the plane, but by no point - ' jane. Hence this is the
equation of the plane “.J 15 known as the normal form of the
equation of the plane.

Remark. In the equation (4), p is positive and "+m?+ni=1.
Oaly then p is the length of the perpendicular from origin to the
plane and /, m, nare the d.c.’s of the normal to the plaae, the
direction of the normal being from origin towards the plage.

Cor. If the perpendicular ON makes angles «, B, y with the
co-ordinate axes then clearly we have /=cos «, m=cos B, n=c0s y,
and the equation (4) becomes

x cos a4y cos B4z cos y=p. wd D)

(B) The general equation of a plane.
The equation (4) may be written as
. (xi+yj+zk)s (li+mj+nk)=p,
where I, m, n are the d c.’s of the perpendicular ON.
Now suppose @, b, ¢ are the d.r.’s of ON, so that I, m nin
terms of a, b, c are given by
(I, m, n)=(a, b, ©)[+/(@®+b'+").
Putting these values of /, m, n in the equation (6), we get
(xi+yj+2K)+ (ai + bj+ck)=py/(a’+ b*+c")
(xi+yi+2k)+(ai+bj+ck)=4,

...(6)

w(T)

or
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d ai4bj+ck isavector perpendiy,
of the plane can be vritten ing

48
bl+g=) an

1
where Q"r'P\/m F ¢ the eguaFfO"i

to the plane. Henc
form (7).
Taking

4. the equation (7) of the plane may be writy
q*: s "

® ax by +cz+d =0 r of
; tion of a plane

; is the gencral equa plane, why

The equation ® the d.r.’s of the normal to the plane le,

b, carc
:!:c nu;::b:nr;izum {0 the plane and the lcng:h of the perpendicy,
f]:;upor?gin Lo the plane is —d/v/(a*+b*+ %), the number d bep

negative.
£3, Topro
XM z namely ax+by
coefficients a, b, ¢ of x, ¥,
10 this plane.
The general equation of the first degree in X, y, z is given
ax+by+cz+d=0. -l
Let A (xy, yu, z2) and B (xz, ¥y, 22) be any two points onf}
surface (1), so that we have
axy+by +ez+d=0 3
and %y 4byy 2,4 d=0. g
Multiplying the relation (3) by ‘4> and adding to (2), we g
a (4 px) b Oy + ) o (20 + ) +d (0 +p) =0
Dividing both the sides by (14 ), we gel
a(xitpxs) b (n+ups) (274 pz,
B i i U
The relation (4) shows tha( for cvery valug of p#g -1, 1
point XY Vit uyy 2,4 puz, .
these ur: +ll:‘ h T;L
join of 4{I1.L}'f§?‘1e;i1d t‘;(-:rd.nates of a point which divides i
take any real valye other t.hzl W s Lo
an —1, every point of the straightli

AB lies on the
slane. urface (1), Hence the equation (1) repressali

we that the general equation of the first degre|
tez+d=0 represents a plane and that |
z in this equation are dr”’s of the nom

)'lies on the surface (1). B

Subtracling (2) from (3), we haye

a (xy,—
The relation 1: )s:b Vi) te (2= 2)=0, .
@bicandx—y, , " At the tyo lines whose d.t.s ¢
CvEB=ziare perpencicular, But 1!
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yg—=Yn zy—2; are d.r’s of the line AB which is any line i.n the
plane (1)- Thercfore a line whose d.r.'s are a, b, ¢ is perpendicular
to every line lying in the plane (1) and so it s perpendicular to
the plane (1). Hence a, b, ¢ are d.r’s of the normal to the
plane (1).

Remark. In the general co-ordinates of a point on the line
AB, we cannot have p=— 1 because therz can be no point on ke
line AB which divides it in the ratio — 1 : 1 ie,, which divides it
externally in the ratio I : L.

Note. The number of arbitrary coustants in the general equa-
tion of the plape.

The general equation of the plane is

ax+bytecz+d=0 or (a/d) x+(b/d) y+(c/d) z=—1.

This equation shows that there are three arbitrary constants
pamely a/d, b/d, c/d in the equation of a plane. Therefore the
equation of a plane can be determined to satisfy the three condi-
tions, each condition giving us the value of a constant.
§4. To reduce the general equation of the plane to the normal

form.,
The general equation of the plane is
ax+by+ez+d=0. (1)

If I, m, n are the d.c.’s of the normal to the plane, then the

equation of the plane in the normal form is

Ix +my+tnz=p. ..(2)
If (1) and (2) represent the same plane, then
I m n p A/ ([P 4+m?+n?) 1

a =%~ ¢4 tya@tord) ETV@rbte)’
where the same sign either +ive or —ive is to be chosen through-
out,

I=4al\/(a* +b+?), m=+b/\/(a*4+b+c%).
n=4tc/y/(a’+b*+c?), and p= +d/v/(@a*+b* +c?).

Substituting these valves in (2), the normal form of the plane
(1) is given by

ax by g 5
T V@b te) T V@0 0) T Y@+t

Viatb 1) (3)

The sign in equation (3) is so chosen that pie.,
4d/y/(a® +b*+ ¢*) is always positive.
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. ace the equation of 2 pl:.ne in normal form
ﬁ:;ksl:tfs:n::;t;:?lam term i:! the equation :f:h‘;}ﬂaﬂe to

the R.H.S. and adjust the equation in such a way th at this const.
ant term on the R.H.S. is positive. Now divide the equelion by
V(@ +b +c?), where a, b, c are the coeﬂi.cwnts‘ of xi]y, z in Fhe
equation of the plane. The resulting equation will be the equation

of the plane in the normal form

Ix+my+nz=p-. . "
the length of the perpendicular from the origin

Here p will be )
to the plane and /, m, n will be the d.c.’s of the mnormal to the
plane.

§5. Intercepts form : )
To find the equation to the plané in ferms of the intercepts
a, b, ¢ which the plane cuts on the coordinates axes. (Meerat 1985)
Let the general equation of the plane be
Ax+By+Cz+D=0. ()
Since the plane (1) makes an intercept @ on the x-axis, the
point (a, 0, 0) lies nn the plane (1), so that we have
Aa4+D=0 ie., A=—D|a.
Similarly the points (0, b, 0) and (0, 0, ¢) lie on the plane (1),
so that
Bb+ D=0 and Cc+D=0, giving B=—D/b, C= — Dfe.
Putting the values of 4, B, Cin (1), we get
(—D/a) x+(—Djb) p+(—Dfc) z+ D=0
or xla+ylb+z/c=1. .(2)
lerm;rg:; tellu?;‘t‘;‘cgz)(;s ”;e required equation of the plane in
bl r:specrive;; and ¢ made by the plane ‘on the axes
§6. Plane through a given point and perpendicalar to a given line.

dTo find the equation of a plane through q given point A(x,, y1, z))
and perpendicular to a line whose direction ratios are a, b, ¢

Let (x, y, 2) be the coordinates of any current point P on the

plane. Since the plane passe. :
lios AP ligs fy o p]ar::m s through the point A (x1, y1, 7,), the

The d.r.’s of th
d.r.’s of the normal
the plane are a, b,

e line AP are X— %,

to the plane fe,, Y=¥u z—z. Also the

of a line perpendicular to
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a(x—=x)+b(y—yp)+c (z2—2)=0,
which is the equation of the required plane.
Remark. Tbe equation of any plane passing through the
point (X1, Y1, Z1) is
a(x—x)+b (y—yp)+c(z—z)=0.
In this equation a, b, c are d.r.’s of normal to the plane.
As a particular case, the equation of any plape passiog
through the origin is ax+by+cz=0,
in which the coefficients of x, y, z i.e., a, b, c are d.r.’s of the nor-
mal to the plane.
§ 7. Equation of a plane through three points.
To find the equation of a plane which passes through three poinis
whose co-ordinates are (xi, y, 21), (Xa, Y3, 2a) and (X3, Ya, Za)-
(Kanpur 1983)
Let the general equation of the plane be
ax+by+ez+d=0. (1)
If the equation (1) of the plane passes through the given
points (X1, Y1, Z1), (Xz, V3, z2) and (xs, ¥s. 23), the coordinates of
these points will satisfy the equation (1), so that we have

ax,+by,+ecz+d=0, sl 2)
axa+byy+czy+d=0, ---(3)
and axy+ bys+cza+d=0. ...(4)

Eliminating a, b, c and d from the above equation (1), (2),
(3) and (4), the equation of the required plane is given by

x ¥y z 1
Xy N 7 1
Xp Ya 23 1

Xy Vs Zy 1
Cor. Condition for four points (X1, ¥1, Z1), (X2, Y2, Za), (Xa. Vs, Za)
and (x, y,, z,) to be coplanar.
) The equation of the plane passing through first three points
is given by equation (5). If the fourth point namely (x4 Vo, Z0)
also lies on this plane, then the co-ordinates of this point will
satisfy the equation (5), so that we have

Xq Ya 2y 1 X1 M 2y 1
x z 1 X3 Y zy 1
! & ' =0, Le., =0.
Xg Ya Z3 1 X3 Ys Z3 1
i Xg Y . l X1 Ya Zs 1

.(6)
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The condition (6) is the required condition for four givey
points to be coplanar.

Note. For solving numericel examples an  casier method cyy
however be followed as explained in Ex. 7 and Ex. § below,

Solved Examples 3(A)

Ex. 1 Reduce the equation of the plune x+2y-22-9=0 1,
the nmﬂa!form and hence find the length of the perpendiculy,
drawn form the origin to the given plane.

Sol. The equation of the given plane is
x42=12z -9 -0,
Bringing the constant term to the RVHLS., the equation
becomes x+4-2y-2z-.9, (1)

(Note that in the cquation (1) the constant term 9 is positive,
If it were negative, we would have changed the sign throughout
to moke it positive.)

Now the square root of the sum of the squares of the cocffi.
cients of x, y, z in (1)=4/{(1) (204 ( ~2)!) =4/9=3.

Dividing both sides of (1) by 3, we have

;—x-l-%- y—§ z2=13, ()
The cquation (2) of the plane is in the normal form
Ix4+my4nz=p.

Hence the d ¢ ’s [, m, n of the aormal o the plane ar 23. -
and the lenpth p of the perpendicular from the origin to the plane

is 3,

Ci.

Ex. 2. The co-ordinates o/ a point A are (2, 3, —5), Determint
the equation 1o the plane through A at right angles to the line O4
where O Is the origin. (Meerut 19868)

Sol. Here the plane passes through the poimt 4 (2,3, —J)
and is perpendicular to the line O4 i ¢, the line OA is normal (0
the nlane, ¥

The d.r’s of 04 are 2—0, 3—0, —5-01i.e., 2, 3, —5.

Thus the plane passes through the point (2, 3, —5) and 2, &

—35 are d.r.’s of normal to the plane. Therefore the equation of
the planc 18

2Ax=2)4+3(y=3)—5(z—(—=5)} =0
2Ax=2)+3}y—3)~5(z+5)=0

(Refer § (6)]

or
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- 243y —5:7~38e)
or 27‘+3}'-—-52=33,

Ex.3. OlIs r:e origin and A is the polnt (a, b, ¢). Find the
ve of the joln DA and d
j‘f'd; :{ang 1{9 ki educe the equation of the plane through A

Sol. The co-ordinates of the points O and A are (0, 0, 0) and
(a, b, ¢) respectively. Thus the direction ratios of the join OA are
a-0,b-0,¢-01e,ab,ec,

Hence the d.c.’s of the join O4are =~

al\/(@+b'+c?), bly/ (@bt 4c¥), ofy/(a? 43 4 oY),

Now we are to find the equation of the plane passing through
the point A4 (a. b, c) and perpendicular to the line O4. Here the
line OA i8 normal to the plane and its d.r.’s are a, b, ¢. Therefore
the equation of the required plane is

a(x—a)+b(y—b)+e(z—c}= 0. or ax4by +cz=a4 P+,

Ex. 4. Find the equation of the plane perpendicular to the line

.regglt’ﬁ" Jrom (—3,3,2)10(9,5,4) ar the middle point of the
segment. ’

Sol. The end points of the given line segment are (—3, 3, 2)
and (9, 5,4). The d.r.’s of the line segment are 9—(-=3), 5-3,
4-21ie,12,2,2. The co-ordinates of the middle point of the
line scgment are (3(9-3), §(543), §(4+2)) i.e., (3,4, 3).

Thus the plane is to pass through the point (3, 4, 3) and d.r.’s

of normal to the plane are 12, 2, 2. Therefore the required equa-
tion of the plane is

120x-3)42(y~4)+2z—3)=0

or 6(x ~3)+(y -4 +(z=3)=0, or 6bx+y+z=15.
Ex.5. Find the intercepis made on the co-ordinate axes by the
plane x—3y+42z=9.
Sol. The equation of the given plane is
x--3y+2z=9. A1)

Dividing both sides;by 9, the equation (1) may be written as
x oy z
R AT e
Comparing the equation (2) with the equation
xja+y(b+zfe=1,

. the intercepts on the co-ordinate axes are given by

a=1he intercept on the x-axis=9
b=the intercept on the y-axig=—3
and ¢=the intercept on the z-axis=9/2,
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Ex. 6, A plane meets the fo—nrdfnarc.’ axes in A, B. C such thy,
the centroid of the triangle A‘Bf l; f::_f P;""f (P, g, 1)y show that g,
- s xIp+ylgtzir=3.
equation of the plane is x/pt) aons 9 Bl esed .
ation of the plane be
Sol. Let the :fflau-}-y;‘b—kzkﬂ i Al
The plane (1) meets the x-axis in the pointbA. so putting y=(
and z=0in (1) we get x=4. Thus the co-ordinates of the Ipuim
Aare (a, 0, 0). Similarly the plane (1) mgcls y and z axes in the
points B and C whose co-ordinates are grvr.?n by B (0, b, 0) and
¢ (Utl'(]):l'u?.the co-ordinates of the centroid of ltlw triangle ABC are
given by (}(a+0+0), }0+56+0), 4(0+0+¢c)) Le., (fa. §b, o).
But it is given that the co-ordinates of the centroid of the
triangle ABC are (p, ¢.7), $0 that we have
p=1a, g=tb, r=%c or a=3p, b=3q,¢=13r.
Substituting these values of a, b, ¢ in the equation (1), the
equation of the required plane is given by
x/(3p)+y/(39)+2/(3r)=1 or x/p+y[g+z/r=3.
Ex.”7. Find the equation 1o the plane through the three points
(0, =1, =1), (4,5, 1) and (3, 9, 4).
Sol The equation of any plane passing through the point
(0, =1, —1) is given by
a(x—0)4b{y—(=1)}+ciz—(=1)}=0

or ax+b(y+1)4+c(z+1)=0. (1)
If the plane (1) passes through the point (4, 5, 1), we have
da+6b+2c=0. (2
If the plane (1) passes through the puint (3, 9, 4), we have
3a+10b+ 5¢c=0. ()
Now solving the equations (2) and (3), we have
a b ¢

30-20"6-20"40-18 " (52Y)
&ooa=104, b=—14), =222,
Putting these values of g, b, ¢ in (1), the equation of the
required plane is given by
M10x—14(y+1)+22(z 4 1)) =0
or le—l4U’+lJ+22{z+l)=U
or Sx=Ty+1l1z+4=0,
_Ex. 8. Show that the four poins (0, -1, =1),4,51, (3
%,4) and (—4, 4, 4) are coplanar, (M;er‘nt ;9825

The Plane >
sol. Proceeding as in Ex. 7 above the equation of the plane
4ssing through the three points {0, —1, =1), (4,5, 1) and (3,9,4)
is given by 5x-Ty+11z4-4=0. (1)
If the fourth point (—4, 4, 4) also lies on the plane (1) then
\be co-ordinates of this point must satisfy the equation (1)
Putting x=—4, y=4, z=4, the L.H.S. of (1)
=5.(-4)-7.4411.44+4=0=the R.H.S. of (1).

Hence the equation (1) is satisfied by the point (—4, 4, 4).
Therefore the given four points are coplanar.

§8. Equations of the co-ordinate planes. )

(i) The equation to yz-plane. The x-coordinate of each point
lying oD the yz-plane is zero, and hence the equation o yz-plane
is given by x=0.

(ii) The equation to zx-plane. It is giacn by y=0.

(iii) The equation to xy-plane. It is given by z=0.

§9. (A) The equations to the planes parallel to the co-ordinate
planes.

The equatlon of the plane parallel 10 the yz-pline and at a dis-
tauce ‘a’ from It. The x-coordinate of every point on this plane
is equal to ‘a’. Hence the equation of the required plane is given
by x=a.

Similarly, the equation of the plane parallel to the xz-plane and
at a distance ‘b' from it is given by y=b,

Also the equation of the plane parallel to the xy-plane and at
a distance ‘¢’ from it is given by z=c.

(B) The equation of the planes perpendicolar to the co-ordinate
axes.

The equation of the plane perpendicular to the x-axis. This
plane is obviously parallel to the yz-plane and hence its equation
is given by x=a. (Sece § 9(A) above).

Similarly the equations of the planes perpendicular to y and
z axis are respectively given by y="£ and z=c,

§ 10. Angle between two planes.
Definition. The angle between two planes is defined as the angle
between their normols drawn from any point to the planes.
Let the equations to the two planes be
ﬂlx+b|y+clz+dl=0'
and ayx+byy+csz+dy=0.

1)
w(2)

‘
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f the normal to the plane (1) are ay, by, ¢, and thy
ae (2) are as, ba, Ca.

he planes (1) and (2), then § ig the
are ay, by, ¢ aod a,, by, ¢,

Thedr.'s o
dr.’s of the normal to the pla
If 8 is the angle between {

angle between the fioes whose d 175
a.a|+ b]bg + i€z

cos b=ty Vi thital) g
For the acute angle between the two planes, cos 6 is positie
and for the obtuse angle it 1s negative. The numerical value of cog g
in both these cases is the same because cos (m—8)=—cos 0.
Condition of perpendicularity of two planes,
Two planes are perpendicular if their normals are perpeng;.
Therefore the planes (1) and (2) are perpendicular if the

cular. .
e ay, by, ¢ and ay, by, cp arc perpendicular the

lines whose d.r.’s ar
condition for which is
a0, + byby+ €163 =0. '
Condition of parallelism of two planes.
Two planes are parallel it their normals are parallel, There-
fore the plaues (1) and (2) are parallei if the lines whose d.r.’s are
a,, by, ¢; and @y, by, g are parallel the condition for which 1s
ayjay="by /by = 1], 9
Le., the coefficients of », », z in the equations of the two-planes
should be proportional.

)

Remember. The equation of any plane parallel to the plane
ax+by+cz+d=0
is ax+by+cz+A=0,
§ 11. The two sides of a plane.

Two points P (xy, yy, z,) and Q (Xy, ya, 2,) lie on the same or .

opposite sides uf the plane ux+by+cz4+d =0 according as

ax,+by,+czy+d and axy+ byy+cz,+d
are of the same or upposite signs.

The equation of the plane is ax+by tez+d=0
Suppose the line PQ meets the given plape (1) at the point R
such that PR : RQ=m; : my. [hen the co-ordinates of the point

m
R are (Lu Phyatmay, mizi+mez,
M2t maz, )
iy + Mg

(1)

my My iy -+ Ing
Since the point R lies on the plane (1), therefore
My Xy 1y X, Vo +myy
a 1V Myy
( ST (M) (iitma),
. "y v my Mi+ my =k

or M(@xy+byy +cz3 + d) +muy ax,+by,+cz,+d) =0

57
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m_ax,t by, 4z +d

my  axy by, ez +d .(2)
Now the ratio my/my is positive or negative according 8$ PO
s divided at R internally or externally i.e., the points P, @ lie on
Ithe OppOSi(C or same side of the planc (1),

Hence from (2) if ax,+by, 4 ¢z, +d and ax,-i-b}'ﬁ-sz-%d are
he same sign, then m,/m, is negative Le., the points P and Q
Jie on the same side of the plane (1) It ax,+by,+cz.170' and
ax,+bys+fzs+da“_°f the opposite signs. m,/m, is positive le.,
tbe poiots P and Q lie on the opposite sides of the plane (1).

§12. To find the length of the perpendicular from the point
(X1, Y1, Z1) to a given plane,
Let the equation of the given plane be
ax+by +cz2=d=0. (1)
To find the length of the perpendicular from the point
(%1, V1o z,) 1o the plane (1),
Shifting the origin to the point (x;, yy, 7;), the equation (1)
a(x+x)+b (y+31) +¢ (242)+d=0

or

of t

becomcs
o ax+by+cz+ax +by +ez+d=0. . (2)
Dividing both sides of (Z) by 1/(a*+b*+¢?), we get
a b ;
YT T MV Vo P
_|_GX1+fJ}';+fZ1.+d=U
via*+b+cf) (3)

The equation (3) of the plane is in the normal form with a
proper adjustment of sign throughout the equation.
The length of the perpendicular from the new origin o
the plane (3) =ﬂ:073:;fﬁ;:;j—)g-
Hence the length of the perpendicular from the point
, axl+by|+le+d_
\/(ﬂ‘+b'+ C‘J
Since the perpendicular distance of a point from the plane is
always positive, tacrefore a positive or negative sign is to be
attached before the radical according as ax,+ by, +ecz4d
18 positive or negative i.e., according; as (x;, y1, z;) lies on the
same side or on opposite side of the plane as the origin, provided
d is positive.
Working rule.

(x1, ¥1, z1) to the plane (i)

To find the length p of the perpendicular
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from the point (xi, y1, z1) to the plane ‘ax+by+cztd=0,

substitute the co-ordinates of the given point in the left hand g
e and then divide this expression by

of the equation of the plan
+/[(coeff. of x)24 (coefl of y)t+(coeff. of £)?].
ax, +by, +¢Z +d
P= @i+ bi+c)
If the value of p obtained from this formula is negative,
can ignore the sign and give the pusitive value in answer, upe

Thus

there is some special reason.
If the equation of the plane is in the normal fory

Ix+my+nz—p=0, the length px of the perpendicular from tp,
point (x1, 31, Z1) tO the plane is given by

pr= %, +my, + nzy—p, for in this case V/(/*+m'+n%)=1.

§ 13. To find the distance between two parallel planes,

Find the lengths of perpendicular distances of each plap
from the origin and retain their signs. The algebraic difference
of these two perpendicular distances is the distance between th
given parallel planes. But while applying this meihod we should
be careful that the coefficients of x in the two equations of the
planes are of the same sign.

Alternative method. Take a point on one of the two glivcu
planes, then the required distance is the length of the perpendicu-
lar drawn from this point to the other plane

SOLYED EXAMPLES 3 (B)

E?x. 1. Write the equations of the plunes in the following cases:

(i) parallel ro the xy-plune and 5 units beilow ir,

(:_{J parai.'ei-ro the yz-plane and huving x intercept 3,

(fi1) perpendicular to the z-axis al the point (0, U, 4)
and gv} parallel to the zx-plane and 6 units behind ir.

ol. In view of § 8, the equations of th i i

rent cases are as given below ; Saltimin D A

(I) Ze== -5, (1) x=3, () z=4,
and (iv) y=—6, or y-+6=0.
Ex. 2, Find the equation of the plane which is horizontal and

passes through the point (1, - 2, —35).
Sol. Let us chouse the co-o
e : -ordinale axes so that th
of x and y I;c in a horizontal plane (the plane of the pa m-e al‘;
and ‘lhe axis :_)1 z 1s perpendicular to this plane Hl: 1 sa:
required plane is perpendicular to the z-axis and pa'sses :]:e ; :
_ roug
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the point (1. —2. —5), therefore, the equation of the required
plane i given by z=—5 or z+5=0.

Remark. If the axes of x and z be taken in a horizontal plane

lar to this

axis is perpendicu

ne plane of the paper, say) ther y- i
rizontal plane will

S]gne and hence the equation of the required ho
bey=—2 -
EX. 3 Find the equatlon uf the plane through the polint
{___1_4', 4) and parailel 1o the plane 2x+3y—5z+ 6=0.
Sol. The equation of the given plane is
2x 4 3p—5z+6=0.
Since the equations of the parallel planes
constant term, therefore the equation of any P
lane (1) is given by
g 2x43y—Sz+k=0. (2)
If the plane (2) passes through the point (—1, 2, 4), we have
2(—1)43(2)—5 (4)+k=0 or k=16.
Substituting this value of k in the equation (2).
of the required plane is 2x +3y—52416=0.
Ex. 4. - Find the equations of the planes parallel to the plane
3x—6y—2z 4=0ata distance 3 from the origin.
~ " gol The equation of any plane parallel to the plane
3x —6y—2z—4=01is 3x—by—2z+k=0. (1)
Let p be the length of the perpendicular from the origin to

the plane (1). Then
Pt AGF =t (=2
p=+k/7.
But according to the given condition p is 3.
kj1T=43 = k= 421.
Pulling the values of k in (1), the equations of the required
planes are given by~ 3x- 6x—2z4..1=0.
Ex. S. Find the equation of the plane parallel to the plane
2x — 3y—5z+ 1 =0 and distant 5 units from the point (—=1,3 1)
Sol. The equation of any planc parallel to the plane
2x—3p—5z41=0is 2x— 1y 52+ k=0, (1)
Let g be the iength of the perpendicular from the point
(=1, 3, 1) to the plane (1), then [see § 12]
2(-1=-3(N-—-5(H+k
1= @ T (=3 (=

..-(1)

differ only in the
lane parallel to the

the equation

[See § 12]

or
Hence

L —16+k"

~v(35)

?
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But ding to the question, g=--
Y ?to:;(liﬁs-a-m!w?dh or k=l6;|:§v’(35).

succession in (1), the equatiop,

Substituling the values ?“‘ i:
of the required planes are given DY
4 zx,_a,;_53+16:|:5\/1383=0'
Ex. 6. Find the eguation of the plane through the point («, 8, ¥
and parallel to the plane ax+by+cz=-0-
Sol. The equation of any plane parallel to the plane
ax-+ by pez=0is ax+by+eztk=0. o 1)
If (1) passes through the point (x, B, ), we have
an4-bA+cp+ k=0
or k=—ax—bf—cy.
Putting the value of k in the equation (1), the equation of the
required plane is
ax+byfez—ax—bE —cy=0
or ax+by+tcz=ax+ 6B+ cy.
Ex, 7. Find the equation of the plane througl: (1, 0, —2) and
perpendicular 1o each of the planes
2x4y—z—2=0mnd x—p—z—3=1).
(Gorakhpur 1978; Meerut 855)
) Sol. The cquation of any planc through the point (1, 0, —2)
isa(x—=1)+b(y-—-0)+¢(z42)=0. (1)
Ifthe plane (1) is perpendicular to the planes 2x+y—z—2-0

and x —y-- z= 3=0, we have [See § 10)
a(D+b(l1+e(=1)=0ie. 2a4b—c=0, s (2)
and a(ll+b(=ll4+e(-1)=0ie,a b—ce=0. {3)

Adding r_hr. equations (2) and (3). we have c= g,
Subtracting (3) from (2), we have b= )
?umng the values of & and
required plane is given by
;(X—H—i ay+-3a (z42)=0
Ers - ;.—j—:+3=+6=0. or 2x—yp43214-0
X. B. Fin 7 §
iy T l.r i ;qua:mn of the plane through the points
oAy —2) _::;d Perpendicular 1o the plane
X ) —
— o[.!' Iz=35, (Gorakhpur 1980)
20¥ plane passing through the point

; —da
¢ in (1), the equation of the

or

Sol, Thee
(1. =2, 2} is
a(x

-1
If the plane ( )+6 (y+3)+f{z=-?.)=0_

1) passes through the poiit (=3, | ()
'

+ —2), we have

—

6l

The P!ﬂfl(
a(—3—1)4bil+N+e(—=2-2)=0 2
or —4a+3b—dc—0, or da—3b+4c=0. -
If the plane (i) is perpendicular to the plane x42y—3i=>

webave a 1+b.2+c.(- 3)=0. or a+26—3c=0. A3
Solving the equations (2) and (3) for a, &, ¢, We have
a b
(—H (=32 @ Ixd-4.(—3
or T_z%'_'ﬁ"*.[sa)’)- 1==A, b= 16, c=11A.
Putting the values of a, b, c in ().
r:quirtd plane 18
Alx-DH16 4+ +11 (z-2)]- 0,
or x4+ 16y411z42=0.
Ex O  Find the angle botween the plaaes 2x  y+3=06
and x+y+2z=7.
Sol. Thed.r.'s of the normal to the plane 2x -py4z=06

__,———_c p—
= Fx2—1.0—3)

the equation of the

are 2, — 1. 1.
The d r.’s of the normal ta the plane x +y42z=Tare 1, 1,2
Now the angle between two planes is cqual to the angle
between their normals  Therefore il 8 be the angle between the
given planes, we have
2.0 (=) 1412

€05 8= U (— P (VT DT+ (7
—3/6=4. o B=im.
Ex. 10. Find whethcr the two polnts (2,0, 1) and (3, -3, 4)

lie on the same side or opposite sides of the plane x  2y+z=10.
Sol. Taking all 1erms to the left hand side, the equation of
the plane rway be written as x—2y+z—6=0 A1)
Substituting the co-ardinzics of the point (2, 0, 17, the value
of the left hand side of the equation (1) of the plane
2—0+1-6=—3.
Again substituting the co-ordinates of the point (3, —3, 4),
the value of the left hand side of the equation (1) of the plane
—=34+644—6=T.
Since the values — 3 and 7 are of opposite signs, the given
two points lie an The opposite sides of the given plane. [See § 11]
Ex. 11. Find the cguation of the locus of a point P whose
distance from the piane 6x —2y+3z+4=0is equal (o ils distance
Jrom the point (—1, 1, 2).
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ing to the question, g=>.
B'u‘ ;c:i?:%ﬁj-kvv'dsl or ksl‘ﬁi‘.ﬁv’('jgll
.S;.Ibslilul'.ing the values of k in succession in (1), the equatioy

of the required planes are given by
* 2xp._3,-_5z+ 164+ 54/138)=0.
Ex. 6. Find the equation of the plane through the point (a, g "

and parallel 1o the plané ax+by+cz==0.
Sol. The equation of any plane parallel to the plane
ax-+by+4ez=01s ax+by+er+k=0. (i)
If (1) passes through the point («, 8, ¥}, we have
an+bf+cy+h=0
k=—ax—bf—cy.

or
Putting the value of k in the equation (1), the equation of the

required plane is
ax+bytcz—ax—bf —cy=0

or ax+by+tere=aatbf+cy.
Ex, 7. Find the equation of the plane rhrougl: (1,0, —2) and
perpendicular to each ¢f the planes
Zx+y— z— 2=0 and x—3y —— 3=,
(Gorakhpur 1978; Meerut RSS)
) Sol. The equation of any plance through the point (], 0, —2)
isa(x—1)+b(r—-0)+c(z4+2)=0. (1)
Ifthe plane (1) is perpendicular to the planes 2x4p—2z—-2-(

and x—p - 2—3=0, we have
S
a (2)+b(l)4c(—1)=01ie. 2a+4 b—r=0, : =¢§‘ :g:
and a(D+b(—l+e(—1)=0ie,a b—c=p, .I(‘J

Adding l_h: equations (2) and (3), we have c— 2q
gnh[racimg (3) from (2), we have b= —ja o
utting the values of p i ‘ i
required plane is given by Vs o e Tasnhem o Uy
- a(x=1)—§ ay+2a (z24+2)=0
s 2x—2—y+43z46=0, or 2x—y4 3z4+4=0,
0, 28 .;. Find the equation of the plane i
v =% 2h (=3, |, =2) and perpendicular 1, the plane

X42p—3z- .
Sel. The equation tf:n 3z=5, _ (Gorakbpur 1980)
(0, —2,2) is ¥ plane passing thiough the point
a(x—1)+b(y+2)+e (z—2)=0. ()

If the plane (1)
Passes through the poj
porat (—3, I, —2), we have

through the points I

Tﬁf Pl‘ﬂh‘! ol
a(=3—=1+bi14+h4e(—2 -2)=0

or —~da4-3b—de—0, or da- 3b+de=0. - 2)

If the plane (1) it perpendicular fo the planc x+2p—32=5

a l+b.24c.(- 3)=0, ar a+2b—3c=0. ...3)

we have
Solving the equations (2) and (3) for a, b, ¢, We have
a b - e
(=392 (@)~ Tx4-4.(—=3) _ 4x2-1.(=3)
b
2 - e =\, (say). g=A, b= 164, c=11A.

or 171611
Putting the values of a, b,¢ in (1),
required plane s
Altx=1D)+16 (y+2) 411 (2-2)]--0,
x+ 1641124 9=0.
Ex. 9 Find the angle hetween th> planes 2x - y+ z=6
and x4+ y+2=T.
Sol. Thed.r.'s of the normal to the plane 2x -y+2=6

the equation of the
or

arc 2' S l.. I.

The d r.'s of the normal to the plane x + y+2z=Tare I, L2
Now the angle beiween two planes is egual lo the angle

between their normals  Therefore if 8 be the angle between the

given planes, we have
— 2.3 4 =1)s 1412
VL2 (= DR (P A+ LD L%
=3/6=4}. . 6=
Ex. 10, Find wheiher the two polnrs (2,0, 1) and (3, —3, 4)
lie on the same side or opposite sldes of the plane x - 2y+z=6.
Sol. Taking all terms to the left hand side, the equaltion of
the planc may be written as x—2y4z—6=0 -(N
Substiluting the co-erdinatis of the point (2, 0, 17, the value
of the left hand side of the equation (1) of the plane
s 2=0+1-0==3
Again substituting the co-ordinates of the point (3, —3, 4),
the value of the left hand side of the equation (1) of the plane
=346+4—6=T,
Since the values — 3 and 7 are of opposite signs, the given
two points Iiellan-'l'hc opposite sides of the given plane. [See § L1]
EX. L} Find the cquation of the locus of a point P whose
distance from the plane 6x —2y+ 3z +4=0 is equul ro its distance
from the point (—1, 1, 2).
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Sol. Let the co-ordinates of 2 point P be (x1, Yy 7). It

required to find the locus of the point F.

Let p be the perpendicular distance of the po
from the plane 6x—2p+3z+4=0 s
611—2}':“*‘3214—4,_6_“”_4:2&4;3_% :
“VBo+at% 4 -f--t )

Again let d be the distance of the point P (X1, Y1, &) fron
the point (—1, 1, 2).

pThen d=y/{(xit 0= 1P +H@ =207

According to the given condition, we have
iié; (6x, —2}’|+3Z] +4),)“49=(xl+ 12+ (}'l —1.24(z _2).
or 36x,2+4y,24922+ 16—24x, _1-.+362.x,+48x1—i2y:,z,

— 163+ 242,=49 (X2 + 20+ 1 +n' =20t +aP—4n+4)
or 13x,5 445,34 402, +24x,y; —362,x1+ 120121 + 500 — 82,
—220z,+278=0,
ce the locus of the point P (x1, y1. 21) is
le‘—I}-l:l.:y‘+4OZ"+24xy—36er+12F2+503—32)"‘2202+273=U-

Ex. 12.  Find the perpendicular distance beiween the paraliel
planes 2x—3y—6z—21=0 and 2x—3y—6z+14=0.

Sol. The equations of the given planes are

2x—3y—6z—21=0, ..(1) and 2x—3y— 6z+414=0.

[Note that the coefficients of x in
are of the same sign].

int P (x1, yy, 2
Then p=

()
p=d le, p'=q

..-(2)
the equation (1) ond (2)

Let p, and p; be the lengths of the perpendicular distances of
the planes (1) and (2) from the origin. Then we have
-2:0-3.0-6.0—-21 _—21_
¥ Via+9+36) T 7 7
2.0-3.0-6.04+14 14
V(d+9+36) —F =
Hence the perpendicular distance between (he given planes
‘aps—ﬂz=2—(—3)‘=5-
Alternative method. The co-c rdinates of a point on the first
plane 2x—3y — 62210 are 0, =7, 0).
The perpendicular distance betweep the given plapnes
=tne perpendicular distance of the point (0, —7, 0) from
the second plane 2x--3y—6z414=0
0+21—04+14 35
=—v-?{4+q—:'_ Jgj nzi--=.-5

and p,=

The plane - 63

Ex. 13 Find the locus of a point, the sum of the squares of
whose distances Sfrom the planes
X+y+z=0x—y=0, x4p—2z=01is7.
Sol. Let P(x;, »,, z;) be a point whose locus is required.
Let py=the distance of P from the plane x+y+z=0
=(x:+yi1+21)/+/(3),
pr=the distance of P from the plane x—y=0
=(x; - »)/V(2),
pa=the distance of P from the plane x+y—2z=0
=(x1+y1— 2z)//(6).
Now according fo the given condition, we have
P+ pl4pst=T. (D)
Substituting the values of p,, ps, ps in (1), we get
x4+ +E (=) 43 (543, —27)2 =17
or 2 (X1 n 20 425x+2012) 43 (xP—p'—200)
+ (X4 44274 20, m— Az X — 4 7)) =42
or 6x.°+6nt+62=42, or x," +y* 45t =T.
- the required locus of 2 (x, yi, 21) is x2+py421=T7.
§ 14. A plane throogh the intersection of two given plll:!ES. )
’ To find the equation of any plane through the line of intersection
of the rwo given planes.
Let the equations of the two given planes be

and

P=axtbyteaztd=0, (1)

and QEﬂsx+bzy+¢'iZ+ dy=0. .(2)
Then the equation P+A 0=0, i.e., the equation

(mx+by+az4d)+A (ax+byy+caz+ds)=0 -(3)

is the required equation of nny plane through the line of inter-
section of the planes (1) and (2).

First we observe that the equation (1) is of first degree in
x, y and z and so it represents a plane. Again whatever A may be
if a point satisfies both the equations (1) and (2), it dcﬁpnely
satisfies the equation (3). Thus all the points of the line of inter-
section of the planes (1) and (2) also lic on the plane (3). chce
(3) is the equation of any plane passing through the line of inter-
section of the planes (1) and (2).

§ 15. To find the condition that a line whose d.r.’s arel,m, n
may be pach;.l or be perpendicular to a glven plane,

Let the equaticn of the given plane be

ax-+by +ez+d=0. (1)

Thus the d.r.'s of the normal io the plane (1) area, b, c. The

d.r’s of the given line are i, m, n.

e ——
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Tbe line is parallel to the plane. I the given hue 15 paral
to the line {1), it is perpendicular to the normal (0 the plane
the conditien for which is

al+bm 4+ cn=0. ; 4

The lioe is perpendicular te the plane. If the given ling
perpendicular to the planc (1), its parallei 1o the oormal to 1
plane (1), the condition for which is a/l=b/m - ¢/n
§ 16. The angle between a line and & plane. ; ;

Definition. The angle between a line and a plane is defined,
be the complement of the angle between the iime and the normaly
the plane.

Clearly this angle can be determined by the methods explaing
carlier.

_ Solved Examples 3(C)

Ex. 1. Find the equation of the plane passing through the fiy
of intersection of the planes 2x—Ty4+dz=13.3x—Sy+4z +115
and the point (—2, 1. 3L . ;

Sol. The =quation of anv plane through the iine of infg
section of the given planes is [Sce § 14]

(2x—Tp4dz— D+A (3x—Sp44z4 11)=0. -l

If the plane (1} passes through the point (—2, 1, 3), tbe!
substituting the co-ordinates of this point in the equation (|
we have |

[2(-2=7(1)+4H =342 {3 (—=2)—-5(1)+4(3)+"}=0 |
or (=2)+A(12)=0, or A=1/6.

Putting this value of A in (1), the equaticn of the requir
plane is (Zx —Ty4-dz—3)+(1/6) (Ix=5p+4z-11)=0 '
or 15x 47y 4 28z=7.

Ex. 2 Find the equation of the plane tiirough the fize of inia
section of the planes x +2y —lz—6=0 and 4x-+ 3y—Zz+4 2==000
passing through the origin.

Sol. The equation of any plane through the line of inte
section of the given planes is J

(x+2v—32—0)+A (dx 43y —2z42)=0. |
Il the planc i1) pusses through the crigin le., through (M
point (0, 0. 0}, then we have

(0+U_—0_—6|+.>. (04+0—=042)=0, or —6424=0, or A=13,

Subsm_unng thiz value of A in the equation (1), the equatio
of the required plune 5

(x+2p=3z-6)
or IR

F3 (x4 3p—=2242)=0),
Ty =92=1),

—-_
6s
The planc
Ex. 3. Eind the cquation of the planc through the h'f-'f_‘ af ‘"""’;
SLfon t"f the f”a""-‘ x+2r 453 4=0 agnd Jx-+)y =<7 0 ane
L1 x 2 &
’ ieuiar to the plaie 3x-+3r46:4 8=t ‘
pﬂp“”d‘ rut 845)

(Luckaow 1982, Mee
the line of inter=

sol. The equation of any planc mmugh.,._:+_-'\_-_q] b

cection of the planes x +2y+4-3:—4=0 and 2v

(x+-2r 132 4)tAdidetr—z:.3) 0

x (142040 (24042 (3 2 (4 54 0

If the plane (1) is perpendicular to the plane 3x ¢
(142254 (24 03+ (3=2)16=0

(1)

o 3yep 622 =0,

e have ”
::re 54104 LEHIAF18 - 6A=0, or TA+ 2"=F‘. ar A= —gz
Substituting the value of X in (1). the cquation of the require
lane i8 3
4 x (1 S8 4r(2--20/M+= (3429/7) - (4 -+ 143 7)=0

—~S1x—15r L 502—173=0,
51.0415r—20z+173=0.

Find the cquation of the plane through the line of inter-
z+a=0 and

or
or
Ex. 4.
section of the planes ax-+by+cz+ d=0 and axH fiy+¥
perpendfenlar 1o the xy-plane. .
* Sol. The ecquation of any plane through the linc of inter-
section of the planes ax-+by-+ ¢4 d=0 and 2x +By4-yz+8=01is
(ax+bytez -dy+2A (ax+ [y +yz+8)=0 ()
or w(atar) by (o Nz (e+yA) +(d FE)- 0. .(2)
Mow the equation of th: xy-plane is given by z=0
or Ox4004 1z 0
If the planee {2) and (3) arc perpendicular to cach other,

(3)

we have y :
O.(a-FaA) ~0(b+ 41 =0 or A= ¢ %
Puttin: this value of A in the equation (1), the ecquation of the
required plane is
(ax+by+eztdy—(cy) (ax+ By-+vyz+8)=0

or ¥ (ax-+bytez dy—c (ax+ay-yz48:=0
or (ay —ea) x L{by—cB) (e ¢¥) 4 (dy— cd)=0
or far—ca) x--(hy—cff) r+{dy c8)=0.

Ex 5. Find the equaiion of the plane through the line of inter-
section of the planes ax--bhy+ez Ld=0 and xxLtfrioz+8=0and
parailel ro x-axis.

Sol. The ¢quation ol any plane through the line of inter-
section of the given planes i
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ax-+by+ez+d+A (ax+ﬁy+}'z+8)=g . --.(;J
or X (gt an)+y (bHPNTE (cHyNHE+N =0 ()
‘ ’ 1,0,0 and the d.r.’s of the

Now the d.c.’s of the x-axis are 10y .
normal to the plane (2) ar a+a), bHBA, c+yA. The plane (2) is

parallel to the x-axis if the normal to the plane (2) is perpendicu.

i iti hich is.
lar to the x-axis the condition for w B
’I.{a+ah+0.(b+ﬂ)¢)+{}.{c+y).)-—(},
ivi A= —afe. -
glwnlfuuing, this v ), the required equa-
tion of the plane is given by
a(ax+by-|—cz+d}wa(ax+,&z\+7z+6)=0
(ba—ap) y+(ca —ay) 24 (dz—a8)=0. .
Ex. 6. Find the equation of the plane n.‘rrough the point
(1, =2 0) and normal 10 1 points (2, 3,—2) and
(1, =2, 4).
Sol. The d.r.’s of

alue of A in the equation (I

or

he line joining the

the line joining the points (2, 3, —2)
and (1, —2, 4) are 1-2, —2—3, a—(-2) ke, =1 =3 = These
are the d.rs of the normal to the plane. Since the plane 1s to
pass through the point (1, -2, 0), its equation 15
—1(x 1) -5 (y+2)+6 (z— 0)=0,
_x—S\+6z—9=0 or x+Sy—62+9=0,
x+5p—6z=—9.
}17 Find the equation of the plane through the points
(1.£2,4) and (3, =4, 9) and parallal 10 the x-axis (i.e. perpedi-
cular to the yz-plane).
Sol. The equation of any plane through the point (1, —2, 4)
is a{x—l]—1—b[y-|-2)+2)+c{z—4).—-0. (D)
If the plane (1) alio passes through the point (3, —4, 5),
we have
a(3=1)+b(—4+2)+c (5-4)=0,
or 2a—2b+c=0.
Now the plane (1) is to be parallel to the x-axis i.e e---e(z)
dicular to the xy-plane whose equation is € PerEel
x=0 ie, 1.x+0.v4+0.z=0.
Hence we have
al+b04c0=0, or a=0
Putti ! o ..(3
utting the value of a from (3) in (2), we get e=2b. (3)

Substituting the valu
: g es of a and ¢ i i
equation of the required palane is et

04+b (v+2)+2b (z—4)=0, or y+2z2—6=0

or
or

The Plane -

.Some Important Solved Examp les

EV A variable plane at a constant distance p jrom the origin
meets V¢ “";5 in 4, Band C. Through A, B,C planes are drawn
lel 1o 1 co-ordinate planes. Show that the locus of their point-
of intersection is X2 y=t4 zt=p=2, (Meerut 1984 I;)
Gol. Let the equation of the variable plane be
x(a+y/b+z/e=1, (D
where & b, ¢ are variables,

The plane (1} meets the co-ordinate axes in the points 4, B
and C whose co-ordinates are (g, 0,0), (0,5, 0) and (0, 0, ¢)
rgspectively.

It is given that the length of the perpendicular from (0, 0, 0)
to the plane (1) is p.

-

1

1 i i1
tpta

P= Ji(jayp+ by en & 7T

.(2)

Now we shall find the equation of the plane through the point
A (a,0,0), and parallel to the yz-plane.

The cquation of the yz-plane is x=0.

Any plane parallel to the plane x=0 is given by x=»-

If it passes through the point A(a, 0. 0), we have a=A.

Hence the equation of the plane through 4 and parallel to the
yz-plane is x=a. .(3)

Similarly the equations of the planes through the points B
and C and parallel respectively to the co-ordinate planes y=0 and
z=0are - y=b ..(4) and z=c. -(5)

The locus of the point of intersection of the planes (3), (4)
and (5) is obtained by eliminating 4, b, ¢ between the equations
(2), (3), (4 and (9).

Putting the values of b,

required locus is given by
| [pr=1 1A 122 or pt=X" Ly .

Ex.?2. Avariable plane passes through a fixed point (¢, B, 7)
and meets the axes of reference in A, B, C. Show that the locus of
the point of intersection of the planes through A, B, C parallel to
the co-ordinate planes is ax- 14 Byt +y = 1. (Meerut 1984)

Sol. Let the equation of the variable plane be

xladylb+7/c=1
where a, b, ¢ are parameters i, va_riables.

cfrom (3), (4) and (5) in (2), the

1)
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The plane (1) passes through the point (&, 8. )

vla+flb+yle=. ‘ _ | Q)
The plane (1) meets the cn-ordmatc‘- axes in the points Ay
and C whose co-ordinates are respectively given by (g, g
(0, b, 0) and (0, 0, ). The cquation of the plancs through 4 4
and C and parallel to the co-ordinate planes are
x=a, y=b, z=¢ respectively. o
(See Ex. | abowl
The locus of the point of intersection of these planes [gi\-cnl
by the equations (3)] is ohtained bv eliminating the Darametey,
a, b, ¢ between the equations (2) and (3). Putting the valyes p
a, b, ¢ from (3) in (2), the required locus Is given by
alx+fly+yz=1 or ax-148y-yzt=1.
Ex.3. A point P moves on the plane x|a+ylb+zje=1 whiy
is fixed. The plane through P perpendicular 10 OP meets the o,
ordinate axes in A, Band C. The planes through A, B and C parajly
to the yz, zx and xy-planes intersect in Q. Prove that if the qye
be rectanguiar, the locus of O is

[ R R |

x* 4'-.1?4_}’_ “ax e (Kanpur 1983
Sol. The equation of the planc is
xla+y/b+zle=1. (I

Let the co-ordinates of the point P be (2, 8, %). Since e
point P (s, B, 7) lies on the plane (1), we have
alad-flb+y/c=1. ' (Y
The direction ratios of OP are a—0, f--0,7-0 ie., a,§, y
Hence the equation of the plane passing through the poini
P (a, §, ) and perpendicular to OP is
a(x=%)+p (v- 1ty (z-y)=0,
or ax+4py+yz=at+ i+ 92 -3
TLe plane (3) meets the axes in the points 4, B and C whost
co-ordinates are respectively given by
({4 B2+ 9% /4, 0, 0), (0, {024B2+ 2}/, 0}
and (0, 0, {a®+ B2+ 92} fy).
Agalln the equation of the plane through A and parallel to the
yz-plane i.e., the plane v=0 is
Simil X =(a' 404 4%)/a. L
yzl(‘;ihj&;hj;ﬁzamns of the other two planes are
SETVNE L 0G) and z=(4prtyty. (0

The Planc

[

Now 0 is the point of mtersection of the planes (4). (3) and
. The locus of the punt @ 1n cbtncd by ehiminating &, B.i
(A} ’

petween the equations (2), (41, (5) and 19).

From (4), (3) and (6), we have

1 1 | a3 it A
-1 = v+ 5t 3
N - (at 85 )2 3 By (et Pty
gt fji oyl
(3t4gid ittt/ (7)
! 1 | i+d 0 ! ; "
: -l - — = [using (2]

and oo gy T T Ryt T B

From (7) and (8), the required Juens of @ is given by

P+ lt=1 2 1 (ax)+ 1 () 1 Elez)

Ex.d. A variable plane is at a constant distance 3p from the
origin and mects the axesin A, B and C. Prave that the locus of the
controid of the triangle ABC 15 X~y o prd

(Meerut (983, 85, 29S ; Lucknow 81)

Sol. Let the equation of the variule plane be

xjadvib+-le =1, Ll

It is given that the length ot the rorpendicular from the origin

to the plane (1) 1s 3p,
. : NN
) Viad ) Opt Tt THE Tt A2)

The plane (1) meets the coordinate axes in the points 4, B
and C whose co-ordinates are respectively given by (a, 0. 0),
(0, b, 0) and (0, 0, ¢). Lzt (x, p.2) be the co ordinates of the
centroid ot the triangle ABC. Then

x=(a+010)3, y=(0+b+0)/3, z=(04-0+¢)/ 3
ie, x=4u, y=4b, z=14c.
Soa=3x, b=3% c=3z 3)

The locus of the controid of the triangle ABC is obtained by
eliminating g, b, ¢ between the equations (2) and (3). Putting the
values of @, b, ¢ from (3) in (2), the required locus is given by

N
';Eiz()?ﬁ' 0y 9zt

Ex. 5(a). A variable plane is at a constant distance p from the,
origin and meets the axes in A, B and C.  Show that the locus of the
centroid of the triangle ABC is

it et=lpa

Sol. Proceed as in Ex. 4 ubove.

or x?4y-i+z-2=p,

{Luckoow 1981)
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ts the co-ordinate axes at 4, B, ¢
le ABC is the point (a, b, c). Fing

. (Meerut 19
fﬂﬂi-‘sle fhi::-'f:: ;;iiﬁon of the plane be x,ia'.}.y,!bq_zl,rcr__:l”‘?
o plan.e (1) meets the co-ordinates axes, ‘n 4, B, C. Hence,
have 4 (', 0, 0), B (0 y,0) a‘ncl C(0,0,c).

Since centroid of A4BC s (@, b, €)

. a=% (@ +0+0), b=4 (0+b'+0), c=% (0+0+¢)
ot a'=13a, b'=13b, ¢'=3¢. ) .

Substituting values in (1), the equation of the required ply
is x|a+y/b+z/c=3.

Ex. 6. Avariable plane is al a constanl distance p from
origin 0 and meets the axes in A, B and C. Show that the locus,
the centroid of the tetrahedron OABC is |

x-24y=t4z-2=16p~%  (Lucknow 1982; Meerut §

Sol. Let the equation of the variable plane be

xja+ylb+zle=1.

It is given that the length of the perpendicular from the orig
O to the plane (1) is p.

Ex. 5(b). A plane :.nee
that the centroid of the triang

111 1

1

r=yiEr e " FTa tE tat
The plane (1) meets the axes in the points 4, Band C whu;
co-ordinates are (a, 0, 0), (0, b, 0) and (0, 0, c) respectively. |,
(x, », z) be the co-ordinates of the centroid of the tetrahedy
OABC. Then '

x=(0+4a+0+0)/4, y=(0+0+b+0)/4, z=(0+0+0+c)/4,
J.oa=4x, b=4y, c=4z. o
The locus of the centroid of the tetrahedron O ABC is obtaiy
by climinating g, b, ¢ between the equations (2) and (3). Putti
the values of g, b, ¢ from (3) in (2), the equation of the requir

locus is given by
1 1 l

1
FTeR T gt fgz OF XTI =167

Ex.7. Two systems of rectangular axes have the same origl
If a plane cuts them at distances a, b, c and a', b, ¢’ respectirl
Srom the origin, show that B '

1 1T 1T 1 1 1

S+t =t —t—
T TE=mtmtm (Lucknow 1978 ; Kanpur f!
Sol. Let O be the origin. Let 0X, 0Y, 0Z be one set!

The Flane 71

rectangular axes and let the equation of the plane with respect to
this set of axes be x/a4y/b+zjc=1. A1)

Let the second set of rectangularaxes be chosen as 0, O, 01
and let the cquation of the same plane with respect to this set of
axes be Ela' (b 4L =1. -(2)

Now we know that from a point outside the plane only one

erpendicular can be drawn to the plane. The origin being the
same for both the systems, the length of the perpendicular from
the origin to the plane in both the cases will be the same. Hence
we have
_ 1 l
V{U/a2+ A +(1/ed)) =V {(Ta 2+ (1[0 P+ e )
or NMATat+ 150412 =1 /a4 1/b +1/e".

;Ef 8. A plane meets a set of three mutually perpendicular
planes in the sides of atriangle whose angles are A, B and C respecti-
vely. Saow that the first plane makes with the other planes angles,
the squares of whose cosines are

cot B cot C, cot C cot A, cot A cot B,

Sol. Let the three mutually perpendicular planes be chosen

as the co-ordinate planes, and let

xla+y/b+zje=1. (1)
be the equation of any palne which meets the axes of x, y and z
at the points A, B and C respectively.

Clearly the co-ordinates of the vertices 4, B, C of the A ABC
are (a, 0, 0), (0, b, 0), (0, 0, c) respectively.

The direction ratios of the side ABare a, —b, 0 and the direc-
tion ratios of AC are @, 0, —c. Hence the angle 4 between the
sides AB and AC is given by

tan A=L’,[2(blcl -bye,)?)

a;ﬂ:+b;b|+c1t‘¢ ¢ [See § 12' Chapler 2]
or  tan A= YI(Be=07+(0+acy’+(©0+ah)?)
a*+0+0

S cot A=a?[+/(b%c 4+ a%c?4-a%bh?).

Similarly cot B=5bY/(b%24-c2a?+a%bh?)
and cot C=cy/ (a®h*+b%®+c%a?).

Now suppose « is the angle between the plane (1) and one of
the co-ordinate planes say the plane x=0. The d.r.’s of the nor-
mals to these planes are 1/g, 1/b, 1/cand 1, 0, U respectively.

_ (1a).14(1/b).04(1/e).0
008 &= M@+ 1%+ 1)y (12 021 0F)
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be?
or cos? ““WW’J

Similarly if & and y are the angles which the p].ane (1) mg
with the coordinate planes y=0 and z=0 respectively, theg,
have cos? 3=cot C cot 4 and cost y=cot 4 cot B.

Ex. 9..' “Find the equation of the plane which bisects the joj,
P (x, 5, }1) and Q (X3, Yu» 73) perpendicularly.

Sol. The required plane passes through the middle poig,
the segment PQ and is perpendicular to PQ. The co-ordinatey,
the middle point of PQ are

{i (xl'l'xl)' % [yl+y3)1 “} {31+ Z,).
Also the direction ratios of PQ are (x; - X3, )1 — Vs, 21-2,). Tj
the direction ratios of the normal to the plane are x,-- x,, »a
z,- z, and hence the equation of the required plane is gi\rca‘g'
(x,—xp) (x—4 (1 +X)} 0 =20) 1 —2 420}
H(z—2) {24 (2 +2))<

=cot Beot C

or x (X3 Xal 4y (3 -Na)+2 (2,—2,)
=4 {(x?= %)+ (12— 8+ (22— o))

Ex 10. From any point P are drown PM and PN perpendiculy
to zx and xy-planes. O is the origin and a, i, y and § are the angh
which OP make< with the co-ordinate planes and with the pla
OMN.  Prove that if the co-ordinates of the point P are (a, b,¢
then. ‘

(i) the equation of the plare OMN is x/a —ylb—zjc=0

(i) S=sin o .

v/1a* b1+ %) V{b*c‘-f-c“a‘-{-a’b*]
and (iii) cosec* §=cosec? a+cosect f+cosec?y.

Sol. The co-ordinates of the point P are given to be (g, b¢
The equfltion of the zx-plane is y=0. Now since PM is dray

perpendiculaf from P to the zx- plane, thercfore M js the footl
the perpendicular from P(a hc) to the zx-plane and hence b
co-ordinates of the point M are (a, 0, ¢). Similarly the co-ordi
ates of the foot N (Iying in the xy, plane) are (a, b, 0).
_:?;W we sh_ail find the equation of the plane OMN
ee '
quation of any plape lhrougb‘lhc origin O (0, ¢, 0)1
itthe o Ax+ By+Cz=0. (I
an
N b,0) E‘w :avilr)qpasses through the points M (a, 0, c) an
7 @+ 8.0+ C.e=0 and Aa-+Bb+C.0=(,
Solving these for 4, B,C,weget—4 uB_C

—bc ca‘_a_b_'

%
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putting the valuss ot 4. 8. C in (1) the equation of the plane

OMN 1s given by
bex+eay—abz=vorxa -y b -zec=0 (2)

This proves the result (i),

To find the angle 6. Since & 1s the angle between the line
oOP and the plane OMN, therefore Y0 4 15 the angle between the
line OF and the normal to the plane OMN. _

The direction ratios of the line OP area 0,6 0,¢c-0fe.
a. b, c. The direction ratios of the normal to the plane OMN a_rc.
Va, =i -1e [See cquation ()]

allaytb(—1b)y+c (-1 _
Vigt s et (1 ad b l/e?)
abc .
ottt bt /(b3 cat+atbt)
peglecting the —ive vign because 907 §is the acute angle between
the line OP and the normal to the plane OMN

Hence cos (907 §)=

: ab
ur sin b=———-—4 -J,-—C._'_. e [T 1
Viat bt ety ibic - ctat+ath?) ~(3)
h.
0l e=uin=} s

Va4t ) \/[o“c‘q—giahr-?l”'_‘j‘

This proves the result ;.

Again let » be the angle vetween the line OP and the co-
ordinate planc x=10, so that Y0" 2 15 the angle between the line
OP and the normal to the plane x--0 whose d.c.’sare 1,0, 0.
Hence we have
% a.l+b04c0
cos (07 - &)= Vi +bie)

2 ht .2

7 "":E"«} 5 or cosec? a=a-__':: T

(a - ¢
Similarly, we have

a! b! +C:

cosec? fi= _+F_

or sin o=

a*b'+ct

and cosec® y= =5

(B2 42 1 @2B) (@*4b24-c?)
T atbe -
=cosec® b,
This proves the result (i),
§ 17. Equations of the planes biscecting the angles between
two piven planes.
Let the equations of the two wiven planss be

[using the relation (3))
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s bby+aitd=" "1
4ozt+d=> . f
and .“’x:;":nd (2) should b= so written tha the o,
The equations However, we cap

e both positive.

tant terms dy and &y O in such away that dand g,

write the equations (1) and (2)
bo'h;;c[iati\:e.- ) be the coordinates of any point on the Ply
bisectin lt.h}eha;llglu petwaen the giveD planes, then the perpe,

isel :j‘gr es of this point from both ihe plane_s should be o0
cular distanc endicular distance as pog

i i nsider perp
erically. Since Wé consi I ¢
?v;r:n mea:ired in the direction from th§ ong.n: to the plans |
points on the plane bisecting the angle 1n which the origin [;

the perpendicular distances will have the same sign, ﬂ-fld for pojy
r bisector, opposite SIgns. Therefore if the py

ne othe . : e
?; t:e z,) lies on the bisector of the angle in which the origin |y
S
we e gt bt Gzt ayxi+ratazitds
sl e ——a— = %
\/(als+b]x+c]‘l) ‘\/(ale'f_bﬂz—'"ﬂz}

Since this relation is satisfied by every point (xy, yy, 2

this bisector, the equation of this bisector plane is
alx+b=y+(.‘12+d1 _a,x+b,y+cgz+d2-
Vi@ 1 b +a’) (@ +bi )’
Similarly if (%1, Y1 21) lies on the bisector of the other ay
between the two planes, we have
01X‘+b|yl+f1zl+dl___ deXy+ DoV + 021+ d,
Viad+bi+ed) VAT SE e ey
The equation of this bisector plane will be
ax+by+taztd,  ax+by+aztd,
V(@b ) T V(@b tod) ol
Hence the equations (3) and (4) are the required equations
the planes bisecting the angles between the given planes. 1
plane (3) bisects the angle in which the origin lies and the plt
(4) bisects the angle in which the origin does not lie. Butf
should not forget to write the equations (1) and (2) in sucha¥
that d; and d, are of the same sign.
To distinguish between the two bisecting planes as regards |
bisector of the acute or obtuse angle between the given planes.
If we are required to find which of the two bisecting plé
given by (3) and (4) represents the plane bisecting the aculé!
obtuse angle between the given planes (1) and (2), we find
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value of €os 8, where 0 is the acute angle between the bisecting

Jane and any of the given planes. From this value of cos 8, We
find the "al_“" of tan # by using the formula tan @=+7(sec* §— 1)
(or othcrwisf_)- In casc the value of tan § < 1 then @ < }m and
pence this bisecting plane bisects the actue angle between the

iven plancs.  Again in case the value of tan d > | then @ > in
and hence this bisecting plane bisects the obtuse angle between
the given planes.

An important remark. To find whether origin lies in the acufe
or obtuse angle between the glven planes (1) and (2).

The costant terms d, and d, inthe cquations (I) and (2)
should be of the same sign.

(i) 1f the origin lies in the acute angle between the given
planes (1) and (2), then the angle @ (say) between the normals to
these planes is obtuse and therefore the value of cos § is negative
i-e. 8,85 byby+c,c,=negative is the condition for the origin to lie
in the acute angle between the planes.

(i) If the origin lies in the obtuse angle between the given
planes (1) and (2), then the angle @ (say) hetween the normals to
these planes is acute and therefore the value of cos @ is positive
i.e,, 2,8,+b "~ +¢,c,= positive is the condition for the origin to lie
in the obtuse angle between the planes.

Thus to distinguish betweer the two bisecting planes, we
should first find whether the origin lies in the acute or obtust
angle by the above method. Then we should find the plane bisec-
ting the angle which contains the origin and the plane bisecting the
angle which does not contain the origin. In this way we can dis-
tinguish between the two bisecting planes with respect to the posi-
tion of origin and the acute and obtuse angles.

" Solved Examples (3) D

Ex. 1. Find the equations of the bisectors of the angles between
the planes 2x —y -2z -6=0and 3x+2y —6z - 12=0 and distinguish
them.

Sol. Writing the given equations in such a way that the
constant terms are both positive, the equations of the given planes
are x4 y+2:4+6=0, (D
and _3x—=2p+6z412=0. (2)

The cquation of the bisector plane of the angle between the
planes (1) and (2) which contains the origin is given by
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_apy4 e _o bbbl
f = 9+4*J )
@+1+4) Vi o
or ¥ 7 (—2_r+y+2z+6) 3x=2y+62+12)
or Sx—13p+4z - 6=0. 4
The equation of the other bisector plane is
~2x+y+2z-+6 —3x - -2y+ 62412
VELIHY) T VO+430)
or 7[ 2x*]+22+6—-—-'3( —’i\,—__)_l_ﬁ__'_lz]
or 23x— l'-—3?.;. T8=U 4

Now let # be the acute angle between the plane (4) ang I
i Then
bisecting plane (3). Gp (i34 | I8 .
“‘”‘Wm | +4)v/(257 169+ 16) | 34/210 Jﬁ'
| tan g=1/(sec? b—1)=/[(423) ~ 1] = /(37/5)>1, 50 that ¢
Hence the plane 5x - 13y+4z —U bisec's the ubtuse any
between the given planes (1) and (2) so that the other ply
23x—y- 32z="T8=0 bisects the acute angle.
We also note from tie given planes (1) and (2), that
aya,+ bybatcyoy (—2) {=3)+1(-2)+42 (6)
6—2412=:16= positive,
Hence the origin lics in the obtuse angle between the gy
planes. [ See remark to § i
This conlirms that the plane (3) 18 the biseetor of the obly
angle.  Henee the cquation (4) iv 1he biscetor of the acute angl
Ex. 2. Show that the orivin lies in the acute angle between |
planés x42y+2z -9 =0 and dx -3y 12z+13=0, Find the plan
b vecting the angles betiweeii them and point out the one which bisy
the acute angle

Sol. In order that (e consiant terms
cquations of the givon planes muy be written as
‘-—1—_._} ‘—-....-1-9 -U l:

are positive, Il

and dx=3y4 12241320,
We have
dildytbibyt €iy = (-1 )4 (—2). —3)4(— 2).(12)
= —4+6—24= -22=negative.

| }1'.'|1:'u Ile' snigin lies in the acute angle between the pla
(1) and (2, {\”r reiark te § l?-| !
Fhe cquation of 1he plaue b

ceting the angl nt
given plancs (1) and (2 g ie angle betwee

2) wlieh containy the origI s

e

- x -29—=2249 4r—?_]+l‘?z+]1

VA T 49414%)
o 13 (—x—Z_v~Zz+9)==3 (4x =3y+12z413)
o 25x4 17y + 62z ~78=0. .(3)

We have pioved above that origin lies in the acute angle bet-
ween the planes and so the cquation (3) is the equation of the
pisector plane which bisects the acute angle between the given
Ptanﬂs.

The equation of the other bisector plane (i.e., the plane bisec-
ting the obtuse angle) is

Tx 2y 2:49 Ax-—3y+12z413
V+4+4) = /(16+9+144)
or x+35y - 0z- 156=0. vee(4)

.. the ecquations (3) and (4) give the planes bisccting the
angles between the given planes and the equation (3) is the bisec-
tor of the acute angle,

Ex. 3 - Find the bisector of the acute angle between the planes
2}-}"-!- 2z4+3=0and 3x - 2y+62+-8=0

Sol.
plane is

Proced as above in Ex. 1 or Ex 2, The required bisector
x—13p+32z+45=0.

Ex. 4. Find the cquation of the plane that bisects the angle
between the planes 3x—0y+2z45=:0 and dx—12y+3z=13 which
contains the origin. Is this the planc that bisects the obtuse angle ?

Sol. Procred as above in Ex. | or Ex. 2. The required
bisecting plane is 67x - 162y-+472 +44=0, and this is the bisector
of the acute angle.

§ 18. Combincd equation of a Pair of planes.
To find the condition ihat the generul homogeneous equation
of second degree in x, y and z namely
axt+-by*+czi+ 2fyz+2gzx+2hxy =0.
may reprsent a poir of planes and to find the angle between them
Also to find the condition of perpendicularity of these planes.
The general homogeneous equation of second degree is
axt byt 2+ 2fyz+2g1x+2hxy=0 (1)

Let the equations of the two plancs represented by (1) be

Lty +mz=0and Lx-+nuy4 nz=0.
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ntain the constant Lerms for othe;,

co
o us. Thus we have

These equations will n
wise their product will not be hir;ff;ﬂfo
2 ! zZX Xy
axd+hyt e+ 2y +28 = (lx+my+mz) (laX+my+ng),
Comparing the coefficients of like terms on either side, y;
have.”' =a mxml_—_.b, My =0 Myl +H?gﬁlﬂ2f,}. :
o ,nll,+n211=2g, flmg+t’gfﬂ1_'—'2h N—— <)
The required condition is obtamed_ l_ly eliminating by, my, ,
and ly, my, 1, from the relations (2). This 18 conveniently done by
] L]

considering the following product of two zero-valued determi.

nants :

L 0o (| k h O
m omy 0 X Mg 0 |=0.
n om0 ng om0 [Remember)

Multip]yir;g the two determinants by row-by-row multiplica.

tion rule, we have

| 2!‘11'2 I'|m._.+.{*m1 Ilﬂg‘f‘hﬂl
myh+ mal, 2mym, e+ Mgl !:0.
|
mlyFmly,  nymgtngey 2y, '
On putting the values of L, /yma+1emy etc. from (2), we have
|'2a2h2g ahg|
%2y =0 [ kb [ |=0
| 2% 3 2 | PR
o abe+2fgh —af*—bg* ch*=0. B

This is the required condition that the equation fl) represent
a pair of planes passing through the origin.
To find the angle between the planes. Let @ be the angle bel:
ween the two planes represented by the equation (1).
Then 6 is the angle between the planes f,x+m,y+n,z=0 ani
hyx+my+-nz=0 and so is given by
tan 0= (2 1y~ myn, 2
g+ mymy+ing *
where hly+mpumg+mn,=a+b+c
and X (mymy—myn)i=75 [(myng+myn, )2 — dmypign ng]

—
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=T (4f2—4bc) ,
=4 (f2=bc)+4 (g2 —ca)+4 (H*—ab).

<o that (Z(miny —myn =2 /( f31g5 4 h3— he—ca—ab).

tan 92V (+2°+ hi—be— ca—ab)
at+b+c -(4)
; g=tan-! [Z\M *4g?+ht — bc—ca—ab) ]
0 atb+c

Condition of perpendicularity. The two planes given by (1)
will be perpendicular if 8=}n ie. tan §=tan }n=co. Hence the
relation (4) gives  atb+c=0.

Thus two planes given by (1) will be perpendicular if
the coefficient of x4+ the coefficient of y*+the coefficient of 2*=0.

Solved Examples 3 (E)

Ex. k. Prove that the equation x*+4y* —z*+4xy=0 represents
a pair of planes and find the angle between them.

Sol. Comparing the given equation with the homogeneous
equation of second degree in x, y, z [See equation (1). § 18], we
have a=1, b=4, c=—1,f=0, g=0, h=2:

abc+2fgh —af?— bg® —ch?
=14(=1)+2.0.0.2--0—0—(—1) (2)!= —4+4=0.

Hence the given equation represents a pair of planes.

If @ is the angle between the planes, then
24/( [ ?4- g*+h® - be — ca—ab)

a+b+-c
_ W/ (04+044+441-4)
= I+4 1
=$/5. S B=tan=! (34/5).
Alternative method. The given equation may be written a¢
(x*44xy+4y%) -2 =0, or (x42p)—z9=0
or (x+2y+2) (x+2y—2)=0,

oo x4+ 2p+:2=0, x4 2y—z=0.

These being linear equations in x, y, z represent two planes.
If ¢ is the angle between these planes, then

L1422+ 1(-1) 4
V(I+4+1) y(1+4+1)" 6

tan 0=*\/5

Ex. 2. Prove that the equation

2x2—6y2—122°4 18yz+ 2zx+xy=0
represents a pair of planes and find the angle between them.

tang=

(See result (4), § 18]

, putting for a, b, c etc.

cos A=

-]
=3
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Analviical G*’Gmm,
Ji

s0

(e given et

i

118~ g, e= 52=lf'—

Snl.
§ |8, we get
) 2,07

=1

. 9(—4)
14449 : :

wem L'qua.lmu repr
s -en th= P

fence ¢
le betw® —~ah
) h‘;htia:i 21 pi—ber8=I). [See eqn. (4) ofg

ceents @ pair of planes,

lanes, then

=" ﬂ"f"b_r .
tan %;724:
—— 7.‘-

24 £12)_2VIE055)]
2‘/‘3]-]-_1"[: = 6
—— &=

h— 1=
J(i89) |

H 185
i 4tan? 0=1+7356

£

T

o

sect §

. &)

(.”

A0 or g—cos

El )

Arranging the given equation gs 1 g

21 i .
sec = = or cos @ 21

Alternative method.

it & have
ratic in x, we have _,..1-_)—{6}‘2-'-']222' 18yz)=0.

2xi4x (22 - i §agd
(27 1)k M2z 2 0)° 4206007 - 12281 8yr)]
ol e 2.2
or  dy= 2z viV(4Fdzy F2RERT 10621
By vr(_p;}-i- | 40z 10022)
= 2r—yH/(Ty—102)
=2z -y (Ty—102).
s odx=--22—y+ Ty - 10z nnd dx= =2z =Ty 410z
or dx—6y+12z=0 and dx+ 8p—8r-=0
or Iy=dp4b2—=0 zpd ¥+ 21r—22=0.
These being linear cquations in v, v and - represent thel
planes. [f 8 is the angle beiween these planes then using
cuss=--____..‘_’_!l"_ﬂf_f’i""ﬁ L ave
Y TR g Ry RN we hive
a1 -4
cosge. = H=3A2)+ 0 (=21 —16
VIEFEY436) (A Ay 21!

civing the obtuse angle between the planes.

i L T —— .
@ is the acute angle between the planes, then cos (=16
#=cos~* (16/21).

.

jon with the eq atioy I
|
i

The Plane L
. a b c r
Ex. 3. Show that the equation —— +_ — | . P '
j—#Ti=z
epresents a pair of planes.
Sol. Multiplying the given equation by
(y—2z) (z -2) (x —y), we have
a(z—x)(x =))4b (p—z)(x— W) +c iy -2z X)= 0
or a (zx—=yz=x*+x¥)+b (xy - 3 —zx-+y2)
potyz xp--2tdov) =0
or axti-hyidez? (bte- a)yz (c+a b)2x
(a+b ) xy=0 h
Comparing the equation (1) with the gencral homogeneous

cquation of second degree in x, v, z i e., the equation
Axi4 Bri+ Cz* 4 2Fyz+2Gzx+ 2Hxy =0, [Refer eqn. (1) of § 18]
we have d=a, B=b, C—¢, F——} (b+c -a), G= -1 (c+a b).
H—= % (atb-oc)
[Note that we have used capital letters A, B, B etc. because
small letters 2, b, ¢ etc. are used in the question.]
The equation (1) will represent a pair of planes if

A H G
H B F —o, [Refer § 18]
|
G ' C
Putting for A, B, C clc, we have
A H G |
H B F
¢, F c
a —t(a-tb—c) —%(c+a—-0b)
= — 1 (a+b-0) b t(hte a)
—t(cta-b) - }(b+c—a) c !
0 0 4]
=| —k(a+b-rc) b - Y (btc—-a) |,
I —s(cta—b) —13 (b+c-a) e !
_Oadding the second and third rows to the first row

Hence the given equation represents a pair of planes.
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Ex. 4. If the equation
é(x, ), 7)=ax®
represents a pai of planes. the.
ces of the two planes, from (2,
a2
Sol. Let the equation
é (X, 7, 2)=axt+hy’+¢

s+3[1'z+232x+ 2hxy=0

24z
Al ¢ the products of the disy,,

p show tha
1@. )/) s

o1 afpz+2gex+2y=0

repre!serit\vo-:la;wsﬂgiven bé) and !s.\:+m1v+"ez=0, ()
WX y+mE=
50 that we 1;«'1:; , z)—:-[!,,r-+i’i|J'+"7ZJ (bpx+myY+1,2), (g

& (x. y, 2) is given by ( i i
""h“(“:?[' [:a:;ug)the cocfficients of like terms on cither side of (§
om

we have -
Ll =a, mymy="b, =< }

)
gt =21, "l'rz'l'”ﬂ!‘:zg’ Lymg+-Ipity = 2h - ()
Letlp and p, be the perpendicular distances of the pojy
2 2 Tup
(o, £, 7) frlorn the planes (2) and (3) respectively.

Then we have
ho+mBtmy Lt mab iy |

P g mEt ) T V)

Multiplying, we get
P (lat ""3-""!?’_”Muﬁ ‘

= \/“124.,"1?4-n,_g}\/{lg!'l'nrf—l-ﬂf) B
Now substituting a, /3, 7 for x, y, 2 respectively in (4), we gy
(Lot mf+my) (- mftmy)=¢ (@ fy). ()

(g4 m2+n?) (124 +n?)
=12l mdmg?+ g+ (I + Ly
A (24 2 ®) + (P 2 gl
=at 4B 42 {(mg-+lym)? - 21, [smymg}
— gt LbA 245 (4h2—2ab), using the relations (§)
=@ +B+ 2+ (4h2 - 2ab) + (4f*— 2b) + (48— 2ca)
(@B +4 ([~ 2 (be-eartab)
—=Za*+45f* - 23be. |
oV (2 mE gt =/ [2a*+ 422 25bc]. . (j
Substituting the values from the relations (7) and (8) in (6)
pipy= e R
V[Eat 4L i —-2Xbe)

Also

we get
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§19. Projection gp 5 plane.
RchH the definitions of the projection of n point and the
rojection of the sepment of 4 jine ona plane (see §6, §7of

chapter 2). . .

Similarly the projection of an area A ona given planeis
dcﬁﬂcd' ,LCt Abe anarea enclosed by the curve PQR.... Let
p. QW R ... be the feet of the perpendiculars  drawn from
P, 0 R, ... 10 the given plane. Then the projection of the arca A
enclosed by the curve POR .. on the given plane is the area 4’
enclosed by the curve P'O'R | Irgis the angle between the
plane of the area 4 and the plane of projection, then A'=4 cos 6.

Now we shall discuss two theorems on the projections.

Theorem 1. Let the projections of an area A on the co-ordinate
planes y2. =x and xy be Ay, A, and A. respectively, then

A=A+ AP 440

Proof. Let the direction cosines of the normal to the plane
of area A be I, im, n. Also the normal to the yz-plane is x-axis
whose d.c.’sare 1,0,0. Ifa be the angle between the plane of
area A and the yz-plane, then  is the angle between the normals
to these planes and so

cos a=/14m0+n.0=I.

Now the projection 4, of the area A on the yz-plane is given
by A=A cos a=Al.

Similarly we have Ay=Am, A.=An.

Squaring and adding, we have

A+ A+ AL =AY (P mPmt) =411 = A1

Theorem 2. The projection of a given plane area A on a given
plane £ is equal to the sum of the projections of A, Ay and A; on the
given plane &, where Ay, A, and A. are the projectlons of the area A
on the co-ordinate planes viz. yz, zx and xy-planes respectively.

Proof. Let I, m, n be the d.c.’s of the normal to the plane 4,
and let I, m', n’ be the d.c.’s of the normal to the plane {&. Now if
@ is the angle between these two planes, then

cos G="+mm’+nn', ol 1)
Now let the projection of the area 4 on the plane £ be A’ ;
then we have
A'=Acos8 or A'=A (II'+mm’'4nn"). . ()
Also by definition and in view of theorem 1, we have
Ay=Al, Ay=Am, 4,=An. .(3)
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From (2), we have ‘
A =(Al) I+ (Am) m’+(An) n

ey m'+ A’ [using the relations o)
i 4y =

o i 4 A, on the plane §) .

— (the projection of the ared A
( .[;_(tjhc projection of the area Ay on the plape g
+(the projection of the area A on the plane 6,
| Prove

§20. Area of a triangle. .
To find the area of a triangle ABC the co-ordinates of whose

. AR B [_xi. Ve Zg:’ ﬂmf (& f-r:h Vs, z:l)-
\"Erﬂflé::td’;fmf{ Efxll);ylthel)d‘c'us of the normal to the P]ane of thy

»a of this triangle,

i d let A denote the ared 0 |
tnanlg‘i; jBCBﬂnand C, be the projections of the three vertices 4
Band C r:soc:;tively on the yz-plane. Clearly the co-ordinates f
these points'arc given by 4z (0, 7y, 1), Bul0s I z,), Qs (0, 3, 2).

Let A, denote the area of the triangle AzB,Cyie. [i;is the

area of projection of the area A on the yz-plane, so that we hay

Dx=L1 o Al
Also by the co-ordinate geometry of two dimensions,
‘ h o I '
' ()

Ax=1 ( Ve I3 |

T o
Similarly if Ayand A are the areas of the projections of the
area A on zx and xy-planes, then

Av=0m (3 and  A,=Am (4
. & 1} [x  n
where Av=%| x, 7, 1], A=% | % Vi L]
X3 ooz | x oy |

Squaring (1), (3) and (4) and adding, we get
A'g_'_ A’I + f.\-:z = A! [F'f‘m!‘l' -'IE): ARI
or A=A+ AL+ AL e
This gives area A of the triangle ABC. -~
Solved Examples 3 (F)
Ex. L.-Find the area of the trian hos, 1
: gle whose vertices are A(l. 2, 3)
B(2, ~1, 1) and C (1, 2, - 4). ‘ {,l\g(.a' 1979)
Sol. Let Ay, £y, 4: be the areas of the projections of tht
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area A ©f triangle ABC on the yz, zv and xy-planes respectively.
\We have

N 4 | 2 3 1|
A=t =z 1i=b]=1 1 a2
‘ 2
Ya Zy | 2 -4 1
S Z) | . 1 3 1
Av=% X z | =412 I 1 ___..:_
X3 2; 1 ‘ | 1 '4 ] !
(numerically),
N ooom 1 1 2 13
|
and L=k ix 3 1 =}|2 -1 1 {=0.
| |
X3 Va | 1 2 | J

the required area A=+/[Ax' b Ny AL
_ ;( 441 49

A\ae

Ex. 2. A plane makes intercepts OA=a, OB=band OC=c¢
respectively on the co-ordinate axes. Show that the area of the Iri-
angle ABC is §y/ 182+ c*a® +a*h?).

Sol. The points 4. B and C lie on the axesof x, y and z
respectively, so that their co-ordinates are A(a, 0, U) B(0, b, 0y,
cn, 0, ¢

Let /. denole the area of the triangle ABC. The projection
of triangle 4BC on the yz-plane is the triangle OBC and if A«
denotes its area then

Ax=3.0B.0C=1}bc. (b

The projection of the triangle ABC on the zx-plane is the

triangle OCA and its area A, is given by
Ay=%1.0C.UA=1}ca.
Also the projection of the triangle 4BC oa the xy-plane is the
triangle OAB and its area A, is given by
Ag=34.04.0B8=4ab. (3
the area A of the triangle ABC is given by
A!+ &az_i_ &’Li_ &'ij* (bzct+£ia$+ a‘.’.bz)

+0) =14/(490) square units,

or A:_hf[b’c’-l—c’az-f-a’b’).

Ex. 3 Find the area of the triangle inclwded between the pline
3x -4y | z=12and the cu-ordinate planes.
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i jven piane 1

cB -
: = .ordinate axes in p, "l
sl Jx"‘{ﬁ)'zm ets lht’;;" o & Py,
(4 .
The F:;’{*Oﬂ _3,0)C0; 0,. 2 above, we have '
4(4, 0,0 (e notation’ g - 3).12=18 (numerically)
Uslﬂg _ -03'0 =% 4 — !
ia; i'OC.G‘A —*; 12(_ 3) =6(numerically),
y =14
;A*'DA-OIfiangle ABC:—' ‘\/( .{}sl"!' .&p“*‘ &.ﬂ}
. area O ofﬂ:i 24469 = 34/(26) square units,
=} y(18 it P&’ y's Z') aplane is drayy o, i
Ex. 4 Fron ;: the co-ordinate aXes ‘ff A4, B and .C» Proye y,
angles 10 QP to nfe e 4BC is r8/(2x'y'2"), where r is the Meagy,
he area of the riang (Kanpur 1983, 84 ; M,y }
ke The d.r.’s of the line joining O (0, 0, 0) and P(x, ya)
Slll. '-'_'0 ie. x.‘ )"; Z'.
arex' -0,y -0,z Wy

the equation of the plane through P(x', y', 2) gyq o,
', the

: to OP is given by o n_
pendicular X (x=x)+Y (=¥)+z (Z—:’;)—O-
w2 =X Y42

g; xx'+yy'+zz'=r= ['.' r=0P= v’(x"l+y.t|+z,‘}]
X ¥y _HZ_ -
or r'_(x—'+r5{?+r’fz* 1.

The plane (1) meets the co-ordinate axes in the poinl
A(rjx', 0.0), B(0, r*ly’, 0) and C(0, 0, r#/z"),
Let A be the area of the triangle ABC. Also let Ay be e

area of projection 0BC on the yz-plane of the area of triangh
ABC. We have

re 2 ré

a,=é03-00=&.;,. =t S N

Now d.r.s of the normal to the plane of AABC ie., drsd
the line 0P are x', Y, 2, 50 that the d.¢.’s of this normal are

[ r=y/(ergyrd)

tt]lﬂongrmal to the. plane of triangle OBCie

ugle between the planes of tringles 4BC s

d.c.’s of x-axis are
Ifx be the a
OBC, we haye

COS o=
Now

1-(J-"J’r)+0.(y‘fr)+0.(z‘r)=1"r-

2=/ cos ¢,

;
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ré x' s
2y's’ L_‘S"T' or &E*if’z_"
Exerciscs

1. A plane makes intercepts Y, 9/2,
nate 8xes. Find the length of (e perpe

—9/2, upon the coordi-

ndicvlar {rom the origin

(Ans. 3)

2. Show that the four points (0, -1, 0), (2, 1, — . (L1, 1)

and (3, 3, 0) are coplanar and hepce show that the equation of
the plane passing through these points is 4x —3y+42z=13,

(Agra 1978)

3. Show that the four points (0, 4, 3), (=1, -5, —3),
(-2, =2, Dand(l,1, - I) are coplanar.

4, Find the equation of the Plane through the origin and
parallel to the plane 3x49y —iz45=0. (Ans. 3x+9y —7z=0)

5. Show that the planes 3x+4y —5z=9 and 2x+6y+62=7
are at right angles,

Hint  Two planes are at r
right angles. The d.r.’s of the
are 3,4 —5and 2, 6, 6 res
are perpendicular,

6. Find the equation of the
intersection of the planes x
and is perpendicular to the

ight angles if their normals are at
normals to the two given planes
pectively and we see that these lines

plane which contains the line of
+y+z—-6=0 and 2x+3y4dz+5=0
plane 4x+45Sy -3, -8 0.

(Ans. x+7y+[3z+96=0)
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The Straight Lj,

f

§1. General equations of a straight linc.

W know that every equation 0
always represents a planc (see chapter 3).
let us take two equations o0

f first degree in x, v apy

f first degree together

-f

Now
ie. GL.\'+b;y+C13+d1=0- ax+b v+ cyz+dy=0.
Any point which simultancously satisfics both the equatiy

given by (1), will lic on
aiven by (1), Since the two plancs
therefore the equations (I
line. The equations (1)
straight line, Therefore .1y
and z taken together alvays represe

§

a given point (X v
Let OX, OYF, OZ be chosen

as rectangular co-ordinate axes.

Let 4 be the given point

(xy. ¥1, Z1) on the line.

a general po.nt P with co-ordi-

nates (v, 1. =) on the line at a

distance » {say) [rom the given

point 4. Draw perpendiculars

AM and PN on the x-axis from 4

the points - uand P respectively, &

the curve of intersection of the ply
intersect 1n o straight [j
) represent the cquations of a stray
are called 2he general cquations
twve equations of first degree iny,
nr a straight line.

2. Symmetrical form of the equations of a straight line.

(A) To find the cquations of a straight line which passes throy
=) and whose direction cosines are I, m, n,

Choosc ! ,4/‘( i
| ] |

setiat AZN 1s the projection of the seement AP tl
£ on the v-ay

;jnd 1'\ giu.:ll hj«'
MN AP or
Sunilarly projecting the segment P on tl
F e y-

R T rl

axis and z-av

The straight Line

_.;‘_:,—Hl.

v—1v,=rmand =
) of any po

wC g81 : : 3 he linc
Therefore the co-ardinates (x, V. 2 int Font

the cquations

catisfy
Xx-%_y N TR (n
! m n . ¢ any
[t should be noted here that 'r” is the actual distance ©F 45
point P (x. ). 2) on the line from the given point (xy. V1o S1)
x-x, v ¥y Z—7
Hence S Y "-‘3—'=.»~ﬁ' o (2)

are the cquations (symmetrical form) of the struight line.

Vector method. \We have
A P=position vector of P -position vector of A

= (xitrj+zk) (x4 ni+ak)
__-(-'f'--\ﬁ) i+{'_'|' 1'}]_},(: :l) k. - .
l cosines of the straight line AP,

Since /, ni, n are the direction
unit vector along the line AP is i
ar with the unit veetor li
distance AF.

therefore a + mj+nk.
—p -
Now the vector AP iscolline - mj+nk.
__} -
. AP=r (li+mj+nk), where the scalar r s the
s (=x) i o) itz - 2) k= rli+rmi4rnk.

Equating the cocfficients of i, j, k on both sides, we get

X—xy=rl, y - y=rn, z - S =1rn.
LoXex ¥ on I,
o [ om n

ght linc.

are the required equations uf the given strai
(B) Symmetrical form in terms of direction ratios.
Let the direction ratios of the required line be a, b, ¢.
a b ¢
JETPTey vEreTm T ¢ U
cosines of the line. Thus the equations (2) of the line become

Hence

direction

— .I._'-;" ——,_—-—-'—"Vl —-2———2721
ol o e s e
\/(ﬂ's"l- bi4c?) _\/(al+b=+ ?) \/(a’+b‘—+_-c’-)—
X Xy~ Z-h_
o a b ¢ =% (smyk (3

The equations (3) are the required equations of the straight
It should be noted here that *r’ is mnot the actnal distance

line.
of any point P(x, », 2) on the line [rom the given point (x, ¥y, z1).
L ]
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2) and (3) we observe that the form of :

From equations ( :
q ine remains unaltered if we use direql-k
|

tions of the straight | .
ratios instead of direction cosines.

Corollary. From equations (1) and (3), the genera] Co-g
nates of a point on a line are given by

(xy I, yymr, 2 nr) oF (xyrkar, Juokbr, 2ter).

(€) The parametric form.

In the equations (1) and (3), r represents a real number
changes a the position of the pﬂi‘nt Pon the‘ line Changesl
that r is a parameter. For conyemence let this parameter,
denoted by ¢’. Hence parametric equations of the straighy Iy
are given by

x=xXg+It, y=y,+mt, 2=2,+nt N
or x=x,+at, y=y,+bt, 2=2,+ct ol
where I, m, n and a, b, ¢ zre direction cosines and direction rat;
of the line respectively.

Note. If we use the actual direction cosines then the u
ordinates of a point (on the line) distant r from the given poi
(X1, Y1 2) and (x,+1r, 3 +mr, 2,4 0r).  From this point of viy
the equations (1) or (2) are also called distance form of the eqy
tions of the straight 'ine.

§ 3. Line through two points.

To find the equations of a straight line passing through 1,
poinis whose co-ordinates are (xy, y1, z1) and (Xy, yy, %)

Let 4 (xy, 1, 1) and B (x,, py, 25) be the given points throyg
which the line passes. The direction ratios of the line passiy
through the points A and B are x,—x,, y,—y,, z, -2

Hence the required equations of the straj
by [from equations (3), § 2 (B))

¥1x__l_= =% __z_'_zl_

ght line are givy

Xo=X1 " Vo=V, Z—2 vl
SOLVED EXAMPLES (A)
Ex 1. Find the point in \hicl the line x—_-—2~ -_—.Jil =z___—2
meets the plane x — 2y+2=20, : N

Sol. The equations of the line are

i vl g

- : =—1-2- =r (say).

The equation of the plane is X=2p4z=20 .

ol

_—
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The co-ordinates of any point Q on the line (1) are
(243r, —14-4r, 2412r). o3}
Suppose the line (1) meets the plane (2) in this point Q, hence
we bave
(243r) =2 (~144r)+(2+12r)=20, or r=2.
putting this value of r in the co-ordinates of @ given by (3)
he co-ordinates of the required point are given by
(2+3.2, =14+4.2,2412.2) or (8, 7, 26).
Ex. 2. Find the co-ordinates of the point where the line joining
the pm‘r:‘_'_-"'f('z/’ =3, 1) and (3, —4, —5) cuts the plane 2x+y+z=-_7.
Sol. The direction ratios of the line joining the points
@2, -3 1) and 3, -4, -5) are 3-2, —4-(--3), —5—lie

_1, —6.
* Hence the equations of the line joining the given points are
’:2=—Ef__3'=___z = [=r (sa)r}_ (l]
3 -1 -6 '
The co-ordinates of any point on this line are
(r+2, —r—3, - 6r+1). -(2)

1t this point lies on the given plane 2x+y+z=7. we have
2r42)+(—r-3)4(=6r+1)=T7, 0r r=—1.
Putting this value of r in the co-ordinates of the point given
by (2), the co-erdinates of the “required point are given by
1,-27 - '
Ex. 3.~ Show that the distance of the point of intersection of

the line x372=)’+ l_2-2

4 12
(—1, —5, —10) is 13.
Sol. The equations of the given line are

and the plane x—y+z=>5 from the point

(1)

The co-ordinates of any point on the line (1) are (3r+2,
4r—1, 12r42). If this point lies on the plane x —y+2z=35, we
have 3r+2—(4r—1)+12r4-2=3, or 11r=0, or r=0.

Putting this value of r, the co-ordinates of the point of inter-
section of the line (1) and the given plane are (2, -1, 2).

The required distance =distance between the points
(2, —1,2)and (=1, —5, —10)
=V{2+ D +(-1+5+(2+10)}
=4/(94 16+ 144)=4/(169) = 13,
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Ex. 4. Find the points in which 112 line
2 R IZ_;{ =, culs the surface 11x? _53""8.
= - B

Sol, The cquations of tl
.\'_1_- _-_j_ d_]': s {7‘ —F (sa}'}.

S R -7

The co-ordinates of any point on the line (1) arc

( r—-L sr412, 2r4T7).

If this point lies en the aiven surface
|1y =5y st =0. we have

1y S (5 2P+ 2r+7F=0

1e piven line are

="
ar 11 fr’+2!+l]~—-5[35i’“-] 120r- i--141+(4r'—'.g__'_3_g,+4gjﬁl
ar 11077 5508 660 0, or r? e 0=10
ar (r42)(r: =0 or e

Putting these values of rin (2), the required points of iy

cection are (1. 2, 3) and (2, 3, Bs

Ex. 5. Find the equations of the straght 'ines through the
(a, b, ¢) which are (f) paratlel v s-axis (L. perpendicular k)
xp-plaie) and (i) perpendicular to the z-axis (i.e. parallel g
xy-plane).

Sol. Let the couations of any line through the point (g}
o K b pe

l{ re it
where £, 4oare the d.es of the line, |

(iv The de’s of the z-axis (i.c. of the Ime  perpendiculy
the xy-plare are ¢, 0, 1. Henee if the line (14 is parallel to z_"
or perpendicular to the xv-plane then /, m, n arc propcrtiuni
0, 0, 1. Henee the equations of the required line are :

(i) Irthe line (1) s perpendicular to the z-axis or pqu
to the xp-plane then we have
LU+mO+nl=0 or n=0.
‘I herefore in this case the ¢ ic !
_ quations (1) of the i
are given by v

Y—a y—bh z ¢
. - TR n ]'
1 Ex. 6 Lind the distance of the point (V. —2, 3) from Ifwﬂi
X=y b= Fmeaswred parallel to the line > % . . |
2737 —h .
i
|
|
|

93
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Sol. Note here that we are not required to find the perpens

dicular distance of the point (1, —2, 3) from the given plane, but
we are required to evaluate the distance of the punt (1, -2, 3)
parallzl to a hine whose dircction

from the given plane measured
bor this we proceed as

cosines are prop srtional 1o 2, 3, —6.

follows @

The equations of the line through the point (I, -2, 3) and

parallel to the line whos: direction cosines are proportional to
2.3, -6are given by

-1 y+2 z-

t:— ='%'-- =""7 =r (say)

The co-ordinates of any point on 1t are (Zr41, ¥ 2, 6br43).
If this point lies on the given plane x—y+a=35 we have
2l -(3r -2+ —Gr-N) =3, or Tr=—1, or r=U17

T int of intersection is 'q)
% 5 C R e
A he point of mters 7 - -
The required distance=The distance between the points

(1, —2. 3) and (9/7, —11 7. 15/7)

9 \¢ 11 \* 15
O )
1.7 Vid+9436=1/7.7=1

Ex. 6, Find the equations of the straight lines which bisect e
angles between the lines x[l,=y/an=zim, X Uy =y Mmy=2{ny.

Sol. Proceeding as in Ex, 17 page 38 chapter 2, the direction
cosines ol the biseclors are proportional to bl my iy, ny g,
Clearly the given lines pass through the point (0, 0, 0) and hence
their biscctors also pass through the paint (0. 0, () and so the
required equations of the biscctors are

&£ V z

Ll m,-_-j;m,_‘ ny==n,
Ex.8. Find the equations of the line through the point
(X1, Y1. 21) at right angles ra the lines

x )y z X 4
== Gﬂ'd —_— == —_—
| fs  mMa Ny

_:'T ny o h
Sol. Lect the equations of the required line through the
point (x;. v, =) be

i m on " )
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s line arc 10 be determined,

. : hence we have
. ) 5 he El\'cﬂ |]D€5-
line (1) 18 pcrpend'“:]'ar e t(,.l “and H:+mm,+mr,=0_ 4
Hl-!-mmﬁ'”nl: i

y c
Solving the equations (9) SOk “: -
m T
! =H_J_u -:l';h:!lm'-' - ‘I._JHI

sof I.m, nin(l), lhtah

'
where the d.r.'s I, m,n of th

SURS. —
mymy—m:ny T B
Putting these proportionate V&

tions of the required line ar¢ given b_\‘z )
]

y—V .
X —X i B
] 'mlﬂ:=ﬂljt'_nil1 hmy l.my

Ex.9  Find the equation of the plane through the Poy
(w, f ;-i a;rd’ (i) perpendicular fo the .Tfrmgbr line
o (#—11W=(.“—}‘1)4"’”=[Z;“z;}‘m’ : /
. — ==/ X !'zy,'lH?i::.".,
ii lel to the lines x/lL=y/my=2/m an .
. p;;;! EL;: the equation of any plane through the pgp

(2, 8, 7) be A (x—2)+BO—F+C (=7)=0. ol
(i) The equations of the given line are
(x—x;)/I=(y—y)[m=(z—2z)/n. 0

If the plane (1)is perpendicular to the linc (2), then i
normal to the plane (1) is parallel to the line (2) ; and he“f’”
B, C, the d.r.’s of the normal to the plane (1), are pmportmu
tol, m, n. So the equation of the required plane is given by

I (x—a)+m (y—p)+n (=7)=0.

(i) The equations of the two lines are given as

x/h=y/my=z[n, and x/li=y/my—=z(n,.

The plane (1) will be parallel to these lines, il its norm
whose d.r.’s are 4, B, Cis perpendicular to both the given ling
Hence we have dl,-+8m,+Cny=0 and Al,+ Bni,+Cn,=0.

Solving thesc equations, we have

A B B
myny gy~ mly=ngl, L, —lym,

Putting these proportionate values of 4, B, C in (1), th
equation of the required plane is given by |
(mynny —mgmy) (x—a) +(mdy— myly) (- Ay +(hmg - 1) (z2—)=0,

Some Examples on the foot of perpendicular from a point to*
plane. . -

EX. 10, Find the co-ordinates of the foot of the perpend!ruld:
drawn from the origin to the plane 3x+-dy 624+ 1=0. Find alsy

the co-ordinates of the point on the line which is at the same distand
Jrom the foot of the perpendicular as the origin is.
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Sol.  The equation of the planc 1 3x-4; - 4141 (n
The direction ratios of the normal 1o =: plane (1) are

3,4, --6. Hence the line normal to the plane (1) has dr.'s

3,4, — 6,50 that the cquations of the line through (0. 0, ) and

perpendicular to the plane (1) are -

Y=y d=: —6=r (say). (2)
The co-ordinates of any point P o ',:] are
(3r.4r.  6r). (3)

If this point lies on the plane (1), then
33N =43 -6 (—hr) 1=, arr— — | 6],

Putting the value of v in (3), the co-ordinates of the foot of
the perpendicular Parc (=30], 461,661

Now let @ be the point on the lipe
which s at the same distance from the
foot of the perpendicular as the origin.
Let (x,, 5. ) be the co-ordinates of the
point Q. Clearly Pis the middle point

of 0Q. Hence we have

x,+0 3om+0 4 40 6 7]
37 61" 27 &7 Tal

or x=-6/61, 1 %61, 2, =12'61.

The co-ordinates of Q are (- 6/61, 8/61,12/61).

Ex. 11, Show that if the axes are rectangular, the equation:

to the perpendicular from ihe point (2, fi, ) to the plane
ax-+hy+cz4d=0are (x —a)ja=(v - 3)/b=(z—7)/c.

Deduce the perpendicular distance of the point (2, f, ) from the
[lanc. Find also the co-ordinates of the foor of the perpendicular.

=ul. The equation of the plane is

ax- brdecz4d=10, LA

“he direction ratios of the normal to the plane (1) are a, b, c.
Il the ling is perpendicular to the plane (1), then it is parallel to
the normal to the plane, Hence the d.r.’s of the line perpendi-
cular to the plane (1) are a, b,c. Also it passes through the
point (%, fi, ), thereforc the required equations of the perpendi-
cular are

T—a y—f z L
a = b= T (2)
The co-ordinates of any point on the line (2) are
(hr+a, br+B. cr+7y). wrild)
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; plane (1), W2 have "
If this po ot (bt B (er+3)Hd=
= ~(as-+b3+ey+e)
or r:’_‘tny—Ltif)'J-'C:’ )y (BB ; m_md_'-‘!l'.a
Pu!linurl_lrxic‘- value of r from () in (3), we get the 1Mty

he perpendicular. i ; .
°f thlil::\?‘tlf: tl')t:rgevfc}licuiar distance of the point (o, iy y) froy

the plane (1)=the distance between the pomts (2. B, ) and
(ar--a, br--8, cr+7) .
=+/[(ar+= @) brfi - [l er o — )]
——r\/l’r.r”-;—bz—f-c?)

il ord Al Vi@ b pet) =

int lies on the

or

@a-+-bp-tcytd
Z

R TR ]

Ex 1;,.«-’}5}';”/ the equations of the line through (1, —1,2) per
pendi'grf&/!‘ to the plane 3x+5y—4z=75 and deduce the flength of Ik
perpendicular from (1, 1, 2) wpon the plane and also the co-ord
nates of the foot of the perpendicular.

Sol. Proceeding as in Ex. || above, we get

(i) the equations of the required line as

x—1 "yl =z

at b c?)

el - ded A
(ity The co-ordinates of any point on the line (1) are
(3r4+1, 5r -1, —4r42). ol

If this point lies on the plane 3x 5y 4z==5, we have
SEr+1)45(5r-1)-4( 4r+2)==5, or r=3/10.
Putting the value of r in (2), the co-ordinates of the foot d
the perpendicular are (19/10. 1/2, 4 9.
(iii) The required distance

TJ"(B—-l (LYot LY
\i5-!) '(?*‘) + 5 -2) ]
=V 10043127 4(6/5)2 = 3,/ 2,
plmel::x. 13/1.‘_.5;»:1{! rge incentre of the tetrahedron formed by th
- =V V=0, z=0and x Ly 4-z=¢,
, Sol. The three planes _\-=|]; y=0 aid 2t est Tl

point (0, 0, 0). Hence the i
£ < lhe mcentre ot 5
| perpendicular from (0, 0, 03 to thl:tpﬁi}tli -:-clr:hulmn lies on th
: T VrE=a,

| Fhe d.r.’s of the normal to the
‘ Hence the equations of (e
plane v+ y L z=a are

blane x4-y4 z=¢a are 1, 1,!
perpendicylar from (N, 6,0) to tht

Ll
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x oy

pail y Z
T =T =7~ (). )

The co-ordinates of any point on (1) are (r, r, 7).
If this point lies on the piane x4+ y+z=a, we have
r+r+tr=a, or r=4a.

Hence the foot of the perpendicular is [or the perpendicular
from (0, 0, 0) meets the plane x4 y+z=a in] (1a, fa, }a).

Let the incentre of the tetrahedron be (x,. Jy, z1). Now we
know that the incentre divides the join of (0, 0, 0) and (da, ia, 3a)
in the ratio 3 : 1 [3 on vertex side and | on plane side]. Hence we

3.3a+1.0 a

have =337 =N=12, 0T X;=}1=4H=

*. The co-ordinates of required incentre are (1a, 1a, 1a).
Ex. 14. A variable plane makes intercepts on the co-ordinate
axes the sum of whose squares is constant and equal to I, Show
Jthat the locus of the foot of the perpendicular from the origin fo the
plane is (x~*+4y~2+z7) (2+y*+2%) =K%
Sol. Let the equation of the variable plane be

xfa+y/b+z/e=1 LD
where a, b, c are its intercepts on the co-crdinate axes, so that
AL bt ct=k L (2)

The d.r.’s of the norma! tothe plane (1) are 1/a, 1/b, 1/c.
Hence the equaticns of the line perpendicular to the plane (1)

- [i.e. parallel to the normal to the plane] and passing through the

. x-0 y-0 z--0
origin are Ta = 1ib T
Any point on line (3) is (r/a, r/b, r[c).
If this point lies on the plane (1), we have
s B it =1 O re
Let (x, y, z) be the co-ordinates of the foot of the perpendi-
cular, then putting the value of 7 in (4), we get

=r {suyi

8
(&)

1 -

X= @y O e

. Bt _ e .

Slmila_ﬂy -"“,PW and zgﬂ——"'z-l—b‘?—i—c“'z

" a-z_l_b-24 c—2 . 1
Now xetyt2'=gmipitesr  aithrte?  .(5)
and oy ooy gt=(a—24 bR (@ BT

x=2 4yt =(a-24 bRk, using (2). ..(6)
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Multiplying (5) and (6), we have ) .

B (x”-!—yg-l‘za)’ (x-'-‘+y-’+z_'~):k 3
This is the equation of the required locus. o

Ex. 15. Find the equations of the line through ! {Do.m;:,-

(a, b c)' and (a', b', ¢') and prove that it passes through u':ehangm' if
ﬂﬂ"-l—‘bb'-f-cr'srr', where r and 1’ are the distances of the point

from the origin.
Sol. The
and (a’, b’, ¢’) are

equations of the linc through the points (a, b, c)

x—a y—a z—¢
e o (1)
The line {1) passes through the origin, hence we have
0-a 0-b 0—c a'_—g_z?'_:b _¢c
a—a b—b ¢ ¢ —a  —b  =c
i . P . i
or - %4—1:7%—1-!:—%-%] or %:éb-=?
From these relations, we.immediately get
ab’—a'b=0, be' --b'c=0, ca’ —c'a=0. (2
By Lagrange’s indentiiy, we have
(a° -b24c?) (@24 b"--¢"?) —(aa'+ bb'+-cc')?
=(ab’' —a'b2+(bc’ —b'c)*+(ca’ —c'a)?
=04-04+0
or (a4 B24-c?) (a'5+ b2 Fe't)=(aa"+bb' +cc')? ...(3)

Now r—the distance of (a, b, ¢) from the origin
=v[(@—=0+(b—0)2+(c V) |=+7 (a*+ b+ c?).
Similarly r'=q/(a'%4 b2} ¢'2).
Putting these values in (3), we have
(aa’-+bb'+cc’B=(rr’)? or aa’+-bb" +cc' —rr',
This is the required result.
Ex.16. Find the image of the point (1,3, 4) i
et B (1,3, 4) in the plane
Sol. The equation of the plane is
2x—y+z+3=0, (1)
Let (1, 3, 4) be the point P. Draw a i
] - perpendicula
the point P to the plane (1). Takea point Q on thisr J?rf fﬂ:il:
_cular on the other side of the plane (1). Then Qis cpa)llel(’ieﬁhe
image of P if N, the foot of the perpendicular, is the middle point
of PQ. Let the co-ordinates of Q be (X1, ¥4, 2y). A
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—1, 1. Hence

The d.r.’s of the normal to the plane (1) are 2, 5
rto

tbe equations of the line through (1, 3, 4) and perpendicula

the plane (1) are
—1 -3 z-4
= Ea it G2 (2
Any point on (2) is (2r+1, —r+3, r+4). If this point is the
foot of the perpendicular i.e. the point N, then it will lie on the
plane (1) and we have
2 @2r+1)— (—r+3)+(r+4)+3=0,
6r+6=0, or r=-—1.

Putting this value of r, the co-ordinates of N are (—1, 4, 3).
Now as explained above, N is the middle point of PQ. Hence
1+x1 _3+J’1 ___4+z;_

we have —1= 5 , 4= 5 , 3= 5
or x==—3, »=5, z;=2
The image of P (1, 3, 4) is the point Q (=3, 5, 2).

§ 4. To transform the gemeral form of the equations of a straight
line to symmetrical form.
Let the general form of the equations of the straight line be
given by the equations
ax+by+eztd = 0}_
agx+ byy+cpz+ dy=0 .---(1)
Now we are required to write down the symmetrical form of
the straight line given by equations (1). For this we must know
(i) the direction cosines or direction ratios of the line and (ii) the
co-ordinates of a point on the line. To find these two we proceed
as follows :

. Step 1. To find direction cosines or the direction ratios of the
"‘f’e given by equations (1). Letl, m, n be the direction cosines or
direction ratios of the line. Since the line is common to both the
Planes and therefore it is perpendicular to the normals of both the
Planes. The direction ratios of the normals to the planes given
by equations (1) are ay, b,, ¢, and a,, bs, ¢y respectively. Hence
we have

*lay+mby+ney=0 and la,+mby+nc,=0.

Solving these equations for /, m, n, we have
R S m n .
bica—byey = c3,—ca,  mby—ayh,

or
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. the direction ratios of the line are ;
bycy — bgcy, €102 —Cothr a‘hQ_’aﬂbl' . i -+A2)
Step 2. To find the co-ordinates of @ point on the h";cg::‘;:;' by
equations (1). The co-ordinates of a point €n a lin¢ car;] ; lse“
in many ways. One of these ways is that we c“"ose!t e peinsg
the one where the line cuts the xy-plane ("C'. =0 P ‘Tii). =
ded the line is not parallcl to the planc z=(0 f.e. provice
ab, —a.b7#0. _ .
Putting z=0 in both the equations given by (1), we set
ax+by+di=0, ax+ byy+d,=0.
Solving these equations for x, ¥, we get
! 1
x LT
Dydy,—bydy dyaa—daay aby - by . .
Hence the co-ordinates of a point on the line (1), where it
cuts the z=0 plane are
(bldr_bzdl day—d.ay 0).
ayh,—aph,’ @by —ash,’ )
Hence the equations of the Jine in symmetrical form are
(bid!_bldl y__(dl.ai ~dyay )
ab,—ah, | aby—ah, | z—0
bye, -byc: (i, Cy by —agh,
Note. 1f a,by —a,h, =0, then instead of taking z=0 we should
take the point where the line cuts x=0 plane or y=0 plane.
SOLVED EXAMPLES (B)
b Ex. 1. Find in symmetrical form the equations of the line

3x+2y-z—-4=0=4x+y-2z+43
and find its direction cosines.

Sol. The equations of the given line in general form are
3x4+2y —z—4=0, dx-+y -2z4+3=0, w3
Let /, m, n be the d.c.’s of the line. Since the line is common

to both the planes, it is perpendicular to the normals to both the
planes.

Hence we have
342m—n=0, dl4m- 2n=0.

.0)

Solving these, we get alo W W
AF1-"a16-3 3
- L _m_ n (P fmitnz)

. =3 2 S TVE44125) (38

s. the d.c.’s of the line are - 31V (38), 2/
: ) 24/ (38), —5/4/(38)
Now to find the co-ordinates ot 2 point n;‘{lgc )linc éI:iE\ b)y

e
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(1), let us find the point where it meets the plane z=0. Putting
z=0in the equations given by (1), we have
3Ix+2y--4=0, 4x4+-y4+3=0.
Solving these, we get
X v 1
6447 16 9738
. The line meets the plane z=0 in the point (-2, 5. 0).
Therefore the equations of the given line in symmetrical form

are

, 0r x= -2, y=5.

Ex. %./’F‘iml the cquations to the line through the point (1, 2, 3)
paralle)fo the line x—y-+2z—5=0; Ix4y+z-6=0.
[Jodbpur 1967]

Sol. The cquations of the given line in general form are

X -y+42z—-3=0,3x+y+z -:=0. (1)
Let I, m, n be the d.c.’s of this line. Then we have

{ —m4-2n=0, J+m+n=0.

Solving these, we have

! m 13 I m n
TS e T b s WP e Lo S
Since the required line is parallel to the line (), the d.c.’s of
the required line are proportional to [/, m, n 1.e. —3, 3,4,

Hence the equations of required line are given by
(x—1)/ -3=(y—2)/5=(z—13)/4.
Ex. 3. Find the equations of the line through the point
(x1, 1, 21) and parallel to the line
ax+byy+ciz+di=0, ayx+ bav+ cz+dy=0.
Sol. Let/, m, n be the d.c.’s of the given line, then procee-
ding as in § 4, we get
1 m_ [ .
biCy— by, Giay—Cay ayb,—agh, (D
The required line passes through (x,, y;, z;) and iis d.c.’s are
proportional to /, m, n given by (1). Hence the equations of the
required line are given by

X=X Y—w»h __z2-&
bicp—bye;  C@y—coay ayby - may
Ex. 4. Find in symmetrical form the equations of the line

x=ay+b, z=cy+d.




102 Analytical Geometry 3.))

Sol. The equations of the given line may be written as
x—ap+0.z -b=0, 0.x+cy—z+d=0. ()
Let [, m, n be the d.c.’s of the line. Then we have
1.1 —am+0.n=0, 0.04cm—1.n=0.
1 m_n
;. l=an, cm=n, s0 that-;—TrT. Q)
Now let us find the point where the line (1) meets the plane
p=0. Putting y=0 in the equations (1), we get x=b apd z=d.
The line meets the plane y=0 in the point (&, 0, d),
Therefore the equations of the given line in §ymmetrica.l form are
(x —b)la=(y—0)/1=(z—d)/e. _
Alternative method. The given equations of the line may be
written as

or

These are the required equations of the line in symmetrical
form.

Ex. 5. Show that the lines

x=ay+b, z=cy+d and x=a'y+b', z=c'y+d’

are perpendicular if aa"+cc'+1=0.

Sol. Proceeding as in Ex. 4 above, if the d.c.’s of the line
x=ay+b, z=cy+d are l,, m,, n;, we have

o i hia'=myl=n/c’. ol

Similarly if f, m, n, are the d.c.’s of the line x=a'y b’

z=c'y+d’, then we have y

) ' Lja'=my/1 =nyfec.". (2)
The given lines will be perpendicular, if
his+mimy+nn=0
ie. aa’+1.1+ce'=0, or ag’+ec'41=0.
§ 5. The plane and the straight line :
To find the co-ordinate of the poiy ;
: point of intersecti fa gi
line afxd a given plane and to deduce the conditions rlzuim'u ues
(i) the line may be parallel to 1he Pplane, -
(i) the line may be perpendicular 1o the plane, and
(iii} the line may be lying in the plane ’
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Let the equations of the given line in symmetrical form be
x—%X Y=y z-z

7 z—n:__z-——”_ =r (SayJ ...(l)
and the equation of the given plane be
ax+by+cz+d=0. sl2)

The co-ordinates of any point P on the line (1) are
(xy¥ir, yo+mr, z,+nr).
If this point P lies on the plane (2), we have
a(x,+Ir)+b(y+mr)+c (z;+nr)+d=0
or r(al+bn+4 cn)= —(ax,+by,+cz,+ d)
r= —(ux, by +cz,+d)/(al - bm ~en).

Thus the co-ordinates of the p [ 1" tersection ¢
line (1) and the plane (2) are (x,+Ir, A,+mr, z,+nr) whe
givn by (3)-

(i) The conditions of paralelism. If the line (1) is para
to the plane (2), then this line must be perpendicular to the ne
mal to the plane (2) and hence we have a+bm-+en=0.

Again the point (x.,y, z;) should not lie on the plane i.e.
must have ax;+by;+cz;+d0, for otherwise the line (1) will ¢
be simply parallel to the plane (2) but it will lie in the plane (2

Hence ihe required conditions that the line (1) is parall:
the plane (2) are

al4+bm-+cn=0, ax;+ by, + ez, +d0.

(ii) The condition of perpendicularity. If the line
perpendicular to the plane (2), then the line (1) must be para.
to the normal of the plane (2) and hence the requir:d conditic
of perpendicularity is given by

a b _ ¢

1 m n
{iii) The conditions that the line may lie in the plane. If the
line (1) lies in the plane (2), then for all values of r the point
P(xy+1Ir, yy+mr, z,+nr) will lie or the plane (2) ie.
a(xl+l'r)+b(J’1+m’)+C(31+"r)d:0
or r(al4-bni+cn)+(ax;+ by, +cz,+d)=0
should be true for all values of r, and hence we must have
al+bm+ cn=0 and ax,+ by, +cz+d=0.
Hence the required conditions that the line (1) lies in the
plane (2) are

or

EE———
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al+bm4-cn =0, ax,+ by, +cz,= d=0
These conditions can also he deduced as follows : _
If the line (1) lies in the plane (2). then the line 1s perpen.
dicular to the normal o the plane (2), for which we have
al-+-bin4ecn=10. .
Again the point (x,y,, ;) must lie on the plane (2) [since the
line (1) is passing through the point (x1, Y1, Z0)]s hence we have
ax;+byy+ez+d=0.
SOLVED EXAMPLES (C)
Find the equation of the plane through the line
=ax+by+ez4 d=0, O=a's+b'y+c'z4+d =0
and parallel to the line xjl=y/m=z/n.

Ex. 1.

Sol. The equation of any pluane through the line P=0, 0=0
iy, through the line of interscction of the planes P=0 and Q=0
is P=2Q=0 (1)
or  (axddytez4d)4A (a'x+by+ez+d)=0
or (@a+Aa’) x+(b+Ab") y+4lctAc’)yz+4+-d+Ad =0. il2)

The de.'s of the normal to the plane (2) are proportional
to u4Aa’ . b+Ab', c+Ac’. The plane (2) [or (1)] wil! be parallel to
the line x//=y/m=z/n if the normal is perpendicular to the line
x/l=y/m=z[n, hence we have
. (a+Aa’) [4+(b4+Ab") m4(c+Ac’) n=0
or Ma'l4+b'mte'n)= - (al+bm-+cn)
or N=—(al4bmgcm)f(a'l4-b'in--c'n).

Putting this value of A in £1), the icquired equation of the
plane is given by

P—\(al+4Ddm+enjjia'l4-b'm+ e'n)} Q=0
or /B.(a'l—g-b’m—i-c'n)=Q («l+ bm+-cn).

Ex.20 Find the equation of the plane through the line
3x—dy+5z=10, 2x+ 2y —2z=

and parallel to the line x=2y -3z,

Sol. The equations of the given line are

dx—4y+52=10, 2x+42y —3z=4, i}

The equation of any planc through the line (1) is

(x—4y+52—10) 4+ (2x+42y—3z—4)=0
Or (3420 xeb (=4 2) y--(5—31) = 10— dA—0. (2)
The plane (1) will be parallel to the line
x=2p=3: fe. X=r .
o 3 2
G206+ {(—44-20).5 4 (5--34).2=0
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A(1246 O)+18 120100, 0 Am - 4,
puatting this value of din (2). the requized equation of the
plane is given by
G- x+(—4 -3) y+(5+4) 2 1027 =0,
x—zn.‘q‘:?:fh{_
Ex. 3. Find the direction cosines of the line whose equations are
v yp=3 and x+y+z=0 and show thar it makes an angle of 30°

or

or

with the plane y —z+2=0.
Sol. The equatians of the line are
x+)y =3, x+y+z-=0. W

Let /, m, n be the d.c.’s of the line (1), then we have
I m4-0.n=0, I4+m+ n=0,
Solving, we get

r moon VI mE Ly 1
17 =T 70 T VFAFC 0= 2
S I=1/42, m=—=1[+/2, n=0.
The equation of the plane is y—z42=0, . (2)

The d.r.’s of the normul to the plane (2) are 0, 1, —~1, ie.
direction cosines are 0, 1/4/2, —1/4/2.

Now suppose ¢ is the acute angle between the line (1) and the
normal to the plane (2).

Then using the formula  cos 9=1,1,4 lilyiig+ Ny, we have
i fo1y 1 1
Con rm‘ \/-'0+k .‘72). 72+0.(_.72)i=3_

iz 0=60°.

Now the angle between the line (1) and the plane (2} is the
complement of the angle 8. Su the required angle between the
line (1) and the planc (2) is Y0°—g ic., 90°— 60° f.e., 30°,

5&.-4. Find the cquation of the plane througch the points

L, =L03 -4 9
and parailel 1o the lin. Sx=2y=uz.
) Sol, The cquition of any plune thiough the point (2, -1, 0)
15Q(x—2)-tb (3 4-1)c (z—0)=0), (L)
ITthe plane (1) passes through the point (3, —4, 5), we get
AL2=2) b b { 44 1)+ (N==0, or a—3b+5c=0. .(2)

The equations of the line are Ix=2y=z, or =2 _ 2
4 Tk Ry
o . . (3
The plane (1) will be parallel to the line (3), i )
2a+3b+ 6c =0, 4y
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a
Solving (2) and (4), we get —33 =3
[o]

Putting these proportionate values
red equation of the plane is given by
q 5 0)=0, or 33x+4y—9z-70<

—33 (x—2+4 o+ D+ (2—
Ex. 5. Find the equation of the plane through (2, 1, 4) pey

dicular to the line of intersection of the planes
x4y Tz+4=0 and x- y—+—22+3=.0 .
Sol. Let /, m, n be the d.c.’s of the line of intersection gf
two planes x4y +Tz+4=0, x—y+2z+3=0.
Then we have 3 +4m+Tn=0, | —m+2n=0.
I m n I m n

Solving, 8§57 G e or g ——7"

Thus d.r.’s of the normal to the required plane are 15, |, -
Also the required plane is to pass through the point (2,
Hence its equation is

15 (x—2)+1 (y— N—7(z—4)=0
or 1554y -Tz—3=0.
Ex.6. Prove that the lines Ix+42y+z-5=0=x4y-0
and ~ 2x—y—z=0=Tx+10y- 8z—15 are perpendicular,
Sol. Let /y, my, n; be the d.c.’s of the first line. Th
3, 4-2my 4 m =0, L+my - 2m,=0. Solving, we get
‘o iy iy L, m m
3-1°1+6 - 3-2 O =557 T
Again let /,, n1y, n, be the d.c.’s of the secon | line, then
20— mg—1y=0, T3+ 10mg— 8ny,=0.
i 1y 1y n Iy mg n

Solving. g 5="7116 =047 ®2=1 =3

Hence the d.c.’s of the two given lines are proportiond

—5,7.1 and 2, 1, 3. We have
-5247.141.3=0
the given lines are perpendicular.

§6. Tofind the equation of the plane through a given!
whose equations are given in (i) general form and (if) symmelt
form.

J(pi) Le;_t;lﬂ iquai?s on the line in general form be givel

=di X '+ 2 =0, =a. a0

Then P-iﬂQ:lﬂ r'.e.l, Cegitbu-toirhdy =0
% _rllx+_bly+clz+dl+/\ (alx+bgy+fgz+dg)=0
is an equation of first degree in x, y and z and hence represen

» ¢ in (1), the rg
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Also P+AQ =0 is satisfied by all those points which satisfy

p[aﬂC, ) : ; '
(1). Hence the equativn of the required plane is given by
P+AQ=0.
(iiy Let the equations of the line in symmetrical form be
x—d_§—=% F-3
I m  n @

The required plane passes through the line (2) and hence it

passes through the point (x;, yy, ;) which is a point on the

line (2)-

The equation of any plane through the point (xy. 1, Z1) is

given by
a(x--x)+b (r—y)+c (z—z)=0. ...(3)
Again, the required piane passes through the line (2), hence
the normal to the plane (3) is perpendicular to the line (2).
s al+bmien=0.
Therefore, the required equation of the plane is
a (X—X)+b (y—y,)+ ¢ (z—2,)=0, where al+bm+cn=0.
§ 7. To find the equation of the plane through a given line and
parallel 1o another line.
Let the equations of the given line be
(x—x)/li= (¥ — y)/my=(z—z1)(m. (1)
Proceeding as in § 5 (ii), the equation of aoy plane through
the line (1) is
a(x—x,)+b (y—y)+c (z—2,)=0, -(2)
where al,+ by +eny=0. ..-(3)
Again let the plane (2) be parallel to another given line whase
equations are given by
(o = x9){ly=(y = o) fima= (2 — 25}/ 5. ---(4)
Since the plane (2) is parallel to the line (4), the normal to
the plane (2) will be perpendicular to the line (4) and so we have
aly+ brtg+cny=0. (P
F.Iiminaling a, b, ¢ between the equations (2), (3), (5), the
required equation of the plane is given by

| X=Xy Y—y»n -0 |
| [1 my, n =O
|, e n |
R (x—x7) (mgr;—mgny)+ (¥ - 31) (nla—naly)

+(z—z;) (himg— lym;) =0,
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SOLVED EXAMPLES (D)

Ex. 1. Find the equations of the planes through Ihel line
(x—2)/2=(y- 3)/3=(z—4)/5, are parallel to the co-ordinate axes,
Sol. The equations of the given line are

3=(z - (1)
(x—-2D2=(y-3)B3=( -3 ) .
The equation of any plane through the line (1) [sce § 6] 1s
a(x ~4b (y -N+ecz-AN=0 - (2)
where 2a+4-3b+4-5c=0. -(3)

We are required to find the equations of the planes parallel to
x-axis, y-axis and z-axis respectively. )

(i) Thedc.’s of x-axis are 1, 0, 0. If the plane (2) is paralle|
to the x-axis, then the normal to the plane (2) is perpendicular to
the x-axis i.e., we have

a.148.04c.0=0. (4)
Solving (3) and (4), we have
a et ——C L"r —‘1—_ l)_—.. q -
0WT5-0 0-3 0~ 5 =3

Putting these proporticnate values of 4, b, ¢ in (2). the requi-
red equation of the plane is given by
0.(x—2)+5 (y—3)—3.(z—4)=0,
or 5y—32—320.
(i) The d.c.’s of the y-axisare 0. 1, 0. [f the plane (2}
parallel to the y-axis, we have
a0+ b.1+c0=0. (9
Solving (3) and (5). we get
a b ¢ 1 b
e ~0 3-8 % Fn™
Putting these proportionate values in (2),
tion of the plane is given by
(x -2)+0.00—3)+2 (z—4)=0, or 5x—2z—2=0,
(1if) The d.c.’s of the z-axis are 0,0, 1. 1f the plane (2) i
parallel to the z-axis, we have
a.0-4+5.04¢.1=0. {6
a b c
35270
Putting these proportionate values of a, b, ¢ in (2), the requt
red equation of the plane is given by
3(x-2)-2(y—-3)=0, or 3Ix—2y=0.
Ex. 2. Prove that tlie equation of the plane through the it
(=1 2=(y+0)4=tz+ 1)/l and parallel to (x—2)]2=(y—1)]-"

- pn

he required eque

Solving (3) and (6), we get -

The Straight Line .

—=(z+4)/5 is 25x—I11y 17
2,1, - 4) lies on it
Sel. The equations of the given line are
(x—1)3=(y+6)/4=(z-+1))2.

2 -109=0 and show that the point

The equation of any plane through the line (1) is -

a(x—D+b (y+6+c(z4+1)=0 -(2)

where _ 3a+4b+20=0. ..(3)
The plane (2) is to be parallel to the line

(x—=2)2=(y—1)/(=3) = (= +4)/5. (4)

Hence the normal to the plane (2) is perpendicular to the:-l.

ine
(4), so that we have

2a—3h4350=0, ...(5)
Solving (3) and (3), we get
a b g a b c

2046 ~4 5 9 8 BT

Putting these preportionate values of a, b, ¢ in the equation
(2), the required equation of the plane is

26 (x—1)—11(y +6) =17 (z41)=0
or 26x —11y--17z—-119=0.

Substituting the point (2, 1, —4) in the equation (6) of the
pla_ne. we get 26 X2—11x1 -17x —4—119=0, or 0=0 ie. the
point (2, 1, --4) satisfies the equation (6) of the plane.

. Remark. In the above Exz. 2, the point (2, 1, —4) lies on the
ll_ﬂe (4) and also on the plane (6). Hence the line (4) will wholly
lie on the plane (6).

Therefore both the lines (1) and (4) are coplanar and the
€quation (6) gives the plane containing both of them.

Ex. J.
parallel lines

x+1 _y-2 z

Find the equation of the plane which contains the two

x=3_y+4 z—1

O T T R
Sol. The equations of the two parallel lines are
(x4+1)/3=(y—2)/2=(z—0)/1 (1)
and (x~3)/3=(p+4)/2=(z—-1)/1. (2)
The equation of any plane through the line (1) is
a(x+1)+b (y- 2)+ez=0, -(3)
Whure 32426+ =0. e

The line (2) will also lie on the plan> (3) if the point (3, —4,
h lying on the line (2) also lies on the plane (3), and for this we

e e e Sl
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i c=0. -
have a(3+D+b(—4 —2)+€;l=?’or 4ac 6b+ 6]
Solving (4) and (5), we get g =71~ 26" . X |
Putting these proportionate values of a, , ¢ in (3), the equ
red equation of the plane is
8(x+ 1)+ 1.y 2)—2
Ex. 4. Find the equation of the p
x=3} (y—3)=3%(z-9) and which is perpen
2%+ Ty—3z=1. ]
Sol. The equations of the given line are
(x—0)/1 ..-.(y—3)/2=-(z—-5)/3. ) .
The equation’of any plane through the line (1) 1s
a(x)+b (y- N+ (z-5=0 f2)
where 1 a4-2.6+3.c=0. .
Also the plane (2) will be perpendicular to the plane
2x+4Ty—3z=1
if 2.a--7.b—3.¢=0. ()
Solving (3) and (4), we get
g e 2
612" 6+3 T4 9~ 3
Putting these proportionate values of @, 4, ¢ in (2), the requi:
red equation of the plane is
—Ox+3 (y 3)4(z—5)=0, or 9x—3y— z414=0.
Ex. 5. Show that the equation fo the plane containing the line

6z=0. or 8x+y—26z+6=0.
lane which contains  the lin;

dicular to the plane

L
T

%I 2}%_3:12 and the point 0,7, —7) is x+y+z=0. Henct
show that the line %:y_%?: :j-;—f also lies in the same plane,
Soi. The equations of the given line are
(x+1)/—3=(y 3)/2=(z4+2)/1. (1)
The equation of any plane through the line (1) is
a(x+1)+b(y—3)+c(z4+2)=0 (2
where —3a+42b+1.c=0. ..

The plane (2) is also to pass through the point (9, 7. =7).
e a+4b—5c=0_

Solving (3) and (4), we get )

___a _ b c a

—10—4 TI1=155 2133 °F T

Putting these proportionat L -

red equatio%l oftheppI:ne is Svalusofa, b, ¢ in (). the seqit

@

b ¢
1 =71

The Straight Line 111
Lx+D+1.00=3)+1.(z42)=0 or x4y4z=0. ..(5
The equations of the second line are given to be
X F-F B3
1 2 3" ..(6)

The line (6) passes through the point (0,7, —7) and this
t also lies on the plane (5). Now the line (6) will lie in the

in
gfalne (5) if the normal to the plane (5) [whose d.r.’s are 1, 1, 1]
is pemendicular to the line (6), the condition for which is

‘81ﬂa+blb2+clcl,=0! ie. 1.141.241.(-3)=0,
which holds good. Hence the line (6) also lies in the plane (5).
This proves the required statement.

Ex. 6. Find the equation to the plan: through the point

1 gt w'y and the line (x — 2)/I=(y—f)im=(z—7y)/n.
(= %> 97 a0 (Gorakhpur 1981 ; Ranchi 68)

Sol. The equation of any plane through the given line is

n(x-—a)—|—_b(y—ﬁ)+c(z?y)=0 (D)

waere al+b.m+cn=0. ..(2)
The plane (1) wiil pass through the point («’, 8', ¥') if

a(e’ — )+ b(B'— B)+c(y'—y) =0. (3

The equation of the required plane will be obtained by elimi-
nating a, b, ¢ between the equations (1), (3) and (2). Hence elimi-
nating the constants a, b, ¢ between the above cquations, the equ-
ation of the required plane is given by

| X0 y—-pB -7y
Cwea B ey |=0
! f m n |
oF Z (x—a) {n(f"—f) -m(y' —y)=0
~ Ex.7. Show that the plane through the point (=, 8, 7) and the
line x=py+-g=rz+s is given by
| x  pr+g  rzts

{ « pitq

i1 1 1
Sol. The equations of the given line are
x=py+g=rz+s,

ry+s |=0.
(Meerut 1983 S)

or x—0 _y+(glp)_z+(sir)
T 1y _ yr - (D)
The equation of any plane through the line (1) is
a(x - 0)+b(y+qlp)+clz+s/r)=0 -(2)
Where 1.a+(1/p)(_)l;+‘(!lfr).c=0, .(3)
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the constants a, b, ¢ bet
hence it is given by
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i 5 s th
The plane (2) will also pass el
aatb(pgp)+cQ TS r=0.

The equation of the required plan

| x ytaqp SO ‘
| « pap  7HSF Y

|

1 1/p Lr ||

rough the point (a, 3, y)if

m{;

e is obtained by elimingg
ween the equations (2), (4) and (3,

Multiplying second and third columns by pand 7 respectiye

we get the required equation as

x  pytqg  rets

L« pBtg 1S i|=0-

T 1

Ex.8. Show that the equation of any plane through the ling

228 3B o T4 P EC

| m n m

where A+ p+v=0.

Sol. The equations of the line are
(x-a)fi={y—Pm=(z—y)".

The equation of any plane through the line (1) is
a(x -a)+-b(y—pr+ciz -7 =0

where al+bm4-cn="0.

Now choosing the values a=X\ I, b=pjm, c=v/n,

the equation (2) of the planc is given by
(x—a) A1) +(r—=B) (u/m)+(z=7y) (+[n)=0

A m v :
where -‘,—.H-;; -m—|—;—-n=0. o Adp4u=0.

This proves the required result.

==}

AL
n

Ex. 9. Find the equation of the plane through the line

ax—+by+ez=0=a'xLp'p4c'z

and ax+fy+yz=0=a's+f'y4+y'z.

Sol. The equations of the first line are
ax+by+cz=0=a'x4+b'y | ¢'z,

 This H.nc clearly passes through the origin, If/, m, n be!
d.c.’s of this line then we have Y

al+bm+en=0 and @'+b'm +e'n=0

The Straight Line 113

Solving these,
I m  n
be--b'c ca-ca ub—ab
Hence the symmetricai form of the first line 15
x y z

bc—bc ca—ca ab'-a'b A1)
The equations of the second line are
ax4pBy+yz=0=a'x+By+yz
This line also passes through the origin. Hence 105 symmetri=
x y z

pal forme 1S By -8By vi—vyz aB—aB (2
The equation of any plane through the line (1) is

Ax4 Py +Cz=0 s

where A(be'—b'c)+ Bica' —c'ay+Clab' —a'b)=0. -(4)

Also if the line (2) lies in the plane (3) tucn the following two
conditions must hold :

1. The line (2) passes through the point (0, 0, 0) and so the
plane (3) should also pass through (0, 0, 0) and clearly it is true.

Il. The normal to the plane (3) should be perpendicular to
the line (2), the condition for which is

ABy' —B'y)+ Blyx'—y'x)4+ C(ap’- a’B)=0. .(5)

The equation of the required plane is oblained by eliminatine
A, B, C between the equations (3), (4) and (5). Hence the equatio-
of the required plane is

x ¥ z |

be'—b'c ab’'—a'b |=0.
! By'--B'y ya'—y'«  af'—aB ‘
Ex.10. Find the equation of the plane through the point
(2, =1, 1) and the line x—3y+5=0=y—2z-35.
Sol. The equations of the line are
4x—3y+45=0, y—2z—5=0.
The equation of any plane through the given line [u.ing
P42A0=0]is dx—3p+3+A(y—22—5)=0. D
If the plane (1) passes through the point (2, —1, 1), we have
4(2)=3(- N+5+ 1 {-1-2.1-5}=0
o 16—84=0 or A=2.
Puttine the value of Ain (1). the equation of the required
plane is
Ax—3y+4 542 (y—2z-5)=0or x—y—4z=3.

ca'—c'a
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Ex. 1. Prove that the equation to the two planes inclined ay o,

angle o 1o xv-plane and containing the line y=0, Z €05 p=xsing,
(x2+y?) tan® B+2*—2zx tan B=)" tan® a. (M-l_J- 1999p,
Sel. The equation of any plane through the line ysi
Z cos B=ux sin B is given by
(x sin B—z cos B)+Ay=0. _ -(l)
The other plane is the xy-plane, whose equation is z=01ie,
0.x+0.y+1.z=0. |
The d.’s of the normal to the plane (1) are sin B, A, —cosg
and the d r.’s of the normal to the plane (2j-are 0, 0, 1. Also th;
angle between them is « and bence we have
sin B.04A0—cos B.1

COS &= (sin* 2 + A" +cas? By (0+0+1)
or cos a 1/(sin? B+ cos® B+ AF)=—cos B .
or cos « /(1 A%)=—cos
or (AT 1) cos? a=cos? B
or A* cos® a=cos? B—cos® «
or A== 47 (cos? B—cos? a)/cos a.

It gives two values of A and hence there are twc planes con
taining the given line and inclined at an angle « to the xy-plane
Substituting these values of A in (1) and multiplying both th
equations thus obtained the combined equation of the two required
planes is given by

V/(cos? B—cos? a) }
P ¥y

COsS

{x sin 8—z cos B+

{ xsin f—zcos f— \_/Ec:_cg.’ég?—:os' o) ¥ }:-0

cos? B—cos? «
cos? a
or x?sin? B4-2%cos? B—2xz sin 8 cos B4y* =y cos? B sec? a.
Dividing throughout by cos? 8, the above equation becomes
X tan® f428—2xz tan B4 y? sec? B =y? sect? o
or x®fan® 428 —2zx tan B4p2? (1+tan? B)=3% (1+tan? «)
or (x*+)?) tan® 84 2% - 2zx tan B=)* tan? «.

-Ex. _12. The plane Ix +my=0 is rotated about its line of inter
section witl the plane z=0, through an ungle a.  Prove that il
equation of the plane in its new position is

Ix+my+z+4/(124m?) tan 2=\,

or (x sin 8—2z cos 8)*— y2=0

| ol
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Sol. The equations of the given planes arc
Ix+my=0 N and z=0. ...(2)
The equation of any plane through the line of intersection of
the planes (1) and (2) is
Ix+my+2z=0. ~{3)

suppose the plane (1) when rotated through an angle = about
its line of intersection with the plane z=0 has the equation (3)-
Thus the angle between the planes (1) and (3) is .
I 14+m m40.2
COSEZ VI m) (I m X

VIR m?) " 1+m?
or cos m=m, ar  cus® a:m,
&F (*+m?) (1 —cos? a)=A cos? a
or A=([*+m*) 1an? a, A=/ (P+m’)tana.

Putting this value of A in (3), the required equation of the
plane in its new position is given by
Ix+my+(1*+m?).ztan a=0.
§7. Foot and length of perpendicular from a point to a lioe.
(A) Line in symmetrical form.
To find the equations and length of the perpendicular distance of
a polnt P (xy. ), 2:) from a given line
x—a v—fB z—y
T m n
The equations of the given line in symmetrical form are

x—“—y;ﬁ=:__-._7_’: r (gay)_

T m n (1)
The co-ordinates of any point N on the line (1) are
(atIr, B+mr, y+nr). w2

Let this point N be the foot of the perpendicular from the
point P(x,, y,, z,) to the line (1), so that the line PN is perpendi-
cular to the line (1).

The direction ratios of the line PN are given by

a+dr—x,, B+mr—y,. y+nr—z. v+(3)
Since PN is perpendicular to the line (1), using the condition
®ag+byby + ¢,c,=0, we have
P (ad-lr—x)+m (B+mr—yp)+n (y+nr—2)=0
or r(Bhmi4nd)=I (x—a)+m (1m—B)4 n (2—7)
B rell (xy—a)+m (y—B)4n (=) +m’ + ).
(4)
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The equations of (he perpendicular from the pojy

P(xy, y1, 2,) to the line (1) are given by
x—x; __ Y= _, zZ—4
mf—:f|7ﬁ+ mr—nM y+nr—2z, ()
where r is given by (4).

Also substituting the value of r from (4) io (2), the co-org;
nates of the foot N of the perpendicular are determined, and the;
the perpendicular distance PN is easily calculated. See Ex, |

_which follows after part (B) of this article.

(B) Line in general form :

To find the equations of the perpendiculdr llne from the poin
P(x,, y,, 2) o a line whose equations are given by

ax+by+cz+d=U:a’x+b’y+c'z+d'.

The equations of the given line in general form are
ax+by+cz+d-0, a’x+by+c'z+d'=0. (1)
The perpendicular from a polnt P to the given line (1) Is the
intersection of the two planes namely (i) the plane through the given
polint P and also through the glven line and (ii) the plane through
the point P perpendicular to the given line. [Remember|
Let I. m, n be the d.c’s of the given line (1), then we have
al+bm+en=0, and a'l+b'm+c'n=0.
Solving these, we have
! m _ n
be'—bc cad-ca ab—dab A7)
Now the equation of any plane through the line (1) is
given by

(ax+by+ez+d)+A (a'x+ by +c'z4d')=0. ()
If the plane (3) also passes through the point P(xi, yy. 4l
then (axy,+by,+ez,+d) LN (@'x, +b'y, 4’2, +d)=0
or A=—(ax,+by ten+d)/(@'x + b+ 'z +d').

Substituting this value of X in (3), the equation -of the plane

through the point P and the line (1) is given by
axtbyt+cz+d _ a'x+by+e'z+d

ax,+by+ez+d a'x+by ez, +d wld)

Now we are to find the equation of the second plane which

passes through P and is perpendicular to the lie (1).
Sincc'the plane is perpendicular to the line (1), therefore tht
d.r.’s of its normal are proportional 10 I, m, n given by (2

The Siraight Line 17

Thercfore the equation of the planc perpendicular to the line (1)
and passing through P (xy, y;. 2,) is
IHx=x)Fm(y=yitni(z—z)=0, ..(5)
Therefore the cquations of the perpendicular line from the
oint P(x;. y1, &) 1o the line () are given by the equations (4)
and (5)-
SOLVED EXAMPLES (E)

Ex. |. Find the equations of the perpendicular from the point
3, =1 1) 10 the line %:15)_;2 = 2-4:—3. Find also the co-ordinates
of the fuot of the perpendicular.  Hence find the length of the per-
pend:'cu!ar.

Sol. The given point is P (3, —1,11) and the equations
of the given line are

x—0 y—2 z-3

5 3—=4—=r(say). (D
The co-ordinates of any point N on the line (1) are

(2r, 3r+2, 4r3). e(2)

Let this point N be the foot of the perpendicular from the
point P(3, — 1, 11) to the line (1),

Then the d.r.’s of the perpendicuiar PN are

2r—3. (3r+2)=(=1), (@r+3)-11,
or 2r -3, 3r43,4r 8. ...(3)

The d.r.”s of the given line (1) are 2, 3,4. Now PN s per-

pendicular to the line (1). The condition of perpendicularity gives
(2r—3).24(3r+3).34(4r—8).4=0,
or 29r -29=0, or r=1,

Putting the value of r in (2), the foot N of the perpendicular
is the point (2, 5, 7).

Putting the value of r in (3), the d.r.’s of PN are —1, 6, —4.
Hence the equations of the perpendicular PN from the point
P(3. —1, 11) to the line (1) are

%3 _p¥l_z—11
5 T =4

The length of the perpendicular PN=the distance between
the points P(3, —1, 11) ard N(2, 5,7)

=V[(3=2) (=15 +(11=7)]
= /(14364 16)=v(53).
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‘Ex.2. Find the equations of the perpendicular from origin ,

the line
ax+by+cz+d=0- g x4by+czt d'=0.
Sol. First read § 7 (B) again and then solve this problem.
The equations of the given linc are
ax+by+cz+d=0, ax+b'y+cz+d'=0. )

We know that the perpendicular from 2 given point Ptog

the two planes, pamely (i) the
P(0, 0, 0) and also through g
point P perpendicular

given line is the intersection of
plane through the given point
given line and (ii) the plane through the
to the given line. Thus we proceed as follows :
The equation of any plane through the line (1) is
ax+by+cz+d+A (@'x+by+c'z+d)=0. (2)
If the plane (2) passes through the point P(0, 0, 0), then
d4+Ad'=0, or A==—djd".
Putting this value of A in (2), the equation of the plaoe
through the origin and the gl\;Cﬂ hne is
(ax+hy+ez4+d)—(d/d') (ax+by-+ec'z+d')=0
or (ad'—a'dy x4 (bd'—b'd) y+(cd' —c'd) z=0. (3)
Now let I, m, n be the d.r.’s of the given line (1), then
al4+bm+cn= 0, and a'l+b'm+c'n=0.
[ m n
be—bc a2 ca" ab'—ab ...(4)
Thus the cqua‘non oflthc plane through P0, 0, 0) and per-
peniicular to the line (1) is-
Hx=0)+m (y—=0)+n (z=0)==0
or (bc'—b'c) x+(ca'—c'a) y+(ab'—a'b) z=0. .05
Hence (3) and (3) together are t i i
cular from the origin to li-: given Im:.cl:?.na“ons of The perpendg
Ex 3. Show that the di :
A il ifc{a:fzdv:j :ne point P(a, B, y) from
J / 1 neasured parailel 1o the

Solving,

plane ux4by+ cz4+d=0 Ls given by
aulaitbite?) Zim(z — )=y —B)F— [E(x, —a)(bn—cm))
(@l+bm+cnj? —
Sol. The equations of the given line are
(x=x,i/l=(y=y)im=(z—z)/n=r, (say). (1)

Any point Q on (1) is
(x1+Ir, yr+mmr, z,4-nr),
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Now P is the point («, £, ) and hence d.r.'s of PQ are

xytlr—o, yr+mr—8, z,4nr—y,

It is required to find the distance PQ measured parallel to
the plane ax-}—by-—|-€2+d¢0. Now PQ is parallel to this plane
and bence PQ will be perpendicular to the normal to the plane

ax+by+cz4d=0,

Therefore we have
(Ir+xy—a) a+(n+mr—B) b+(zy+nr—y) c=0
r=—[a (X, —&)+b (n—Fl+c (zi—y)lal+bm+en). ..(2)

or
Now d?=PQ'=(xy+Ir—aj -+ (yi+mr— B +(z+nr—y)?
or d*={Ir+(xi— AP +{mr+ (1= B)*+ {ar+ (2 yf
or di=r* (PP 4n?) 4+ 2 {I(x,—2)+m (y—B)+n (5, —y))

H{xi—at+ v =Bl +Hz—y. d)
Putting the value of r from (2) in (J) and using Lagrange’s
identity, we get the required resulf.
Ex. 4 Find the distance of the point P(3, 8, 2) from the line

x=1_y=3_2=2 Lonsured paraliel to ithe plane

3x42y—2z4+17=0.
Sol. The equations of the given line are
(x—1)[2=(y=3)/4=(2=2)[3=r, (say). k1)
Any point @ on the line (1) is
(2r+1,4r43, 3r+2).
Now P is the point (3, 8, 2) and hence d.r.’s of PQ are
2r-+1--3, dr+3—8, 3Ir+2—2ie 2r=2, 4r—3, 3r.
1t is required to find the distance FQ measured parallel to
the plane
Ix42y—2z+17=0. wes(2)
Now PQ is parallel to the plane (2) and hence PQ will be
perpendicular to the normal to the plane (2). Hence we have
(2r—2) 3)+4r—3) 2)+@r) (=2=0,
or 8r—16=0, or r=2.
Puiting the value of 7, the point @15 (5, 11, 8).
Required distance=The distance between P (3, 8,2) and
i Q (5 11, 8)
= V(=5 48— 1) +(2-8Pl= V(4 19+36)=T.
Ex. S, The equations to AB referred tv rectungula; axes are
“fdewul—3=2z/6. Through a polnt P(l,2,5), PNis drawn per-
Pt ior to AB and PQ is drawn parallel to the plane 3x+4y+52=0
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to meet AB in Q. Find the equations 10 PN and PQ and tp, |
ordinates of N and Q. )
Sol. The equations of the ine AB are given as
x|2=yp/—3=z/6=r (say). _ ) ol
Any point on (1) is (2r, =31, br). Let this point be N, Al
Pis(1,2,5)
The d.r.'s of PN are 2r -1, —3r—2, 6r—>5. .
Now PN will be perpendicular to the line AB given by h
equations (1) if .
2 (2r— 1 +(=3) (=3r—=2)46 (6r—5)=10, of r={s.

52 =78 156
Putting the value of r, we have N (E' 29 39
52 —78 156
i ] o ez I — — )
and d.r 's of PN are 5 1 29 2, 39

of 3, —176, —89.
Thus the equations to PN are
x—1 y=2 z—5
T ST ol
Again the co-ordiudtes of any point @ on the line (1) ar
(2r, —3r, 6r) and the pont P is (1, 2, 5).
The d.r.’s of PQ are 2t —1, —3r—2, 6r—35.
Now PQ is drawn parallel to the plane
3x4+4y+5z=10). 3
The line PQ is perpendicular to the normal to the plan:
(3), whose d.r.’s are 3, 4, 3.
Theretore we have
3@r—i)+4 (=3r=2)45 (6r—35)=0, or r=3.
Putting this value of 7, we have @ (3, —92,9) and d.r’s of
PQare 3—1,(~9/2)—2, 9-5 j e, 4, —13, 8.
. The equations of PQ are given by
x—=1 yp-2 7.5
ERR T Dl
The projection (or image) of a line on
The method is explained by the foi
The line is in symmetrical form.

Ex. 6. Whar do you understany by the projection of a line O
ag:;ﬂen plane 1 Find the equaiions of the projection of the lin
i y+1 z—3 €
R 5 on the plane x - t+z=6

(or io) a given plane.
lowing cxamples.

The Siraight Line .

Solution. Definition 1. The projection of a line on a given plane
is the line of ntcrsection of the two planes namely ({) the given plane
and (ir) tie plane through ihe given line and perpendicular fo the
given plane.

Delinition i.  Let P be the point of intersection of the given
line with the given plane and let Q be the fuor of the perpeadicular
from any point on the line to the plane, then the line PQ is said to
be the projection of the given line on the given plane.

Now we give the solution of the given problem using both
definitions one by one.

Using definition 1.

The equations of the given line are

X »lg'y+]_z__3

2 —1 4 ()
and the equation of the given plane is x4+ 2y 4 2=6. ...((2)
The equation of any plane tbreugh the given line (1) is
A@x-D+B(y+1)+C z-3)=0 . (3)
where 24- B +4C=0. 4)
The plane (3) wili be perpendicular to the plane (2), if
A+ 2B +C=0, ()
Solving (4) and (5), we get r"g-_--zﬁig,

Putting these proportionate values of A, B, C in (3), we have
I x—-DH2(p+1)+5(z-3)=0
or Ox—ly-Sz44=s0), . (6)

The cquutions (2) and (6) together are the equations of the
line of projection.

Using defioition 2.

The co-ordinates ol any poiot on the hne(l) are (2r41,
—r—1,4r43). lLei::s be the pewnt of intersection P of the
given line (1) with ihe given plane (2). Then P (2r+1, —r—1,
4r+3) wi'l lie on the plane (2).

2r 142 (--r—1)+4r43=:6, or r=1,

Putning iy vaiuve of r, the point Pis (3, -2, 7).

Now the line (1) clearly passes through ihe point (1, — 1, 3)
and hence this is « point on the viven Line (1). Now we are (o
find the 100t ol the perpendicular @ from (I, —1, 3) to the
plane 12). .

The dr’s of ioe corma! (o the plane (2) are 1,2, 1 and
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-1, 3) and perpeng;,

hence these are d.r.'s of the linc throug! _ !
. ,~ations of this perpey.

cular to the plane (2), and therefore ..
dicular line are )
2= ! ___)’L.,___ st =r (say).
1 2 1
Any point on it is (n+1, 2n—1 o).
point O and so it will lie o the plane (2).
142 (2r,— V) +n+3=06, or rn=3:.
Putting this value of r, the foot of the perpendicular Q is
(5/3, 1/3, 11/3).
The equations of the projection i.e. the equations of the
line PO joining the points P (3, —2, 7) and @ (5, §, %) arc
x—3 }’1’2 z—T .\'—-3)_)?“*‘2:2:?
e i S T AR (VR ()
Remark. If the equations (2) and (6) are transformed to
symmetrical form, we shall get the equaltions (7) of the projection
PQ. We note that if we waul (o find the equations of the projec-
tion in general form then we use definition one, and if we wan
symmetrical form then we use definition two.

Let this be t(h,

kx. 7. I Lis the line x;—l-ﬂ_li-—-z:r—z , find the direction
cosines of the projection of L on the plane 2x-+y—3z2=4 and ihe
equation of the plane through L parallel to the line
2x+Sy+3z=4,x-y dz=6.
Sol. The equations of the line L are
x—1 y—0_z42

e Al
Any point on the hne (1) is (2r1, —r, 7—2).
If it lies on the given plane 2x+y— 3z=4, A

we have 22r+1)4+(—=r)=3 (r—2)=4, or 0.r4+4=0.

This relarion is impossible and we do not get any value of/
as the coefficient of r is zero. This shows that line (1) is paralle!
to the plane (2). Hence method of definition 2 (see Ex. 8) capno!
be used here. Now we shall use method of definition 1.

The equation of any plane through the line (1) is

A(x—1)+By+Cz42)=0, e
where 24—B+ C=0. L

The plaue (3) will be perpendicular to the plane (2) if
24+ B—3C=0. .3
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Solving (4) and (3), we get
A B C A
28 & My
Putting these proportionate values of 4, B and Cin (3), the
equation of the p'lanc through the line L (1) and perpendicular to
the plane (2) is given by
1 (x=1)+4.y42 (242)=0
or x+4y4+2:43=0. ...(6)
The equations (2) and (6) together are the equations of the
line of projection of the line L on the plane (2).
Let /, m, n be the d.c.’s of the line of projection given by (2)
and (6). Then we have
2i+m—3n=0 and |+ 4m4 2n=0.

: I m n
[ x, ‘_:_._.
Solving these, we ge i
I m __n V(P4+mE4n?) 1
or 2 —1 1

VIO =D} V6

1=2/4/6, m=—1{4/6, n=1/4/6.
Hence d.c.’s of the line of projection are 2/4/6, —1/4/6, 1/4/6.

Now to find the equation of the plane through the line L and
parallel to the line

2x4-5y+3z2=4, x—y—5z=6. (7)
Let I,, im,, m; be the d.c.’s of the line (7',
Then 20 - dmy 4 3ny =0, |, —my—5n,=0.

Ml Eﬁl

" ho_
Solving these we get ST
Now the equation of any plane through the line L (1) is given

by (3) provided the condition (4) bolds. If the plane (3) is parallel

to the line (7), then the normal to the plane (3) will be perpendi-
cular to the line (7), the condition for which is

22A—13B+7C=0. we(8)
Solving (4) and (8), we get
A B c A B C

S P ) T m;:iﬁm oryEIT 42
Substituting thuse proportionate values ot 4, Band C in (3),

the equation of the plane through the line L (1) parallel to the
line (7) 1 given by

3 (x—1)+4y—2 (z+2)=0, or Ix+-4p—2z=T.
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The line in general form.

Ex. 8. Find the projection of the line 3x—)y+2z= L,
x4 2y—z=2 on the plune Ix+2y+z=0.

Sol. The equations of ihe given line are

Ix—p+2z=1 2 +2y -2=2 ()
Thez equation of the given plane is x4 2y+z=0. w2
The equation of any plane through the line (1) is
(3x —y+2z—1)+4 (x42p-z--2)=0

or BHA) x4~ 1+2) y42=d) z—=1-N=0. .0

The plane (3) will be perpendicular to the plane (2),1f

334N+ 2=+ 1 (2-0)=b, 0or A=~ 3.

Pulting this vaiue of A in (3), the cquation ol the plane
through the nne (1) and perpendicuiar to the planc (2) is given by
(B-3) x+(-1-3p+ 2+ z—t4+3=0
or Ix - 8p4-Tz44=-0. (4)

The projection ol the given line (1) on the given plane
(2) is given by toc cquations (2) and (4) together.
Note. Uhe symmetrical form of the projection given above
by equations (2) and (4) is
x+i y—% z
—ii 8 B
§ 8. Copglanar Lines. Tu find the conduion that the two lines
whase equations are given may ve coplanar ie. should (ntersect and
to obtuin the equetivn of the plane containing them.
(Gorakhpur 1982)
Two lines are called coplanar if they intersect. Even if the
two lines arc parallcl, they are aise coplanar because they will
intersect at infinity and will satisty the condiion of coplananty
given below.
The equations of two lines may be given in three ways :

(A) Both lines in symuoictrical form, (B) onc hine in symme:
trical form and the other in general form, and (C) both lines i
general form.

Now we shall discuss these cases one by one.
(\\-\.) Both lines are given in symmetrical form :

(Avadh 1981, 82; Allshabad 80; Kaupur 76, 81)
Let the equations of the two eiven lines be
(x—xi)/h=\y = yr)imy= (2= zy) m, o)
and (x=xa)/lb=(y—pal/m, (2 z))[n,. )
The cyuation of any plane through ¢ line (1) 1s

| ol
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A X =X)+B (y= 1)+ C (z—2,)=0, (3)
— Al +Bm, - Cn, =0, ()

For the lines (1) and (2, to bz coplanar, the plane (3) should
pe such that the line (2) also lies in this plane. Then the normal
to the plane (3) will be perpendicular to the line (2) so that we
have Aly + B+ Cny=0. _(5)

Again the point (xXg, ya, z5) through which the line (2) passes
will also lie on the plane (3) so that we have

A(x2— x1) 1 B(ys - 1)+ Clzz— 2,) = 0. ..(6)

Hence the required condition that (ke lines (1) and (2) are

coplanar (i.e. are intersecting) is obtained by eliminating A, B, C
from the relations (6), (4) und (3), and is given by

Xo— Xy Ya=Mn L=y |
I, , n =0, (A)
I, my ny !

The equation of the plane containing the lines (1) and (2) is

obtained by eliminating A, B, C between (3), (4) and (5) and is
given by

X—=Xi  y—n

Z—Z
|
[ I ny n, =0,
|
| Iz g ny

The point of intersection of the lines (1) and (2).

The co-ordinates of any point P on the line (1) are (hr;4 %,
mr+y,, mn+z)and those of a point @ on the line (2) are
(lro+x,. MyPy-+ Yo, Nary+2,).

If the lines (1) and (2) intersect, then for some values of ry
and ry, the points P and Q should coincide, i.e. we have

or hrit Xy= borg 4 xg, myry - yy s mory ya, mr+2i=nyry+ 2
(xy—=xo) 4 [yry = lyry=0), )

aid (31— ya) 4 nuyry — mare=0 .(8)
(21— 23) 4 1y = iary=0. (9)

b §olving lt_l.t_a relations (7) and (B]_tpe values qf r, and r, are
: ained and if these values also satisfy the relation (%), then the
al:tdts g.l] and (2) are coplanar otherwise not. In case the lines (1)
5 ( l are coplanar. on substituting the value of r, (or r) the
O-ordinates ot the point of intersection P (or Q) are obtained.
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Also by eliminating 7, and -7, between l:w relall:oﬂslg:'@]
and (9) the condition that the lines (1) and (2] Bré COR L
given by

{
[ X=Xy L I, |
|
hi—Y:  m my =0
| ny |
| =22 m ‘

or \ L m, m =0.

l-; My mny ]
(B) Oue line is given in symmetrical form and the other line
is given in general form.
o : (Agra 1973 ; Meerut 82S ; Allahabad 76, 81)
Let the equations of the two given lines be

(x—)/l=(y--p)m=(z—2)n ---U}l

and  ax+by+aztdi=0=dx byt ez td. ()
The equation of any plane through the line (2) 15 )
(@x4byy+ez4d)+A (@ax+boy+ coz+da)=0 o .]

OF  (ay+Aay) X+(by+Aby) p+(ci+ Ace) z+(dy +Ada)=0. (3]

If the line (1) is parallel to the plane (3'), ) then the normil
of the plane (3') will be perpendicular to the line (1) andso
have I (a4 Aay)+m (by+Aby) 4 n (¢ + Aca) =0
or Afad+ bym -em)y=—(a,l +bm+en)

A= —(a,l4 bym+cyn)fiaal+ bom 4 con). )
Pulling this value of A in (3), the equation of the plaw
through the line (2) and parallel to the line (1) is given by

ax+by+ez+d, azl+bgb'-f-f'gz+_d1 . :
' al+bm4cin T apl + by +oon w3

The line (1) passes through the point (x,, yy, z,) which .mll“
lie on the plane (3) if the lines (1) and (2) are coplanar ie., 1111"=f'r
secting. Thus for the lines (1) and (2)to be coplanar the PD}Q'
(X1, ¥1. 2,) should satisty the equation (5). Hence the conditiof
that the lines (1) and (2) ure coplinar is given by

or

Xy £ by )y + 032y 4+ d
Talrbmtan © adibmten | w0
If the condition (6) is satisfied the lines (1) and (2) are inte!
secting (or coplauar) aud the plane conlaining both the lines?
given by the equation (3),
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Alternative Method : The co-ordinates of any point P on the
line (1) are (Ir-+X1, mr+yy, ar4-2,). If the lines (1) and (2) are

intersecting then the point P should also lie on the line (2). Hence
we have

a (Ir+x1)+by (mr+4y,)+¢, (nr+2,)+d=0, }
and as (fr+x)+by (mr+y) ¢, (nr +2,) +d, - 0.
From these, we get

r(aI4+-b,m+cyn)= ‘-(ﬂ:>-'1+b1}’:+ azntdy), }

and r (@gl+-bom+€an)=—(asx, +byyy +c32, +dy).
Eliminating r, the required condition that the lines (1) and

(2) are coplanar is given by

X +bvi+62, 44, _ﬂzx|+bgvl+t‘22;+d’
al+bymten = @al+bym+can
(C) Both the lines are given in general form :

Let the equations of the two lines be
atx+b1y+clz+d.-=0=a,x+b,y+r,z+d2, ..(1)
a:,x+bsy+C;z+d3=-0=a,,x+b.y+c.z+d.. ...(2)

If the lines (1) ond (2) are coplanar, these will intersect in a
point say the point (x, 8, y).

and

The co-ordinates of this point must satisfy the equations of
the four planes representing the two lines, and 50 we have
aa+biftey+d, =0,
8yt + 03B + coy+dy =0,
‘aya+ byB ey +ds =),

and Gyx+byf+cyy+dy =0,
Eliminating «, 3, y between the above four relations, the
reqiired condition s given by
.| a, b] Cy dl =0
Il ag by Ca dy
|
| O3 by Cy d
Coa, by 4 dy
Remark,

The expansion ofa fourth order determinant is
usually difficylt

and therefore it is convenient to  solve numerical
cxamples by first reducing the equations of the lines to symmerri-
hen proceeding as in case (A).
SOLVED EXAMPLES (F)
at the lines § (x+3)=} (y+5)=—1 (z—7) and

=—(z+4+1) are coplanar.
taining them.

cal forms and ¢

Ex. 1. Show ih
}{x+1;=,15. (y+1) Find the equation of
the Plane ¢on

(Rohilkband 1982; Madras 76)
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pations of the given lines are
ot -}-Jl::-e;;l,’?-m(r-l- 5)3=(z=T)—3=n ((SB)')]- E::
E =(r+1)jS=(z+ 1) =127 (58Y) (2
o The co{:).L:r)\‘:cs(;):—an{; point P on the line (H are (2r,—3,
3r,—5, —3r, +7) and those of any poiat 0 on the line (2) are
(drg—1, Sra—=1, —rz =1). ‘

If the lines (1) and (2) are coplanar then they 1nlrrse:it ?_md
hence for some values of r, and r; the points P and Q coincide,
Thus we have

2, —3=dry—1, 3r,—5=5r,— 1, —in41=—r—1
or r—2rg=1, 3r,—5ra=4, Ir,—ry=8.

Solving the first two equations, we gel n=3,n=1L

These values of ry and ry also satisty the third equation, and
nence the lines (1) and (2) are coplanar (i.e. intersect).

Putting the value of ry (or the value of rs) the co-ordinates of
the common point of intersection i.e, P (cr Q) are (3, 4, —2).

Now the equation of the plane containing the lines (1) arnd
(2) [i.e. the plane contaiving ke hne (1) and parallel to the line
(2))is

| x+3 y45 z-1

|2 3 ~3 |=0 [See § 8 (A))

| 4 5 -1
)= (=H =+ (=1 =(=3) 4
or  (x43)3=D—=(=3)-(p+3){ L
or (x4+3).02—(p+5).10+(z-T).(=2)=0 or 6x—5y—z=0
Ex.2. Prove that the limes} (x—1)=4 (y—2)=} (z—3) and
F(x—2)=}(y—3)=5% (z—4) are coplasar find their point o
fntersection. (Beranmpur 19515 ; Lucknow 81 ; Meerut 75)
Also fina the equation of the olase in which they lie.
Sol. The equations of the given lines are
(x—1)/2=(y—2)[3=(z- D)/4=r, (say). Al
and (x - D)3=(y=3)/4 =(z -4)[5=ry (say). (Y
The cn-ordinates of any point P on the line (1) are (2n+h
3r, 42, 4r,+-3) and those of any point @ on the line (2) are
(3ra4 2, dry+3, Sru+4). _
If the lines (1) and (2) are coplanar tben they intersect and

hence for some valuss of 7y and ry the points 2 and Q coincid®
Thus we have

r
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2r+1=3r42, or 2n—3i,=1 l(3)

I +2=4r;+3, or 3r,—d4r,—| ...(4)

20d 4r,43="5r.+4, or 4r—Sp=1. A5
Solving (3) and (j): we get F1='-1, ==l

These values of r; and ry also satisfy the equation (4), and
hence the given lines (1) and (2) are coplanar. Putting the values
of ry (ot of rg), the point of intersection P (or Q) is (=1, =1, —1).

Now the equation of the plane in which the lines (1)and (2)
lie is given by

2 3 4 |=0 [See § 8 (A)]
3 4 5 |
or x—2y4+2=0.
Ex. 3. Show rthat the lines
(x+D/(—=3)=(y=3)2=(z+2)/1
and

x[1=(y=N(=3)=(z47)2

Intersect. Find the co-ordinates of the polnt of Intersectlon and the
equatlon to the plane containing them.

(Agra 1979, Gorakbpur 82, Kanpur 81, Rohilkhand 77)
The equations of the given lines are
(4 Df(—3)=(y—3)2=(2+2)/1=n, (say) (1)
(x=0)/1=(y =(=3)=(z4+T7)2=r, (say) -(2)
The co-ordinates of any point P on the line (1) are (—=3r,—1,

2n+3, r,—2) and those of any point Q on the line (2) are (ry,
_3"‘+?: 2"!_?).

Sol,

and

If the lines (1) and (2) intersect (fe. are coplanar), then for
?me values of r, and r, the points P and @ coincide. Thus, we
ave

—3n—l=r, or 3ntrn=-1 )]
2r43=—3r,+7 or 2r+3r=4 . (@)
!4 f=2=2r—7, of K—2rp=—3 il 8y~

S"l\"mg (3) and (4), we get r=—1, =2,

" These values of r, and r, also satisfy the equation (%), and
ence the given lines (1) and (2) intersect. Putting the value of r,
(O of ry), the point of intersection P (or @) is (2, 1, =3).

- Now the equation of the plane in which the lines (1) and (2)
lie is given by

) “—_
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|——-3 2 1 =0

[ T | 2 |
or (x+1) (4+—(y—3) (—=6—=1)+(z+2) (9-2)=0
or x+y+z=0.

Ex.d. In each of the following cases show that the two given
lines are coplanar :

(M P(x=5=}(y—"N=—1(z+3)} (x—-8)=(y—4)=} (z—9).
Also find their point of intersection and the equation of the plane
in which they lle.

(il) x=} (y—2)=} (z43); } (x=2)=} (y—6)=1} (z—3).

Also find thelr point of intersection and the equation of the
plane fn which they lie, (Indore 1979, Madras 75, )

(ifi) § (x=N=}% (y=D=} z—1): } (x=5)=} (y—D=(=9).
Also find the equation of the plane contalning them.

(Ranchi 1976)
(V) (x—1D)=3} (y=1)=} (z—1); } (x—94)=} (y—6)=4 (z=T7)
Also find their polnt of intersection. [(Gorakhpur 1978]

Sol. Proceed exactly as in Ex. (2 or 3) above. The
answers are
(i) (1,3,2),17x—-47y-242+172=0.
(i) (2,6, 3), x—2y+z4+7=0.
(iii) x—2y+2z=0. (iv) (2,5, 7).
Ex.5. Prove that the lines
(x—a)fa’=(y—b)/b'=(z—c)/c’
and (x—a')Ja=(y—=b")b=(z—c")/c
intersect and find the co-ordinates of the point of intersectton and tht
equation of the plane in which they lie. [Agra 1982
Sol. Any point on the first line is P (a'ry+a, b'ry+b, c'r o)
and any point on the second line is Q (ar,+a’, bro+ b, crgtc)
The given lines will intersect if for some values of r, and rs 18
points P and Q coincide. Thus, we have
a'ri+a=ary+a’, |
b'ri+b=br,+ b,

These equations are clearly sati¥
and e'rite=cry+c’

field by ri=ry=1.
Hence the given lines intersect. Putting the value of i (of
of ry), the point of intersection P (or Q) is (a+a', b4, c+¢')

-
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Now the equation of the plane in which the given lines lie is
given by
x—a }’—b Z—c¢ x ¥ z
a’ b ¢ |=0,0r| a & ¢ |=0
|
a b ¢ \

Ex. 6. Show that the lines
x—a+d_y—-a_z—a+d
a—8  « a+8
d x—b+c_y—b=z_b._c
® B~y B Bty
zre coplanar and find the equation of the plane in which they lie.
Sel. The given lines will be coplanar if
(b—c)—(a—d)  b—a  (bt+c)—(a+d)

a—8 « «+8 =0. [See § 8 (A),
condition (A)]
B—y B Bty
Adding the third column to the first column, the determinant
on the left hand side
| 2 (b—a) b—a b+ec—a—d
= o o a+8
28 B B+y
b—a b—a b+c—a—d
=2 o o a8
' : By

=0, the first two columns being identical.

8 Hence the condition of coplanarity of the two lines is satisfied.
€nce the given lines are coplanar.

_ Now the equation of the plane in which the given lines lie is
Blven by
X—a-+d Vy—a z—a—d
x—a o

B—y B Bty

k
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Adding the third column to the first column, we get

x+z—2a y—a z-a—d
2a &% atd }|=‘0'
28 B Bty

Subtracting two times the second column from the firg
column, we get

x+z—-2y y—-a z—a—d
0 o D‘.+8 =0
0 B Bty

of x+z—2y=0 as the required equation,
Ex. 7. Prove that the lines

will lie in one plane if
(lja) (b—c)+(m[B) (c—a)+(nfy) (a—b)=0.
(Garhwal 1978; Kanpur 81, 83; Meernt 89

Sol. We clearly see that the three given lines pass through
the origin O and therefore they will be coplanar if they ar
perpendicular to a line through the origin 0.

Let £, 7, { be the d.c.’s of this line through the origin 0
Hence if this line is perpendicular (0 the given lines, we have

fataB+Ly=0, Al

faa+nbf + oy =0, ()
and gl4gm+in=0. L
Solving'(1) and (2), we have
§ _ 09 __ i
cBy—bBy aay—cay bafB—aaf
3 i L

=

o (b—c) By (c—a)ay (a—bjap

Putting these proportionate values of £, 4, { in the equati’
(3), we have
1By (b—c)+ may (¢—a)+naf (a—b)=0,
Dividing throughout by «fy, we get
(lfe) (b~ )+ (m[B) (c—a)+ (nly) (a—b)=0

as the required condii®’

=
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Ex 8. Show that the lines
X uy_ Z_ x ¥y z
2~ 08 "5y 2la BB 7T
are coplanar ifa=h or b=c or c=a.

%) =
a £y

Sol. We clearly see that the three given lines pass through
the origin O and therefore they will be coplanar if they are per-
pendicular to a line through the origin O. Let I, m, n be the d.c.’s
of this line through the origin G. Hence if this line is perpendi-
cular to the given lines, we have

laa+mbB+ncy=0. (1)
Ixfa4-mBjb+ny[c=0, «:(2)
and la+mB+ny=0. -(3)

Eliminating /x, mB and ny between the equations (1), {2) and
(3), we get the condition for the coplanarity of the given. lines as

a b c
l/a 1/b /e |=0.
1 1 1

Multiplying Ist, 20d and 3rd columns b .
we have umns by g, b, ¢ Iespec!_lvgly'

az bz Cz , I. l I
| ! ' 1 |=0, or a b ¢ |=0,
a b c Iogt b2 ot |

Sublracling Ist column from 2nd and 3rd columns, we get
l 0 0 | )
| i b—a c—a
| a b—a c—a |=0' or =0,

- ; i3 gt
@ bg g | b*—a* c'—a

or

(b—a) (c—a) | 1

=0,

b+a c+a
(b—a) (c—u) (c—b)=0, as the required condition.
Hence the given lines are coplanar if

or

b=a or c¢=a or b=c. !
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s x=ay+b=czt+d and x=uy4p
(y—c)—(cd—dy) (z—a)1=0.
(Bardwan 1980; Kaopor §2)

€x. 9. Prove that the line
=yz+8 are coplanar if (aB—ba)

Sol. The equations of the given lines are
i x—0 y+bla z+dlc

x=ay+b=cz+d or T R e )
s o X=0_ytBla zt8ly,
and xoay+B=yz+d of =" =)y )
The lines (1) and (2) will be coplanar if
0-0  Bla—bla dly—dfc |
1 1/a /e \=ﬂ,
/e 1y |
[See § 8 (A), condition (A))
0 Bla—bla  §y—dlc ‘
or 0 la—Ifa djc=ify |=U,
i |a 1y

subtracting the third row from the second row

£ _B)(L_b)_L_g)(L L)
L {a__a }(f Tyl }'—ff(ﬂ 3
- (@B—ba) (y—0) _(ch—dy) a—a] g
ancy Cyaa
or {aB—ba) (y—)—(cd—dy) (a—a)=0.

This is the required condition.

Ex. 10. Prove that the lines
Ix—S5=dy -9=3zand x—l=2y—4=3z
meet In a point and the equation of the plane in which they lie is
3x—8y432+13=0, (Kashmir 1975)

Sol. The equations of the given lines are

x—=3/3 y-9/4 =z

03 T e T

x—5f3=.,lf—9f4 H

Ix—35=4y—9=3z or

4 3 3 5 A
d l=2y—4=3z x—1_y=2_ =
and x— y— 2 or §—=T7 =i
x—1 y=2 z
or e fae- i .0

p ——
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Now proceed as in Ex. 1 above,

Ex. 11. Prove that the lines 4 (x=9)=—(y+4)=(z—5) and_
gx+4y  Sz=4, x—5y+22=12 are coplanar. Find also their polnt
of intersection and the equation of the plane in which they lie.

’ (Agra 1980)

Sol. Tue equations of the given lines are

5_23 '=Ji_+14'=z_1'5:r (say) (1)
and 6x+4y—5z=4, x—5p+42:=12. wsdi&)
1he equation of any plane through the line (2) is
(6x+4y—5z—4)-}A (x--5p42z—-12)=0
of (64+A) x+(4--38) y+{=35+2M) z— (4412))=0. ... (3)
Now if the plane {3) is parallel to the line (1), then we bhave
(6+4) (2)+4(4=33) (- D+(—=5+24) (1)=0, or A= —}.

Pulting this value of A in the equation (3), the equation of
the plane through the line (2) and parallel to the line (1) is
given by

(6—4) x+(4+5) y+(—5-1%; 2—(4—-12/3)=0
or 17x+17y—17ze=0, or x+y—2z=0. ...(4)

Clearly the line (1) passes through the point (9, —4, 5). This
point (9, —4, 5) satisfies the equation (4) of the plane. This shows
that the line (1) lies in the plane (4). Hence both the given lines
(1) and {2) are coplanar and lie in the plane given by (4).

To find the point of intersection.

The co-ordinates of any point on the line (1) are

(2r+9, —r—4, r+35). e 3)

The lines (1) and (2) intersect if this point also lies on the

line (2j ie, if it satisfies both the equations of the line (2).
Hence we have

6 (2r+9)4+4 (—r—4)=5 (r+5)=4,0r r=—3
and (2r+9)—5 (—r—4)+2 (r+5)=12, or r=—3.

) Since both the equations give the same value of r, the two
Biven lines intersect, Putting the value of 7in (5), the point of
Intersection is (3, —1, 2).

Ex 12, Show that the lines } (x—1)=1% (y—2)=1% (z—3) and
4"“3JJ+1=0___5;¢_..37_.|.2 are coplanar.  Also find their point of

fersection, (Burdwan 1978; Gorakbpur 79)

Sol.  The equations of the given lines are
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x-1 y=2 z-3
e s = (say),
£ 3 4 ([]
and 4x—3y4+1=0, 5x—3z42=0. —(2)
The co-ordinates of any point on the hne (1) are
(2r41, 3r+2, 4r4+3). -3

The lines (1) and (2) will intersect ie., will be coplanar jf
this point also lies on tbe line (2). This point satisfies both the
equations of the ling (2), if we have .

4(2r+1)—3(3r+2)+1=0, 01 r=-—1
and 5(2r+1)=3 (4 +3)42=0,orr=—1.

Since both the equations give the same value of r, the two
given lines intersect, Putting this value of r in(3), the point of
intersection is (—1, —1, —1).

Ex.13. Show that the lines } (x+4)=3 (y+6)=—1 (z—1)
and 3x—2y+z+3=0=2x+43y+4z-4 are coplanar.  Also find
their point of intersection and the oquation of the plane in which they
lie.

Sol. The equations uf the given lines are

x+4 y+6 z—I
5= =3 —r =) (1)
and 3x—2p+z+5=0, 2x+3p+4z—4=0. A2

The equation of any plane through the line (2) is
(3x—2y +245)+A 2x +3p+4z2-4)=0
or (3420 X4 (=243 pL (14D z4 (5—42) =\, ()
Now if the plane (3) is paraliel to the line (1) then we have
(3424) (3)+(—2+30) (55 H(1+44) (=2)=0, or A=4}.
Putting this value of A in the equation (3), the equation of
the plane through the lie (2) and paralicl to the line (1)is
given by

(3+%).‘+(-—2+i%])'+(11-% z+(5-—-%)=0
or 45x— 17y +23z+33 =0, (8

Clearly the line (1) passes through the point (—4, —6, 1) and
it satisfies the equation (4) as

45 (-4)—17 (—6) 425 (1)+53 =0.

Hence the lines (1) aud (2) mtorsect and they liein the
plane (;II.

To-find the point of intersectiop.

The co-ordinates of any point on *'ic line (1) are

(3r—4, 5r—6, —2r--i). {8

| g
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The lines (1) and (2) intersect, if this point also lies on the
line (2) L., if it sausfies both the equations of the line (2).
Hence we have
3(3r—4)-2(5r—6)+(—2r+1)+5=0,0orr=2
2(ir=4)+3r-6)+4 (=2r+1)-4=0, or r=2.
since both the equations give the same value ol r, the two
given lines intersect. Putting the valuc of rin (5), the point of
|ptersection 15 (2,4, -3
Ex. 14. Show that the lines
Tx—d4y+7z+16=0=4x+3p—2z+3
and x—3y+4z+0=0=x—y+z+1
are coplanar. (Gorakhpur 1975)
Sol. If the given lincs are to be coplanar, then we must have

and

7 -4 7T 16

4 3 =2 3 =0, (See § 8 (C)]
1 =34 6

S |

Applying R,--7R,. R,—4R,, R;—R,, the determinant on the
left hand side

7 —6 —1i . expanding the deter-
| minant along the first
-2 3 5 | column

=— 3 0 0,
\
‘ 7 —§ =12 i by Ca—3Cy
| —2 3 11|

H ==-—3{—66—(—66]}=—3(-—66-[—66):-[1'.
ence the given lines are coplanar.
KX 15, Show that the lines x+y+z—3=0=-2x+3y+4z—5




™
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and 4.:-—y+5::—7:0=2x.~5y_.
plane in which they lie.

and

.—13 are coplanar, and find t
(Agra 1975]
the given equations 1o Sy,

Sol. We shall first transform
metrical forms, The equations of the given lines are
x+y+z-—-3=0 =2x+Iy+dz—2 )
4.\'—J'+52--?;L‘=2x--jyﬂz-—3. )
Let [, m, n be the d.c.’s of the line (1); then we have
I+m4n=U, and 24+3m+4n=0,
Solving, we get
! m r I_m_n
a=3 a4 3 1 =21

the d.c.’s of the linz (1) ar: proportional to 1, =2, 1.
Now let us find the point where the lin: (1) meets the plag

20, The co-ordinates of this point arc'giv-:n by

x4+yp—3=0, 2x42y-—-5=U.
Solving, x=4, y=—1.
Hence the line (1) passes through the point (4, =1, 0). Thy
the symmetrical form of the lint (1) is
x—4 y+1_z-0U
T =% ¢
Again let I, my, m be tha d.c.'s of the line (2); then we have

=r, (say).

41, -my+3m,=0, and 2, —5my—m=1
Glvi L My iy - b omy
) o - —— = e e m— - i Y iminial ¥,
olving, 7775 100404 _20+2 13 T =9

the d.c’s of the line (2) are proportional to 13,7, =4,
Now let the line (2) meet toe plane -—=1{! [ne co-ordinatest
this point are given by
gx—y—"T=0, 2x—=3y—=3=1.
Solving, x=1t/9, y=1/2.
[ence the line (2) passes through thz point (16,9, 1,9, 0.
Thus the symmetrical form of the line (2) s
6
=g Yy
1a B
The co-ordinates of any point P on the ling (3) ar¢
(n+4, =2n—1,n)
and that of any point @ on the line (4) arc
(13ra+16/9, Trat-149, - 2ra).
If the lines (3) and (4) [i.e- (1) and (2)] are coplanaf, then [0
some values of r, and r; the points P and O coincide,  Thus™

- z—0 .
— =T, (say)- N

have
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ri+d4=13r.4-(16/9), (5)
—2n—Il=Try4(149), ...(6)

d n=—"9, A7)

solving (3) and (7), we get ri=—10/11, r,=10/99.

The values of ry and r; also satisfy the equation (6) and
hence the given lines are coplanar, Putting the value of r; (or of
r,) the point of intersection P (or Q) is (- 9/11, —8;11, —7/11).

Now the equation of the plane in which the lines (3) and (4)
te. (1) and (2)] lie is given by

| x—4 y+1 z |

| !

| ! 21 =0 [Sce§S(A)]
l 13 7 -9

T0 = (41D {1(=9—1 (13)}
+z{1.7—(=2) (13)}=0
or (x—4). 114+(p+1).2242.(33)=0 or x+42v43z=2.

Ex. 16 A, A" B, B C, C are puinis on the axes Show that
the lines of intersection of the planes A'BC, ABC'; B'CA. BC'A’;
C'AB, CA'B' are coplanar

Sol. Let the co-ordinates of the soints 4 and A" be (a, 0, 0)
and (a', 0, 0); B and B' be (U, b, 0) and (0, #, 0); C and C" be
(0, 0, ¢) and (0, 0, ¢').

or (x=8)4(—=2)(—9)

The equations (in the intercepts form) «f the planes A'BC
and AB'C" ure respectively given by
X P X y 2
'T'l"_+_'-:] E = — =
a b ¢ dud :1+b' +-(," L.

‘Th:refurc, tiie equation of any plane through the line ol inter-
section of these two planes is given by

) G %, P
(a‘+b+c l)'H(E'{'

P58
5 ta=i)=0

(1)
for some value of the constant A.

" Chlonsing A=1, the equation (|) of the plane [containing the
Ine of intersection of the planes A'BC and AB'C’) becomes

x ¥,z X,y , z

=l = Y 1 _il=

(Z+)+2 1)+ (S5t 1) =0

a

N R e R o e yer

The symmetry in the equation (2) shows that the lines of
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intersection of the other two pairs of planes also lie in the Play,
given by (2).

Hence the lines of intersection of the given three pairy
planes are coplanar.

Ex. 17. Find the equation of the plane through the llne
x/l=y/m=2z[n
and perpendiculsr to the plane containing the lines
xfm=y/n=z/l and x[n-=y[l-=zm.
(Lucknow 1982, Ranchi 79, Punjab 77, Agra 75, M U, 8915“
Sol. The equation of any plane through the line
x/l=y/m=2z/n is
Ax+By+Cz=0\, el
where Al+Bm+ Cn=0, il
Also the equation of the plane through the lines
xjm=yln=z[l and x/n=y[l=z/m
(note that both of these lines are passing through the origin) is
|i x ¥ z
i m n I =0, [See § B(A)]
1 n [ m |
or (mn—1*) x4-(In—m?) y4(mi- n*) z=0, -l

According to the quastion, the planes (1) and (3) shouldb:
perpendicular the condition for which is

A (mn—12)+ B (In—m*)+C (ml—n®)1=0. wild]
Solving the relations (2) and (4), we et
A B =
m (ml—n®)—n (Ih—m¢) =n (mn—[%)- [ \ml—n?)
B C
T (In—mY)—m (mn—1Y)
A B .
or m‘l——-rﬁ‘—-_lﬁ-minmn‘ - nit—mle+ Int
- C
PBn—Im* —mén +ml?
or T E— B
(mt—n)l+-mnm—n) (n*=F*) m+ni (n— 1)
- C
(E—m*) n4im (I—m)
A B
or

(m—n) (mitnl+t mn)_=ul_-— D (nm+1m tnl)

N
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S ¢
(l~nt)(ln+m,,—.|"_—,t;1)
A__B_c
or m—n n=| [—m
Putting these proportionate values of A, B, Cin (1), the equa-
tion of the required plane is given by

(m=n)+4(n—1) y+(I—m) z=0,
Ex. 18. Find the foor and hence the length of the perpendicular
from the point (5,7, 3) to the line
(x=15)3=(y-29)8=(z—5)/(—5).
Find the equations of the perpendicular, Also find the equation of the
plane in which the perpencicular and the glven stralght line lie.
Sol. Let the given point (5, 7, 3) be P.
The equations of the given line are
(x— l5]f3=(y—29)f8=(2—5)f(—5)
Let N be the foot of the perpendicular from the point P to
the line (1). The co-ordinates of N may be taken as
(3r4-15, 8r429, —5r4-3),

=r (say). (1)

. (2)
5 the direction ratios of the perpendicular PN are
3r415-5, 8r4+29-7, - Sr45-—3,
le. are 3r410, 8r422, —5r42. ..(3)
Since the line (1) and the line PN are perpendicular to each
other, therefore 3 (3r+10)48 (8r+22)—5 (~5r+2)=0
or 98r+196=0 or r=—2.

. Putting this vajue o
dicular N is (9,13, 19)

frin(2)and (3), the foot of the perpen-
lar PN are 4, 6,12 or

and the direction ratios of the perpendicu-
2,3,6.
the equations or the perpendicular PN are
(x=5)2=(y=7)/3=(z=3)/6. - (4)
Length of the perpendicular PN
=the distance between P(5, 7, 3) and N(9, 13, 15)
=v{(9— H(13-7)24 (15— =14
- tI}.:;sﬂy the eguaiion of the plane containin
Perpendicular (4) is given by
% x—15 »y—29

3 8

g the given line (1)
z—35

-5 |=0 (Sce§ 3 (A)]
) 3 6
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or  (x—15) (48+15) —(y—29) (18+10)+(z—5) (9=16)=0
or 9x—dy—z— 14=0.
§9. To determine the equations of a straight line intersecting (y,
given lines.
Case 1. If the equations of the two lines are given in symmep,,

cal forms.
Let the equations of the given lines be
(I—M]f"l-—(y“lf;l)fm:5{2‘?|)f”|=‘Tl (say), o {
and (x—op)/lg=(y - Be)fma=(z—y2)[na=T2 (say). ()

The co-ordinates of any point P on (1) are
(liry 4 oq, a1y +B8i, mnitn)
and those of any point @ on (2) are
(l3re+cta, mara+Po, Marg-ya).

Now we are to find the equations of a line which intersecy
the lines (1) and (2). Suppose the required line intersects the ling
(1) and (2) in the points P and Q respectively.

Then the required line is one which joins the points P and .
The values of , and r, will be determined by some additioml
given conditions.

Case II. If the equations of the two given line are given in
general form.

Let the equations of the given lines be

n=0=v;, and wu,=0=v,.

Now the equations of the required line intersecting both the
given lines are w4+ pvi=0 and w4 ppv,=0,
where the values of 1, and i, are determined by some addition
given conditions.

SOLVED EXAMPLES (G)

Ex 1. A line with direction cosines proportional to (2,7, =9
is drawn to intersect the lines
(x=5)3=(y=N[(=1)=(z+2)]1
and (x+3)(—=3)=(y-—-3)/2=(z-6)/4.
Find the co-ordinates of the points of intersection and the Jergl!
intercepted on it (Kanpur 1980, Lucknow 79, Bundelkhand L
Sol. The equations of the given lines are
(x=5)3=(y=D[(==(z2+2)/1 =1, (say), Al
and (X+3(=3)=(y=3)[2=(2—6)[4=r, (say). A
Any point Pon (1) is (3r,+5, —r+7,r,—2),
and any point @ on (2) is (=3r,—3, 2r,43, 47,46).
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The direction ratios of PQ are
(3ri+3re+8, —=ri—2ry+4, r,—4r, - 8). we(3)
Suppose the line with d.r.’s (2,7, —5) meets the lines (1) and
(2) in the points £ and @ respectively.
Then the d.r.’s 2, 7, =5 will be proportional to the d.r.’s
given by (3)-
3n+3rnt+8 _—r—2rn+d4d rn—d4r,—8§
2 7 T S 2 (4)
From the first two of (4), we get
T (3r+3ra+8)=2 (—r,—=2r,44)
- 23r,4+25r,+48=0, ()
And from the Ist and 3rd of (4), we get
2 (r,—4ra—8)=—5 (3r,4+3r,+8)
or 17r14+7r3+24=0, ...(6)
Solving (5) and (6), we have  ri=r,=—1,
Now pulting these values of r, and r; the co-ordinates of the
points of intersection are P(2,8, —3)and Q(0, I, 2).
The required length intercepted by the lines (1) and (2) on
the line with d.r.’s (2, 7, —5)
= PQ=/[(2= 0+ (8 — 1) +(~3—2)7)
=V/(4+49+25)=/(78).
Note. The equations of the line PQ in the above Ex. 1 are
givenby  (x—2)2=(y—8)/7=(z + 3)/(—S5).
Ex. 2. Find the equations to the planes through the point
(1,0, — 1y and the lines
4x—y—13=0=3y—dz—1 and y—2z4+2=0=x—5
and skow that the equations (o the line through the given point which
Intersects the two given lines can be written as x=y41=z+2.

Sol. The equations of the given lines are
- Gx—y—-13-0, 3y—4z—1=0 (1)
y—2z42=0, x—5=0, (2)
% a'fehe equations of any planes through the given lines (1) and

respectively given by
4x—y—13+p (3p—4z—1)=0,
" (r=22+42) 4y (x—5)=0.
these planes pass through the point (1,0, —1), we get

-0—13 TR
giving #.:T_1(0+4 1)=0 giving p;=3, and 0+242+ (1 —5)=0

and

Putting these i i
values of x, and ¢, the d
the Planisa ars I itz required equations of
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4x—y—13+3 (3)’—-2)2-{]]- ]
22441 (x=2)=
o x+2§1}-3z-4=au, and x+y—22—3=0.

or be general equations of a line lh;n':"

i are t 3 ) "
The equations (3) apd intersecting the given jjp, *

{he given point (1,0,=1
and (2).

Trapsforming the ¢qu
we get

ations (3) to the symmetricy s

x=0_y+1_2t2 o y=p+l=zt2

1
Ex. 3. J]?ind the equations 10 the straight line drawn fr, i
i ntersect the lines
e 2x+5y+3z—-4=-0=x-—y~5:—6
3x—y+22—1=0=x+2y-—z—2_
Sol. The equations of any line intersecting the given lip,,
(2x+5y+i:—4+m (x—y—52—6)=0, } [Ses i
and (3x—y+2z—1)+pa (x+2p—2-2)=0.
If this line passes through (U, 0, 0), then we have
— 4=y = or py=—2(3; a0d —1—2pa=00r py=-1)
Putting these values of uy and ps, the equations of the requs
line are

and

(2x+5y+3z-4)—(2/3) (x—y—52—6)=0
and (Bx—y+2z-1)—} (x+2y- z2-2)=0
or 4x+17y+19z=0and Sx—dy+4 5z =0.
Ex.d. Find the equations tu the line drawn parallel to {x=j*
50 as to meet the lines 5x—6=dy + 3=z und
2x—4=3y+5=z.
Sol. The general equations of the line S5x—6=dy+"
may be written as
Sx-6-(dy+3)=0 ard Sx—-6—2z=0
or Sx—4y—-9=0=5x—z—¢p. o
Similarly the general equations of the line 2x—4=3+"
may be written as
2x—3_r—9=0=2x—z—4.
The equations of any line intersecting the given lin®
the lines (1) and (2)] are
(Ox=dy=9) 4 1y (Sx—z—6)=0
:‘:d (2x~3y—9) 4 sy (2x—2—4)=0
and B s S CRR UM ]
£ “+'“’}J"‘3y"'!‘=3-t9+4#e)=”}

X
i

Lol
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If the tine (3) is parallel to the line Y_P=Z then this
r line is perpendicular to the normals of each of the two
ven by (3), so that we have
45 (14 po)+ 10— 4 +1.(—p)=0 giving y=—16/19
42 (14 pa)+ 10 =3+ L(—pa) =0 giving py= —.5;"'.'.
putting these values of g, and g, in (3) and simplifying,
required equations of the line are
15x--76y+162—=75=0 and 4x—21y4-5z -43=0.

Ex.. 5. A line with direction cosines proportional 102, 1.2

meets each of the lines given by the equations
x=y+a=z x+a=2y=1z

nd the co-ordinates of each of the points of intersection.
fine d (Utkal 1977 S)

Jatte !
planes 2l

e the

Sol. The equations of the given lines are
¥1=(y+a)/l =z/1=r, (say), (1)
and (x4a)[2=y/1 =z/1 =r, (say). - (2)
Any point P on (1) is (ry, ra—a, ry),
and any point Q on (2) is (2ry - a, 15, T2).
The d.r.’s of PQ are r,—2ry+a, ry—r,—a, 1y re
If the d.r.’s of PQ are proportional to 2, 1, 2, then
r-2rgda r—rg—a r—r,
z L 2 «=(3)
From the first two of (3), we get r,-3a=0 or r=3a and
from the last two of (3), we get r, —r, -2a=0 or ry=a.
Putling these values of r, and r;, the co-ordinates of the
points of intersection are P (3a, 24, 3a) and Q (g, a, a).

Ex. 6. Find the equations to the line intersecting the lines
X—1=y:z—1,2x+2=2y=2z+1
and parallel 10 the line 3 (x—1)=(y 1)=%(z-2). (Agra 1977)
. Sol. Here the required linc being parallel to the given line
i (x “U=(y -I)=1(z -2, will have its d.r.’s 2, 1, 3.
_ Proceeding as in Ex. | above, the cquations of the required
line PQ are b x D=p==3iz 1)
. EX. 7. Find the equations of the line intersecting the lines
TTA=y=z-q, x f a=p=1 (z+a) and parallel to the line
Y ix—a)=(y-a)=1(z-20).
The rquations of the given lines are
(x=a) i=yp'1—(z -a)/l=r, (say) w401

Sol,
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A =r, (5aY). ()

i:yﬂc(l"‘lra)fz r’[ - ’

A poi(:t-zz)il} is P (ry+a, ry, @) and any point on (g
ny

0 (r,—a, 2r,—a). -
The d.r.’s of PQ are 1y l. o
; LX=a_y-a_
If the line PQ is parallel to the given liné 7 7 =k
alto 2, 1, 3.

and

—r,42a, =T

then the d.r.’s of PQ ar¢ proportion

r—rak2 n—r __MJB_HE.
-——i—_—‘= T 3 []]

From the first two of (3), we gt fl'Fsi';G }
and from the last two of (3), We get 2ry—re=24

Solving the equations (4), we get ‘ .

Putting these values of r, and ry, the co-ordinates of the poig;
of intersection are P (@, 0, ) and Q0 (- 3a, —2a. —35a).

the equations of PQ are (x—a)/2=y[1=(z —a)/3.

Ex.8. Find the equations of the straight line through the origy

and cutting each of the lines
(x—x)h=(y —y)m=(z - zy){m

and (x =2 )= (y—y:)ma=(2~ FATL

Sel. The equation of a plane through the first line name)
(x—x)/hy=(p—p)m=(z—z,) Im i9

-4
-.=0. ry= —2a.

A(x—x) +B(y-y)+C (z—2)=0, ol

where Al 4 Bmy+Cny=0. ol
If the plame: (1) passes through (0, 0, 0), then

Ax,+ By;+ Cz,=0. ol

Eliminating 4, B, C from (1), (3) and (2), the equation of
plane through the origin and through the first line is

X—Xy Y=n Z-n
Xy M Z =0.
4 m, n
Adding the second row to the first row, we get
S
‘ x » 7 |=0 W
I{1 my ny
O M) St p 4 (myry ety 220, ol
Ly
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Similarly the plane through the origin and through the second
line i
X B z I|
¥ Yoz (=D, .(5)
Iy my o
or (neyy —MaZs) X+ (1za—nyx,) Y+ (myxy—lgyy) z=0 - (5)

The planes (4) [or (4')]and 5 [or (5') together give the required
line.

Ex 9. Find the equations 1o the siraight line drawn through
the origin which will intersect both the lines

x—-l_Ji.'i__z—S % x4 y4+3 z-14
= 4 3§ ™My =3=a
Sol. The equation of any plane through the first line is
A (x 1)+ B (y+3)+C (z—5)=0, (b
where 1.A+4.B4+3.C=0. ...(2)
If the plane (1) passes through (0, 0, 0), we have )
—A+3B-5C=0. (3

Solving (2) and (3), we get 4/29=8/(-2)=C/(-T).
Substituting these proportionate values of 4, 8, C in (1), the
equation of the plane through the origin and the first line is
29x—2y—Tz=0. ()
Similarly the equation of the plane through the: origin and
the second line is
9x --2y=3z=0. - 3
The planes (4) and (5) together give the required line.
Ex.10. Find the equations of the line through- the point
(. 1, 2) parallel to the plane 4x+y+5z=0 so as tocut the line
*+3=y+1=2 (z—2). Find also the point of intersection.

Sol. Let the point P be (3, 1, 2).

The equation of the given plane is 4x+y+5z=0. - (D)
The equations of the given line may be written as )
(x+3)2=(p+1)/2=(z—2)/1=r (saY). A2

Let the line through P (3, 1, 2) parallel to the plane (1) eut
the line (2) in the point Q.
The point ¢ may be taken as (2r =3, 2r—1, r+2).
the d.r.’s of PQ are 2r—6, 2r—=2,T- ()
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o the plane (1) and hence PQ is Perpeng;,

: It 5
But P is paralle ¢ plane (1) whose d.rs are 41,5 5y

cular to the normal of th

so we have 2r6) 4+

Putting this value of r,
intersection Q are (7/15, 37/15, 56/15).
Also from (3), the d.r.’s of PQ are
—38/15, 2216, 2615 or 19, ~ 11, =13,
the equations of the line PQ are
x=3 y—1 .':—-2.
79 T 117 =13
Ex. 11. Find the equations of the line through (a, b, ¢) whig),
is parallel 1o the plune lx-+my-|-nz=0 and intersects the line
ax by oz 4 dy=0=a,x+byy+cyz+d.
Sol. The required line is the line of intersection of the twg
planes given below,
(i) The plane passing through the point (a, b, ¢) and parallel
to the planc lx+my—4nz=0. The equation of this plane is clearly
given by

-2).1 +r.5=00r r=26/15.
the co-ordinates of the point o

I (x—a)+m (v=b)+n (z—c)=10. sl
(i) The plane through the point (a, &, ¢) and the given line

ﬂ1x+bly+012+d|='-0"-' agx+b2y+czz+d2' : (2
The equation of any plane through the line (2) is .

lax+by+ezdd)+ p(@x—+boy+cz+dy)=0.  ..(3)

If this plane (3) passes throuch (a, b, ¢), we get
(@8+bb+cie4 dy) o (ae +byb+cye+d,) =0
or - p.'—;! (@atbibt eyc 4 dy) (ayatbyb -+ cue+dy).
Ing this value of win (3), the i ired
second plane is piven by : rauetion of the reque
Dby tazdy o+t ez d,
H.ﬂ+blb-i—c,t+dl Tantngh ric;c{-ﬁq O

Hence the equutions of i
Fihe 5 - 160 1 f
x o ofihe required line are given by the

S 10, To find the perpendic

ular distane i 4§
the co-ordinates of g, ar distance of a point from a line ¥

¢ foot of the perpendicular,

Let IIhI Pl g, 2 b 4 given point ¢ (Puniab 1979, Nlelerut 845:'
©equations of 45 in .“-}'ml'lmlricu‘;r:tj\rrz:tbAB e B "

\-}-g Iz oy
L n’ A
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where [, m, n are the dc.’s
of (1)- The line (1) is passing
through the point A (e, . )
and has direction  cosines
I, m,n. From P draw PN
perpeﬂd icular to AB. Now
it is required to find PN. From
the right angled A 4PN, we 5 p” y
have i R B Y)
PNt:=AP? —-AN%.  ..(2)
Now AP=the distance between («, £, y) and P (xy, 1y, z,)
=v{x1 a+(n—B)+(z -1, «i (5)
and AN =projection of AP on 4B i.. the projection of AP
on a line whosc d.c.’s are /, m, n
=(x;-a) [+(y,—f) m+(z, -y n. —-(4)
Putting the values from (3) and (4) in (2), we get
PN2={(x,~ u)*+(y1— )+ (- ¥
={(xy - ) [+(p1—f) m+(z,--p) nf?
={(xy - @)*+(n =B+ (2 -y)) (PmE )
—{ry—2) I+ (n—F) m+(z,--7) n}*
[ P4mi4ni=l1]
= (zy=p)--n (=[R2 44n (o) —1 (- 9))°
+{ (yr- ) —m (x— o)}
[By using Lagrange’s identity]
2 2

Pl 6.3,)

o

F&o

n ! ! nm

.|_

i L—y 4—w n—a ¥ ff
L (5)
Note. [n the equations (1) of the line 4B, I, m, i have been
taken as the wetual direction cosines of the line. In case direction
Tatios a, b, ¢ of AR are given, we should either first find the direc-
tons cosines of 4B or we should divide the R.H.S. of (5) by
(aﬁ+b’+c2)
To find the co-ordinates of the foot of the perpendicular N.
. Since N, the foot of the perpendicular, is @ point on the
line 48 given by (1), its co-ordinates may be written as
(UIr<o. mr+ B, ir47). ~(6)
The d.r.’s of PN are fr+a - xy, mr+fi—y, nr+y—>21
Also PN is perpendicular to 48,
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s (rpa—x) H0mrp
® (Bpmtnt)=1 (¥ =

-—yl).m+(nr+}’—zlJ..'z=0
)+m (m—B)+n (z:-y)

or . - [ Mt

=] (%, —a)+m (- )T (2:=7) . iy,
* Pu:tipg( 1I:his value of rin (6) the co-ordinates of y 4
obtained.

SOLVED EXAMPLES (H)
Ex.1. From the point P(1,2,3) PN is draw'n Perpendiy
10 the steaight line § (v—2)=4 (=)= (2—4). Find the diy
PN, the equations to PN and co-ordinates of N.  (Rohilkhang Iy
Sol. The equations of the given line A8 (say) are
(x—2)3=(y—3)/4=(z—4)/5=r (say)- ol
The line (1) is passing through the point 4 (2, 3,4). sy,
N, the foot of the perpendicular, is a point on the line (1) [ie. 4
the co-ordinates of N may be written as
(3r+42, 4r+3, 5r+4) o]
* the dr’s of PN are 3r4+2—1,4r+3-2, 5r4+4-3
are Ird1.4r41, Sr+1. wl]
Th:. ds.r.’s of the line AB whose equations are given by (1), u
3,4, 5
Since PN is nerpendicular to 4B, we have
203+ 1)+4.(4r+1)+5.(5r.+1)=0, or r=—6/25.
Putting the value of r in (2), we get
N=(32/25, 51/25, 14/5).
PN=the distance between the points P and N

(32 (5L YL (14 L\ 43
_ = (a1 +(55-2)+(55) %
Putting the value of r in (3), the d.r.’s of PN are 7/25, /¥
—5f25 t.e.are 7, 1, —5.

the equations to PN ie. of a line i ;
.e. assing throud
P (1,2, 3)and having d.r.’s 7,1, =5 are ° ¢

EX.2. How for is the i
» point (4, 1, 1 j =
section ofx+y+z—4=0=xﬁ2y_(z’_4 ?) from the line of i

?ol. Let lthe point (4, 1, 1) be taken as 0 3

he equations of the given line 4B (say) are
. (x—4)+p+z=0, (x—4)—2y--2_¢
Solving for x—4, 3, z, we get '
x—4 y z
—14+27 14157 or ‘1::14:_2}:“

=3 L

gl
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Equations (1) are the symmetrical form of the given line A4B.
The line (1) has dr’s 1,2, —3 and passes through the point
A(4,0,0- ,

Draw PN perpendicular to the line 4B given by (1), so that
W, the foot of perpendicular, lies on (1). Hence the co-ordinates
of N may be written as (r+4, 2r, —3r). (2)

The d.r.’s of PN are

r+4-4,2r—1, —3r=1ie.r,2r-1, =3r—1.

Since PN is perpendicular to 4B, we have

rl(2r--1).24(=3r—1) (=3)=0, or r=-1/14.

Putting the value of r in (2), we get

N=(55/14, —1/7, 3/14)
the distance of P (4, I, 1) from the given line (1)
— the distance between the points P and N
({55 o 1 (3 g (378) 34/(42)

NG+ )

Ex. 3. Find the equations of the perpendicular from (,37)
on the line x=3—5t, y=2+5t, z=—T+2L. (Punjab 1981)

Sol. The equations of the given line, say AB, may be
written as

(x—3)/(—5)=(y -2)/5=(z+T)/2=t. (D)

Now proceed as in Ex. 1 above and get

N=(—53/54, 323/54, --212/54)
and the equations to PN are
e O o W o

Ex.d. Find the locus of a point which moves so that its
distance from the line x=y= —z is twice its distance from the plane
x—y+z=1. (Agra 80)

Sol. Let the given point be P (xy, yy, z) whose locus is
required to be found.

The equations of the given line 4B are

x/l=y/l=z/(=1). (1)

The line (i) is clearly passing through A (0, 0, 0y and has
dr’s1, 1, —1. Hence d.c’s I, m, n of (1) are 1/4/3, 1/v/3
—1/4/3. Let p, be the perpendicular distance of P from the line

(1), then by § 10, we have
3 —1y/3p 1y3 I3 r
xn—0 »n-0

»—0 z,—0

13 143

2
Pi= *
l I;'—'O x1_0]
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- 2 —X 2%
or =3 ilzﬁr}’l}z'{'( Sx - n)tHO ’1; J
=% (x12+y1’+ 312+J'151‘|’Z1-"‘1"1|.‘1 . f)
Let p, be the perpendicular distance of P (Xy, Jy, 2)) froy N
plane X y4z=1 Then
x—hta I
Pe= 7
V(1) -y
According to the given problem, py=2pz.
Squaring, pit="4ps*
or i (xxi+)’1z+zlg+}’111+11»"1"‘x1)’1) =4 (x,— 1tz 1)
or  xuttzitnntnx -xn=2 (22t 120
+lezl-—.2X|""2)’121**—2))1._“]]
or x12+yl=+zlﬂ__5ylzi+Ezlx;—Jxlyl—dxl+4yl,4zi+2=[}‘

the locus of P (X;, yy, 2;) is given by

iyt —Syzt3zx 3xy -dxtdy —dz+2=0.
Fx.5. Find the locus of a point whose distance from x-axigi
twice its distance form the yz-plane. (Agra 1981

Sol: Let the given point be P (xy, y1, z) whose locus i
required to be found.

The equations of x-axis are

(x~0)/l=(y=0)/0=(z—0)/0, )

because the x-axis passes through (U, 0, 0) and has d.c.’s 1, 0, 0.

If p, be the perpendicular distance of P (xy, y;, z;) from (1),
then

0 0 ? 0 1 1 0 2
= + +
s C B X N
or P1z={—21)’+(y1)’ or P12:y1i+21.2- (Q

Let p, be the perpendicular distance of P(x,, y,, z;) from the
yz-plane. Then py=x-co-ordinate of P=y,,
According to the given problem, we have
Pi==2py o1 pi=dpt
& nitat=dx?, (using (2) and (3)]
<. the locus of the point P(xy, yy, 2 is 42 p? . 2=,
Ex_. 6. Find the length of the verpendicular drawn from origin
rc'J the line Jf+2y+3z+4:U=2x+3y.+4z+5. Also find the equs
:;:s; ;j :lh:s perpendicular and the Co-ordinates of the Joot of the
ndicular.
) (Meerut 1984 S, 84 R)
Sol. The equations of the given line 4B (sayl; arz84
X+2y+3244=0=02x43p 4474 5,

The symmetrical form of the above given line is

=

The Straight Line 153

(x=2)/1=(p42)/(=2)=(z—U)/1. (D
The line AB given by (1) is passing through 4 (2, —3, 0) and

has d.r.’s 1o — 2, 1. Here the point P is (0, 0, 0).
Draw PN perpendicular to AB, so that N, the foot of the

perpendicular lies on (1). Hence the co-ordinates of N may be

written as (r4-2, =2r—3,r). ~(2)
The d.r.’s of PN are r+2-0, -2r--3-0,r 0

i.e. r42, =2r-3,r. e

Since PN is perpendicular to 4B, we have
(r42). 14 (—2r=3) (=2)4r.1=0o0r r=—4/3.
Putting the value of r in (2), we get
N=(2/3, —1/3, —4/3).
Again putting the value of r in (3), the d.r.’s of PN are
2/3, —1/3, —4/3 ie. 2,--1. -4,
the equations to PN ie. the equations of a line passing
through P(0, 0, 0) and having d.r’s 2, —1, —4 are
x-0 y-0 z—0 x z
i Pl | T e
The length of the perpendicular PN
—the distance between the points P and N

B

Ex.7. Find the equations of the two planes through the origin

which are parallel to the line (x -1)[2=(y+3)/(~1)=(z+1)/(—2)
and distant 5[3 from it. (Meerut 1976, 89, 89 S)

Sol. Let the equation of any plane through the origin

be
ax—+by+cz=0. - (1)
The equations of the given line are

x—-1 y+3 z+1
- s = - (2)

If the plane (1) is parallel to the line (2), then the normal to
(1) whose d r.’s are a, b, ¢ will be perpendicular to the line (2) and
hence we have

2.a—1.b—2.e=0 or 2a—b—2c=0. .-.(3)

According to the given problem, the plane (1) is at a distance
3/3 from the line (2).

Hence the distance of (1, —3, —1). a point on the line (2),
from the plane (N =30
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al+b.(=3)+e(— 1) 3 Before proccedl?g to prove .the actual theorem, for conveni-
or —J@+bhte) 3 ence, we make Use of some notations given as follows :
; v _3b—cp=25 (a*+b*+c?) Consider the matrix (or a rectangular array)
On squaring. 9 (a—3b—c) 25 (@4 b4 ) p 5 . 2
or 9 (a+9b%+¢? — 6ab —2ac+6bc)=25 (4 ‘ & & & 4 ‘
or 16a9—56b2+16c2+54ab+ 18ac— 56bc= | a b, i d, I(l,
or 84?—28b2 +8¢+27ab+9ac '-28@::0. (4 |
Putting the value of b=2 (a - ¢) from (3) in (4), we get I a by G 4
8a2 —28 X4 (a —c)®+8c2+27a.2.(a—c)+9ac —2bc.2 (a—c)= Let the determinant obtained by omitting the first column in
ot — 5042+ 125ac —50c2=0 or 2a® —5ac+2¢*=0 @ be denoted by A, i.e. we put
5 (a—2¢) (2a—c)=0 or a=2c, {c. by I d,
For a=2c, from (3). b=2¢ ‘
and for a=1e, from (3), b=—c. . . M= b o 4
Putting a=2¢, b=2¢ in (1), the equation of one plane is b, & d,
2ex+2ey+cz=0 or 2x-{.-2}’+2=9- ) () Similarly, the determinants obtained by omitting the second,
Again putting a=4e, b= - ¢ in (1), the equation of the seotf third and fourth columns will be denoted respectively by A,, A,
plane is fex —cy+ez=0 or x-2y+2z=0. () and Ay Thus we put
The equatiuns (5) and (6) are the equations of the required | a ¢ dy 1 a, b, dy ‘
planes. - ) ‘
§ 11. Intersection of three plames. (M.U. 199)) Aa=| @ ¢ dy ,Ay= a, b, dy |,
Let the equations of three planes be given by a, T dy a, by dy
un=ax+by+eztd =0, (1) a, b, ¢ |
=X by y+cyz+dy =0, colh) ‘
and Uy =agx+byy+cyz+dy=0, 0) Ag=| a3 by ¢ ‘
where . u, and u; denote respectively the left hand members in | i b . |
2 3 a
the elc?L;auons (1), (2) and (3) No two of these three planes ar Thi G5timmstinel Foetn 6 (e s & fotsiseition e s
e . N— (1) and (2) is [See § 4)
We know that two non-parallel planes intersect in a straight
line and hence we get three lines of intersection by taking twe x _(blda—bedl ) '_(d,a,wd,al)
planes at a time out of the three planes given by (1), (2) and () \b; —asb, tybz — agby £=0

: ; — = Tab—ab ...
There arise following three cases : brey b, P0Gl @by —ah; )

albl—qlbl;to‘
Now we shall discuss the three cases given above in detail as

) . ) Where
Case I The three lines of intersection explained above méy

coincide i . the three given planes have a common line of inter

_ follows :
section. i
Case I. The three planes intersect in a common line.
Case II. The three lines of tersection cxplallnet_i above m_&s' The equation of any plane through the line of intersection of
be parallel to each other and no two of them coincide, ln thi the planes (1) aad (2) is o b
case the three given planes form a triangular prism. FRBG(5) In given by

Case IIL. The three lines of intersection explained above m&

intersect in a common point. In this case the three planes inte"
sect in a point.

1+ Au,=0
(@X-+byy+ crz4d)+A (agx+byy + oz +dy) =0
(ay+4a,) x+(by+2b,) ¥ +(€14+4¢;) 2+ (dy+)dg)=0....(5)
If the three given planes intersect in a common line, then for

or
or

. .
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5y should represent the plane (3), Thus

some value of A the plane ( ;
comparing the coefficients in the equations (5) and (3), we hay,
) dit M,y
S

01+)la; bl+Ab‘_:€t_A_E2—,—
ag hy Ca
ay+Aay ~ s =0,
C1+ab14#b8:0’
ey Aeg—pca=0,
and (iL+I\d, —Flds=ﬂ-

Now we are Lo eliminate two arbiteary constants A and a4
this can be done from any three out of the four equetions give,
above. Hence eliminating A and p from any three equations take
at a time out of these four equations, We have the conditions as

=p (say),

451 E'»’1 Cy l

a b, £y L=(i ie. A=0

ay by Cy
day b[ dl
a by dy =0 le Ay=U
dy b;; da

a € d,

a, o dy |=0 i€ Ne=l

ag ¢z dy
b] (=1 dl |‘
by Ci d, 1=0 ie. A=0,

by € dy l

Hence the three planes will have a common line of interse
tion of A,=0, Ag=0, A,=0and A,=0.

Alternative method. If the threc given planes (1), (2) and )
intersect in a common line then the line (4) (the line of intersection
of the planes (1) and (2)] will lLi¢ in the plane (3), so that we have
[by § 5 (ii)]

ay (byCy—baey)+by (10— cyay)+Ca (a1by—ayby) =0

\ 8

The Straight Line .
a by (S
ie & ba Ce ‘=U ie., =0
as ba [ ‘
bid,— bgd1)_ (dla! —dya,
PR 4 e o ) AR
io, G (i bih)ths (day—da)tdy (arh, - aby=0
a b!‘ dl |
I.€ a: by ds [=0 re., Ay=0,

da by du

[Note, \Vl]i!e writin.g the symmetrical form of the equations
) of the line of mtersml:tlon of the planes (1) and (2), we bave
taken the point on the linc for which 2=0. If we take the point
for which x=0 the condition A, =0 is obtained instead of f\;=0.
Similarly by taking the point for which y=0, the condition A,=0
will be obtained.]

Hence the planes (1), (2) and (3) will intersect in a common
line if Ae=0, A3=0, Ay=0and 5,;=0.

Case 1I.  The three planes form a triangular prism.

The three planes will form 2 triangular prism if the line of
intersection of any two planes is parallel to the third plane and
does not lie in it.

The line of intersection of the planes (1) and (2 is given by
(45. The line (4) will be parallel to the plane (3) if

ty (Bea—D,00) + by ey —c0a,) + ¢ (ahy—a,h)=0

| hy I8 ‘
. | |
fies; |t by Ci ‘—(] ie. Ny=0.
a, by €y

The line (1) will not lic in the planc (3) if

bd,— byd d,a,—dya
(o) H(aia oo
Le @y (byd,—b,dy)+ by (dyay— do@) +dy (a1hy—ash)) 70
a. by d |
le., a by dy [0 e N0,
a, b d,

e '

RS

. =

e
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three planes will form a triangular prism if

"".‘Z%’f.’.?a Aa?‘—'pﬁ or Ag#0 or AF0

Case III.  The three planes intersect in a po!ni.

The three planes will intersect in a point if the line @)
intersection of the planes (1) and (2), is neither parallel tanoy lie
in the plane (3). Rather than the line (4) must meet the piancm
in a point.

Thas the condition that the three planes meet in a point jg thy

. 0.

Alternative method. Solving the equations (1), (2) and (3) by
the method of determinants. [This method is called Cramer’s Rulg]
we have

x o —y
[ b;_ (51 dl T m 51 dl
b. C; d! ai Cy d'
by Fil dy a, Cy d,
- & . =1
T M bl dl _l (41 b; Cy
a, by dy / d, by C,
as by d, ay by Cy
- Bl R ==t
Ay As As Ag
or x=—é‘,y=é’,z=——ﬂﬁ

A iy Ad -(8)

Hence the three planes will intersect in the point whose co-
ordinates are given by (6) if A ,£0.

Working Rule. Let the three planes be given by the equa-
tions (1), (2) and (3). Now proceed as follows :
_ (1y First evaluate A, If A,340, then the three planes
intersect in a point whose co-ordinates are given by the relations
(6) above. )

(2) If Aq=0, then evaluate A,, Agand A,

() IF A370 (or A0 or A,0), then the three plancs
form a triangular prism.

(i) If A3=0, A3=0and A,=0, then the three planes inter-
Sect in a common line.

Remark. If £,=0 and A;=0 and at least one of the three
common minors ﬂlb:_—ﬂzbh aby—azby and a.b;—azb, of A4 and

is not zero, then it can be proved algebrically that A,=0 and
m=:0. Consequently in this case the three planes will have a
co:nﬂ"O“ line of intersection.

SOLVED EXAMPLES (1)

Ex. 1. Examine the nature of intersection of the planes
() Sx+2r—4z+42=0,4x-2y-57-2-0,
2x +8y -2z—1=0.
(if) x+ 29432 -6=0, 3x+4y+5z -2=0,
5%4+4y+3z+18=0.
(iii) 2x4-4y+42z-T7=0, 5x+y -z=9=0, x—y —z—6=0.
Sol. (i) The given planes are

5x+2y -4z+42=0 (D
4x-2y—5z—-2=0 wa(2)
2x+8y—2z—1=0 ...(3)
The rectangular array of coefficients is
5 2 —4 2 |
4 -2 -5 -2 ‘
2 8 -2 —1
We have,
5 2 —4 1 2 —4
he=| 4 -2 -5 [=| -1 -2 —5 |,
2 g8 =2 0 § -2 |
on adding the 3rd column to the 1st column
l 2 —4 (, on adding the first row to the
second row
= 0 0 e
0 8 -2 |
=720,

Hence the given planes intersect in a point.
Adding (1) and (2), we get
9x—9z=0 or x--z.
Putting x=7 in (3), we get
' 8y—1=0 or y=1/8.
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Putting x=2 in (2), we get
—x—2y==2 or x=—2—2
Putting the value of p in (5), we get x—= -9/d==,
Hence the point of intersection is ( -9/4, 1/8, —9/4),
lar array of coefficients is
3 —6 |
5 =

(ii) The rectangu
l 2

34

6
2
g |l

!5431
123‘

We have, A= 3 4 5

Analytical Gemue.rry 3

-

(5

lin

1 2 3 |4 by Re—3Ry, Ry—sh
P I TREOE [

0o —6 —12
—24-24=0.

Since A,=0. therefore the threc planes either intersect ing

line or form a triangular prism.

| 2 —6
Now Az=| 3 4 =5
5 4 18
I 2 -6 |, by Ry—3Ry, Ry- SR,
= 0 —2 16
0 6 48

=96 ( 96)=96+96=-0.
Similarly we find that A ,=0and A, ={.
Hence the three planes intersect in a line,
(ili) The rectangular array of cocfficicnts is

2 4 2 7
> 1 e )
i i | ) l

7 N

pass through one line and find its equations.

The
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we have, A=

0 6 4 |, by Ry~ 5R,,
R, 2R,
= 1 6 4
I =1 -1
=24—24=0.
since A¢=0, therefore the three planes cither intersect ina

e or form a triangular prism.

2 4 -7 2 6 S
Now Ae=| 5 1 =9 |=| 5 6 21 |
i ] = 10 0

b)’ C|+ C'.u C.+6C;

=1.(126 -30)=9650.
Hence the three planes form a triangular prism.

Ex. 2. Show that the planes
2x—3y—Tz=0, 3x—14y—13z=0, 8x 31y —33z=0

Sol. The rectangular array of coefficients is

2 -3 -1 0
3 —14 -13 0
8 —31 -3 0
2 -3 -1
We have, A=| 3 —14 —13
g8 =13 —33
2 —1 —1 |, by Gi+GCy,
G +3C,
=| 3 —11 -4
8 -23 -9

[Meerut 1977]

e g
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0 0 —1 |, by C;+2C,,
: [ |
=l =8 —% —4
—10 =14 -9
=—1(70—70)=0.

Since A ,=0, therefore, the three planes either intersec ing
line or form a triangular prism.

L T A ——
A

2 -3 0
Now Ag=[ 3 —14 0 |=0.
8 -3 0
Similarly A,=0 and A,=0.
( Hence the three planes intersect in a commeon line.
Clearly the three planes pass through (0, 0, 0) and hence the

| common line of intersection will pass through (0, 0, 0)." The
equations of the common line are given by any of the two giver

planes, Therefore the equations of the common line are given by
2x—3y—7z=0,
and 3x—14y—13z=0.
.~ the symmetrical form of the line is given by
x » z x ¥y z
3998 “Z21+2% —28+9 U “5=5 Ty

Ex. 3. Prove that the planes
x=2y4-2z-3=0, x4+y—27—3=0, x—z—1=0
form a triangular prism.

Sol. Proceeding as in Ex. 1 above, we get A =0and A4#0.
Hence the’given planes form a triangular prism.

Ex. 4. Prove that the planes
x=cy+bz, y=az+cx, z=bx+ay
pass through one line if a*+4b* L34 2abe=1, and show that the line
of intersection then has the equations
x ¥ z
V—a®) =~ JT-8) = g1 -8
(Bundelkband 1978; Punjab 77; Rajasthan 75, 77)

Sol. The cquations of three given planes are

x—cy-bz=0, ex - y4az=0, bx+ay —z=0,

Analytical Gl?ﬂmef(y %y

Straight Line B

The
The rectangular array of coefficients is
1 —c —b 0
c -1 a 0
b a —I 0
1 —c - b
we have, Ad= c —1 a
b a 1
=1 (1 —@®)+c (—c -ab) —b (ac+b)
= —at— b —c*—2abc+1.
1 —c 0
Also AS-—J £ -1 0 =0.
b a 0

Similarly A,=0 and A,=0.

Hence the given planes intersect in a line if A;=0ie., if

at4-br+4cd+-2abe=1.

Clearly the given planes pass through (0, 0, 0) and hence the
common line of intersection will pass through (0, 0, 0), Let{, m,
n be the d.r.’s of this line. It being perpendicular to the normal
of each plane, we have

|—em—bn—=0 (D)
cl—m+an=0 (2
84 ittt ..(3)
. ! m n
Solving (1) and (2), —ac—bh—"bc—a — —1+c*
- A _m =
ac¥b beta T 8
. / m i
Sol e
olving (2) and (3), =@~ abtc ca+bh . (3)
Solvi —L W
ving (3) and (1), abt+c 1—b bcta ...(6)

Taking first two terms of each of (5) and (6) and then multi-
Plying, we get

R n? [ m*

@b+ ) (1=a%) =Tabto) (1—89) " T—a® “1=0"

Similarly from (6) and (4), we have

« ()
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m? n?
1B~ I—c 3
Now from (7) and (8), we get ~l
" me n?
== T=p 1—&
. ) m . n
S B v (s RtV ]

; . . ol
.~ the d.r.’s of the common line of intersection of the EiVBr;

planes are given by (9). Since the line passes through the origy
hence, its equations are given by
x y z
V=a) “V1=8) ~ /(1 -¢)
Ex. 5. Prove that the planes
x+ay+(b+c) z4d=0,
x+by+(c+a) z4+d=0,
x+eoy+(a+b) z4+d=0,
pass through one line. [Allahabad 1978, Kanpur §
Sol. The rectangular array (or matrix) is
a b+e d

”11 b c4a 4
»

c a+b d |
1 a b+e
We have, A,= 1 b c+a
I ¢ a+t+b

I at+btc b+c adding 3rd

column to 2!

Ll
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gimilarly A,=0and A,=0.
since Ae=0> As=0, Ay=0 and A,=0, therefore the given
anes intersect in a line.

ol Ex. 6. Show that the planes
ny—mz=>lz -ax=p and mx-—ly=v
pave d common line if IN-mp+-nv=0, and the direction ratios of the

Jine are b m 1. [Punjab 1980; Behrampur 76 S]
Show Jurther that the distance of the line from the origin is
[0+ D) (12 ),
Sol. The equations of the given planes may be written as-

O0.x+ny—mz—A=0 (D)
—nx+0.y+Ilz—pu=0 -(2)
mx—Iy+0.z—v=0. .(3)
The rectangular array (or malrix) of coefficients is
0 n —m —A
—n 0 { —p
i m -1 0 —v b

0 n —m

We have, A;=| —n 0 !

. m -/ 0

=0—n (0—Im)y—m (nl--0)=0,
the given planes will either meet ina line or form a
triangular prism.

. 1 o s 0 n A
1 a+b+c a+-b Mot Baps|, —h 9 s
1 1 b+c m —1I —v
i S =01 (mv4 ) = (nl~0)
=—n (INmp+nv).
1 1
% l a+b " If the planes are to meet in a line then Ay must also be zero.
DI, e
o Le=l 1 b dl=d| 1 p  |-0 IA4mp4+ny=0. ..(4)
‘ 1 ¢ g | , 1 ‘ (We have assumed #5£0.]
c 1 If the condition (4) is satisfied, then we cansee that A,=0

-
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and also A, =0. Hence (4) is th.e condltll'on for the three
planes to have a common line of Jm_ersecnorl:. '

Let a, b, ¢ be the d.r.’s of the line of intersection. 7 bﬂin!
perpendiculer to the normal of each plane, we have

Ei'.':[

0 a+nb—me=0 wfj
—na+0.b41lc=0 (]
ma--1b+0.c=0, )
Solving (5) and (6),
LEIGE W W N |
nl —mn~n® ' Sm=n

showing that the d.r.’s of the line of intersection are I, m, n,
To find the equations of the line of intersection. The ling of
intersection meets the plane z=0 in the point given ‘by
ny—A=0, - nx—p=0, (Putting z=0 in (1) and (3]
or x=-—p/n, y=An. .
~. the line of intersection passes through the poin
(—p/n, Aln, 0) and has d.r.’s /, m, n and therefore its equations ar
given by

I —m T a (8
The distance of the line (8) from the origin. Using § 10, the
required distance p is given by

5 1 m no|®
£ T PFmEn) { 0—A/n 0—0'
n i % I m "}
+f0—0 0-+u/n| o+ u/n 0—A/n
1 —IA—mp '}
= T (e o)

1 2 gy (1v |2
= g (e (5 )}
P={(N+p*+v)/(Pfm2 - n2)p 2,
Prove that the planes X=) il +z sin ¢, y=z sint
and z=x sin ¢y sin 8 wii/ intersect in the line
x y z
@‘3=m¢=m if 0+ yp=3n.
[Allahabad 1982; Garhwal 78 §
anes may be written as

[using (4]

Ex. 7.
+x sin y,

Sol. The €quations of the pl

X—) sin y—2z sin g, )
X SID i~y 2 5in §=0, Q)
X sin gty sin §— 7

L0
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Let us find the line of intersection of the planes (1) and (2).
. m, n be the direction cosines of the line of intersection of
LhCt P,lﬂl‘l,es (1) and (2). It being perpendicular to the normals of
the
both the planes, we have
I —m sin gg—n sin =0, / sin i —m+n sin §=0.
Solving, we get

[ m . n
“singsind—sing —singsing-sin 0 —ILsin? U
/ _ m __n_
O Singsin@+sing ~singsingfsing 1 -sin? ...(4)

If 8+¢+ip=4mr, then we have

sin @=sin {3n—(3-+y)}=cos (§+4)
=co0s ¢ €05 Yy —sin ¢ sin

or sin 6+sin ¢ s'n y=cos ¢ cos . .(5)
° Similarly sin ¢+ sin i sin 6=cos 4 cos 0. ..(6)
Using the relations (5) and (6), (4) becomes,
! m n
COS 1 Cos @ o3 § o8 § —casT P
I n n
AR CoS 0~ cos g cos g ° (D)

Clearly the planes (1) and (2) pass through (0, 0, 0) and so
their line of intersection will pass through (0, 0, 0) so that its
equations are given by -

x/cos 6= y/cos ¢=1z/cos y. ...(8)

Now it remains to prove that the line (8) must lie on the
plane (3),

The point (0, 0, 0) through which the line (8) passes also lies
on the plane (3).  Also the normal to the plane (3) whoss d.r.’s
are sin ¢, sin 6, —1 must be perpendicular to (8), the condition
for which is

COS @ sin ¢+ cos ¢ sin 0+cos ¢ (—1)=0

OF sin (64¢)— cos y=0, or sin (dn—h)—cos =0

o COS i—cos =0 or 0=0 which s true.

, Hence the line (8) also lies on the plane (3). Thus the equa-
lon

S (8) are the equations of the required line.

Ex. 8. Show thar the planes ax+hy+gz=0, hx+by+fz=0,
E+fy+ez=0 have a corrmon line of intersection if

;
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a h g
/_\,=| nob  f |=0 ‘
g f ¢ |

and the direction ratios aj‘ the line satisfy the equations
p_mt_n
TN TINTN

9a ob dc
Sol. The equations of the given planes are

ax+hy+gz=0  ..(1), hx+by+fz=0 .2
gx+fy+ez=0. ~(3)
The rectangular array of coefficients is
a h 4 0
h b f 0
g f e 0
We have
a It g |=A (as given in the problem)
A= h b 4
J g F (o ‘
or A= A=abe+2feh—af*—bg* —ch®. ...(4)
Also
a I 0 |=0. Similarly A,=0 and A,=0.
Aa=| h b 0
1 g f 0

If the given planes intersect in a line then A, must be zero
(as As, A.and A, are already zero). Hence the given planes will
have a common line of intersection if Ay=0 or A =0
or abc+2fgh -af*—bg*—ch*=0. ..(9)
Let /, m, n be the d.r.’s of the common line of intersection of
the given planes. It being perpendicular to the normals of the
planes, we have ’
al+hm+gn=0, hi4bm+fn=0, gl4+fm+en=0.

Solving any two (say the first two) of these relations, we get
I m n

—

hf—bg — gh—af ; ab—i"

The strﬂfgﬁ[ Line 169

; I 12 n?
Squaring (G _peyr™ (gh—af )2~ (ab—h¥)? (6)
pifferentiating (4) partially w.r.t. a, b, ¢ respectively, we have
a,ﬁ/aa-—-bc—-fz, /A [ob=ac —g* O [éc=ab—h?. AT
Now (h_f'—-bg)2=f12f2+ bg® 2bfgh
=h® f24b%"- b (af >+ bg*+ch?-- abc) using (5)
=h? f2+4b'g* —abf *—b%g?—bch® 4 ab?c
=h® f*—abf *—bch*+ab’c
= - f* (ab—h*)+be (ab—h?)
=(ab-—h?) (be—f*).
Similarly (gh af)?=(ab- ) (ca—g?).
Substituting these values in (6), we get

12 m? nt
{ab—h®) (be -[%) — (ab—®) (ca—g®) ~ (ab-—-h")'
2 m? n?
o bc—f*® ca—g® _ab k*
”? o n?
or cATOAT AN {using (7)]

da ab dc
Ex. 9. For what values of k do the planes
x -v4z4+ 1=0, kx+3y+2z-3=0, Ix+ky+z--2=0
(i) intersect in a point ; (ii) intersect in a line ; (iii) form ¢
trigngular prism !

Sol. The rectangular array of coefficients is
| —1 1 | [
k 3 2 3
3 EOT =3 |
Now we calculate the following determinants :
A= I —1 1 L L
k 3 2 i=| k43 3 5
3 kool 4k k k+l
adding 2nd column tc ist and 3rd
=tk+3), 0 =1 0
| 1 35 |=tk43) k+1=5)
1 ko k41
=tk +3) (k—4).
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] 0 |, adding 2nd col
to Ist and 3pg ™

3 k -2 3+k k k-2
—(k+3) (k—2),
Aa=| 1 ' 1 0 1 o
k 2 -3 |=| k-2 2 =5
£ 1 —2 2 1 -3

adding (—1) times 2nd column to Ist anq Y
=—{(k—2) (—3)+10}=3k—16,

and Aymm] —I 1 1 0 1 1,
3 2 -3 |= 0 2 —3
k 1 -2 k—2 1 -2

adding 3rd column to Iy
=—5(k—2).

(i) The given planes will intersect in a ,.oint if A 20 and
so we must have k24— 3 and k#4. Thus the given planes wil
intersect in a point for all real values of k other than —3 and 4.

(i) If k=—3, we have Ay=0, Az=0 but A,5=0. Hence th
given planes will form a triangular prism if k= --3.

(i) If k=4, we have A,=0 but Ag=£0. Hence the given
planes will form a triangular prism if k=4,

We observe that for no value of k the given planes will have
a common line of intersection.

Ex. 10. The plane xjatylhtzie=1 meets the axes in A, B
und C. Prave that the planes through the axes and the internal bise:
ctors of the angles of the triangle ABC pass through the line

x ¥ z
VB T e @ 5

Sol. Plane xfa+yp/b+ zfc=1 meets the axes in A (a, 0,0)
B0, 5,0), C (0,0, ¢).

The equation of any plane through x-axis is (i.e. y=0, z=0)
P+Az=0. wafl}
The d.r.’s of A8 are —a, b'0

is

The Siraight Line .

—a b
D.C.’s of AB are V@b @R 0
—a ¢
, =8 g, £,
D.C.’s of AC Va4 U (et +c?)
D.C.’s of interior bisector of L BAC are

1 1 b &
—3 (Wﬁ’*wa’ﬂ’))' 2 /(@87 ' 2 /(@ +ct)
Now if plane (1) passes through the internal bisector of
en normal of (1) will be perpendicular to the _internal

. BAC, th
bisector of £ BAC. .
-0
0+1 5@ o T @t o)
L bV
or =@+ 5

put this value of A in (1), the equation of plane through x-axis
and internal bisector of £ BAC is
b_____\/(a’-l-cz) z=0
Y (@b

o S
or by (@+ch) cy/(@+b?) ..(2)
Similarly the equations of other two planes are
%t
a+/ (0 +c*) " by/(a*+c) ()
z x .
/(@2 1bY) T ay/ (bR ...(4)
*. Planes (2), (3), (4) pass through the lines

¥ z

x ¢ — .
av/ (B¢t T by/(a®+c?) cy/(ad+b%)

Exercises

l. Find the coordinates of the point where the line
(x—D2=(y—2)—3=(+3)/4
meets the plane 2x+4y—z41=0. i
Ans. (10/3, —3/2, 5/3).
2. Show that the distance of the point of intersection of the line
(x—3)/1=(y 42=(z-35)2 .

and the plane x+y+ z=17 from the point (3, 4, 5) is 3.

3. Find in symmetrical form the equations of the line
Xy4z41=0=dx+r—2z+42
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and find its direction cosines. ] ’
e Yy oo
Ans. = [ =_:-_]h :

Direction cosines are —1/1/6, 2/4/6, — |{w/6. _
Show that the equation of the plane which contains the

parallel lines

x—4 y=3 2=2 4 x-3 yt2 7
ST S T =
is llx—p—13z - 35=0. o .
Show that the equation of the plane containing the line
y . &
_—p—= =0
B e h®

and parallel to the line x/a -zje=1, y=0 is
x ¥y z o
- F et
Find the cquations of the perpendicular from the point
(1, 6, 3) to the linc
x py—1 z=-2
T & 3
Find also the coordinates of the foot of the perpendicular.
Ans. Coordinates of the fool of the perpendicular are
(153, 8
Equations of the perpendicular are
=1 y—6 z-3
T T
Show that the following pairs of lines are coplanar :
() x—d4=—3 (y+1)=z
and  dx—y4-52—7=0=2x—5y—z—3.
Alse find the equation of the plane containing them.
{Kanpur 1980)
i) 5 (x- 3)=—§ (y—2)=(z41)
©and X+ 2y 37 =0=2x+4y+4 3z +3.
Also find the point of intersection.
Ans. (i) x4-2y+32=2 i) (¥, —eo, 1.
Show that the lines
F ;+2.P—-52+9=U=3x-—y+2:—-—5
an X+3y—z—3=(=4x— P
BNt (e [ e X—35p4z43 are copianar,

X=3p+2:+d=0=2x} y+ 474 |

| gl
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12.

and 3x+ 2y+5z2— 1=0=2y+42
intersect at the point (3, 1, —2),
Find the equations of the line which can be drawn from the
point (2, —1, 3) to intersect the lines

P (x—1)=} (—2)=¢ (=—H)
and } (x=H=ly=1% (z43).
Ans. [2x+4p—9z+T7=0=11x—10p42: 38,
Find the distance of (—2, 1, 5) from the line through (2, 3, 5)
whose direction cosines are proportional to 2, —3, 6.

Ans. 1 47(61).

Prove that the equations of the perpendicular from the point

(1, 6, 3) to the line
_y—I _z—l x—1 _y—6 z2—3
k. T TG e S

and the coordinates of the foot of the perpendicular are
(1,3, 5)- (Meerut 1977)
Find the locus of a point which moves so that its distance
from the line x=y=z is twice its distance from the plane
x+y+z=I1.

Ans, A4 Sxy+-Spc Sz —dx—dy—4z - 2=0,
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Shortest Distanc

—

Definitions.

§1. Skew lines.
Two lines are called skew lines or non-interszcting lines if they

do not lie in the same plane. Skew lines never intersect and ap
not parallel.

Shortest distance. The straight line which is perpendicular 1
each of the two skew lines is called the line of shortest distance,
The length of the line of shortest distance intercepted between the
skew lines is called the length of the shortest distance. The
shortest distance is briefly written as S. D.

§2. Length the equations of the line of shortest distance.

To find the shortest distance hetween two given lines and to

obtaln the equations of the shortest distance.
(Allahabad 1978 ; Behrampur 81; Gauhati 75; Indore T8;

Kanpur 77. 78, 83; Punjab 76; Rajasthan 73, 77; Rohilkhand 81)
Several methods, depending upon the forms of the equations
of the skew lines, are followed to find the shortest distance. They
are as follows :
Method I. Projection method. The equarions of the skew lines
being given in symmetrical forms.

Let the equations of the given lines
1 give ACZ,4,0) P

be
e Wt P
I m n (1
and ¥ % _Y=Ue 2-n
ly Com o vid(2)
’ The line (1) is passing through the )
pomt 4 (x,, 5, z) and has d.c.’s pro- Bf“ﬁ'wﬁ

portional to Iy, my, n,. The line (2) is passing through the point

B z ; ’ ;
(%2, ¥2» 22) and has d.c.’s proportional to Iy My, 1
y Mg.

Slmrre.ﬂ Distance N
g PQ‘ heths lin? of shortest distance between the two lines
o that PO is perpendicular (o both the lines (1) and (2)
Let /,m, n be the d.c’s of the line of shortest distance PQ.

Then we have
Iy mmy+nm=0 and  [l;4-nm,+-nn,=0.
Solving, we get
__71_ _ m n
myty ~ gty mla—ny\ = Lmy — I,
V(1B 4+ m2 4 n?) !

TVAZmm—mym)®) = N {Z(myny—mgn oy
Now PQ=the lenglh of shortest distance between the given

lines (1) and (2)

=the projection of the segment A8 on the line of
shortest distance PQ

= (xXg—x1)-+m (1—1)+n (z.—2,)
(nyry—n1gm,) (Xa—x1) + (myly—myly) (ya—1)

e  F(hymy—lam) (2,—2,)
v/ {(myng—nigry) 'I'(’Tlla"”zfl._];'l'_(;x":r :m;):'}

= X=Xy NN L7 |=V(Z (”"1”:"‘"71"1)'}
A m, Mny -
0 "y ny

This is the required length of the §.D. betw i
» .D. ¢en the
lines (1) and (2). B
A The equafions of the shortest distance. Clearly the line PQ of
tze shortest d:star_lce is coplanar with both the given lines (1) and
( J.. Hence the line PQ of shortest distance is the line of inter-
sclctlov]n‘of the two planes, namely, (i) the plane containing the
Ei:;: me[(F) and the line PQ of shortest distanc: and (ii) the
dontatn: ; e .
e aining the given lin: (2) and the line PQ of the shortest
Now the equation of th ini
. ! e plane containing the given line (1)
and the line PQ of the shortest distance whose d.c.’s are I,m, nis

X=X Y=n I—7
11 m m =0. .(4)

i ;?lisﬂlthe cquation of the plane containing the given line (3)
e line PQ of the shortest distance whose d.c.’s are I, m, n is
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Z—1Ia

X -X ¥

| Iy nts My =0.

[ m n
the line PQ of the shortest dislancgl[
(5) taken together. }
distance PQ=0, then the two g,
they will be coplanar. Fy,

|
The « quations of
given by the planes (4) and
Note. If the shortest
lines (1) and (2) will intersect ie.
(3), we observe that

P=0if | x,—x1 N = Ip— I
I, m n =0

|

|1 m, mo

which is also the ~ondition for the two lines (1) and {2) to &

coplanar. [See chapter 4 § 8 (A)].
Hence we can give an another statement for the two linest

be coplanar.

“Two lines are coplanar if the shortest
vanishes.”'

Method II. General co-ordinates. The equations of the
lines being given in symmetrical form :

Let the equations of the two lines be given by (1) and(}
[See method I].

The general co-ordinates of the points on the two lines (1
and (2) are given by d

(lrytx3, myry+ y1, mry+2y), say the point P.
and (laFa+ Xg, Myra+ys, Mara+2y), say the point 0.

Let P and Q be the points where the line of shortest distand
meets the given lines (1) and (2) respectively, so that the line
is perpendicular to both the given lines (1) and (2).

Now find the d.r.’s of the line PQ and apply the conditiot
that the line PQ is perpendicular to both the given lines (1)
(2). Thus two equations inr, and r, are obtained. Solve thes
ecf[uatlong to get r, and r,. Having found r, and r,, the co-ordind®
z the points P and @ and also the d.r.'s of the line PQ ¥
df‘lown- Now we can at once find the length PQ of the short

istance and also the cquations of PO.

distance between il

|

shortes! Distance 17

ethod [11. The equations of one line being given In gene
of the other line in symmetrical form.

ral

orm and thos€
Lct the Cq

ad the equation’
(x—-x) h=(=m)m=(z—2)m.

e equation of any plane through the line (6) is

pations of one line be u,=0=v, .. (6)

ol second line be
D

Th
u, +Avy=0. [ 8)

) co that the piane (8) is parallel to the line (7) and

Find
subsli;utethis value of A in (8).  Then the length of shortest
gistance petween the given lines (6) and (7) is equal to the length

endicular from any point, say the point (X3, ¥, 21), 00
the line (7) to the plane (8).

The equations of the shortest distance. The shortest distance
ine of intersection of the two planes namely (a) the plane
en line (6) and perpendicular to the plaue (8)
and (b) the plane containing the given line (7) and perpendicular
to the plane (8). Hepce the equations of the line of shortest
distance are given by the equations of the planes (a) and (b) taken

of the perP

is the | :
containing the 21¥

together.
Method IV.

form.
Let the equations of the two given lines be

The equations of both lines being given in general

uy=0=v, .(9) and uy=0=v,. (10

The equation of any plane through the line (9) is
w4+ M =0. (1)

The equation of any plaLe through the line (10) is
g+ Agva=0. ..(12)

Now A, and A, are determined with the conditions that the
planes (11) and (12) are paraliel.
The shortest distance is equal to the distance between the

parallel planes (11) and (12).

The equations of the shortest distance are given by the
c;]uauuns of the two planes namely (a) the plane through the line
th) and perpendicular to the plane (11) [or (12)] and (b) the plane

rough the line (10) and perpendicular to the plane (L1) [or (12)).

For the sake of convenience we can reduce Lhe

Remark,
form ahd

:;Iuations of one or both the straight lines 1o symmetrical
0 follow the methods 1, 11 or 111 as explained above.
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SOLVED EXAMPLES

Ex. 1. Find the shortest distance between the lines
(x—1)2=(y—2)3=(2=3)/4;
(x—2)/3=(y—4)/4=(2—-5)/5.

Show also that the equations of the shortest distance are
Nx+2y—Te+6=0=Tx+y—5z+7.

(Agra 1974, 78; Berahmpur 763, 81S; Madry, %
Meerut 78, 86, 89; Vikryy, '?l;

Sol. The equations of the given lines are
(x=1)2=(y—2)/3=(z—-3)/4=nr, (say) )
(x=2){3=(y—4)j4=(z—5)/5=ry (say). ()
Method I. (Projection method). Let /, m, n be the d.c’y of
the line of S. D. Since it is perpendicular to both the given lings

(1) and (2), therefore we have

214-3m--4n=0; 3I+4m+5n=0,
. n

T5-16"12—10 ~8—9

A m_ n V(I*+m*+n) 1
=17 2T A= @ (=) V6

4 Thed.c.’sof S. D. are —1/4/6, 2/4/6, —1/76.

] Now A4 (1, 2, 3) is a point on line (1) and B(2,4,5) 54

point on the line (2). Hence

the length of S.D.=the projection of join of 4 and B on the line

whose-d.c.’s are —1/4/6, 2/476, —1/4/6
=(=1/4/6) (2—1)+(2/+/6) (4—2)4(—1/6) (5-))
=1/+/6.
The equations of S, D, (See § 2)
The equations of the plane throu
x=1 y-2 z-3

Solving, we get

gh the line (1) apd S.D.#

203 4 (=0 or 1lx42y—7246=0 .0
And the equatio .

is| x—2 y_q4 z_lhist"fithe Plane through the line (2) and S.D.

3 4 5 |

i=0 or 1x+y—5:47ay ()

-] 2 i
The equationg

(3) and (4) together are the equations of 1

r

Shortest Distance .

Melh"d 2. Any point on line (1) is
(2n+1, 3n+2, 4r,+3), say P. - (3)
oint on line (2) is
Aoy P (3r2+2, 4ra+4, Sry+5), say Q. . (4)
The d.r.’s of the line PQ are
(3n+2)—(2n+ 1. (4ra+4)—(3r1+2), (5ra45)—(4r+3)
3rg—2r+ 1, 4ra—3r4+2, Sra—dr 42, (3)
Let the line FQ be the line of shortest distance, so that PQ
is perpendicul” to both the given lines {1} and (2) and, therefore,
we have
2(3rg—=2n+1)+3 (4r2—3r+2)+4 (5r;— 47, +2)=0
and 3 (3rs—2ri+1)+4 (Ura—3n42)45 (5rs—4r, 4-2)=0
or  38r;—29r+16=0 and 20ry—38r+21=0.
Solving these equations, we get ry=1/3, ry=—1/6.
Substituting the values of r, and r; in (3), (4) and (5), we have
P (5/3, 3,13/3), @ (3/2, 10/3, 25/6)
and d.r.’s of PQ (the line of S.D.) are —%, §, -3 ie. —1,2, —1.
The length of S.D.=the distance between the points P and Q

)R
- )

The equations of S.D. are either given by equations (3) and
(4) of method 1 above or we can write the equations of a line
passing through the point P and havingd.r’s — 1,2, —1.
EX. 2 Find the shortest distance between the lines
x—3 y--8 2z—3 x+3 y4+7 z—6
3T AT T4/ T _
Find also Its equations and the points in which it meels the given
lines, (Avadh 1982; Garhwal 79; Indore 76, 79;
Kanpur 74, 80; Lucknow 80, 81; Madrad 78;
Meerat 72, 80, 83, 89S; Rohilkhand 78)
The equations of the given lines are
(x—3)[3=(y—8)/—1=(z—3)/1=r\ (say) (1)
(x4 3)/(—=3)=(y+7)[2=(z—6)/4=rs (say) -(2)
Any point on line (1) is (3n+3, —f1+8. n+3), say P. ..3)
Any point on lins (2) is(—3rz—3, 2ra= 7, 4r2+6), 53y @. ...(4)
The d r.’s of the line PQ are
(=3r—3)—(3r,43), 2ra—T)—(—r1+8) (4ra+6)—(r+3)
=3r—3r,—6, 2r3+ 1 —15 4n—n+3. -(5)

or

Sal,

and

or
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Let the line PQ be the lines of S.D., so that PQ is perpend;.
cular to both the given lines (1) and (2), and so we have
3 (=3r—3n—6)—1 (2rg+r,—15)+1.(4rs—r1+3)=0
and —3 (—3’2—3';—6)+2.(2."’+’]—15)+4 (4rg—'r|+3)=0
or —Trg—11r,=0 and 11lr;+7r,=0.
Solving these equations, we get r;=ry<=0.
Substituting the values of ry and r; in (3), (4) and (5), we have
p (3- 8! 3)! Q (_35 "’7; 6) AllS.
And the d.r.’s of PQ (the line of S.D.) are —6, —15, 3 or
-2, =5, 1.
The length of S.D.=the distance between the points P and 0
=V {(—3 -3 H(=T=8)1+(6—3) =3v/30.
Now the line PQ of shortest distance is the line passing
through P (3, 8, 3) and having d.r’s —2, —5, 1 and hence its
eguations are given by
e I s G o o
-2 -5 1 2 5 1
Ex. 3. Find the length of the shortest distance between the lines
x—3 p—5 z—T7 x41 y+1 z+1
T T2 T %6 ’
(Garhwal 1981; Kanpur 83; Meerut 83S,;86P; Rohilkhand 82)
Show also that lts equations are glven by
(x -1)2=(y—2)/3=(z—3)/4.
Sol. The equations of the given lines are
(x=3)/1=(y—5/(—2=(z—T)/1=r, (say); we(1)
and (x+1)/T=(y+1D/(—6)=(z41)[1=ry (say). -(2)
Any point on line (1) is (r,4+3, —2r,+5, r,+7), say P. ...(3)
Any point on line (2) is (7rg—1, —6rz—1, r;—1), say Q. ...(49)
The d.r.’s of the line PQ are
(Trs—D—(r 43} (= 6ra—1)—(—2r, +5), (=1 —(r+7)
or Trg—r—4, —6r2+2r|—6, re—r;—8. "‘(5) .
Let the line PQ be the line of S.D., so that PQ is perpend"
cular to both the given lines (1) and (2), and so we have
1(Trg—r—4) —2(—6ry+2r, — 6) + I(rs —r, — 8) =0
and  T(Tra—ri—4)—6(—6ro+2r,—6)+1.(ry;—r; —8)=0
or 20rs—6r;=0 and 86r,— 207, =0,
Solving these equations, we get ry=ry=0,
Substituting the values of r, and r; in (3), (4) and (5), we haV®
P3,5 D 0(—1, —1, —1)
and the d.r.’s of PQ (the line of 8.D.) are —4, —6, —8 of 2, 1

x—3 y—8 z—3

(Meerut 1986P)

N

Shortest Distance i
The length of 8.D.=P0= \/{f—l-—3)2+(—]ﬁ5).+(_!__7 \

i = VA4 (6) +(8)) =229 "
Now the line PQ of shortest dista ;

> nce is a lin i
p3, 5, 7) and having d.r’s 2,3, 4 a i

nd hence is tquations are

given by
x—=3 y—5 z-7
2 T3 T
= - —
or R D B
x—1 y—2 2-3
of 5 =3 =7

Proved.
Ex. 4. Find the shortest distance between the lines

(x—=1)/2=(y —2)/3=(2=3)4 ; (x—2)/3=(y—3)jd=(z—4)/5,
Hence show that the lines are coplanar. (Meerat 1985)
Sol. We are solving this problem by projection method. The
equations of the given lines are
(x—1)/2=(y—2)[3=(z-3)/4 ; (1)
and (x—2)[3=(y—3)/4=(z—4)/5. (2)
Let I, m, n be the d.c.’s of the line of SD. The line of S.D.
being perpendicular to both the lines (1) and (2), we have
24-3m +4n=0 and 3/4+4m+5n=0.
Solving these equations, we have
14 m n
I5—T6= 12—10 —8§-9
i A n V(Ettmi4al) 1
-1 T VD@D Ve ) I
Clearly the line (1) passes through the point 4 (I, 2, 3) and '
the line (2) passes through B (2, 3, 4).
. The length of S.D.=The projection of join of 4 and B on
the line of S.D. whose d.c.’s are |

idl
2

I, mn
= 1(2—1) 4+ m(3—2)+n(d=3)
A 2 =L m=0.
=\_/?(l,+1/6(l) \/(..() |
Since the length of S.D.=0, hence the given lines are copla-
Dar j e, intersecting.
EX. 5. Find the points on the lines
=8 —x_yt9 =2 :
k-=-(y'—7}-:2—4 and -—*::-.-2——= 4 ‘ d
- : : d the shortest distance §
ind the !
be:;}:e:’e nearest to each other. Hence fin ihand 1978

the lines and also its equations.
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i i lines are
Sol. The equations of the given
=D~ =(—4)1=n (saY) oy
and e —3)=(y+9)f2=(z—2)/4=ra (s2Y) (2)

The points on the lines (1) and (2) which ar¢ nearest to each
other are the points where the line of S.D. mects the lines a

and (2).
Any point P ot (1) is (3n+6. -n+7,n+4) —(3)
and any point @ on (2) is (—=3rz, 2r:—9, 4ry+2). .. (4)
The d.r.’s of PQ are

—-3rg—3f|—6. 2f=+r:_lﬁu 4'2‘“"2- . ‘(5)
Let the required points be P and @, so that_PQ 1s.thc -line of
S.D. Hence PQ is perpendicular to both the given. lines (1) and
nd so we have
ek I(—=5r—=3r—0)—1(2ra+r— 16)+1.(4rz -1, —2)=0
apd —3(—3ra—3r —6)+22ret+r - 16)+4.(dr;—1 —2)=0
or —Try—11r,—4=0 and 29r;+7r, — 22=0.
Solving these equations we get 7= -1, ra=1.
Substituting these values in (3), (4) and (5), we have
P(3,8 3. 0(—3 —1,6)
and d.r.’s of PO (the line of 8.D.) are —6, —15, 3o0r2, 5 —1.
The length of S.D.=PO=/{( - 33+ (- T—8)*+(6—3)}
=/{,0)*+(15)"+ (3"} =3+/(30).
The line PQ of shortest distance is a hne passing through
P(3.8,3) and having d.r.’s 2, 5, — 1 and hence its equations are
x=3 _y—8 z-3
2 3 =1
Ex. 6. Show thar the shorrest distance beiween the lines
x+a=2y=—\|2zand x=y+2a=6z - ta ls 2a.
(Barahampur 1981)
Sol. The equations of the given lines are
(x+a)/12=p/6=z2/(—1}, (b
and x/6=(y+2a)/6=(z—-a)/l. ...(2)
Let /, m, nbe the d c.'s of the line of S.D. The line of S.D.
being perpendicular to both the lines (1) and (2), we have
1204+ 6m—n=0 and 6/4+6m+n=0.
Solving these relations, we have
[_=_hlﬂ__ _n
6+0 —6—12 72—36
or LEFE:E:M_"EJ =|.
2 -3 6 V‘il‘!)"fk—.))“ﬁ-\gjz} 7

"

k4

_wmsr Distance i -

i 1) passes thﬁou b th .
Clearly the lin€ ( fough the point 4(—g, o
1he line (2) passes through B(O,;'\"’za. a). , 0) and
The length of 8.D.=Tte projection of
on the line of S.D,
"l m,n,
=l(0+a)+m(_2a_0)+n(a__0)
=(2/7) a—(3/7) (—2a)+(6/7) aw20.
Proved.
Ex. 7. If the axes are rectangular, find the shortest distance .
perween the lines y=az +b, z=ax+B, and y=a'z4p, z=a'x -8,
Hence deduce the condition for the lines 1o be coplanar.
Sol. The equations of the given lines in symmetrical form
are given by

join of 4 and B
whose d.c.’s are

e b =

1z a 1’ ()
x+8a’ y—b'_z

and — T = =%,
1ja a |

(2
Let I, m, n be the d.c.’s of the line of $.D. The line of S.D.
being perpendicular to both the lines (1) and (2), we have
L.(1/e)+m.a+n.1=0 and I(1ja')+ma’+n.1=0,
Solving these relations, we get
b m - n
a—a' (lja') —(1]e) (Ja)a —(1jz').a
or .—__!__x_'"_j n
' (a—a') o—a a'u« —ax

1
o Vieta's (a—a')*+(x—a') +(a'a’ —ax)?} (3)
Clearly the line (1) passes through the point A(—p/a, b, 0)
and the |ine (2) passes through B{—p'fa’, &', 0).
The length of S.D.=The projection of the join of 4 and B on
ihe line of S.D. whose d.c.’s/, m,n are
given by (3)
“”(‘_Bﬁ'fa'+.8,f=)+m(_b'—b)+n(0—0)
=[%PF-—-af’
() -ty m
ﬂqvvimau-;ta_a. )-‘+(u_¢-,,+(af¢'_aa);
(&' —b) (x—a)
Vi (a=a'f r(a -« H@T 0T




v
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[Putting the values of I, m from Q) or x (24-1)—y (2+l}+2{]_])=‘0
Fh—b") (a—a) or . *—y=0. o (4)

The equation of the plane through the Jine (2) and S.D., is

x y Z—g
1 1 3 |
X(=2-0) -y (2=0)+(z—a) (14+1)=0
(5)

184
)yt iax—aa )’
neelecting the negative sign
fe intzrsecting, then SD =,
or
or
X=j:iug=—g,

(B’ —a'B) (a—a')
X+y—z+a=0,
The equations (4) and {5 togcther are the equations of the

8.D. These equations are clearly satisfied by the peint
tween other two pairs of

= Jlwas (a—a
This is the required s.D.
If the given lines arc CDPI.ﬂna.' ;
Therefore the required condition is g‘wcn hy'
{ef'— o'B) (2 —a) (b -¥)iz—a’} -0
Ex. 8. Show that the sneriest distunce between any 1w oppy.
sire ed'g;s of ihe reirahedron formed by the planes y+z=0, z +x=|,
;cJ—y—{\ x4yt z=ais 2af+/6 and that the three hines of shortes
: i tersect at the poiat X Je I==—a.
distance inferse (Gorakbpur 1975; Lucknow 76, Mecrut 87
Sol. The cquations of the cdge of the tetrahedron determined By the symmetry of the co-ordinates of the point
by the planes p+z=U. z4x=0 are et
x/l=pfl=z0-—1). A it follows that the other lines of 8 D, by
Ill : ¥
ey i e & “ppos”c'i" o ?"’*‘-’é “13' l!'l 2= opposite edges will pass through the point X=p=ze=—g,
i i s Henee the three fines Ur_shurie:.l distance intersect at the point
iven by lnesof shure
g x/1=y/(=1)=(z—a)/0. (2 -
Let I, m, n be the d.e.'s of the line of S.D. beiwzen (1) aol . Ex. 9. Find the length and pesition of the S.D. between the
(2). This line of .1, being perpendicular to both the lines (1) lines
. X_y+1 z-2
and (2), we bave =T Tl y Sree Dy 3z = O=x— 3y 22—3.
f’_l+m.l+n.(—[)=03|tdJ',I-}m (—1)4n.0=0. 73 = ‘ % g
Solving, = T =5= e s N 3 Sol.  The equativas «f 15¢ given lines are
112 UL EFE e (3 Xy ) S (E— 2112 i
Clearly the line (1) pesses tarough tne point 40, 0, 0) and and 5x~—_’j-"--32+ 6:[-}.‘:_‘("—3,]' +2z—-3 ..{2)
the line (2) passes through B0, i+, u), o ' : y
:. The length of $.D.= I ae projection of the join of 4 aod Thre we SFldll ase miethud 1 of § 2. | |
) Bonthe line of 5,D. whose de's € tquation o! any planc ihrough the line (2) is
{y iMy e RTE ; i b '-3' (5x—=2p—3z40)+A (x—2r4+22—3)=0
}.tnl (J_:”m“;“ uy_} J‘tl‘-‘l' 0) or X (542 4y (—2—3A)+z2 (— 3+ 20+ (6—=31)=0, (3
= S i n(u—
g a i th [lf the plane (3} is paraliei (o Lhe lin ¢ 1), then the normal to
e i i &
The equations of S.D. (3cc § 2). | h“: ane (3) will be perpendicular to the line (1) and bence we
The equation of the plane through e e 1) wnd S0 18 : ;
quali e pla i uul-.-:am Wpan 4{.‘-+t\}+3(--2_3_“_*_3(_3_‘_‘”:“ prag v
I 1 Pu“ing ihis valus of Ain (3), the equation of the plane
| Eo !:U ‘fough the e (2) and parallel tw «be line (1) 1s given by
. : - 13x- 20p+4 13z— 8.0, . (4)
o Clearly the line (1) is pissing througb the pont A0, =1 1)
;

-
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dicular from th
_The length of perpen o
13.0—26(—1)+H13.2—18 -
=P 2P U3
34 384/6 174/6
=376 1sx6 ¥
The equations of S.D. The equation of the Plaﬂbc through the
line (1) and perpendicular to the plane (4) is given by
I x y+1 z—2

Length of S.D.

4 3 2 =0,
|
13 —26 13
x y¥l =2
|
or 13| 4 3 2 =0
] e 1 ;
or x(3+4)—(y+l)(4—2)4—(2*2){—3*‘3)*0
or Tx—2y -11z420=0. {5

Again the equation of any plane through the line (2) is
(5x—2y—3z+6)+p (x —3y+2z-3)=0
2 (S+u)+y (—2=3u)+2z (=3+2p)+(6—3w)=0. +(6)
If (6) is perpendicular to the plane (4), then we have
13 (5+p)—26 (—2—3p)+ 13 (—3+2p)=0.
Dividing it by 13, we get
S4pu—2(—2—=3u)+(—3+2u)=0, or p=—2/3.
Putting the value of p in (6), the equation of the plane
through the line (2) and perpendicular to the plane (4) is given by
13x—13z+24=0. ali)
. The equation (5) and (7) together are the required equa-
tion of the §.D.
Ex. 10. Find the length of the shortest distance between the
z-axis and rhe line
x+y+2z2-3=0=2x+3p+42—4.
Sol. Here we shall use Method III of § 2.
The equations of z-axis are

or

(Gorakhpur 1981)

x/0=y/0=z/]. ()
The equations of the otber line are
x+y+22—3=0, 2x+ 3y +-4z—d4 =0, -2

The equation of any plane through the line (2) is
(x+y+22—3)+A (Qx+p+4z2—3)=0 ]
ot x (H+20+y (143X +2 24 4))—3—4r =0, 3

Y
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3) is parallel to the |
If the plane ( eline (1) (Le. z-axis] then th
the plane (3) will be per icula : : A

al to e pendicular to the line (1) and
0.(1+20) +0.(14 30+ 1(2+40) =0, or A=—}
putting this value of & in (3), the ¢quation of the plane
\prough tbe line (2) and parallel to z-axis [i.e, (1)) is given by

x (]+y.(1'*.31"2)+z‘0_3+2"" 0, or yp+2=0. ...(4)

Clearly z-axis i.e., the line (1) passes through the point

(0' 0, 0)

por®
pence we P

Length of S.D.~1he¢ length of perpendicular from the
point (0, 0, 0) to the plane (4)
_ 42 2
VOO ST
Ex. 11. Find the shortest distance between ihe z-axis and. the
€
# ax+by+cz+d=0=a'x+by4c'z4-d'. (Meerut 1984)
Show also that it nmeels the z-axis at a point whose distance
Jjrom the origin is .
@i_——d’bl (he' —b'e)4(ca'—c'a) (ad'—a'd)
(b —b'c)+ca’—c'a)?
(Agra 1979; Allahabad 78; Bundelkhand 79;
Kanpur 75, 76, 79, 82, Luckuow 77, 82; Rajasthan 78)
Sol. The equations of the z-2xis are
x I B

5=y =1 —n (say). )
The equations of the other line arc
ax+by+czt+d=0=a'x+b'y+c'z+d'. a(2)

The length of S.D.  We shall find it by Method LLL.
The equation of any plane through the line (2) is
(ax+by+tcztd)+Aa'x+by+cz2+d')=0
or X (a+Ai')+y (b4 Ab") 4z (c+Ac)+(d+Ad)=0. e(3)
If the plane (3) is parallel to the line (1) [ie. z-axis), then
 0(a+ @) +0.(b +A6") + 1. (c+Ac’)=0 or A=—c/c’
Putting this value of A in (3), the equation of the plane
tbrough the lin (2) and parallel to z-axis is given by
X (a—ca'jc’)+y ib—cb'/c)) +2 e — el (A—cdje')=0
x (@c’—ca')+y (b -cb')+(de’'—cd’)=0. "‘!4)
Clearly z-axis i.e., the line (1j passes through the point
UJ| 0, 0),

or
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- Length of S.D.=the length of perpendicular from the Doiat
" (0, 0, 0) to the plane (4)
D+_t]—|-_(_dc’-cd’} B
= Jlac'—ca’)*+1bc’ —b'c)*}
cde’'—d'e .
="Ji(ac ~a'cP +(be' = b'e)’} Proved,
The distance from origin of the point where the line of Sp,
meets the z-axis. 1t will be convenient to use method 11

The equations of line (2) in symmetrical form are

bd'—b'd s a'd—ad’
*Tab—ab ab' —a'h z—-0 - (5)
bo—be — w-ca ab'—a'b

[Sce § 4, Chapter 4]

For convenience, let (5) be written as

x—Xg Pt _2=0y, (say).

Iy g sy (B

Since 0, 0, 1 are the actual d.c.’s of the z-axis [f.e. the line (1)),
therefore ry 15 the actual disiance of any point oo the line (1) from
(0,0, 0). Let P (0, 0, r;) be any point on the line (1).

Also any point on the line (6) is (hratxs, mare+ys, i),
say the point Q.

The d.r.’s of PO are

Iore+ Xa, mara+Ya, Myla— 1y

Let the line PQ be the line of 8.D., so that PQ is perpendi-

cular to both the lines (1) and (2), and therefore, we bave

0.(Lars + X2) 4+ U (Mara+ ya)+ 1 (Hara— 1, )=0  or ri=mnq

and by (lgrg+ xg)+ mg \mara 4 y2)+0z (marg—r)=0
or 13rg+ Lxa+mirstinays+ 0=0 [7 n=mnl
v rg (le 4 my)=— la¥2+may2)
er ra=—{laxs+may )| (1 +mat).
oo g =darz==—1, U!xn'f‘”i:r}':l,l"[-]zz-k atg?)

Substituting the corresponding values of 1y, mg, na, Xa 804 5
from (5) and (6), we have

- —labi=ab) . (bd'—b'd)
" e o) i —m'{ Lol
‘d—ad'

i @
+(ca —-ca].m

\ab —d'b) (b’ —b'e)+(ca’ - 'a) (ad'—u'd)
b’ —bcppica—cay

¥ proved:

y -

.
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Ex. 12.  Show that the shortes;
=R _Y=h  2—g x‘i!-‘f:myb.fmee" the lines
cos e €05 B, cos P E;E;“Faicz:z_’_
meets the first line in a point whose distance 1 S fa cos 5,
[T {(x1—x2) (cos a,—cog B e J}’]-?T S-"h Yuz) s
where 8 is the angle between the lines, s
Sol. The epuations of the given lines i
a=Xy.. V=N z—z
cosa, ©0s By Tcosy, 1 (say)
X—X3 V—Fa Z-2, (1)

(2

and COS @z COS B cos y v (58Y).
Any point P on (1) is
(r1 cos a1 +x1, ry cos B4y,
gnd any point O on (2) is
(rs €08 a3+ X3, 1y cOS Bo+tpy, 1y cos
i i +21).
Let the shortest distance meat - o
@) at Q. the line (1) at P and the line

Now, since cos @y, cos fy, cos y; are the actual dic.’s of the

line (1), therefore r, is the actual distance of P from the point
n

(¥u 1o 71) on the line (1). It is required to find n
D.r’s of PQ are r; cos a, +X3—ry COS 2g—x,, F; COS Bitm
—rg COS By—yg, 1, cOS Yi+2—ry COS
) ) . Ya—Iy
13§1uce PQ is the line of shortest distance, therefore, it is per-
pendicular to both the lines (1) and (2), and hence, we have
€08 &, (ry CDS %1+ Xy — 73 COS g — Xs) |
+cos g, (r, cos ﬂl‘|’)‘1—'ra cos fiz—y;)
- TC0S 1 (11 €OS 342, — py €08 33 —25) =0 (3
"0 €08 oy (ry cos oy + X1 — g COS &g — Xy) .
+cos B, (ry cos g, + ¥ —ra cos Ba—yq)
TCOS 3 (11 COS 3, +2,— 7y COS ya—23) =0, - (4)

F1C08 py+42)

Now

3
axd ;:: @i+-cos? B, 4 cost? y1=1, cos® a;+cos' fy+cos® yy=1I |
#1 COS a3 4-cOs B, cos fy+cos y; cos yy=cos 0, } '
8 bes i wee(5)
“"Ffoi:“‘-‘n !uebc the angle between the lines (1) and (2).
" (cogt €Quation (3), we bave
@1tcos? B, 4 cos? y1)— P (€OS &, COS ag4-cOS f; COS fs
+G0S ¥, COS y3) =+ (X3 —Fa) €08 w1 (¥1—ya) €08 By

+(21—2;) cos y1=0
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or  #y—rycos 8+ ((Xy—Xs) €OS ml=0  (usiog BN . (g

Fend pation (4) may be written as
Slmllﬂl'_!':irl cos A+ £ {(x— o) cos ag}=0. e)
Multiplying (7) by cos 6 and subtracting from (6), we have
7y (1 —cos® 0)+ 2 {(xy—xa) €05 xy}—Z {(x1—%2) Gﬂs_ﬂta} Cos f=
or ry sin? 04+ Z {(x,—¥2) (€05 & —COS %4 00? _3)’}—
or r=[Z {{11'_121 (cos a; —cCOS \7-‘1 cos E}?].SH‘ 8,
neglecting the negative sign because ry 18 the distance. .
Ex. 13. Show rhat the equation of the plane contalning the |in,
tb+zjc=1, x=0 and paraltel to the line
i 'x,‘a-—zfc: 1, p=0is xja—plb- zle+1=0
and If 2d is the shortest distance then show that dt=a b 24 e,
(Agra 1977, 81; Kappur 82; Punjab 82; Raochi 74;

Meerat 87P, 90p
Sol. The equations of the given lines are
ylb+zic=1, x=0 ol
x_: S W
e Sl W o 2

the equations of the seccond line being put in symmetrical form

The equation of any plane through the line (L) is

(plb4zle—1)+Ac=0 or Ax+(1j8) v+(1]e) z—1—=0, (H

If the plane (3) is paralle! to the line (2), then the normal to
the plane (3} whose d.r.’s are A, 1/b, l/c will be perpendicular to
the line (2), end so we have

a. A+0.(1jb)+c.(le)=0 or A=—(1/a).

Putting this value of A in (3), the equation of the plane con-

taining the line (1) and parallel to the line (2) 15
x z x y_z

— 3 HE+I—1=0 or S —f—Z+1=0. i

Clearly (g, 0, 0) is a point on the line (2). Hence the length
2d of the §,D,=the perpendicular distance of (@, 0, 0) from the

plane (4).
3l allja)—0—41 2
(Mara 1 — bt — ey} Ve +b*+c)
or B 1f(@ 457 +c1) of d-1= a2 bt e,

Ex. 14.  Show thar the shortest distance between the diagonal
of a rectangular parallelopiped and the ¢dges not meeting it are
bejy/ (b3 4-ct), ealv/(c*+a?), abfr/1a®+H?)
where a, b, ¢ are the lengths of the edges.
(Punjab 1981; Garhwai 785

Shortest Distance
Sol. Consider a rectangular ™
minous edges OA4, OB, OC are ¢

1)

Parallelg
aken alg

Piped whoge three coter-
BE the axes of x, ¥y and

z respectively. Also Od=g, =

o[th?;iﬂer:nt verlices are afﬂll:::fl s Ik Coractisning
0(0,0,0), 4(a,0, 0), B0, b, 0),
E(a, 0,¢), F(a, b, 0); F(a, b, ch.
Consider a diagonal AD and the edge

), € (0,0, 0), D (0, b, ¢),

’ OB not meeting thi
diagonal. Now we shal o
.ndgoﬂ_ | find the length of 8. D. between AD
The equations of AD are
ey =0.:-0 x-g_y s
O0=a 5=0 e—p °F ‘——anng' )
The equations of OB are
x_¥y-b_:z
0T 0

.(2)
Let /, im, n be the d.c’s of the line of S.D, between the lines

1 - .
El:'::“(‘:;i{;d (52';:0:;!:;:?: of 8 D. is perpendicular to both the
[{(—a)+m.b+n.c—0and 1.04m.14n.0=0.
Solving, o7 _ 7 _viEtmita)_ 1
€ 0 g VH0Hd)  J@ra)  ..03)
The length of $.D. between AD and OB
=the projection of the join of (a, 0, 0) {a point on (1)}
and (0, &, 0) {a point on (2)} on the line of S.D.
whose d.c.’s I, m, n are given by (3)
=1 (a=0)+m (0—b)+n (0—0)=la
=dac/y/(c?4a'), ...(4)
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Similarly the shortest distance bctween other pairs of linef

can be found. )

B 45, a4 sgaare ABCD of diagonel 2n is folded alomy the
dtagonal AC so that the planes DAC, BAC are al right an_sfrlex_ Find
‘he shortest distance berween DC and AB. (Agra 1976, 80; M.U. 90)

Sol. ABCD is a square of diagonal 2, 50 that AC=BD=2a.

Let O, the centre of the square, be chosen as origin of co-ordi-
pates and the diagonal CA be taken along x-axis. Hence the

J

o0a)l
7 /’
/
/

a0 0J'f}
v

r ok
@ -7 Aragd

g AR Nl
- Baa.o

4 3l

¥

4 ¥

co-ordinates of the vertices 4 and C are (a, 0,0) and (—g,0.0)
respectively.

Now as given in the problem, the square is folded over along
the diagonal AC so that the planes DAC and BAC are al right
angles. This implics that the lines OB and OD become at right
angles. Also OA is perpendicular (o the plave DOB. Hence the
lines OA, OB, OD are mutually orthogonal. ~Let us now take 05
and OD as y and z axes respectively.

The co-ordinates of B and D are (0, @, 0) and (0,0,9)
respectively.

The equations to A8 are ?ﬂy;u=z;0 )

—u 0
x—0

: . _y—0_z—a
The equalion to DC are T I e

The equation of any plane through DC and parallel to A8
[t.e. through the line (2) and parallel to the line (1)) is
x—0 ¥—0

i—a

a 0 a =

a —a L[]

shortest Distance -

x (6*) =y (—a")4(2—a) (—a¥)=0
x+)'—z+ﬂ=0L (3}
The 5.D. between DC and AR
=the length of perpendicular r :
AB[Le. (] 1o the plane (3) Sl i o
— a+0-0+a _2a
AP (= 1)) /3 .
Ex. 16. Find the lengih and equations of the shortest distance
between Ix=9y+5z=0=x+y—=z
ind 6a+8y432-13=0=x42p42-3,
(Meerut 1984 P, 86)
Sol. Here we shall use method 1V of § 2, The equations of

the planes through the given lines are
(3x—9p+52)+A; (x4p—z)=0

or
or

and (6x+48y+32—13)+Ag (x+2p+2—3)=0
or X (3+M)+y (=94 M) 4z (5—=A)=0 A1
and (64 M)+ 2B H2A5) +2(342,) —(13434;) = 0. (2}

If the planes (1) and (2) are parallel, then their cocflicients
are proportional and so we have
34A_ 942 5—A
6+A B+2A =k (say).

T3 w3
Taking the ratios 1st, 2nd and 3rd with k respectively in (3),
we get

(3421)=K(6 4 Aq) o 4 A —6k—k Ag=0 .4)
(—9+a‘1)=k(3+2|‘3) or — 04\ —Bk=2k My==0 o [J)
(5=A)=ki34A)  or  5—d—3k—k =0, i K8
Substituting (6) from (4), ;
— 2422 —3k=0. wi

Subtracting 2 times (6) from (5), 4
9.4 3, 2k =0 . AR)

Solving {7) and (B), A =53/5. k=132/5
Putting the values of A, and k in (4), we get Ay
. s“hslilminp (he values of A, and Ay in (1) Fnd (2),
ons of tlic parallel planes through the given lincs are (91
17x+ 2p--72=0 )
o 17x+4 25Tz 11=0. b,
The required S.D. is the distance belween the paralic] plas e

9) ang (10),

=-31/8
the equdi-

ang At

-

-
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" Ay point on the plane (9) is (0, 0, 0).
*. The length of §,D.=the lengtk of perpendicular frog
(0, 0, 0) to the plang (10
04+0—-0-11 I____I'l
SVOFOFEDN VD)
[Numerically)

The equations of S.D.

The equation of any plane through the first given line is
x(3+M) 4y (-9+0)+z2 (5=A)=0{See (1)] ...(11
If th= plane (11) is perpendicular to (9) or (10), we have
17 (3+A|)+2 (—942)-=7 (S-.\.}—-",'B or \,=1/13,
Putting the value of A in (11) the equation of the plage
through the Ist given line and perpendicular to the plane (9) or
(10) is given by

10x—29y 4 16z=0. (12)
Again the equation of any plane through the 2nd given ling .

is [See equation (2)]
X (6+A)+y (B+20) 42 (3+A)=(13+30)=0.  ..(13)
If the plane (3) is perpendicular to (9) or (10), we have
17 (64+-As) +-2 (8+2Xs) =7 (34+2a)=0 or A,=—58/7.
Putting the value of A; in (13}, the equation of the plane
*  through the 2nd given line and perpendicular to the plame (9) or
(10) is given by
13x 4 82y+55z—109=0. L1
The equations (12) and (14) are fhe required equations of the
shortest distance. ; .
Note. We can solve the above problem by reducing both the
lines to symnetrical form and then using method 1 or L The
problem can also be solved by reducing only one line to synimet

cal form and then using method II1. o
Ex. 17. Find the shortest distance between the lines
x=0, {y+iz=1
and y=0, }x—}z=1. (Agra 1982)

Sol. The equations of the st line in symmetrical form are
x_y—2 z

0z =3 )
. The equations of the 2nd line are

s y=0, }x=}z=1 2
““Ahe equation of any planc through the line (2) is

T

> .

oriest Distance
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Sk
(dx—§z2— D+dp=0
3x+1Up--12-12-¢
If the plane (3) is parallel to the line (I,
o i i h
3)is perpﬂﬂd"’“’” to the line (1), and hem.)-e w:nhatv'::c rormal to
0.3+2.120—3,(—4)=0 or A= -}
putting the value of Ain (3), the equation of the
(he line (2) and parallel to the line (1) jg given by
3x—6y—4z—12=0,
The line (1) clearly passes through the poi
. point (0, 2, 0),
The length of 8.D.=the perpendicular distance 'nf 0,2,0

from the plane (4)

o NE))

planc through

4

. 0—12—0—12 24
VIBFF (= O+ (=) ey (Memerically).

Ex. 18. Prove that the S.D, between the]lines
ax+by+eztd=0=a'x+b'y+c'z 4 d’
and ax+Py+yz48=0=a'x+f'y+, 248 is
d d’ 8 L3

r ]

a a o -
c ¢y ¥

where A=be' —b'c and A'=By'—B'y elc.

Sol. The equations of the given lines are
ax+byteztd=0=a"x+by+ec'z+d" (1)
. axtBy+yzt+d=0=ax+py+y'2+8", ()
We shall use method 1V. The cquations of any planes through
the given lines (1) and (2) are I

% (ax+by4-cz+d) A (a'x+by+c'z+d)=0 ~(3)
X (@+A0a")+y (b+Mb)+z(c+he')H@d+0d)=0  ..(3)
5 (ax 4By +yz+8)+h (a'x+By+y'2+8)=0 ()

% @+ Ma')+y (B4 AB')+2 (y+Ay)+ B+ M) =0 ..(4)
um'" the planes (3') and (4°) (L.e. (3) and (4)] are parallel, then
corresponding cocflicients are proportional and so we have
a+da’_bhb et he’ b (eay).
P o4 Agx’ m'“‘??ﬂs}"' ko)
Tom these relations, we get  *
a+ Aa'— ka—kigx' =0 i

, ]
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bt dyh' —kA—leAB'e=0 (6)
ek A’ =ky ~ Khay' =0 (1)
E'j[ninn”ng LTH -kl —kAy hl}lwcc.ﬂ (3), (5), (6) and {7}. the
cqualion of the plane through (he line (1) and parallel to (2)

given hy !
axhytcz-bd a'x+Wyfc'zdd 0 0

n n o o' (e,
b b AP
c ¢ y »'

Adding (—x) times second, (=) times third and ( -z) times
fourth row to Lhe first row, we get

d o = (uxfr-yz) —(a'x+fy4y'2)

a a’ u ' [=0 .08
| b ¥ B 'L ‘

o4 e y .},0 |

Now we shall evaluate the coellicients of x, p and z in the
expansion of the determinant 1 (8).
I'he coellicient of x

v —u | I} o' o' ‘—f—.’a'] . a' a |
[ boobp by B ‘
| e e y' 1 I " # 3 l
oo a —oa’ | “ I oo’
b I —afi || b Ua Ba’
¢ e —ay’ | ‘ ¢ ya' |
| a' o —ge u u' 0
‘ h b flo' —at! : b b -
[
e ¢ pewy e g w

= i =) e VAl 1n aivan 1Mt
we) -1 (al'—a'ny (v I given TFC

B eayy' —q'a, (."-.-o!)‘i""’" 1

A

“ .

shortes! Distance -
,.C’ f—'ﬂ] +'B‘ (ﬁ]"‘lcﬁi]‘- BC!.
durly the coctlicient of ye= AC .. oy
gimilurly the coellicient of z=5d-_f";,] 9

and :
Now suppose (%12 Y1 21) I8 @ point on the iy (2), 50 that we

have ; ,

axiBm +yz+8=0and « 1': +E Yty b8 e

o axitBnitYE =8 and a4 py by = — b
Naw the required S.Eg,«hclwcen the lines (1) and (2)
The length of the berpendicular from the point (xy, yy, z,)

on the line (2) from the planc (B)

L]

d 4 —(axdfntyn) (@Bt
a {J; -3 o
Y 8 -

= @ y o

= +/({coefficlent of x)3-(coell. of y)2 4 (coell, of z)9],
Putting values from (9) and (10), we get the required 8,D,
d Jd & &' /(2 (HC—B'C)).

n a’ o o

bW B

] r

c c ¥ i
Ex. 19, Two straight lines
i DO [ Rl T, P
I 1y m ' Ay My na
are cut by a third iine whose directfon cosines are A, ji, v,
that 'd" the tength intercepted on the third line ls given by
=P Yi—¥a

Proved.

Show

d l’l. my ty = ) —dy

fl g My 1] m y

A m v h ty "
i Deduce the lengtt: of the shortest distance between the [first two
ey,
SoL. The cquations of the given lines are I
(X4 )/, e (Y By} 1y (2 — 2 )My =21 (52Y) A1)
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: - i = ).
—a)l=(y—FB )[my=(2 y)m=T1 (say Q2
. E::nymszi;t on lh: line (1) is P (hrton myry+ By nrty),
Any point on the line (2) is
0 (lgratta mers+Ba nrg+ya)- w(d)

Let the third line with d.cs A, p, v meet the line (1) at (,
point P and the line (2) 8t 0 so that PQ=.'d- .
Now the third line with d.c.’s A, uy v I8 passing through tp,
point P, hence its equations are
x—{hr+o) v=(mn+B) z—(mn+) =d (say)
A w B = v ©old)
s The co-ordinates of (he point @ at a distance ‘d’ frop
the point P on the line (4) are
dhhr+a, detmntB dv+mr+v (5)
Now the co-ordinates given by (3) and (5) are of the same
point Q. Hence comparing (3) and (5), we get
drd-hin e =hratas
dp Fmyr+Bi=mn+fs }

k. 4

av+mn+yi=nfty:
or dA 4y —ag) +hir—lerg=0
dp+ (Br1—Bal+ M —mgr=0 w(6) |
dv+(y1—ye) +mn—ngr;=0
Eliminating r; and r; from the relations (6), we get |
A+ (o3 —atg) L h =0, )
| d#+(ﬁ17".3|} my ms
o dvksy m m
Spliting this determinant into two determinants, we have
d A !1 13 + % —y fl ,g =l0
® my Iy Bi—B: m. my
v no ng Yi—Y:2 m ng
or d| A h e =— o—o hy L |
1 "y my P1=P: my g
K e iy Y1 7a m g |
or-d| h m m '=“| a—oy Fi—Ps yi—y |
b my hy ' 1 m "y W7
A
: i v I my na
p -

Shmesl Distance .

since 4 18 Lo dismf‘“- hence neglecting the negative sign in
the required result is obtained.

(M Now if d stands for the $.D. between the given lines (1) and-

(2), then the third line with d.c.’s A, u, vis perpendicular to both
(he given 1ines (1) and (2) and hence we have
LA tnyve0, A4y +ngy=0,
So]viﬂs, we get
S /S B
W nlla_u’h "mz_"ml VLZ (myng— mgny)?)
1
=MS§:,_(3)
The value of the distance 4 given by (7) will become the
length of S.D. between the given lines (1) and (2) if the values of
), g, v are substituted in it from (8).
Now the coefficient of din (7)

= ’1 Hly n
[5 msy ny
A p v

=) (myng—mgm )+ g (Ayls—nah)+v (hmy—lamy)
Z (myny—mgn)t
= VIE (many— mgny)?]
[putting the values of A, g, v from (8)]
=v/[Z (rmyng—mym)?*].
Using this value for the coefficient of 4 in (7), the 8.D. ‘d”is
given by

d=| a;—uy 31“33 yi—ye +VI[Z (mng—nmm)?).

‘1 ny N
e ww B
Exercises

1. Find (he equations of the straight line perpendicular to both

of the lines
X=1_y—1_z42 . x+2_y=5_z43
_l"‘ﬂ._—m—— ad — = —=

3 =g M TRTEITTZ

Auqs. T:—T—:_S

Y. Find the length and equations of the common perpendicular
to the two lines

I PR
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L S e LY
—q43 T2
(Meerot 1984; Andhra 68; Gorakbpor 74; Madrag 76)
Ans, The length of common perpendicular (i.e, 8.D.)=g
The equations of S.D. are
32x 434y + 13z —108 =0=4x+4 | ly+5z—27.
Show that the length of shortest distance between the lines
x=2 yp4l1 =z
L e e
a4 3y—52—6=0=3x—2yp—2413 is 97/(13+/6).
(Rajasthang 1975)
Find the length and the equations of the shortest distance
between the lines
Sx—y—z=0=x—2y+z+43
Tx—4y—2ze=0=x—y+4+z—3, (Meerut 1986 8)
Aps. The length of 5. D. is 13/54/2,
The equations of 8. D. are
17x+20p— 192 —39=0, 8x+5y—312+4 67 e=0.
Find the equation of the shortest distance and
between the lines

and

its length

o B B e D
= R e
g:l_y-{-l z+1

T == (M. U, 1990)

Volume of Tetrahedron

—
§1.(A) To find the volupe of g

colerminous edges in the right-handed orientagion sl
N hl ¢ oare veclors.

Let OABC be a tetrahedron, et
0 be the origin and It position vec-
tors of the vertices 4, B, C be a, b, ¢
respectively, so that

teirahedron, whose three
hy €, Where

—r —
OA=3, OB=b, OC=¢.
Then the volume I of the tetra-
hedron is given by

V=1 (area of the triangic 0BC) x (perpendicular length from
4 on the plane OBC), (D

Now the area of AOBC=} | bxe You wa(2)
Ifa be ihe unit vector perpendicular to the plane of the

trigngle OBC such thai b,c and n are in right handed orientation,
then

bxe
Ibxe|"
tince b, ¢, bxx e are in right handed orientation.

£ the length of the perpendicular from A on the plane
0BC=tbe length of the projection of OA on tbe perpendicular to

the plane OBC in the direction of n

ol bxe a-(bxec) [a, b ¢]
=04dine=g. S ——— iy
=2 lbxe | TToxe] = bxel ~(3)
Putting the values from (2) and (3) in (1), we get
[a, b, c]
V=4b1bxel 50

or i (4]

This is the iequired formiuia tor the volume of the tetra-
tdron,

T
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me of the tetrahedron OQABC whose o,

d the co-ordinates of the remaining thre,
yu 1), (%2, Yoo 22} and (x5, yy, 5

(B) To find the volu
vertex O is at the origin an
vertices A, B and C are (X1,

res,mz'.:rflveb?l-J ¢ be the position vectors of the vertices 4, B, ¢
et a, b,

igi Since the co-ordinates ol 4 gape
tively w.r.t. O as Oflgm-. : L
E:SP;C z )ylhcrefo:e, the position vector a of the point A is givey
v Iy 21y

by
ﬂ=()_§=xﬁ+l’1l'+21k-
— ; .
Similarly h-=5§=x.i 4-y5j+ 2k and e=0C =X3i+paj+ 2k,
Now the volume V of the tetrahedron OABC is given by
V=i[a, b e] [See§ 1 (A), for complete proof deduce this
result here]
or V=i &
: Xy Y Z | ()

X3 Ya . 23 |

The formula (5) is the required formula.

(C) To find the volume of the tetrahedron whose vertices have
(X1, Y1y 21)s (X, Yo, 22), (Xa, Vs, Za) and (xy, Yy, 2,) a5 co-ordinates.

Let 4, B, C, D be the vertices of the tetrahedron DABC, Lt
(%1, y1. 21)s (%24 Yoo 72, (Xg, 3, 23), (Xq, o, 2;) bE the co-ordinates
pfthe points 4, B, C, D respectively. Then the position vectors
of 4, B,C, D are xji+yjtzk, Xai+ paj+ 2.k, Xgi+ ysi+zb
Xqi+yaj+ 24k respectively,

We bave D=+ 7+ 2k) = (xyi+ pyj 4 20k)

=(X1—xg) i+ (=) i+(zi—z) Kk,

- .
DB=(x3—x) i4+(r;—p,) i+(za—2) K,
—_
DCe=(xg—1xy) i+ (ya—yq) i+ (zs—z) k.
A& The volume ¥ of the tetrahedron DABC is given by
- >
V=% (D4, DB, DC) [See § 1 (A))

=X =y g,

| and

PO
=3 ‘ Xa— X,y Ya—y, Zg—z,

J Xy=—Xy ya-_y‘ 25—z,

Volume of Tetrahedron s |

=} X1— Xy 1= 2,—z, 0 g

Ye=Xe  N—Ye  m—z 0 i’

X3— Xy Ya =)y 23—z, 0 {;

Xy Y 2z, 1 r.

Adding 4th row to 1st, 2nd and 3rd rows, we get ’
V=‘.1,L X ¥ z 1
Xz Ye 2, 1

we(6)

Xs Ja 23 1

X4 Vi Z 1 ‘

The formula (6) is the required formula.
Corollary. Conditien for four points to be coplanar.

The four points 4, B, C, D will be coplanar if the volume of |
the tetrahedron formed by them is zero, fe.

Xy Vi 7 1 ' |
Xg Ve Z3 1
=0,
X3 Ya 23 1
Xq Y 2, 1

§2. To find the volume V of a tetrahedron, in terms of the

lengths of three concurrent edges and their mutual inclinations. !

_ Let OABC be the tetrahedron. Take the vertex O as the
Oiigin. Let the Iengths of the three edges 04, 0B, OC be g, b, ¢
and the angles BOC, COA, AOBbe ), i, v respectively. Let any
three perpendicular lines through the origin O be taken as co-
ordinate axes,

Again let the direction cosines of the lires OA4, OB and OC

e ’.1. My, Ny, ly, ma, g and 1y, mg, ny respectively, so that the co-
Ordinates of the vertices A, Band Care (l,a, ma, ma); (hb, mb,

"ib) ang (le, mye, nye) respectively. We have

— —
Od=a=/,ai +m,aj+nak, OB=b=lbi+mybj +n.bk,

o
and OC=c= laci +macj+ngck.

P
y &
A «
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; = mymy+mns)=ab cos v i
Agara !b.-hc;i?c Eﬂ:imlgm:+nlgn;)=b€ cos A Volume of Tetrahedron ]
conca (gl 4-msmi+nym)=ca €08 4 b i e |
Hp=C0S V | Let the equations of the plapes Tepresenting the f; £
o Lig+mnig-tnyng=c | the tetrahedron be € four faces of ‘
i L nim =03 A {. 0 !-
{ghy 4 man 4 nym=C0S 1t j AX+biytez4d <0 (1) }
Now the volume ¥ of the tetrabedron OABC is given by X +byy+epztdy=n el i
5% + 03y +Cyz dy=1) 3 {
V=31a,b, c]=%| ha ma md agx by +eiz4-dy==0 ((4; {
. 2]
. b ik Now a set of any three pl: |
hh e ! above, will intersect ?n ar;:’:iﬂd?i 0:" s Jous_planc e bl
Iy¢ Ingc (1 the four planes, taking three atl a "er . "L‘helelrﬂhcdron. Hence b
: ! . time, will int in 4 ;
_i abe i e m points, the four vertices of the tetrahedron. ersect in 4C; fe. 4 ;
Now solving (2 '
Iy "y g we get g (2). (3) and (4) by the method of determinants, [
!a ”1,a na X ) f
. [T & &= = SR !
oL b omo h m m I R i
& b
b ome m X ko omy om T G dy G & dy
b {
lg m, Ny Iy my ny » “ % a ‘e dy ‘
] 24,1 s —1
'-—';S—I—u’b'c’ L2 4m+n, hlymmatmny L+ mymg+mn a: by dy | A by e
Ll 4mamy 4 ngny  Ig? gt 4-ngd lyls+ momg4-ngns a b
a 3 dy ’ as by C3 (5)
] ; ; 24 .2 |
Lah4-mamind-nghy lylyd mgmyd-rgng 124 my? 40y a by d, a by e .
= 3_!— a*ale? I ! cos v €o5 pn &'UDDOSG A =l @ bl a dl ] II
cesv 1 cos A [using the relations (1)} @ by e dy |
. [,
COs p COs A 1 dy bs t'y dy
S V=44 ubc 1 :
s | cos v cos p |4 as by ¢ dy |
] cos v | cos A |, PﬂndI“el the capitel jetters represent the co-fuctors of the correr
l B‘“B small lewiers in the determinant A, ie. A, By, C, Dy,
COS u Ccos A 1 r:' e--‘-.elc. represent the co-factors of ey, &, 0, d, ag, by, ... etc, !
SPectively in A The resull (5) may be written as i

The negative sign will be neglected in calculating the magol
tude of the vclume ¥,

§3. To/find the volume V of the tetrahedron when equations o
its four faces are glven,

o S .

S A
"+ The paint of interscciion of the pianes (2), (3). and (4) is
("'H’Dl, B\[D,, C,/D,). :amilarly sulving e wther three sets of
e planes, the points of intersection € ihe otiier three vertices

0
the tegry hedron ars

y -

o o w
et Y
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